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A Borel Parametrization of Polish Groups
By

Colin E. SUTHERLAND*

Abstract

This paper constructs a standard Borel space, PG, and a map p&PG—G(p) such that
each G(p) is a Polish group, and such that every Polish group is isomorphic to at least one
of the groups G(p) ; PG thus serves as a parameter space tor all Polish groups. We formu-
late the notion of a Borel map from a standard B Space to Polish groups, and that of a
Borel functor from a standard Borel groupoid to Polish groups; both are defined in terms
of the existence of Borel factorizations through PG. We apply these ideas to establish a
general “Cohomology Lemma,” asserting that cocycles, with values in Borel family of Polish
groups, may be cobounded into a given family of dense, normal, Borel subgroups, whenever
the underlying groupoid is a hyperfinite equivalence relation.

§0. Introduction

The purpose of this paper is to provide a parametrization, by a
standard Borel space PG, for the space of Polish topological groups,
i.e. those second countable topological groups whose underlying
topology may be defined by a complete metric, and to present appli-
cations of this to the notion of “Borel functor” from a standard Borel
groupoid to Polish groups. The need for such concepts became
apparent during the course of joint work with M. Takesaki on the
classification of the possible actions (up to cocycle conjugacy) of a
discrete amenable group on a hyperfinite, semifinite injective von
Neumann algebra [12], and the paper can be viewed as preparatory to
this work. However, the point of view adopted also reveals a definition
of A. Connes, [4], of the notion of Borel functor from a standard
Borel groupoid to standard measure spaces, as being very natural.

A common situation in which the problems considered here arise
is the following: if G is a Polish group and X a Polish G-space under
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the continuous map (x, g EXXG—xg< X, the map x& X—G,= {gEG:
xg=x} carries X into the space S(G) of closed subgroups of G. As
in [1], one may endow S(G) with a standard Borel structure, and
the above map is then Borel. However, if for each x, I'(G,) denotes
the group of continuous homomorphisms from G, to T, the groups
I'(G,) do not appear naturally as closed subgroups of any particular
Polish group, and the question of the nature of the map x—I"(G.)
cannot be formulated without considerations at least similar to those
given here.

The techniques of the paper may also be used to parametrize the
Polish topological spaces. However, this may more easily be accom-
plished by observing that each Polish space X is homeomorphic with
a closed subset of the Hilbert space I?(Z). One first uses the metric
in X to embed X isometrically in the Banach space C’(X) of
continuous bounded functions on X; since the image of X generates
a separable Banach subspace of C?(X), one may apply the theorem
of Kadec, [2], on the topological isomorphism of all separable,
infinite dimensional Banach spaces —this argument was brought to my
attention by E. Effros. It may be the case that there is a Polish group
which is universal for all Polish groups in the same sense that [*(Z)
is universal for Polish spaces; however, we have been unable to
establish the existence of such a group.

The paper is organized as follows: §1 constructs the space PG and
establishes that various naturally occurring subsets are Borel; in §2 we
define and characterize the notion of a Borel map from a standard
Borel space to Polish groups; in §3, various operations on Polish
groups, such as taking quotients or duals, are shown to be Borel
maps, and in §4 we introduce and examine the notion of Borel functor
from a standard Borel groupoid to Polish groups. In particular, we
show that the “dual” of a Borel functor to discrete abelian groups is
a Borel functor to compact groups. Finally, in §5, we adapt the
“Cohomology Lemma” of [8] to the context where the coefficient
groups for cocycles on a groupoid are permitted to vary suitably from
point to point along the unit space of the groupoid; in addition we
show that the conclusion of the Cohomology Lemma of [8] charac-
terizes hyperfinite equivalence relations. =~ We have attempted full
generality in §1 and §2, while in §3 and §4 we have proven only
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what is necessary for application in [12]; many open problems remain.
This paper was written during the author’s sabbattical leave from
U. N. 5. W.at U. G L. A, T would like to thank the members of
the Mathematics Department at U. C. L. A. for their hospitality, and
to acknowledge the benefit of conversations with Professors Effros,
Moschovakis and Takesaki concerning the content of this paper.

§1. The Parameter Space PG

We let N={0,1,2,...} throughout, and consider the set PG of
pairs (g, d) e N"¥x [0, 117" satisfying

(A) pis a “group product” on N, i.e.
1) plplmyn), p) =p(m, u(n, p)) for all m, n, p;
it) p(0,n) =p(n,0) for all n;
iil) ke N—u(k,n) is surjective for each n, as is k—pu(n, k)
(B) dis a metric on N, i.e.
1) d(m,n) =d(n,m) for all m, n;
ii) d(m,n) =0 if and only if m=n;
iii) d(m, p) <d(m, n) +d(n, p) for all m, n, p;
(C) (N, p,d) is a topological group with d left invariant, i.e.
i) if 7,(n) is the unique solution to u(%,n) =0, then 7, is
d-continuous;
ii) g is d-continuous;
iii) d(u(m,n), p(m,p)) =d(n, p) for all m, n, p.
We give N¥¥ and [0, 1]"*" the product topologies; they are
themselves Polish spaces.

Theorem 1.1. The space PG of pairs (y,d) e NV¥x[0, 1]
satisfying (A), (B), (C) above is a Gy subset, and hence a standard Borel
space in the relative Borel structure,

Progf. Since for each m, n, the evaluation map (g, d)—(¢(m, n),
d(m, n)) 1is continuous on KNY¥X[0, 1]¥*", the conditions (A) i),
(A) i), (B) 1), (B) iii) and (C) iii) each define :closed subsets of
the total space.

Since (g,d) satisfies (A) iii) if and only if it belongs to
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fn\fl\\k/{(p, d) : p(k,n) =1}, condition (A) iii) defines a G, set; since
(y, d) satisfies (B) ii) if and only if
(B d) En{(s ) :dmm) =0 NN {(nd): ulm,m) >0},
condition (B) ii) also defines a G; set.
Note that {(y, d):7,(n) =m} = {(g,d) :p(m,n) =0}, so that (g, d)—
7,(n) is continuous for each n. Thus if n,, M and N are fixed,

E(n, NyM)= N {(gd): d(z,(n), 7.(no)) <M}

ndnn)<N~L

is a G; set. Since (g,d) satisfies (C) 1) if and only if it lies in
N \JE (ny, N, M), (C) 1) defines a Ggs set. Similarly, if m,, n,, M and

(ng. N) M

N are given, E(my, n,, M, N) :(,C\ {(gy d) :d(pu(m,n), p(mp, ny)) <N},

1)

where we take the intersection over pairs (m,n) with d(m, my) <M™
and d(n,ny) <M7, is Gs. Since (g,d) satisfies (C) ii) if and only if
it lies in N \VE(mg, ny, M, N), (C) ii) defines a Gj; set also. [ ]

(mo,nD.N) M

Note that for (g, d) € PG, the completion of the metric space (N, d}),
where 2d} (m,n) =d(m,n) +-d(z,(m), z,(n)) is a Polish topological group,
since this completion is homeomorphic with the uniform space comple-
tion of (N, ) in the two-sided uniformity defined by d; we shall
denote this group by G(g,d). Since every Polish group admits a
countable dense subgroup and a left invariant, bounded, metric
compatible with the topology (see, for example, [9]), every Polish
group is isomorphic, as a Polish group, with some G(y,d).

We recall the following construction of the completion of a metric
space (X,0). We may assume d(x,) <1 for all x, y= X, and embed
(X,0) isometrically in C®(X), the space of bounded continuous
functions on X with the uniform norm, via x—¢J, where ¢3(v) =d(x,7).
The completion of (X,d) is isometrically isomorphic with the uniform
closure of {p% x& X} in C*(X). In our context, we will regard (IV, g, d)
as embedded in [0, 1]" via the map n—>gp§f"d):gai‘:k; we write @ (g, d) =
{p4®: ne N}, and @(p,d) for the uniform closure of @(g,d). Note
that [0,1]" is a Polish space in the product topology, although not
in the uniform topology since this is not separable; however, both

topologies generate the same standard Borel structure.
We define
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PG ={(pn,d,0) EPGX[0,1]: 0E0(,d)}.

Theorem 1.2. a) £ % is a standard Borel space in the relative Borel
Structure,
b) P& has the properties
1) the projection =: P 4 —PG is Borel;
ii) the relative Borel structure on G(u,d) =n"'(p,d) coincides with
that generated by its topology;
iii) the maps
(t,d, ¢, 11, d, ) EPG*xP G — (p,d, (¢, $)) EP Y and
(1,d, $) EPG (1, d,7,($)) EPY
are Borel, where P $xP G is the set of all (Q,VVEP G XPZG
with ©(@) == (¥).
iv) there is a countable family, {¢.}, of Borel maps from PG to # %
with ¢, (p, d) €G(y, d), with
a) {¢(p,d): k=N} a dense subgroup of G(u,d) for each
(¢, d) €PG, and
b) for each k, the map ¢= P G —||¢— ¢, (x(9))|| is Borel.
In the statement of iii), p and t, have been extended from @(u,d) to

o(p,d).

Progf. a) Note (p,d,p)=? % if and only if (y,d,go)E/V\uf\
E(n,m, N), where E(n,m, N) = {(¢, d, @) : |d; (n,m) —¢(m) I<N“1}l;s;n:e
each E(n,m, N) is open, Z % is Gs.

b) Properties i) and ii) are obvious. To show iv) a) we define
o, (4, d) =¢i? and the claim is clear. To show iv) b), note that the
map (g, d,9) €PGX[0,1]1"—|lp—¢(g,d)|| is Borel in (g,d) for fixed
¢, and continuous in ¢ (with respect to the norm topology) for fixed
(¢#,d), and hence Borel as a function of two variables; iv) b) follows
immediately.

To show iii), it suffices to show that the functions (g,d,¢,¢)—
1(e,¢) (n) and (p,d,p)—>7,(p) (n) are Borel on the appropriate
domains, where (#,d,$,¢) denotes the element (yg,d,¢,p,d,¢) in
P4xZ%. But if UC[0,1] is open, u(p,¢) (n) €U if and only if
there is an open set ¥V with p(p,¢) (n) V< VCU, and hence if and
only if (g,d, e, ¢) EQ}/}/E(/:,]’, 1, V) where E(k,j,, V) ={(g,d,p,P):

llo—@i(p, D27, |l —@i(p, d)[|<27* and %% (n) EV}. Since each
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E(k,l,j,V) is Borel (using iv)), and V may be chosen to run
through a fixed countable basis for the topology of [0, 1], (u,d,¢,¥)
—u(p,¢) (n) is indeed Borel. A similar argument shows that (g, d, ¢)
—7,(p) (n) is also Borel.

Remark 1.3. The argument in the proof of iii) above is easily
modified to show that if (g, d)—>g(y,d) is a map from PG to %
with g(y,d) eG(p,d) for each (y,d) (i.e. g is a section for =), then
g is Borel if and only if (g,d)—|lg(y,d) —¢,(¢,d)|| is Borel for each
k. Also, if g, g’ are two Borel sections for =, (g,d)—|lg(y,d) —g’ (¢, d)||
is Borel.

Theorem 1.4. Let (*) denote any of the following properties which
a Polish group might have: discrete, abelian, compact, locally compact. Then
{(p,d) ePG: G(p,d) satisfies (*)} is Borel.

Proof. Since G(y,d) is discrete if and only if d(m,n) >N for
some N and all m, » with m+#n, and since G(g,d) is abelian if and
only if p(m,n) =u(n,m) for all m, n, both these sets are Borel.

For the compact and locally compact cases, let B,(¢) denote

{pc[0,177: ||¢—o||<r}, and let B,(p) denote its uniform closure. Note
that G(g,d) is compact if and only if G(g,d) NB,(ei*?) is totally
bounded, while G(g,d) is locally compact if and only if G(g,d) N
B (ps~?) is totally bounded for some integer M. But G(g,d) N

B,(¢§?) is totally bounded if and only if for each integer R>0, there
is an integer N with

N
Gty d) N B (9§9) ©UB 1, (99,
But this occurs if and only if
N
(#,d) ENVE(R,L,n),
I n=1

where the intersection is over those I’s with [jp{*? —p§®||<r, and

ER,l,n) ={(p,d): ilpf? —o®||<<R7Y}.

Since (g, d)—|lp*® —p?|| is Borel, the desired conclusion follows. [ ]

Remark 2.5. Using the Folner condition, [6], it is routine to verify
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that {(g,d): G(g,d) is discrete and amenable} is Borel in PG. We lack
the necessary measure theoretic considerations to handle the case of
locally compact amenable groups. In general, algebraically defined
classes of groups are easily seen to be Borel, while topologically or
analytically defined groups are much more difficult to handle.

§2. Borel Maps to Polish Groups

In this section, X denotes a standard Borel space —implicitly, we
assume X is uncountable.

Definiiion 2.1. If, for each x€X, G, is a Polish group, we say
the map x—G, is Borel if there is a Borel map f:X—PG, and maps
{0.: x€X}, with 0,: G,>G(f(x)) an isomorphism of Polish groups
for each x€X.

Remark 2.2. If x&€X—G, is a Borel map to Polish groups, the
map f of Definition 2.1 may be chosen injective, as follows. If
f(x) = (psrdy) and 0, are as in the definition, we may suppose N has
d,~diameter 1, and define d,(m,n) =d,(m,n) (a(x) +d,(m,n)) ", where
a is a fixed Borel isomorphism of X with [%,l]. If now f'(x)=
(ty d2), f' is injective, and f” and {6,} satisfy Definition 2. 1. When
appropriate, we shall assume f has been made injective via this device.

Theorem 2.3. A4 map x—G, from a standard Borel space X to Polish
groups is Borel if and only if Y= UG, admits a standard Borel structure
such that

i) the projection n:Y—X is Borel,

ii) the relative Borel structure on G,=n"'(x) coincides with that
generated by the topology,

iil) the maps (p,y") €Y*Y={(,)) €YXY: n(y) =z(p")} =p' €Y,
and yeY—>y"'€Y are Borel,

iv) there are countably many Borel maps g,: X—Y with g,(x) €G,
Sfor all x, and meirics 0, on G, compatible with the topology, such
that
a) {a(x): keN} is dense in G, for x€X;

b) the map yEY 0., (y, g (®(»))) is Borel for each k=N.
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Proof. Suppose x—G, is Borel, and f, 6 are as in definition 2.1,
with f injective. Since f(X) is thus Borel in PG, z7'(f(X)) S 2 % is
Borel, where = is the projection of Z% onto PG.

But UG, and n7'(f(X)) are in bijective correspondence via the
map 6, O(y) =(f(=x(p)), bz (»)), and we endow G, with the unique
Borel structure for which @ is a Borel isomorphism. The properties
i) -iv) follow from the correspoding properties of &% established in
Theorem 1. 2.

Conversely, suppose that UG, admits a standard Borel structure,
sections {g;} and metrics 0, satisfying i) -iv). In order to mimic the
structure in Z ¥, we must

a) modify the functions g, so that g, (x) #g,(x) for all x and k#I,
and so that {g,(x): k=N} is a group, and

b) modify the metrics d, so as to be left invariant.

To achieve a), define A;(x) =1,, the unit element of G..

By considering finite products (in any order) of the g,(x) and
their inverses, we find a sequence {g;} of Borel sections such that
{g.(x): k=N} is a dense subgroup. Now define %, inductively by
hy(x) =g;(x) if [ is the smallest index for which g,(x) & {A(x),...,
he—1(x)}. The sections &, are Borel and have the desired properties.

To achieve b), let £, be the left uniformity of d,, The proof of
the Metrization Lemma [9] produces metrics d; on G, which are left
invariant with uniformity %,. Further, since it is possible to choose
bases U,(x) for &, in such a way that U,(x)  U,(x) ° U,(x) CU,-1(x)
and {(x,9,9) €XXYXY: (9,») €U,(x)} Borel, the resulting metrics
0, still satisfy condition iv) b). (Our notation is as in [9, p. 186]).

With these modifications, define g, and d, on NXN by g,(x)g,(x)
=g, mm (x) and d,(m,n) =0,(g,(x), &(x)). Note (g,d.) EPG, and
x—>(ts, d,) is Borel. The completion G (g, d,) of (N, p,,d5) is evidently
isomorphic as a Polish group with G,, and the result follows. ]

Under some conditions one may conclude that x—G, is Borel under
somewhat different hypotheses.

Proposition 2.4. Suppose x—G, is a map from a standard Borel space
X to Polish groups, and that there are metrics 0, on G, and countably
many sections g2 X— UG, with
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a) 0 left invariant and compatible with the topology on G,
b) {g.(x): k& N} is a dense subgroup of G, for all x,
c) the functions x—0,(gi(x), g1(x)) and x—0,(g,(x) g (x), gn(x)) are
Borel for all k, [, and m.
Then there is a unique Borel structure B on (UG, for which the
sections g,=g, are Borel and such that #, g, and 0,=0, satisfy the
conditions 1) -iv) of Theorem 2. 3.

Proof. Since g;(x) =g,(x) if and only if d;(gi(x), g(x)) =0, we
may assume by “cutting and pasting” that g,(x) #g(x) for all x
wherever k1.

Define p, and d, on NXN by

€u(9) (%) =) mm (%), and
d.(m, n) =0,(gn (%), €.(%)).

As in the proof of Theorem 2.3, we may suppose that x—f(x)
= (Y, d,) €PG is injective and Borel. If 6,:G,—G(f(x)) is determined
by 0.(g.(x)) =¢s(tts, d;) the map O: JG,—»n'(f(X)) given by O(y) =
(f@(9)), 0z (p)) is injective, and, as in the proof of Theorem 2. 2, we
give UG, the Borel structure 4 for which O is an isomorphism.

To show that & is unique subject to conditions i) -iv) of Theorem
2.3 we note that 0,(g,(x)) (m) =@, (m) =dz (k, m) =03 (6.(x), gu());
in view of the density of {g,(x): £=N} in G, we conclude that
0.(p) (m) =0} (»,8.(x)) for all y=G,. Thus O is a Borel isomorphism
of UG, with #7*(f(X)) if and only if # is Borel and y—0,(p) is
Borel, and hence if and only if = is Borel and p—. () (m) =
0% (9, @n(@(»))) is Borel for each m. Thus any other standard Borel
structure on UG, satisfying i) -iv) coincides with 4. O

Remark 2.5. If f/:X—PG is a Borel map, and f:X—PG is the
injective Borel map associated to f as in Remark 2.2, the Borel
structure which z7'{x:f"(x) =f'(x)} inherits as a Borel subset of
7 Y(f(X)) 1is just the product structure on f"l(f’(xo))XGxo. In

particular, it is independent of the map a: Xe[%,l:l used in the

construction of f.
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We now proceed to compare our notion of Borel map with the
more familiar notion of “Effros Borel” map, as in [3] and [1]. Recall
that if H is a fixed Polish group, the space S(H) of closed subgroups
of H has a standard Borel structure generated by the sets {G&S(H):
GCS A4}, where A runs through the closed subsets of H; we refer to
this as the Effros Borel structure on S(H).

Theorem 2.5. Suppose x—G, is a map from a standard Borel space
to S(H). Then x—G, is Effros Borel if and only if UG,={(x,g) :g€G,}
CXXH is a Borel subset of XX H satisfying condition iv)a) of Theorem
2.3, (existence of enough Borel sections). If x—G, is Effros Borel, then
it is Borel, i.e. UG,SXXH also satisfies conditions 1), ii), iii), and iv)
b) of Theorem 2. 3.

Proof. Suppose x—G, is Effros Borel. Note that for fixed geH,
x—d(G,, g is Borel in x, since d(G,,g >< if and only if G,CH
—Beﬂ_l(g) for some n, where B,(g) ={h€H:d(h,g)<r} and d is a
metric on G compatible with the topology. Since (x,g) —d(G,, g is
also continuous in g for fixed x, (x,g) —d(G,, g is Borel in (x,2) and
{(x,9): g=G}) ={(x,2: d(G,, g =0} is Borel. The relative Borel
structure on G, evidently satisfies conditions i), ii), and iii) of
Theorem 2.3, since the maps (x,h) —(x,A™) and (x, 4, k") —(x, hh")
are Borel on XX H and XXHXH. Condition iv) a) follows from
[3, p. 82], and condition iv) b) follows since, for a fixed Borel section
x—g(x) €H, the map (x,2 —d(g,g(x)) is Borel, being Borel in x for
fixed g and continuous in g for fixed x.

Conversely, if {(x,9): g&G,} SXXH is Borel and g, are Borel func-
tions on X with {g(x): £k€N} dense in G, for all x, then, if ACH
is closed, {x: G,ZA4} =fk\{x: g (x) €4} ; this set is thus Borel, since

g are also Borel as maps into H. O

§3. Operations on Polish Groups
Throughout this section, X denotes a standard Borel space.

Theorem 3.1. Let x—G, be a Borel map to Polish groups. Then
1) if [G,,G.] denotes the closure of the commutator subgroup of G,,
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x—[G,, G,} is Borel;

ii) if x—>N, is a Borel map to Polish groups with N, a closed normal
subgroup of G, for each x, and N, a Borel subset of G,, then
x—G,/N, is a Borel map.

Proof. Let {g: k=N} be the Borel sections of UG, provided by
Theorem 2.3. If %, ,(x) =g,(x) g (x) g, (x) *g;(x) "}, then each 7,; is a
Borel section of (UG, with #,,(x) €[G,,G,] for each x=X. Taking
products and inverses, we find a countable family {g: k=N} of
Borel sections of (JG, whose values at each x form a group dense in
[G,,G.]. If {d,: x=X} are the metrics on G, provided by Theorem
2.3, then x—d, (g (x), g(x)) and x—d,(g(x)g(x), g.(x)) are Borel
for each %, [, m, so that x—[G,, G,] is Borel by Proposition 2. 4.

If N, is as described in ii), let {g}} be the countable family of
Borel sections for N, and let d, be as above. Let 0, be the quotient
metric on H,=G,/N,, so 0,(h, 1) =inf{d,(g,g"): g=h, g'Eh’}, and let
h,(x) be the image of g,(x) in H,. Note that for each x, {#,(x) k= N}
is a dense subgroup of H, and 9d;(h(x), A;(x)) =inf, d, (g (x) g} (x),
g(x)g¥(x)) is a Borel function of x since the functions x—g¥(x) are
Borel as maps to UG, UN, being a Borel subset of JG,. Again,
Proposition 2.3 shows that x—H,=G,/N, is Borel. 1

We now turn to the formation of dual groups. We believe that
the map (g,d)—>G(¢,d)" is a Borel map from LCAG= {(g,d): G(p,d)
is locally compact abelian} to Polish groups, although we have been
unable to prove this. Any proof of this conjecture would presumably
involve a suitable “Borel choice” of Haar measures for G(g,d) —note
that the proof in Theorem 1.4 that LCPG is Borel shows that one
may choose a Borel set K in {(g,d,¢) : (¢, d) €LCPG and ¢o=G(y,d)}
such that for each (g,d), K(¢,d)=Kn {(¢,d,0) : o=G(g,d)} is a
precompact neighbourhood of the identity in G(g,d). Presumably, if
one chooses Haar measures m(,, on G(g,d) with m,(K(gd) =1,
then (4,d)—>m(.q is a suitable choice. Even if this is the -case,
however, completing the proof that (g,d) —>G(y,d)” is Borel on LCAG
would seem to require a considerable amount of auxillary machinery.
For this reason we will consider here only the case of discrete abelian
groups, where more elementary techniques suffice.
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Theorem 3.2. Let DAG= {(y,d) €PG:G(p,d) is discrete and abelian} .
Then (u,d) eDAG—-G(p,d)" is Borel.

Proof. Let {g: k=N} be Borel sections for U {G(g,d): (¢, d)
€DAG}, as provided by Theorem 2.3. Let Z~ denote the countable
direct sum of copies of Z, and define for each (y,d) €DAG,

Ay, (ex) =g.(u, d),
where ¢, Z> is the element all of whose entries are 0, except the ™,
which is 1. Note «(,,; extends to a surjective homomorphism, also
denoted by a(, 4. Let H(y,d)=Xker a4, so that G(u, d) =Z~/H (p,d),
and G(y,d)"~H(p,d)*, where H(p,d)* is those elements of (Z=) "=
I;iT which are one on H(g,d). It suffices to show that {(g,d,y):
XEH(p,d)+} is a Borel subset of DAGX T", and that this subset
possesses a sufficiently large family of Borel sections— it is clear that
the conditions i), ii), iii), and iv) b) of Theorem 2.3 are satisfied,
where we use (the restrictions of) an invariant metric on 7% which
is compatible with the product topology.

Note that if n= (7, 71,4+ ,%m 0,...) EZ>, then n€H(y,d) if and
only if we have p(ny, p(ny, p(ovvy t(me1y 1)) ... ) =0, so that {(g,d,n):
neH(u,d)} is Borel in DAG X Z=. Thus there are countably many Borel
maps {A: k€EN} from DAG to Z= with

We claim that (g, d)—>H(y,d)* is Borel from DAG to the space of
closed subgroups of 7 equlpped with the Effros Borel structure. For if
VCT is open, and U;(V) —(HT) XV x (HT), then H(y,)+NU;(V)
# @ if and only if lEi\(V /zk(,u,d)1>, where hy(pu,d); is the j*
coordinate of %;(#,d), and {, > is the pairing of 7 with Z. But
for fixed V, the set of (g, d)’s satisfying this condition is Borel; since
every open set in 7% is a countable union of finite intersections of
sets of the form U;(V), for V chosen from a fixed countable basis for
the topology of 7, we see that {(u¢,d): H(g,d)*NW+ g} is Borel for
each open W in 7"

The existence of countably many Borel functions y,: DAG—T" with
{x:(¢,d) : kEN} dense in H(y,d)* now follows from [3, p. 82], and
(¢, d) =G (p,d)" is Borel as required. ]
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§4. Borel Functors to Polish Groups

In this section, ¥ will denote a standard Borel groupoid, with
range and source maps r and s; thus % is a standard Borel space
which is also a small category with inverses, and for which the maps
7EY—>1r'€% and (1, 12) EYP—>nE % are Borel. Here ¢ ® denotes
the set of composable pairs, @ ={(r,72):7(r2) =s(rD}; ¢® is by
assumption a Borel subset of ¥ X &. The space of units (objects) of
% will be denoted X (for further discussion, the reader may consult
[10], [4D.

We shall consider the space of Polish groups as a category; Hom
(Gy, G3) will be the set of homeomorphic isomorphisms of G; with G,
In considering functors F, covariant or contravariant, from % to the
category of Polish groups, we shall use the notation (F,, F,) to
distinguish groups (F,) from morphisms (F}).

Definition 4.1. A4 covariant functor F=(F,, F,) from % to Polish
groups is Borel if
1) x—F, is a Borel map to Polish groups;
il) the map (y,9) € G*xF—F,(g) € JF, is Borel, where
G*¥F={(1,9 €9 X JF,: n(9) =s(p)}, and UF, is given the
Borel structure described in the proof of Theorem 2. 3.

Thus we require that the action be compatible with the canonical
Borel structure on UF,. A similar definition applies to contravariant
functors.

Example 4.2. Suppose G is a fixed Polish group, and X a Polish
G-space under the action (g,x) EGXX—>greX. The space GXX
becomes a standard Borel groupoid with unit space {¢} XX, or just
X, under the product (g,g’x) (¢’,x) =(gg’,x). If F,={geG: gx=x},
then as is well known, x—F, is a Borel map to Polish groups; if
7=1(g,x), the map F,: heF,—»ghg'€F,, is an isomorphism of Polish
groups, and F=(F, F,) is a covariant functor. In this case, we can
identify U F, with {(x,9): g€F,}, and % +F is identified with {(4, x,g):
g€F,} CGXXXG; the above “action map” is precisely (4, x,g) —
(hx, hgh™). Thus F is in fact a Borel functor.
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Theorem 4.3. Let F=(F,, F,) be a Borel functor from the standard
Borel groupoid % to discrete (Polish) groups. For x€X and yE 9, let F,
be the homomorphisms from F, to T, and let F, be the transpose of F,.
Then F= (B, F,) is a Borel functor (with variance opposite that of F).

Progf. We treat the case where F is covariant. Since F, is the
Pontrjagin dual of the abelian group F,/[F,, F.], x—F, is Borel by
Theorems 3.1 and 3.2. If {k,: k=N} are Borel maps from X to
UF,/[F,, F,] with {h(x): keN}=F,/[F,, F,] for each x, then the
functions f; defined on UF, by

Si) =@, <t he(@() )

are Borel and separate points on (JF,. Thus the functions f;, generate
the Borel structure in U F.. Also, for each k, the map (7, ) € @ «f—
fk(ﬁ',(x)) is Borel, since

HE) =0, <E, k(r())>)
=@, B F 1, ()));

since 7= (77, I (r(y))) € *F is Borel, 7—>F(T_1) (h(r(M))EUF, is also
Borel. Thus (7,3 € g*ﬁ'ﬁﬁ, (x) € UF, is Borel. ]

The need for this result in [12] is one of the principal stimuli
for the present work; the other follows.

§5. The Cohomology Lemma; Converse and Extension

In this section, & will denote a standard Borel groupoid for which
r 1 (x) Ns™(x) = {x} for each unit x&X, and for which r'(x) is
countable for each x&X; thus # may be viewed as an equivalence
relation on X with countable equivalence classes and Borel graph.
Also, we will denote by m a measure on X which is non-singular for &',
i. e. such that m (4 (E)) =0 whenever m(E) =0, where & (E) ={x=X:
for some yeE, (x,y)=x’}. We will refer to (X', m) as a measured
discrete equivalence relation, as in [5].

If G is a Polish group, a G-cocycle on (X',m) is a Borel map
p: A —G with p(nr:) =p(r)p(2) a.e on X ®—see [5] for the precise
meaning of “a.e on X ®” above.

Also, we shall say that (4,m) is hyperfinite if there are Borel
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equivalence relations &, on X with finite equivalence classes, with

A, CH pir for each n, and A N (XyX Xp) =UH N (XoXX,), where X,
1

is some conull set in X.

The following “Cohomology Lemma” is proven in [8], which
corrects an error in [117.

Theorem 5.1. ([8; Appendix]). Let (A ,m) be a hyperfinite measured
discrete equivalence relation. Let G be a Polish group with H a normal
Borel subgroup of G, and let p1, p; be G-cocycles on (A, p) with py=p,
mod H a.e on A'. Then there is a Borel map P:X—H such that

oY =p, mod H a.e.

Here H is the closure of H in G, and o7 (7) =P () e(r) P(s(p)) L

Here, we shall present a generalization of Theorem 5.1 (see
Theorem 5.5) and a converse (Theorem 5.2). The existence of
such a converse was asserted by A. Connes at an informal conference
held in Oslo in July, 1978, and is doubtless known to many; we
include a proof for completeness sake. Notation will be as above.

Theorem 5.2. Let (A, m) be a measured discrete equivalence relation
with the property that whenever G is a Polish group, H is a normal Borel
subgroup of G, and py, o, are G-cocycles on (H,m) with p,=p, mod H
a.e, then there is a Borel map P:X—>H with pf=p, mod H a.e. Then
(X, m) is hyperfinite.

Proof. We assume each equivalence class in X is infinite. Let
A =1"(Z), and G=Aut(&) be the group of automorphisms of &/ in
its usual standard Borel structure, [7]. Note that any &G is of the
form (0(f)) (n) =f(z3'(n)) for some permutation m, of Z. If H, is
the subgroup of G corresponding to the permutations with support in
{—n, —n+1,...,n—1,n}, H:C;/H,, is normal, Borel and dense in G.

For each xeX, let &/ (x)=["(r""(x)), and for (x,») X, define
L(x,9):(y) > (x) by (L(x,0f) (2)=f(), for feL(y). Since
x—>f (x) is a Borel field of von Neumann algebras, and each 7 (x) is
isomorphic with &/, we may choose a Borel field x—a, of isomorphisms
a9 (x) >, Thus if p(x,») =a,° L(x,9) < a;', p is a G-cocycle.
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By our assumption, there is a Borel map x—P(x) EG such that
o(x,9) =p"(x,9) EH a.e. But then, if X4 ,=0¢7*(H,), #, has finite

equivalence classes and, up to a null set, & =X, as required. []
1

We now turn to a generalization of Theorem 5.1. Our objective
is to allow the groups G, H of the theorem to vary in a suitable
manner from point to point over X. Let F be a (covariant) functor
from 2 to Polish groups, and let UF, have the standard Borel
structure provided by Theorem 2. 3.

Definition 5.3. If for each x€X, N, is a normal Borel subgroup
of F,, we write N<|F in case N, is a Borel subset of UF,, and
FT(NS(T)) :Nr(r) for all TE%.

Note if N<|F, we may consider N=(N,, N,) as a functor by taking
N,=F, restricted to N;y.

Definition 5.4. If F is a covariant Borel functor from 4 to
Polish groups, an F-cocycle on (4',m) is a Borel map p:yreX —po(r)
EF, with p(nr) =e() Fr (p(r2) a.e on X2

Theorem 5. 5. Let (A4, m) be a hyper finite discrete measured equivalence
relation, let F be a covariant Borel functor from A to Polish groups, and
let o1, 0, be F-cocycles on (A',m). Suppose that for each yEX, p1(y) =
0:(7) mod N, a.e. X? where N<|F. Then there is a Borel function
P:X— (N, with P(x) €N, and

02 (T) ZP{J(T) mod Ny a.e,
where oL () =P (@) o) F,(P(s())) ™

The proof is modelled on the proof given in [8] of Theorem 5. 1,
and ultimately depends on remarks of A. Connes made during a
conference held in Kingston, Canada, in July 1975. Throughout, d,
are the complete metrics on G, provided by Theorem 2.3; note that
UN,C UG, is a Borel set.

Lemma 5. 6. Let F, N, pi, p, be as in Theorem 5. 5, let x—& (x) >0
be a Borel function on X, and let £ CSH be an equivalence relation with
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finite equivalence classes. Then there is a Borel function Q:X—> UN, with
Q(x) €N, and a Borel function n:¥— (N, with

D M=t for r€ZL;

i) 4,(Qx),ly)y<e) for x€X;

iii) Q(x) =1, on some section for Z.

Proof. We may suppose that each equivalence class under £ has
[ points, and choose a Borel partition, {L;,j=0,1,...,l—1} of X such
that each L; is a section for %, i.e. meets each Z-equivalence class
precisely once.

Define Q(x) =1, for x& L,

For res™'(L,), define

Dc(p) ={g€EN, oy driy (@0 01 (D) 7Y L) <E (1))}

and note that

D.= {(T’g) gEDE(r)}

is a Borel subset of s7*(Ly) X (UN,) whose projection on s7'(Ly) is all
of s7'(Ly). By the von Neumann measurable selection theorem, there
is a measurable map n:yes (L) —n(y) with n(y) €D (y) for each
7. We may assume 7 is a Borel function after deletion of a suitable
null set, and that n(x,x) =1, for x&L, since p;(x,x) =p,(x,x) =1, for
x &€ L.

Define Q on X—L, by

Q) =n(p, ) 02(p, 2) o1 (p, %) 7,
where x& L, is the unique element with (y,x)=%. Note Q is Borel
on X, and satisfies conditions ii), iii) of the Lemma. Also, if
(9,2) €& is arbitrary and x&L, is the unique element with (y,2) =
(9, %) (z,%) 7", a routine calculation using the (a.e) identities p;(y,2) =
0; (9, %) Fy. 5 (0 ((2,2)™1)) for j=1, 2 shows that ,(y,2) =n(y,x) 0 (, 2)
Fun(n(z,%)™. In view of the normality of N, in F, and the
invariance under F i.e. F,(Nyy)=N,q;, the Lemma follows. U

Lemma 5. 7. Let X', F, N, o1, o, & and € be as in Lemma 5.6,
and let Q, n be as in the conclusion of Lemma 5.6. Let M be an
equivalence relation on X with finite equivalence classes with L C MK,
and let 6>>0 be given. Then there are Borel maps n’: M—> ) N,, R: X— N,
with
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D () =n")ef(p) for yEM;

i) d.(Q(x), R(x))<<0 for x&X;
i) R(x) =1, on some section for M;
iv) n'(y) =n(p) for re.

Proof. We may assume that the equivalence classes under £ and
M are of constant size [ and m respectively. Let {L;j=0,1,...,l—1}
be as in Lemma 5.6, and set A°=.#4N (LyXLy); A° has equivalence
classes of size m’=ml™%

For x,L,, define

B(x) = (g€ Fy,: max dx(Q(x) 01(x, %) Fesz () 01 (x, x0) Q%) =6}

and €,(x) =d,(B(x),1,) for x&L,. By our hypothesis, &, is Borel,
€,(x) >0, and we may apply Lemma 5.6 to #£° p;|A4° p,|#° and
€,; thus there are Borel functions n,, Q, with

) 0:(p) =n(p)pfe(y) on A

i) d:(Qo(x), 1) <Eo(x) on Ly;

iii) Qy(x) =1, on a section for "
We also have 7,(7) EN,, and Qy(x) EN,. for yEA° and xE L,

Note that for any x&€ X, there is a unique x &L, with (x, %) €Z;

we define then
R (x) =Q(x) o1 (%, %0) F s, 1y (Qo (x0) ) o1 (x, %0) 7%,
so that R is Borel. Also, de(Qo(xo),lx0)<Eo(xo) =d,,o(B(x0),l,0), so
Qo(x0) €B(xy); thus
d (R(x),Q(x)) =d.(Q(x) o1 (¥, %0) Fz.xp (Qo (%0) ) o1 (%, %0) 7, Q (%))
is less than d, and condition ii) is satisfied. Also, if x& L, x=x, and
R(x) =Qy(x), so that condition iii) is also satisfied.

If (x,y) €A is arbitrary, there are unique elements x,, y,& L, with
(%, %) EL, (D0,0) EL and (x,9,) EA°, such that (x,y) = (x, x5) (%0, 0)
(Jo,»). Using the cocycle identity for p, and p, one obtains by
laborious calculation,

0:(x,9) oF (x,9) "' =n"(x,7)
=n1(x,9) nz(x,9) n(x, o),

where

ny(x,9) = p2 (%, 90) F(x,yo) (n (D0, »)) P2 (x, 30) -
n2(%,9) = 05 (%, %0) Fis, 2y (1o (X0, 90) ) 02 (%, %0) .
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The calculation above may be done as follows:

p2(%,9) pf (%, ) 7
= 02(%,90) Fz.5p (02(30,3) F 5 (R(9))) o1 (2, ) R () 7
which, on substitution for R(y), replacing p,(p5,%) by n(ps,»)Q(p0)
01, Q() 7Y, and remembering Q(po) =1=p1(30,0) Fisn (01(9500))
yields
n1(x, ) 02 (%, 90) F(x.yo) Qo(o) o1 (D0, ) o1 (x, ) TR(x)7L

Replacing p,(x,%) by 0,(x, %) F(x,xo) (p2(%0,0)) and wusing p,(y) =
1o (1) p?"(r) on #° now yields

n1(x,9) n3(x, ) p2(%, o) F(x,zo) (Qo(x0) 01 (0, 70) )
Flayp (01(30, ) 1., 9) 'R () 7

and further substitution of (npf) (x,x,) for o,(x,x,) yields

n1(x,9) n2(%, ) 1 (x, %0) Q (%) o1 (%, %0) Fiz,zp (Qo (%) ) o1 (%, %0) ™
01(x10) F iz, zy (01 (%0, 90) ) F oz, 5 (01 (90, 9) ) 01 (,9) "R (%) ™™
But the last four terms which involve p; disappear on application of
the cocycle identity for g, and substitution for R(x) then reduces
the whole expression to n;(x,y)n,(x,y)n(x,x,) as claimed. Clearly n
and n, take values in (JN,, and if (x,7) €& we have x,=y, so that

n’ (%,9) = p2 (%, %0) F s,y (n.(%0,9) ) 02 (%, %0) ~'1 (x, %o) «
However, the fact that y—n(y) 0,(7) =0%(y) is an F-cocycle implies

that this last quantity is nothing but n(x,»), and n’ extends n as
required. ]

Proof of Theorem 5. 5. Since (A ,m) is hyperfinite, we may, after
deleting a null set, assume that %4 :C/% » where A, ., for each
1

n, and each X, has finite equivalence classes.

Applying Lemma 5.6, and then Lemma 5.7 inductively, we find
sequences {n;} and {P;} of Borel maps, n,:#,— N, and P,:X— (N,
such that

D @ =u@eG) on A

i)  d(Pe(x), Pria(x))<<27* on X;

1) 7441 On Ay extending n, on X

Thus we may define P:X— (N, by P(x)=lim,P,(x), and n: A4 —
UN, by n(y) =n,.(y) for yei,, clearly, P and n are well defined and
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Borel, and
(1) =n(pf () a.e on A O
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