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Cyclic Cohomology of Certain Affine Schemes
By

Tetsuya MASUDA* and Toshikazu NATSUME**

Abstract

Cyclic cohomology of the commutative C-algebra A=C[x]/(f) associated with feC[x]
is computed by making use of an explicitly constructed projective resolution. The result is
H"(4)=C" and H**(4)=0, where m is the number of mutually distinct roots of f=0
in C.

§1. Introduction

Recently, cyclic cohomology of algebras was discovered by A.
Connes in the formulation of non-commutative differential geometry
[3], [4]. In connection with the pairing with algebraic or topological
K-theory, cyclic cohomology is quite useful also for the study of
K-theory. For instance, A.Connes uses cyclic cocycles to express
certain characteristic classes of a foliation in connection with the
topological K-theory of the associated foliation C*-algebra, see [5].
In this context, it seems to be important to compute cyclic cohomology
of interesting algebras, which appear in differential topology or in
algebraic geometry.

In [6], cyclic cohomology of group algebras of free groups is
computed. Dualizing cyclic cohomology, D. Quillen introduced cyclic
homology of algebras [8]. In [1], cyclic homology of group rings of
countable discrete groups with coefficient in commutative rings is
computed in terms of classifying spaces and homotopy theory. It was
shown in [4] that cyclic cohomology of C=(M) recovers the C-
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coefficient de Rham homology of the compact smooth manifold M.
Then it is natural to expect that cyclic cohomology of the C-algebra
C[xy,...,x,] of polynomials in n-variable coincides with the de Rham
homology of the affine spaces, and actually it does so, [7]. It now
becomes an interesting problem to compute cyclic cohomology of the
quotient algebra C[x;,...,x,]/] by an ideal I.

The present paper is the first attempt in this direction. We
compute cyclic cohomology of C-algebras 4=C[x]/(f), feC[x]. Our
main result is:

Theorem. Let m be the number of mutually distinct roois of f=0 for
feClx]. Then H*(A) =C™, and H**(4) =0.

Our proof is based on an explicit construction of projective resolu-
tion of 4 as a module over the enveloping algebra B of 4, [2].

T. Goodwille seems to have first computed, but never published,
the cyclic homology of C[x]/(x"*'). His method is reported on by
R. Staffeldt in [9]. Our computation is independent from the above.

Our research started during the participation of the second named
author to Mathematical Sciences Research Institute project “K-theory,
index theory and operator algebras.”

The authors would like to thank Professor M. Takesaki for his
valuable suggestions. The first named author is supported by the
Educational Project for Japanese Mathematical Scientists and wishes
to express his gratitude to the project.

§2. Direct Sum Formula

Let A4, A; be C-algebras, and let A=A4,A4, be their direct sum.
By the additivity theorem for Hochschild cohomology groups [Theorem
5.3,2], we have a natural isomorphism

2.1 H* (4, A%) =H* (4, AT) DH* (4, 47).

By making use of a long exact sequence of A. Connes relating cyclic
cohomology to Hochschild cohomology [Theorem 37, 4] together with
the five lemma [Proposition 1.1,2] we have

(2.2) H (A) =H} (4) ©H} (4.
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Hence, the spectral sequence for A splits into a direct sum and we

obtain,
(2. 3) Heven (A) EHeven (Al) (_Bszen (AZ) ,
(2.4) H*(A) = H* (4y) DH (4,).

Let feC[x]. For the discussion of C[x]/(f), we can assume that
f is monic. Since our field C is algebraically closed, we can choose
mutually distinct a;,...,a,EC such that

(2.5) F) =@—a) e (x—ay) ',

where Ny, ..., N, are positive integers satisfying N,+... +N,=deg(f).
Then, we have C-algebra isomorphism

2.6)  CLx1/(N)=CMx/ ((x—a) ™)@ -+ DCLx]/ ((x—a) ™.
By the direct sum formula (2.2), it suffices to compute cyclic cohomol-

ogy of each C[x]/((x—a;) Yy to compute cyclic cohomology of
C[x]/(f). We can also reduce the problem to the computation for
C[x]/(x"), n=1. In the later sections, we compute cyclic cohomology
of Clx]/(x™), n=2.

Here, we introduce some notations. For each positive integer n,
let @,(x,y) denote the polynomial in two variables defined by

@2.7) ,(x,9) =x" -t 2" Byt ey Iy

for n>1 and @y(x,y) =0. For any m-tuple /= (4,...,i,) of integers,
put |[|=i+ -+ 414, Throughout this paper, all tensor products are
taken over the complex number field.

§3. Projective Resolution

From now on, let A=C[x]/(x"), n=>2. In this section, we construct
a projective resolution of 4 as a module over its enveloping algebra
B=4&A". Recall that B is a C-algebra generated by two linearly
independent elements x,y with the relations xy =yx and x"=»"=0.

For j >0, put M;=B. Obviously, all M’s are projective B-modules.
Let ¢: My—A be the canonical augmentation [p.168,2], that is,
e(x) =e(y) =x. Define 0y;: My—>M,; 1 and 051 My 1—>Msi_y j>1,
by the multiplications by @,(x,y) and (x—y), respectively. Then we
get a sequence of B-modules and B-homomorphisms:
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9 9y

8.1 0 A M, M, M,

It is obvious that the sequence (3.1) is a complex of B-modules.

€

Proposition 3.1. The sequence (3.1) is exact.

Proof. Let f&ker ¢ We may regard f as a polynomial in two
variables x and y. Since f&ker e, there exists g&C[x] such that
Sf(x,x) =x"g(x). This implies that f(x,y) —x"g(x) is divided by (x—yp).
Thus, f is contained in the image of 0, This shows the exactness
at M,.

Let feM;;_1,j=1, be such that 0,_;(f) =0. Then there exist
g, £=C[x,y] such that

(3.2 (=) (%, 9) =g(x,9) x"+ 2 (x, 9) )"
From this, it follows that
(3.3) &(x, x) 2"+ g (%, x) x"=0.

Since C[x] is an integral domain, g (x,x) +g;(x,x) =0, which says
that

(3.4 &1(x,9) +&(x, ) = (x—»)&(x, »)

for some g=C[x,y]. Then

(3.5 = f(%,9) = (x=2)8(x,9) "+ (x =) Pu(%,9) &1(%, ).

From this, we have

(3.6) S, 9) =8, ) 9"+ 0, (x,) & (%, ).

Consequently, f=0,;(g1) in My_;. This shows the exactness at My;_;.

Finally, let feM,, j=1, be an element of ker(d;). Then

D, (%, ) f(x,9) =g (x,9) x"+g,(x, ) y" for some gy, g,=C[x, y]. Let w be
a primitive n-th root of unity. Put x=w’y in the above equality to

get

3.7 a(wy,y) +&wy,y) =0, 1<j<n—1.

This means that gi(x,y) +g,(x,») is divisible by (x—w¥), 1<j<n—1.
Therefore g (x, ) +g.(x,») is divisible by :1:[; (x—wly) =0,(x,y). Hence,
there exists §&CJ[x,y] such that

3.8) &1(%,9) +8(x,9) =0, (x, ) &(x,).

Then it is easy to see f=0,;,1(—g;), which shows the exactness at
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M,;. Q,E.D.

§4. Hochschild Cohomology

The projective resolution (3. 1) enables us to compute the Horchschild
cohomology H* (4, A*) of a C-algebra A4 with coeflicient A*=
Hom¢(4, C).

The cohomology H*(4, A*) is isomorphic to that of the cochain
complex

d. d.
(4.1) 0——Homjp(M,, 4*) —>Homp(M;, A%) ——> --- ,

where the map d; is the transpose of 0.
Since M;=B, j=0, the above cochain complex turns out to be
4

d
(4.2) 0——A*¥ oA 2, g%

where dy;.1=0, and (dy42(¢)) (x*) =np(x"'**) for j>0. Hence we
obtain,

(4.3) H'(4, 4%) =C*
4.4 Hi(4, 4% =c*Y,  j>1.

For each 0<p<n—1, let 6 denote the element of A* defined by
(4.5) 0P (gytayx+ -+ +a,_x") =a,

Each 0® determines an element ¢, of Homg(M;, A*) by the formula
(4.6) @,(15) =0,

The coboundaries d;’s are given by the following formula

(4.7) dyj-1(pp) =0, 0<p<n—1,
(4. 8) dyi(pp) =0, 0<p<n-—2,
(4.9) d3i(@a-i) =ngy,  j=1.

Hence, we can see that H?"(4, 4*) ZC"' is spanned by the classes
of ¢1y0..,0,.1€EHomp(M,,, 4%), and H*™ (A4, A*) =C*' is spanned
by the classes of ¢y,...,0,.EHompg(M,n_1, 4%), m=>1. We can also
see that H°(4, A*) =C" is spanned by ¢,...,¢,-1EHomz(M,, 4%).

Proposition 4. 1.
(1) H°(4, 4%) = C™ with its generators given by Qo ..., P 1E
Homjg(M,, A%).
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(2) H™(A4,A*) =C"' with its generators given by ¢1,...,0,1E
Homg (M, 4%), m>1.

(8) H™ (4, A*) =C*™ with its generators given by @y ..., P2 E
Homp(M,,_1, A*), m>1.

§5. Quasi-isomorphisms

In this section, we give quasi-isomorphisms between our resolution
(3.1) and the canonical projective resolution of 4. This is used to
compute the cyclic cohomology of 4 in our later section.

To begin with, we give a brief description of the canonical projective
resolution of 4 as B-module.

Let Mj:B®[C;<)1A]. Then Mjs are projective left B-modules in

a canonical manner. Define b;: M;—>M;_;, j>1, by the B-linear
extension of

(5.1 b;(13QaX. . . ®a;) = (m®1]) ®Wa, -+ Ka;
D HR6® - Raana® - B,
+ (=D (1®) Qu -+ Qa;1.

Then the sequence

(5.2) 0«—A«——M,

by by

M,

is a projective resolution of 4 with explicitly given homotopy maps.
We call (5.2) the canonical projective resolution.

Proposition 5.1. There exists a family of B-module homomorphisms
hy: M;— M;, j>0, such that the following diagram is commutative:

€ ~ b ”2 ~

(5.3) 0—2A Mye——M,«——M,
- T Jn m
€ 9 Oy

0«—A«——My—My——M,

Proof. Since M;=B, j>0, it suffices to define #; for the unit
].BEMJ'. Put

(5. 4) hom(lp) = b DGty &

1<iy, i, <n—l

(R R QxR - Rx ™),
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(3.5 (= %N xR

Siponip, 1<n—1

(r@* T RrRx R -+ xR "R®x),  m>1,

and /,(15) =15 By the definition, eohy=e. We show the commutativity
of the diagram (5. 3).

Let 13&M,,_;. We use an abbreviated notation by which we write

I=(i1y...,in-1) and we use >, instead of n . We compute
I 1<i1.---,im_1<n—1

(5.6)  bam-s(hans (1)) = T 07 Ml
(1,Q*@x"Q -+ @@ ®x).

We put
5.7 $i=Tam Ve INQ(IRrRaR - Qe @ " ®w)

— Zx VeI (1 @R - R @I®),
(5.8)  S= TN MR -+ @@ ®x @@

®x" @)
_ Zx""‘”‘"‘“"”@(x@xﬁ@ ®x®xi1"1®xi"+l®x®

T
®Rx"Qu),
for 2<p<(m—1), and
5.9 S,.= szm—l)(n—n—m@(x@xil@ ®x®xim_1+1)
— TP Q (R - @r®x ™.
Then, we obtain,
(5. 10) bym-19bom_1 (1) =814 -+ +S.
It is also seen by (5.7) and (5.8), using x"=0, that

(5.11) Sl:z Zh x ML G=D=ITHLE (x®x®xi2®x® ®x®xi"‘_1®x),

wit.

i1=1
(5.12) Sp: IZhx(m—l)(n—l)—|11®(x®x"1® ®X®xip—1+1®x®x®xii’+1®
i;v;tl
. ®xim—1®x)
— T A I (r@aQ) - @@ Q@)
ip1=1

- ®x " Rx),
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for 2<p<(m—1). So it follows that
(5.13) Sit o F S =xPEDTHIR) (%) - @x)
D AR GRAT R - @)

I with
ig==iy =1

+ Z x(m—l)(n—l)—l1|®

(*Rx ' RxRx 2 Rx® -+ Rx)
ot Y xmDEDINR) (xQxIRAR) -

I with
im__1=1

RxQ@x ™2 RxRx)

(m=1)(n=1) = Uy+-+1, _,+D+1
— X 1 m—2 ®

1<l ol _p<n-1

QxR -+ Qr@x " Rx®x).
Therefore, by putting L= (p1,..«, fmn-1),

(5.14)  Si+ =+ +8pgFSp=Tx" VO DHR (xRN -+ @x@x™ Y
L
— ZL:x(m—l)(n-n—[Lsy@(x@xﬁl@ ®x®xi’m—1)

= (x—) ZL:x(m—l)(n—n—xLx@(x@x"l@ ®x®x!’m—1)
= (% —Y) haem-1y (15)
= hZ(m—l) o aZm—l (13) .

Thus, we Obtain me—1°h2m—1:/ZZ(m—-l)OaZm—lt
Suppose 1zEM,,. We next compute

(5. 15) bamoham(15) :bzm(;xm(n—l)—lll®(x®xi1® ®x®xim)),

with our abbreviated notation by I=(i;,...,i,). We put,

(5.16)  Ty= B xR (@r@x® - @@,
8

(5. 17) T”:,— Zih xm(n—n—m@(x@xil@

ip=1

®x®x " QxR @5 RA® -+ ®x™)
-3 xmcn—l)—11|®(x®xf1®

I with
zp_1=1

RxRx " Rx@x R - RxR@x™),
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for 2<p<M. Then we obtain
(5, 18) T+ - +Tm:xm(n—1)—m+1®(x® ®x)
+ N xm(u—n—|1|®(x®x"1+1®x® s ®)

I with
ig=ee=i, =1
+ Z xm(n—l)—]ﬂ@(x®xi1®x®xi2+1®x® e ®)
PR
Hoe N AR (@R - @x®x ™ @)
Al
::xn—l.. P x(m_l)("_l)_m®(x@xil®x® ®xi’”‘1®x),
T=tip i p

1<ig iy <n—1

Therefore,

(5.19)  bypoby(lg) =T+ - +T,
+ ;xm(n—lmny"m@ (x@xi1®x®xi2® ®x®xi”"1®x)
— (xn—l_i_xn—%y_[_ . +xyn—2+yn—l)
x PN x(m—n(n—n—ifi@(x@x"l@ ®xim-1®x)

T=Gyrigg
1<y, iy _q<n—1

= @n(x’_y) th—l(lB)
:th—loahn(lB) °

This completes the proof. Q. E.D.

Proposition 5.2. There exists a family of B-module homomorphisms
ky: M;—M;, >0, such that the following diagram is commutative:

e o~ P~ By
(5.20) 0 A M, M, M,
]\g J/ko J/kl J/kz
€ 9y 9,
1] A M, M, M,

Proof. Put k,=identity of B, and define £, by
(.21 ki (15Qx°) = @i (%, ).

For m>1, put
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(5.22)  Kom (1,Qx QxR -+ @x"@x"™)
LT T G4 >n for 1<I<m

o else

and

(5.23)  Kami1(1:0x ' Qx"'Q - Rx"®Rx""®x?)
= ko (1:Q% ' R2® - xR’ B, (x,).

Notice that, since Mypi1=M;,=B, (5.23) has its meaning.
By the definition, eck;=¢. Suppose 1;Xx’E M, Then

(5.24) kooby (1,Qx7) = x> —y?
=((x—y) @P(xr,y)
= (x =) k1 (1:Qx")
= 0y0k; (15Kx9).

Suppose w=1 B®xi1®xj‘® ®xi’"®xj'”EM2m. Then

(5.25)  byn(w) =x'@(*"'® - Rx"@x™)
~ 5 L@@ - @R IR - @x @
+E LRIRI® - @R IR - @x @
QR ® @RI,

We put,
(5. 26) So=ko 1 (@ (' -+ Ra"@x™™),
(5.27)  Sy=kom1(1;Qx" QxR - RxP @RI - Rx "R,

1<p<m—1,
(5.28)  Su=hena "R (@%@ - @@=,
(5.29)  Tp=—kpmr(1;Qx RxI® - Rx* ' Rx* *QxPHR) ---

®xi’"®xj"‘) , 1<p<m.
First, we assume i;+j;<{n. Then by (5.22) and (5.23) we get

(5. 30) kom—19bom (w) =85+ 81+ T

We have the following cases.
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Case (i). Assume j;+i,>n. Then xj1+i2:0, and consequently,
(5.31) kym—10b3m(w) =So+T1=0,
because of the fact that kz,n_l(xil@(le@ @xi"‘®x""‘)) is non zero if

and only if k2m_1(13®xi1¢j1®xj2® ®xj”‘) is non-zero, and if this is
the case,

(5. 32) So:x11|+|]|“(m—1)n@jm(x’y) — —Tl,

where I=(iy,...,1n) and J=(jy, ..., Jn1)-

Case (ii). Assume that j;+i,<\n. Then
(5. 33) kam-10b3m(w) =T+ 8,=0.

Thus, if 4+j;<n, then k,_1903,(20) =0. On the other hand, the
condition i;+j;<n implies that #4;,(w)=0. Hence £kzp_1°02.(w)=
Omokam (W), if 41+5<n.

We next assume i+j;>n.  We claim that if i;4j,<n, then
kam-1°03m(w) =0. The conditions 5;+j;>n and i,+j,<n imply
(5. 34) kom—1902m (W) =So+ 81+ S+ T

We have the following cases.

Case (1). Assume that j;+i,>n, j,+i3>n. Then §;=5,=0 and
(5. 35) kam—10b3m (W) =So+T,=0.

Case (2). Assume that ji+i>n, J,+i<n. Then S;=5,=0.
Therefore

(5. 36) kZm—1°b2m<w) =8+ 71,=0.
Case (3). Assume that j;+1i,<n, j,+i;=>n. Then §;=5,=0. Hence
(5.37) kom—19b5m (w) =S8, +T5,=0.

Case (4). Assume that j,+i,<n, J,+i<n. Then S§,=8,=0.
Consequently,
(3. 38) kZm—lome<w) =8,+71,=0.
On the other hand, if i,+j,<ln, k3, (w) =0. This implies kyp—1¢b02,(w) =
aZmOkZm(u)) if i2+j2<n-

By the same argument as above, we can show that unless 4;+j;>
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Myesesyintjm=n, we obtain ky, 1005, (w) =0 and k;,(w)=0. So, in
particular, K, 1005, (w) =03,0k;,(w). Thus, we only have to show the
commutativity of that diagram in the case when i1+/1>7, .., in+jnn.
Then Ti=...=T,_,=0 so that

(5.39) kom—19b2m (W) =S+ S1+. .. + 8
Put I=Gyeeesin)y, J=Uiye--,jm) and assume |I|+ |]J]|—mn>=n.
Then
(5. 40) Fom (w) =xM1¥11=m1 =,
We put I=(i,...,in-1), J=(1-..,jma). Then we obtain

2

(5.41)  Sp=p'"®, (x,p)xTHII=nDnydmfyim ™y yin 78
+xim+jm_'-'y”_1_jm} X xl?l"'l]l—(m—l)n
=0
due to iptjo—n+ I |+|J|—m—Dn=|I|+|]J]—mn>n. We next

claim $,=0. Unless ji+i32>n,... ,Jn-1Fin=n, Sy=0. Suppose that
JiFe>2n, 000 Jnatin=n. We put

(5. 42) r=hti—n) + =+ Juatin—n).
If r>n, then we see
(5. 43) So=kom 1 (* 1R (F'® - ®x"Rx"")) =0.

Suppose r<n—1. Then r+i;+j,—n=>n, which implies i +j,=>2n—r.
Therefore,

(5.44) u=>2n—r—j,=>2n—r—(n—1)=n—r+1.
Hence,
(5. 45) So=koms (* '@ (+'® - ®x"Rx"™))

:xilxr@jm(x,y) :0’

due to iy+r=n+1. Thus, if [I|+ |]J|—mn=n, S;=0.

Next, suppose S,#0 for some 1<p<m—1. Then 4+j=>n,...,
I FJpm120, G tJotip120 Jpr1tipia =Ty en ey fmatin=n,  Jptipm<ln,
and 7= (iy+j1—n) + -+ + Gp+Jpt+ipp—n) + -+ + (Juoa+in—n) <n. This
implies j,,=2n—7>n and hence, this is a contradiction. Therefore S,=0
for 1<p<m—1. This implies that if |I|+]|J|—mn=n, we obtain
kom-1°b2m (W) = 030k pm (w) =0.
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Assume that p= |I|+]|J|—mn<n. Then k,,(w)=x’. Therefore,

(5.46)  Ozmokzn(w) =x"0,(x, »)
— x? {xn—ﬂ—zyﬁ+xn—b—?yp+1+ eee +xyn—2 +yn—1} .

We also obtain
(5. 47) S =yj"‘x4@,-m (x,9)
:yjqu {x"m_l_i_xim_‘?y_,_ +xim+jm_"))"‘1—fm},
where g= |[|+|J|—(@m—1Dn.
We further assume p=>i,. Then,
(5. 48) S ='yj’”xq{xi'”—l+j’"—9p_j’”+ +xi”‘+j’”_"y"—1_j"‘}
S L T ARSI S e L R L
If S0, then ji+i,>n,..., n-1Fin>n, and
(5. 49) S():xil {x(i1+i2—n)+-~~+(im—1+im—n)} @jm (%,9).
By using

(5. 50) (htiz—n) + = + (Juoatin—n) =p—i+ (n—jn)

we have
(5.51) So=x"""T"D; (x,9) =0

due to p—j,=>0. This contradicts to the assumption Sy#0. Hence,
So=0. Suppose §;#0 for some 1<[<m—1, then S, must be of the
form

Gqtig=m)+ot Gy q+i _=m)+Gp+i+ig =)+ (G i =)+t (G, +i,,—n)
(5-52) Sl:x 171 -1"1-1 TN+ +17°1+2 m—1"" m
@jm(xs.y)
_ |?l+!f|—<m—1>nm@
=X i,,,(x:)’)

:x(i’~fm)+n@jm (x,y)

=0,
which contradicts the assumption S,#0. Therefore §;=0 for 1 <I<m—1.
Thus, by using (5. 46) and (5. 48), we obtain £zy—1002, (W) = 0smoks,(w)

for j,<p<n.
Finally, we assume p<i,<n. In this case, (5.47) is equal to
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n—j,+p-1 jm+1xn—im+ﬂ—2 iy tiy—n n—1

(5. 53) Sn=p""x +y

It is then seen that exactly one of the following cases occurs:

4ot

(C. 1) j1+i22n,... ,jm_l—f-imZn,
(C- 2) j1+i2<71, j2+i32n’ LU ;jm—l—i_imzns
(C- l) jl—1+il<ns j1+i1+127’l,... ,jm—1+im2n5

(c. (m—1)) Jm1Fian.
Assume (c.1). Then §;=...=8,-.=0 and

(5. 54) SO=xi1+(.1'1+i2—n)+--~+(im_1+im-n)@jm(x’y)
=IO T T Ty
S i s Tar U x”_(im_p)yj"‘—l,
Therefore
(5.55)  kyp-10bsm (w) =x""YP 4 xm 2Pt s 4 xPyt =0, ok, (w).
Assume (c. [) for some 2<[<m—1. Then, S= - =§5_1=8,,= "
=8,-1=0, and
(5. 56) S1=x'0; (x,),
where

(5.57) I=(Gytji—n) + - + Gratfia—n) + Gy tipg—n) + -
+ (Jmoartim—1n)

=11+ J] = (m—Dn+i,
=p—Jm+n.

Therefore

(5. 58) Sy=xm Tyt yntypl g "I i

So, we have

(5. 59) Fom-19bom () =8, +Sp=x""1p2 4 xn P4 oo xtyn-l,

Thus we obtain k,,_10b0,,(s) = 05,0k,, in all cases.
By similar, but tedious arguments, the equality £;,0bsmi1=
Oyms1°ksm+1 1S shown. Q. E.D.
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Remark. By making use of the explicit description of A, and £,
n>1, we can show that k,0h,=1 on M, This, together with the
commutativity of the diagrams by Proposition 5.1 and 5.2, gives us
homotopy maps of our resolution (3.1) using the explicitly given
homotopy maps of the canonical projective resolution (5.2). This
means that our resolution (3.1) is a retraction of the canonical
resolution (5. 2).

§6. Computation of Cyclic Cohomology

In this section, we compute cyclic cohomology of A=C[x]/(x").
Our computation is based on the spectral sequence associated with
the exact couple of A. Connes, see [4].

We compute the total differential

6. 1) D,: H*(4,A4*)—>H"'(A4,4%), n>l,

in terms of the basis obtained in Section 4 using the quasi-isomorphisms
given in Section 3.

We first compute Dyn.i: H™ (A, A*) >H*™ (A4, A*). Recall that
H*™+1(A4, A*) is spanned by the following cochains

(6.2) Di(agy oy Gams1) =9; (kz2ms1(15Qa:1. . . Razmi1)) (ao),
0<j<n—2.

It suffices to compute
(6.3) E= (hnBkinrip) (@), a4,

where B is the map on the cochain level which induces the total
differential D;,.1, see [4]. We have

Il

6.4 F=(Bhnng) (2" 7QGRE@® -+ ®x@x™) (@)

=Y (Bgy) (xm 0 Wg x, k7 xy 0o, 2, 1™
I

I

1y — i i
; {(Bog;) ™71 g x5 x,o, x,5 ™)
. . -
(Bogy) (x™, xm D=1y o ™ x)
oo+ (Body) (%, 5% 2,57 00, x, x ™ 2D

+
+

= Z {¢J(1! xm(n-—l)—!lla, X, xlly Xyoooy Xy xlm)
I

- i i
*Sbi(xmm v lIIa, X,Xl, Xyoouy X, 7, 1)
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ST +¢,~(1, x, x‘l, e, X, x’m’ xm(n—l)—llla)
—g;(x, %Y oL, x, k™, ™D G 1))

= 23 hans (L5 @r @@ -+ @) (1)

— 0 (Fams1 (1 ;@2 @%'® -+ @x@x"®1)) (xm~D=1lg)
+ 05 (Roms1 (1 5@ P @R 'R -+ ®x)) (1)
— 03 (kamir (1R P Mg RxRx'® -~ ®*R1)) (™
+ o 0 (g1 (1R R '@ -+ @ "@xm3=D=1lg) ) (1)
— 0 (Fams1 (1 5% " Rx® -+ @™ D=1g@1)) (%)}
= 3 {3 (oans (1@ @ @R -+ @) (1)
+ oo 40 (hamsr (15Qx@x'® -+ @xm5=D=1l1g)) (1).
Put
6.5  Z=30;(kenia (1:@% ' @x® - @x "@x" D" Ma@x@x'® --
®x®x)) (1),
for 1<i<m,
(6.6)  ITy= s (konia (15Q2" " "a@1@2'® - @x™) (1),
6.7) 1=, (koms1 (1R @ "R -+ R "@x™ D= 1Rx®)
21® - ®x ™) (1),
for 1<I<m—1, and

6.8) 1= %03 (homir(15@3 @ ® -+ @ "@x"+1a)) (1).

We now put a=«? 1<p<n—1. Unless (iy,...,in) =(@®—1,...
n—1,p), we have

(6.9) Fams1 (1@ "M@ @R -+ @x™) =0.
Therefore,
(6. 10) 170=90,-(@p(x,y))(1)

=50 (px?~T)
_{j-!-l if p=j+1
0 else.
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Similarly,
j+1if p=j+1
0 else,

(6.11) nlz{

for 1<I<m. On the other hand, unless (Gy...,in)=®—1,...,
n—1), we have

(6.12)  hpia (1:@%" @2 ® -+ Q@1 "R P HRx R '® -+ R ®x)
=0, 1Li<m.

Therefore
6.13)  E= % 0ylkmn(lQ¢ R@u R -

s @x M@ VIR RN - ®x)) (1)
= 3 ()

1<i, <n-1

— (n — 1) oW (xp—l)
_(m—1lif p=j+1
B {0 else.

Thus, we get

(6. 14) D31 (09) = {m(n—1) + (m+1) (j+1)}o9*P,  m>1.

It is also seen that (6.14) holds also for m=0. This implies that

(6. 15) Dypir: H™(A, A%) ->H™ (4, 4%), m=>1

is isomorphic, and

(6. 16) D,: H'(A4,A4%*) —H°(4, A%)

is injective with l-dimensional cokernel spanned by 6®. Hence, by

using Dy Dypi1=0, m2>1,

(6.17) D,,,: H™(A4,A4*) ->H*™1(4,4*%), m=>1,

is a zero map. Therefore, the chain complex (H*(4,A4%*),Dy) is

acyclic except on H°(4, A*), and we obtain Ei(4)=0 for j>1 and

EY(A) =C with its generator given by 0. We then use a spectral

sequence given in [4] (or equivalently, an exact couple together

with the injectivity of By, : H*™ (4, A*) >Hi"(4), m>0), we obtain
m(A)=C" H"'(4) =0, m>0, and H*"(4) =C, H*(4) =0. It is

also seen that the generator of H#"(4) =ZC is coming from the

generator of E}(4) =C.
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Let us now come back to the case A=C[x]/(f) with f(x)=
(x—a)™ .. (x—a,)"' ™. Define ty,...,T,EA* by
(6.18) 7,(g) =g(ay), 1<I<m, geA.

By using the computation for C[x]/(x") together with the direct sum
formula in Section 2, we obtain our theorem.

Theorem 6.1. In the above situation, we have ;

(1) H'(4,4%")=C and Hi(4,A*) =C
(Ni+ ++- +N,=deg(f)).

(2) H%’(A) ECN1+..-+NM’ H%’HI(A) :0, jZO

(3) ENA)=C™ Ei(4)=0, j=1 for n=1. This also means that
Heen(A) =C™, H*(A) =0. Furthermore, the generators are given by the
evaluation maps v, 1 <I<m, (all of them are zero itraces on A) at each

root of f=0.

Nyt N, N+t N, —m

Jor j=1

Remark.

(1) In particular, in the case of A=C[x]/(x"), d° pairs non-
trivially with the class of identity [1]€K,(4). This holds also for
the case A=C[x]1/(f).

(2) Odwur discussion for A=C[x]/(x") works well not only for C
but also for any field with characteristic zero, but our discussion for
A=C[x]/(f) works at most for algebraically closed field with charac-
teristic zero, in general.
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