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Abstract

Poisson properties of dressing transformations in soliton theory are explained.

Transformation groups for soliton equations were defined in [1].
They were also implicit in the earlier paper [2] and are known
under an alternative name of dressing transformation groups (which is
the one we shall use in the sequel). For a modern and comprehen-
sible treatment see [3,4]. These groups are generally regarded as the
hidden symmetry groups for integrable systems. The infinitesimal
action of these groups was also studied by direct methods (see [5]
for a review).

We now come to a major puzzle that remained open in the theory.
Given the fundamental role of Poisson brackets on the phase space
one would expect that dressing transformation group preserves them.
Surprisingly, however, this fails to be so in general®. It is particularly
interesting to understand this phenomenon in order to decide whether
the dressing transformation group survives quantization. Normally
this would have been the case if it preserved the Poisson brackets.
Since it fails to do so, the situation becomes obscure.

The aim of the present paper is to explain the Poisson properties
of dressing transformations. The general set-up for the answer partly
results from my conversations with V. Drinfel’d which I gratefully
acknowledge. It is important to observe that dressing transformation
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groups (which in typical cases are related to Kac-Moody Lie groups,
or loop groups) carry a natural Poisson structure which is uniquely
defined by the specific type of the Riemann-Hilbert problem entering
the definition of dressing transformations. (A connection between
Poisson structures and Riemann problems is central in the so called
r-matrix formalism, see [7].) This Poisson structure has an important
property explicitly stated for the first time in [8]. (Although taking
its origin in earlier papers, cf. [7], [10].)

Definition [8]. 4 Lie group G is called a Poisson Lie group™ if a
Poisson bracket is fixed on G such that multiplication G X G—G is a Poisson
mapping, the space GXG being equipped with the product Poisson structure.

Let M be a Poisson manifold. An action GX M—M is called Poisson
action if it is a Poisson mapping, the space GX M being equipped with the

product Poisson structure.

We refer the reader to [9] for the definition and standard proper-
ties of Poisson manifolds. In the sequel we shall make an extensive
use of various concepts from this paper.

Clearly, a Poisson action whenever non-trivial does not preserve
Poisson brackets on M (cf. formulae (15), (22) below). However,
the resulting category is quite rich in geometric structures (e.g. for
Poisson G-spaces there are analogs of the Hamiltonian reduction
technique, cf. n°3 below).

Our main result may be now stated as follows. Dressing transfor-
mation groups define a Poisson group action.

In order to put it more precily, we must have a closer look at the
definition of dressing transformations. Usually they are regarded as
acting not on the phase space B itself whose points are represented by
Lax operators, but rather on the fiber bundle P over B consisting of
wave function. Ordinary definition used in [1], [3], [4] does not
lead to an action on B since dressing transformations do not preserve
the normalization of wave functions (cf. formula (45) below). However,
there is a clever way around this obstacle: one can combine dressing
and gauge transformations in a natural way so as to get a group
action on the phase space itself. This use of gauge freedom is in

*) I prefer this term to the one originally used in [8] which was ‘Hamilton Lie groups’.
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fact crucial since it changes the composition law of dressing transfor-
mations. With the group action on the phase space at hand, a ques-
tion on its Poisson properties may be correctly posed and solved. In
passing we discover a new Poisson structure which is in a sence dual
to the one studied in [7], [8]. It is precisely this new Poisson
structure that is relevant for the Poisson properties of dressing
transformations. It also plays an important role in the description of
Lax equations (as explained in sections 3-5 below). For technical
reasons we shall mainly deal with the difference Lax equations. The
results for the continuous case are analogous and are stated at the
end of Section 6.

Our result has a clear bearing on the quantization problem.
Namely, it indicates that the dressing transformation group itself
should be quantized, its matrix elements becoming g-numbers rather
than ordinary c-numbers. An appropriate algebraic notion of a
“quantum group” was recently proposed by V. Drinfel’d. I hope to
consider these questions more closely in a separate publication.
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§1. Basic Algebra Related to the Yang-Baxter Identity

The technical background for our study in provided by the r-
matrix formalism as developed in [7], [8]. We begin with a brief
review of the relevant facts.

Definition 1. Let g be a Lie algebra, REEnd g a linear operator.
We say (g, R) is a Baxter Lie algebra if

(1) There is a nondegenerate invariant scalar product on g

(i) R is skew-symmetric and satisfies the Yang-Baxter identity
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(1) [RX, RY]=R([RX,Y]+[X,RY]) —[X,Y], X,YEq.

An operator R satisfying the conditions above is called a classical
r-matrix. We refer the reader to [7] for a discussion of how the
present definition links with tensor formalism used in [10].

Proposition 1. (i) Let
(2) [X, Y1z=—g (IRX, Y1+ [ X, RY]).

Then (1) implies that (2) is a Lie bracket. We denote by ggr the
corresponding Lie algebra (with the same underlying linear space). (ii) Let

Ri=%(1{:!:1). Then R.: gr—g are Lie algebra homomorphisms.

Let b=g@®g. Let ’gCd be its diagonal subalgebra. We embed
grGd via X— (R, X, R_X). Note that R, —R_=1 and hence every
X&g admits a unique decomposition

(3) X=X,—X_
with (X, X_) €gzrCbd. Equip d with the inner product
(4) (X, YY), (X Y))=(X, X)) — (Y, Y, X, YiEg.

Proposition 2. (i) b="g+gr as a linear space. (ii) Let Py, Pgp,
be projection operators onto °g, gr parallel to the complementary subalgebra.
Then
(5) RbZPag-PgREEndh

satisfies the identity (1) and is skew-symmetric with respect to (4).

By virtue of Proposition 2, (b, R,) is again a Baxter Lie algebra.
We shall call (b, R,) the square of (g, R).

Note. In a more general way, one can define the square of an
arbitrary Lie bialgebra. This general definition is due to V. Drinfel’d

(L8D.

We now turn to the corresponding notions for Lie groups. Let
G, Gy be local Lie groups corresponding to g, gz. There are natural
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homomorphisms R, :Gzr—G:x—x, which correspond to the Lie algebra
homomorphisms denoted by the same letters. Let D=GXG. We
embed GxC D via x—(x.,x_). Each x&G admits a unique decomposition

(6) x=ux,x""

with (x;,x_) €GrCD. This mapping establishes a local homeomor-
phism of Gz into G. The factorization problem (6) may be regarded
as an abstract version of the Riemann problem.

Let °GCGXG be the diagonal subgroup. For each (x,9) €D
there exists a unique factorization

( 7 ) (x,)’) = (59 E) (h+9 h—)a (E’ E) EaGa (h+1 h—) EGR'

§2.

Classical r-matrices are used to define Poisson structures on Lie
groups. We shall eventually need quite a lot of them, their mutial
relations being of importance to describe integrable systems, their
dynamics and their transformation groups. A fairly general class of
Poisson brackets is defined as follows.

Let H be a Lie group, 9 its Lie algebra. Suppose, there is an
invariant scalar product on ).  For ¢=C=(H) let us denote by
V. Vo) its left and right gradients defined by

(8) 7o), & =(%) o),

7o), =(4) oGe, b

Put

() B awm=g R, V) +5 (RFD, T, R,R'EEnd.

Theorem 1. Suppose R, R'€EndY) are skew-symmetric and satisfy the
Yang-Baxter identity (1). Then (9) is a Poisson bracket on H.

Sketch of a proof. (i) Consider first the right and left brackets (cf,
[ID.
(10) o, 0}, =R (P, V), o, dte=RF,),V,).

Denote by 7,, 7, the corresponding Hamiltonian operators. By definition,
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the Schouten bracket of Hamiltonian operators is the right hand side
of the Jacobi identity. One checks, by direct computation, that

(1 1) [77@’ ﬂz] (d§01, dﬂoz, dSDS) = (Vgal’ [R (V(az) ’ R(V¢3>]) +C. P-:
[777, nr] (d%; dSDZ) d§03) = (V(LI’ [R (V(;z) ’ R (V;S) ]) —C.p.

For obvious reasons one has also [7,,7%,]=0 (since right and left
shifts commute). Now, the r-matrices R, R’ satisfy the classical Yang-
Baxter identity (1). Hence (11) simplifies to

(12) [775’ %] = [% Wr] = (Vq:l; [Vq:zy V¢3])'
It follows that #,47, has zero Schouten bracket with itself.

We denote by Hgg, the group H equipped with the Poisson
bracket (9).

Theorem 2. Multiplication H X H—H induces Poisson mappings
(13) Hg, gy X Hgry—>Hg g,

(14‘) H(R,R/) XH(R/__R/)_>H(R’RI).

Proof. Let p,, 4, be the right and left translation operators by an
element x&H acting on C*(H). By definition, (13) is a Poisson
mapping if
(135) {e, 9} @z () = {0,0, 0,9} &.-r) () + {40, 2P} .21y ()

Let 7%z be the Hamiltonian operator associated with (9) in the left
invariant frame. Obviously, one has

29p.r (x) =R’ +Ad x oRoAd x

whence

(16) ez (%9) =7z (9) +Ad ylone, _r(x) 0Ad .
From the definition (8) of right gradients we get
17 Vo) =Vo(x9), Vop(x) =Ady-Vy(xp).

Clearly, (17) implies that (16) is equivalent to (15). The second
assertion is proved in a similar way.

Note. Our proof followed the general pattern indicated in [8].

In particular, if (g, R) is a Baxter Lie algebra and (b, R,)its square,
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we get the structure of a Poisson Lie group for both G and D=G xG.
We shall refer to the Poisson structure on G gy, as the Sklyanin
bracket.

Let us recall now the basic definition of [8]. Suppose H is a
Poisson Lie group, ) its Lie algebra, §* its dual. For &,7&bh* choose
0, ¢=C~(H) such that §=d, n=d¢ and put

(18) [57 ﬂ]*zde{%ﬁb}

Theorem 3. [8]. (i) Formula (18) defines the structure of a Lie
2
algebra on B*. (i) The map H—>/\Y dual to the Lie bracket /{f)*——ﬁ)*

is a l-cocycle on Y.

We shall say that (§,%*) is a Lie bialgebra if there is a Lie
bracket on §* satisfying condition (ii) above and refer to (§,5*%) as
the tangent Lie bialgebra of H.

Example. Let (g,R) be a Baxter Lie algebra. The Lie bracket
on g* defined by the Sklyanin bracket on G coincides with (2) under
the natural identification g*~g induced by the inner product on g.
Thus (g,gz) is an example of a Lie bialgebra.

Theorem 4. [8]. The structure of a Poisson Lie group is defined
uniquely by its tangent Lie bialgebra.

As a corollary we can state the following result.

Proposition 2. Let G be a Poisson Lie group. Its subgroup H is a
Poisson Lie subgroup if and only if $-Cg* is an ideal. In that case the
tangent Lie bialgebra of H is (b, g*/H>).

Specifically, let (b, R,) be the square of a Baxter Lie algebra
(g,R), D=GXG. The tangent Lie bialgebra of Dmr’%) coincides

with (b, de) under the isomorphism ¥ ~b induced by the inner
product. Clearly, th:Bg@gR (ie. it is a direct sum of °g and the
opposite of gz). So we get

Proposition 3. Both °G and GrC D are Poisson Lie subgroups. Their
tangent Lie bialgebras are (Q,8z) and (Qg, Q) respectively.
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In a sence, the Poisson structures on °G and Gy are dual to each
other, the roles of g and gz being interchanged in their definition.

Note. In typical applications g is a simple Lie algebra. Hence,
G does not contain any nontrivial Poisson subgroups.

Proposition 4. The Poisson structure on G induced via the embedding
GCPGCD coincides up to a sign with the one defined by means of the
original r-matrix REEnd g.

This is again a direct corollary of Theorem 4.

We shall give a more direct description of the Poisson structure
on G in the next section.

§3. Classical »~-Matrices and Lax Equations

We shall now indicate how the r-matrix formalism is used to
produce Lax equations on Lie groups. We start with the most simple
theorem of this kind.

Let G be a Lie group, g its Lie algebra, ReEnd g. Suppose (g, R)
is a Baxter Lie algebra. We equip G with the Sklyanin bracket defined
by R. Let I(G) be the space of central functions on G. Denote
by 4, or the differentials of left and right translations by an element
LeG.

Theorem 5. (i) Functions ¢=I(G) commute with each other with
respect to the Sklyanin bracket on G.
(i) The equation of motion defined by a Hamiltonian ¢&I(G) with
respect to the Sklyanin bracket is given by

(19) A pM—ptt,  M=LRT.
¢ 2
For matrix groups (19) is a Lax equation,
dL _
W’“[L’ M]-

(i) Let g,.(8), g-(8) be the solutions of the factorization problem (6)
with the left hand side
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(20) g(@) =exp tV,(Lo).
The integral curve of equation (19) starting at L,=G is given by
e3y L(t) =g.(t) "' Log. (2).

It is not difficult to check (21) by a direct computation. However,
a geometric proof which we are going to outline is more instructive
since it reveals the mutial relations of various Poisson structures
involved. The same considerations will also be of importance when
we turn to the study of dressing transformations.

The next assertions are quite general and provide a basis for
applying the reduction technique to the problems we are concerned
with.,

Let G be a connected Poisson Lie group, (g, g*) its tangent Lie
bialgebra. Suppose there is an action of G on a smooth Poisson
manifold M. For o=C=(M) let &,(x) =dp(g-x) | 4=, §,E0%. Let X
be the vector field on M defined by an element X&g.

Proposition 5. The action GX M—M is a Poisson action if and only
i
(22) Xp, 9} — (Xo, 9} — {o, X9} =C[£p €040 X

This statement is a direct consequence of the definitions.

Theorem 6. Let GXM—M be a Poisson group action. Let HCG
be a connected Lie subgroup. Assume that %-Cg* is a Lie subalgebra. Then
the algebra C¥ of H-invariant functions is a Lie subalgebra in C=(M).

Proof. Let ¢,¢=C% Then Xp=X¢p=0 for X&h and &, &5
From (22) we get immediately
Xlp, ¢} =<[£, 414, X>=0, XEB,
whence {op, ¢} CP.

Corollary. Assume that the quotient space H\M is a smooth manifold.
There is a unique Poisson structure on H\M such that the natural projection
7 : M—H\M is a Poisson mapping.

Note that condition on H in Theorem 6 is less restrictive than in
Proposition 2.
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We shall refer to = as the Poisson reduction map.

Note. The reduction technique (cf. [9]) is usually applied to
Hamiltonian group actions only.  For such actions the space of
invariants is obviously a Lie subalgebra in C*. However, the converse
is not true, and the reduction technique can be easily extended to a
more general setting. The necessary tools are provided by the notion
of dual Poisson mappings explained in [9] (and going back to Lie).
In the present context this technique was first applied by V. Drinfel’d
to describe symplectic leaves of Poisson Lie groups (cf. theorem 7
below). Further applications were found by the author.

It is frequently useful to realize Poisson structures as quotients of
a symplectic structure. An important tool for that is provided by
squaring the group G.

Proposition 6. The Poisson structure on D r, is nondegenerate.

Basically this observation (due to Drinfel’d) motivated the defini-
tion of the Poisson bracket on D g),. We now use it to describe a

new Poisson structure on G.

Proposition 7. (i) The natural action of the diagonal subgroup °GC D
on D g, is a Poisson action. (ii) Canonical projections =’: D—G\D,

n: D—D/°G are dual to each other in the sence of [9].

Progf. (i) This is a special case of Theorem 2. (ii) By definition,
this means that left- and right °G-invariant functions on D centralize
each other with respect to the Poisson bracket on D &) Suppose
peC=(D) is left-’G-invariant, ¢ =C~(D) is right-’G-invariant. Then
Vo Vs (°g)+ =" and hence

2{e, ¢} (Rb.Rb):<Rh(V¢); V> —<V o R,(F3) >=0.

The natural model for the quotient spaces D/’G, °G\D is G itself.
Projections m, " are given by

(2%) m:(x,9) =y, wli(x, )y
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Proposition 8. Equip G with the quotient Poisson structure.  Iis
symplectic leaves coincide with the conjugacy classes in G.

Proof. According to a general theorem [9], symplectic leaves are
obtained by blowing up points in the double fibering G——D-"5G.
From (23) we get

7' (x1(9)) = {hgh™'; hEGY.

Corollary. Casimir functions of the quotient Poisson structure on G are
precisely central functions on G. (See [9] for the definition of Casimir
Sfunctions.)

An explicit formula for the quotient Poisson bracket is given by
24) 2{p, Pt =R T, Vy) + (RWT,),Ty)
— (R, V) —(RWT), Vg + o Vy) — Ty 7).
To clarify the meaning of this Poisson structure we notice that
another model of the quotient space D/°G is Gz The two models
are related by the canonical map o¢:Gr—>G:h—h,hZ'. The next
observations are basically due to V. Drinfel’d.

Proposition 9. The quotient Poisson structure on Gr=~D/°G equips it
with the structure of a Poisson Lie group. Its tangent Lie bialgebra is
(gR’ g)'

Hence injection GxC D and projection D—Gy give the same Poisson
structures on Gy (at least up to sign). The dual assertion is also
true.

Proposition 10. The quotient Poisson structure on G=~D/Gy coincides
with the Sklyanin bracket on G.

Proposition 11. Canonical projections Gx\D<-D—D/Gy are dual to
each other.

As a corollary we get the following theorem, again due to Drinfel’d.

Theorem 7. Symplectic leaves of the Sklyanin bracket coincide with
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projections of double cosets GrxGgr/Gg.

We shall give a more explicit description of these symplectic
leaves in Section 6.
We now turn to the proof of Theorem 5.

Proposition 12. Let n: D—G: (x,y)—xy~" be the standard projection,
e€I1(G), hy=ypon. The integral curves of the Hamiltonian h, on D, &, are

given by
(25) (xe'™, 306*),  X'=V,(x2").

Proof. Projections of the integral curve onto the quotient spaces
D/°G, °*G\D remain fixed since the reduced Hamiltonians are Casimir
functions of the quotient Poisson structure. Since 4, is both right-
and left-°G-invariant we have V"w’ Vﬁ,we‘yg and for any ¢=C~(D)

{her 8} =<F, V5.
Obviously, V§,¢= (X', X")ebd, X'=V, (x(x,»)) and X’ is time indepen-

dent. Now (25) follows immediately.

Consider the action GxXD—D defined by
(26) h:(x,9)— (hoxh™Y, ko yh™").
Notice that the subgroup (G,e) CD is a cross section of (26). Hence
we get a canonical projection
p:D—>G: (x,0)p3%-, I=y=,

whose fibers coincide with Ggz-orbits in D.

Proposition 13. (i) [Invariants of (26) form a Lie subalgebra in
C=(D). (1) The quotient space is canonically isomorphic to Gy ).

We shall give the proof of a more general statement (Theorem 9
below) in the Appendix.

To finish the proof of Theorem 5 we observe that for ¢ =I(G) the
Hamiltonian h,=g¢or is invariant with respect to (26). The integral
curves (25) proiect down to G to give (21). Moreover, the reduced
Hamiltonian is ¢ since A,=gop.
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§4. Twisted Poisson Structures on the Square of
G and the General Reduction Theorem

Integrable systems on a lattice give rize to generalized Lax equations
of the form

dL _ , ,
@27 7‘{T_LA BL.

Equations of this kind are covered by the general reduction theorem
which we shall state in this section.

Applications to integrable systems on a lattice will be considered
in Section 5.

We keep to the notation of previous sections. Let 7 be an automor-
phism of the Baxter Lie algebra (g, R) i.e. an orthogonal operator
& Aut ¢ which commutes with R. It gives rize to an automorphism
of G which we shall denote by g—°g.  Define twisted conjugation
GXG—G by

(28) gt h—ghg™,

Let *I(G) be the space of smooth functions invariant with respect to
twisted conjugations.

Theorem 8. (i) Functions ¢="I(G) are in involution with respect to
the Sklyanin bracket on G. (ii) Equations of motion defined by Hamiltonians
o€ I(G) are of the form (27) with B:éR(V‘a), A=7(B). (i) Let
g. (&), g-(t) be the solutions to the factorization problem (6) with the left
hand side given by

(29) g(t) =exp t V,(Ly).
The integral curves of equation (27) defined by ¢ I(G) are given by
(30) L(t) =g (1) " Lo g (0).

The proof of (30) follows the same lines as in Theorem 5.
However, we shall now twist the Poisson structure on D. Extend <
to b=g@g by the formula

€29 7 (X,Y) = (X,7Y)
and put
(82) ‘R,=toR,or L
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We also put rG=?(”G) ={(x,"x) ; x€G} CD.

Proposition 13. (i) The natural action of *G on D, .. by left

translations is a Poisson action. (ii) The natural action of °G on D(TR .
»d

by right translations is a right Poisson action.
This is a corollary of Theorem 2, since °GC Dg,, -, and ‘GCDqp o,
b’ b
are Poisson subgroups.
Proposition 14. Canonical projections =: D —D/°G,n’: D
—®G\D are dual to each other.

T T
R,.R,) R, Ry

Both quotient spaces are naturally modelled on G.  Projections
m,n’ are given by

(33) r: (x, )=y, 7't (x,%) Hf_b'lx.

Proposition 15. Symplectic leaves in the quotient Poisson manifold
D/°G are orbits of twisted conjugations.

Proof. To get the symplectic leaves it suffices to compute ('™ (x)).
Clearly,

(%) = (T yx,9) 5 2EGY, =@ M%) = [yl yEG).

Corollary. Casimir functions of the quotient Poisson structure on G
are invariants of twisted conjugations (28).

We leave it to the reader to write down an explicit formula for
the quotient Poisson structure on G.

Proposition 16. Let ¢ I(G), h,=¢om.  Integral curves of the

Hamiltonian hy on D . are given by

Ry .R)

(34) (xoetxla _J’oetX,) ) X’=V}Iz¢(7f(xo,)’0))-

The proof is the same as in Proposition 12. It follows from the
definition of 4, that V; &g, V;,we"g whence
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s 8 =T, V>
for any ¢&C=(D). Furthermore, V;'lq,(x,y) =(X’,X"), where X'=
Vo(m(x,y)) is time independent.
Consider the action GxXD—>D given by
(35) h: (x,9) = (hyxhZY “hy yh7Y).

Theorem 9. (i) [Invariants of (35) form a Lie subalgebra in
C‘”(D(ZR' R)) (i) The quotient Poisson structure on D/Gr=~G coincides
with the Sklyanin bracket.

We shall give the proof in the Appendix. The first assertion is
proved using Theorem 6. The calculation of the quotient Poisson
structure is straightforward and includes some remarkable cancellations.
This suggests that there should exist a more geometrical proof, but I
did not found one as yet.

Note that the subgroup (G,e¢) CD is again a cross section of (35).
The canonical projection p: D—G is now given by

(36) o (2, )"y, y=piy7h
Again h,=¢op, so (30) follows directly from (34), (36).

§5. Difference Lax Equations

An important application of Theorem 8 is described as follows.
Given a Baxter Lie algebra (g, R) and a corresponding Poisson Lie
group G, put G=G", ¢ :(—%g. We shall think of elements g & as of
functions mapping Z/NZ into G. We equip ¢ with the natural scalar
product

(37 (X, Y) =2 (X Ya)

and extend REEnd g to ¢ by (RX),=R(X,). This makes (%,R)
a Baxter Lie algebra. Equip G with the product Poisson structure.
Clearly, G is a Poisson Lie group and its tangent Lie bialgebra is
(9,%r. We shall denote elements of & by L=(L;,..., Ly). Define
mappings ¢,, T: G—G by
(38) gn(Ly= 1 L,, TL)y= 1I IL,.

1<k<m

1<k<N
The functions ¢, satisfy the linear difference system
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(39) Gni1=PnLw  m=1,...,N,
T (L) is its monodromy matrix. Note that 7: G—G is a Poisson map.
This property had originally served as a motivation for the definition
of the Sklyanin brackets. Subsequently it was formalized by V.
Drinfel’d in his theory of Poisson groups [8].

Let r€Aut ¢ be the cyclic permutation

(40) (X, o o, Xy) (X X500, Xy, X9)

Clearly, the twisted coniugation LrgL’¢™! coincides with the gauge
transformation for the linear system (39) induced by the right
translation ¢,—¢,g.' in its solution space. Obviously, the operator
(40) is orthogonal and commutes with R. So we can apply Theorem

8 to our particular situation.
The gauge transformations orbits in G can be easily classified.

Theorem 10 (“Floquet”). (i) Two elements L,L'EG lie on the
same gauge orbit in G if and only if their monodromy matrices T (L), T'(L")
are conjugate in G. (i) The algebra *I(G) is generated by the functions
hy:L—o(T(L)), ¢€1(G).

As a corollary of Theorem 8 we get

Theorem 11. (i) Functions h,  ¢=I(G), are in involution with respect
to the Sklyanin bracket on G. (ii) The Hamiltonian equation of motion
with the Hamiltonian h, is given by

(41) Lo o LMir— ML,

My=-L R, (T (D))

(ii1) Let (gm) . (t) be the solution to the factorization problem (6) with the
left hand side given by

gn() =957 exp V(T (L)) ¢y Pn=¢u(L).
The integral curve of (41) with the origin at L°=(L3,...,LY) is given
by
(42) La(t) = (gm) « () L5 (gns1) = (8.
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(For simplicity we assumed in (41) that & is a matrix group. The
generalization is of course straightforward).

§6. Dressing Transformations

We now turn to the definition of dressing transformations on the
group &. Consider again the linear difference system (39). Let ¢,
be its solution given by (38) i. e. satisfying the normalization condition
¢r1=1. (Note that arbitrary solutions of (39) may be obtained from
(38) by a left translation ¢y—hd,, hREG). The dressing action
G XGz—@G is defined by

(43) (L) n= (920 () $n) 'L (P10 (&) Pust) +

where a: G,—G: g—g,g~" is the canonical embedding.

Theorem 12. (i) Formula (43) defines a right Poisson action of Gg
on G. (ii) This action preserves symplectic leaves in G.

The proof will require some preparations. Let us notice first of
all that in terms of the wave functions ¢, (i. e. solutions of (39)) (43)
takes the form
(44) Gf =87, (P 0 (Q Pn) v,  EEGR
The standard definition used in [1], [4] differs by the normalization

factor g.:

(45) OE=0u (P8 v, 8EG.

Note that the action (44) preserves the normalization condition ¢;=1.
We shall see readily that the normalization factor gi' in (44) aflects
the composition law of dressing transformations.

Proposition 17. Formula
(46) 2= g (x o () %)
defines a right group action GXGr—G.

Proof. We shall point out a natural geometric interpretation of
(46). Let D=GXG be the square of G. The quotient space D/Gy is
naturally modelled on the subgroup °GCD. Canonical projection p:
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D—G is given by

(47) o1 (%,9)—x(x7) 4.

Now it is easy to check that natural action
DXGp>D: (x,9)8= (g%, &-7)

projects down to (46) under the map (47). In passing we note an
identity

g (a7l (Qx) =g Tx(x7T0 (D) -

It is worth pointing out that the standard definition (45) corresponds
to the action of the subgroup (G,e¢) CD on D/Gir. We have preferred
the definition (44) for two main reasons: first, (G,¢) CD is not a
Poisson subgroup. Second, the action (45) does not preserve normali-
zation of the wave functions and so does not lead to an action on
the phase space. On the contrary, the Poisson properties of (44),
(46) are quite nice. It goes without saying that all formulae of [1],
[3]1, [4] relating dressing transformations to quantum field theory
remain valid for the action (44) as well.

Theorem 13. (i) The dressing action (46) is a Poisson action. (ii)
The symplectic leaf in G containing a point x is the orbit of x under the
dressing transformations (46).

Proof. (i) The natural action D, ry XGr—>Dz, &) is a Poisson
action which commutes with the projection p: D—G. So it follows by
standard machinery that the induced action on the quotient space is
again a Poisson action. (ii) According to Proposition 11 the descrip-
tion of symplectic leaves in G is related to the dual pair D/Gg

e—P—D(Rh, Rb)—LGR\D. Both quotient spaces are naturally modelled on

°Gc D. The symplectic leaf containing x G coincides with p(p"™*(x)).
Clearly, p"'(x) = {(hyx, h_x) ; hEGg}. Our assertion now follows.
We shall now analyze the Poisson properties of the dressing
action (43). Formula (44) is somewhat easier to deal with. However,
first the Poisson structure on the space of solutions of difference
system (39) should be studied.
Denote by V the space of solutions to system (39) for arbitrary
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LeG satisfying the normalization condition ¢;(L)=1. We fix the
Poisson structure on V by demanding that

¢: Log, (L) |75 G-V
be a Poisson mapping. Clearly, ¢ is a Poisson isomorphism. We
shall need an explicit formula for the Poisson structure on V. It
suffices to compute the Poisson brackets of “cylindrical” function on V

depending on the value of ¢ at one particular site n each. We shall
denote such functions ¢,(¢) =¢,(¢,). Denote by 7, , V;n the left and

right gradient of ¢, (regarded as a function of one variable ¢,€G).

Proposition 18. The Poisson bracket of functions ¢,, ¢, on V is given by
(48) 2 {Spm gDm} V(¢) = (R(V;o") ’ ¢n—17¢m¢n) - (R (qun) ’ thm) 9 n Sm'

The proof is standard; we shall give it in the Appendix.

We have seen already that squaring the group G is crucial for the
study of Poisson structures on G itself. So a natural way to study
the Poisson bracket (48) is to realize it as a quotient Poisson structure
by squaring the space V. Let W=DX...xD. Elements w&W are

sequences (w,)22;. We define the Poisson bracket of cylindrical functions
©uy O O W by
(49) 2{0n, om} W) = =R, (Vg ), wi Wy woip +<{R,(V, ), Vy >, n<m.

A comparison with (48) immediately shows that the definition is
correct.

Proposition 19. Diagonal action DXW—W by left translations is a
Poisson action.

Proof. Rewrite (49) in the following form
2{@n, ont =<0 (y), Vo >
where
(50) 7 (w) =R,— Ad w,oR,0Ad w; .

One checks immediately that

7a(hw) =Ad hoy,(w) cAd A '+ R,—Ad hoR,cAd 272
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Since V, (hw) =Ad h«(Vzh(pk(w)), our assertion now follows from the

definition of Poisson actions.

Define an action W XG%—W by right translations
(wg)=wign, &= (8)u7 ECk.

Proposition 20.  Right-GY-invariant functions on W form a Lie subal-
gebra with respect to the Poisson bracket (49).

Progf. It suffices to prove that the Poisson bracket of two cylindrical
GY¥-invariant functions is again GY¥-invariant. Note that G}-invariance
of ¢, implies R,(V, ) =—p,. Hence the formula (49) simplifies to give

G oo ={R) (7). 705 (R) =5 (R+D).

Since left gradients are right-invariant our assertion now follows.

We embed VCW via ¢— (¢, ¢,)353. The quotient space W/GY is
naturally modelled on V.

Proposition 21. The quotient Poisson structure on W/GR=V coincides
with (48).

The proof is again based on a straightforward computation. We
give it in the Appendix.

We are able now to finish the proof of Theorem 12. Just observe
that diagonal action Gz X W—W projects down to the dressing action
(44) on V (this is basically the contents of Proposition 17). Since
DX W/G%—W/G% is a Poisson action and GrC D is a Poisson subgroup,
our main assertion follows.

We conclude our paper with a few remarks on the continuous
case. The definition of dressing transformations in the continuous
case is given as follows. Let ¥ =C~(R;g) be the current algebra
associated with a Baxter Lie algebra (g,R). We extend R to ¢ by
RX(x) =R(X(x)) and define scalar product on ¢ in the ordinary way
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(X,Y) = de(X(x) LY ().

The Poisson structure on ¥ is the ordinary Lie-Poisson bracket
(52) {en @2 (L) = (L, [grad ¢:(L), grad ¢,(L) 1)

Let ¢(x) be the fundamental solution of the linear differential
equation

(33) 0.9 =¢L
normalized by ¢ (0) =1.
Put
(34 Lf= (¢o (P D7 (0, +L) (Yo (™) .-

Theorem 14. Formula (54) defines a right Poisson action % x X Gg— F g.

The proof follows the same lines as before with minor changes, so
we shall not dwell upon it.

Appendix

We shall give here the proofs of several statements omitted in the
main text.

1. Proof of Theorem 9.
Embed Gg into D, _., XD g, ry via
b’ b

(A. 1) b G (Chy), °h).

Lemma A.1. Natural action of D(TR _tp )XD<"Rb-Rb) on D(,R o given
1 ) [ )

by (g1, &) 1x—gixg;* is a Poisson action.
This assertion follows in a routine way from Theorem 2.
Clearly, the tangent Lie bialgebra of DX D is (d@Pb, bJR ®bRb)'

Lemma A.2. Embed gy into dPD via the differential of (A.1). Then
gx is a Lie subalgebra in b ., Dby, .
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Proof. An element ((X;, X3), (Y1,Y3)) €D annihilates gg if and
only if
R_(Xi—77'X,) +R, (Y1—Y;) =0.
Equivalently,
gx={((&,78) + (9+,77-), (§",6") + (7%, 70))5
§,¢'€g, ny'Egr  7-+72=0.
Since g, gRCbRb, Tg’thCb-th are Lie subalgebras (at least, up to an
anti-automorphism) it suffices to check that
R_m=—Rym, Rip=—R.n,
implies
R_ ([, 7:18) = =R (— [, 721 ) -
Now, the Yang-Baxter identity implies
R_ ([, 72l 2) =[R-m, Rome] =[ Ry, Rime] = R (D, 721 0) -
Q.E.D.

The first assertion of Theorem 9 now follows from Theorem 6.
Recall that the canonical projection p: D—G is given by

(A.2) o1 (x,9)~" yixy_.
For ¢, =C~(G) put H,=¢cp, Hy=¢op. Put X=V, X'=V, Y=V,
Y’'=V,. It is easy to check that the gradients of H, restricted to the
surface (G,e) CD are given by
(A.3) Vi,= (X, X,—tX_), V},¢=(X’, X,—7X.).
Similar formulae hold for the gradients of H,; Now,
(A.4) Rs(V}%) =X, X' —-X_+<X),
‘R,(Vy,) = QX — X, —X_, X,—7X).
Hence
2{Hy, Hy} l .0 =27 X} — X, — X, X\ —7X), (Y,Y,—7Y_)>
X, X' =X +0X), (Y, Yi—7Y))
=2(7'X,,Y) — (X, Y) — (X, Y) — (X5, Y3)
+@X_, YY) — (X, oY) + (Xi,7Y) + (X', YY)
— (X, Yy — (X, Yy + (XL, Y3 + (X, 7Y0)
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+(X_,7Y.) —(X_,7Y.)
= (X:,., Y’) - (X,’ Y;) - (X+’ Y) + (X’ Y+) =2 {501 ¢} G

2. Proof of Proposition 18.
Linear difference system (39) implies, by the ordinary variational
method, that
(A. 5) Vo s (L) = (57, 61k
Py oo (L) = (Gl o, fran) 1o

Hence
A-6) 2ot gt} (1) =2 (RGN o 0., S Pie)

~T RGP0, 4T g, nsm

The right hand side of (A.6) is a total difference; after cancellations
we get (48).

3. Proof of Proposition 21.

Let ¢,, ¢, (n<m) be cylindrical function on V. Extend them to
right GY-invariant functions ¢,, ¢, on W. Recall that we have denoted
v, .V, the gradients of ¢, regarded as a function of one variable.

Put 7, =X,, V, =X,. One checks that
V:;”fvz((X;)h (X)) -) Eb.
Hence
(A.7) Vo, lv=(0.(X.) +d7"s da(X2) -2 D).
Now, (51) and (A.7) imply
{@ns O} (&) =<Ps,(F5,), V5 >

={((@a(X2) -2+ — (D (Xa) 192 D) -y (Pa( X)) &
— (@u(X) 1921 )5 (P (X)) 487y (X))
= ((u(X) -Pa™) 4y P (X0) +001) — ((n(X0) 4827 -,
P (X0n) +905") - — ((n(X2) -2 4y P (X) -3
+ (@ (X)) -y P (X) -3!
= (s (X)) 45 PnXnhn)) — (D (X0) +02) -5 P X ndhnh)
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[1]

[2]
[3]

[4]
[5]

[6]
[71]
[8l

L9l
[10]

[11]

M. A. SEMENOV-TIAN-SHANSKY

=— (0 (X2) -0, (X)) + (0a(X0) 192, (Xw)4)
= (u(X) +87, Xw) + (@ (X2) 105 —0u (X0) 057, (X))
=((X0) 45 92 Xnth) — ((X2) 4, Xn).

Q,E.D.
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