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§0.1. Introduction

The purpose of this paper is to provide a complete set of invari-
ants, up to cocycle conjugacy, of the possible actions, «, of a discrete
amenable group G on a semifinite injective von Neumann algebra .#.
In the case where #=L"(X,y), this amounts to giving invariants,
up to conjugacy, for the non-singular actions of G on a Lebesgue
space (X, u#), a problem which is unsolved even for G=Z; in the
general case, the action of G on the center of .# itself appears as
part of the invariant. If . is a factor and G=Z, or Z, the problem
was solve by fundamental work of A. Connes in [2, 4]; refining
Connes’ techniques, V. Jones, [9], resolved the case where 4 is a
factor and G is finite, and A. Ocneanu, [14], resolved the case where
A is a factor and G is amenable. Also, in [10], Jones and Takesaki
gave a complete set of invariants for the case where .# is no longer
a factor, but G is abelian. The main theorem of the present paper
subsumes all these results, and depends crucially on the results of
Ocneanu in [14], and the techniques developed by Jones and Takesaki
in [10] to handle the non-factor case.

For technical simplicity, we treat the case where the restriction of
a to the center Z () is ergodic (i.e. a is centrally ergodic); we let
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(g, x) eGXX—gxeX be a point realization, [12], of the restriction
of & to Z(A). In the case where G is abelian, the isotropy groups
G,={geG: gx=x} are essentially constant, and the main technical
difficulty in handling the general case is that these isotropy groups
can vary drastically with x. In particular, it has been necessary to
adapt the “Cohomology Lemma” of [10] to a context where the
coefficient groups for cocycles vary from point to point over X; this
adaptation, while reasonably straight-forward, requires considerable
preparation and has been treated in a separate paper, [16], written
with the specific needs of the present work in mind. With Ocneanu’s
Theorem, [14], and this modified Cohomology Lemma at hand, our
treatment parallels that of [10] for abelian groups quite closely.

As in [10], we actually work with actions of the groupoid ¢ =
GX X on a single factor & rather than with actions of G on 4. It
is relevant only that ¢ is amenable in the sense of [21], and our
main result is stated and proved in the context of actions of orbitally
discrete measured ergodic groupoids, as in [6], on semifinite, injective
factors; the corresponding result for actions of discrete amenable groups
on semifinite injective algebras is then derived as a Corollary. In
view of the fact that non-amenable groups can have amenable actions
on Lebesgue spaces, this groupoid point of view actually provides a
proper generalization of the case of actions of amenable groups.

The organization of the paper is as follows; in §1 we show pre-
cisely how the cocycle conjugacy problem for actions of G may be
interpreted as a cocycle conjugacy problem for actions of the associated
groupoids G X X. We then consider actions of a fixed ergodic, orbitally
discrete groupoid ¢ on a semifinite factor &, define the invariants,
and state the Main Theorem; our situation is somewhat more com-
plicated than that of [10] in that we do not assume the existence of
an invariant trace, and our invariant involves both the “characteristic
invariant” of [10], and a “module” for the action as in [2]. The
space of invariants is analyzed in §2, using a “semidirect product
decomposition”, ¥ =#XA, of ¥ as an “isotropy part” # and a
“principal part”, J#. Next, in §3, we show that all possible values of
the invariants can occur for suitable actions of %; in fact, to com-
plete the proof, it is necessary to show that each of the invariants
can be realized by an action which has an extra property. Techni-
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cally, this is the most complicated part of the paper, and uses the
Cohomology Lemma in the construction. In §4 the proof of the
Main Theorem is completed, using Ocneanu’s Theorem and results
on the stability at infinity of actions of discrete amenable groups,
[14], and the Cohomology Lemma, [16], again. Finally in §5 we
give some applications to the structure of von Neumann algebras
associated to extensions of discrete amenable groups, and to the
classification of coactions of discrete amenable groups on certain von
Neumann algebras.

This work was conceived during the second author’s visits to
U.N.S. W, and A.N. U. in 1983, and gestated and delivered during
the first author’s visit to U.C.L.A. in 1984, Both authors are
grateful to all Universities and Administrations involved in making the
collaboration possible.

§0.2. Notation and Terminology.

Throughout, G will denote a countable amenable group, .# denotes
a von Neumann algebra, and & a factor, both with separable preduals,
[17]; £ denotes the injective factor of type 1I;, and #%,; denotes the
injective factor of type Il.. An action @ of G on A is a homomor-
phism a: geG—a,=Aut(#), where Aut() is the group of *-auto-
morphisms of #, equipped with the usual topology and standard
Borel structure, [8]. A cocycle for an action « of G on 4 is a map
geCGou, e U (M) satisfying

Ug® g (Un) = Ugps g=G, heG,

where % (#) is the group of unitaries of .#; the space of such
a-cocycles is denoted Zi(G; % (M)). Actions a« and 8 of G on A and
A" are said to be cocycle conjugate if there is an isomorphism 0: A—A
with 0-a -0 '=Ad u,-f,, where ucZ};(G; % (N)); see [10, 14].

We denote by ¢ a standard Borel groupoid, with unit space X=% ©
and composable elements

GO={(n, 1) EZ XY :5(r) =r(1)},

where 7 and s are the range and source maps respectively. Through-
out, (X,v) denotes a standard measure space. Frequently, we will
need to invoke the existence of Borel maps on X satisfing certain
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additional properties; typically, the existence of a suitable y-measurable
map follows from a standard application of the von Neumann Measu-
rable Selection Theorem, [17] and the existence of a suitable Borel
map follows after deletion of a v-null set from X. For the most
part, we will omit the arguments involved, although we make an
exception for Lemma 4. 3.

The reader is referred to [16] for details concerning Borel functors
to Polish groups, and to [10] for further discussion and interpretation
of the results.

§1. Group Actions, and Ancillary Actions of Groupoids

Let a be an action of G on #; a is said to be centrally ergodic if
the restriction of @ to the centre & of # is ergodic. We consider
only centrally ergodic actions. If & is atomic, « is induced from an
action 8 of some subgroup H of G on a factor £, [19; Theorem
10. 5] and the study of a is reduced to that of 8. Henceforth, we
assume &/ is non-atomic, that . is semifinite and injective, [3], and
we let  denote a faithful, normal, semifinite trace on #. Let

(7} = (b, o ()

be the central decomposition of {#,7}, [17]; since a is centrally
ergodic, # is of type I,n=1,2,...,0,type II; or type Il., so that
M=ARP with P a factor of type L, =% or Z=%,, by [3].
As in [16], there is a map (g, x) EGXX—a, ,€Aut(#) determined
by
(aT) (gx) =ag,(T' (%)) ;

here (g,x) G X Xl-gx is a point realization of the restriction of a to
&, and ngiT(x) dv(x) 4. Note that ¥ =G X X becomes a standard

Borel groupoid with r(g, x) =gx, s(g,x) =x and (g, hx) (h, x) = (gh, x) ;
furthermore v is quasi-invariant under G, so that (#%,v) is, together
with the Haar measure on G, a measured groupoid. Note that we
may assume (g, x)—>a,, is Borel and satisfies

Qgpe* O =0g, v—a.c. for g heG.

We thus have a Borel action of the measured groupoid (%,v) on £,
which will be referred to as the ancillary groupoid (and action) of the
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action a.

In general, actions @ and 8 of an orbitally discrete measured
groupoid (¥,v), [6] on & are said to be cocycle-conjugate if there is
a Borel map 0: xeX—0,€Aut(¥) and a Borel function: y€ % —
u, €U (P) with

) Opea,0:t,=Adu, B, a.e. on 4,

i)  u,B,(uy) =uy a.e. on G,

A function u satisfying ii) above is called a g-cocycle, and the collection
of all such (identified up to sets of measure zero) is denoted
Zy(%,v, U (P)) or Z}(%,U(P)).

Proposition 1.1. Let «, 8 be two actions of G on M and N respectively,
and let (G ayva), (G p,vp) be the ancillary groupoids with unit spaces X and
Y. Then a and B are cocycle conjugate if and only if there is a G-
equivariant isomorphism 0:(X,v,) = (Y,vs) such that the actions (g, x)—
Qg vy (8, %) >Beow 0f %o are cocycle conjugate.

The proof is routine, and left to the reader; the same result holds
with “conjugate” replacing ‘“cocycle-conjugate” throughout. Also, note
that if « and B are cocycle conjugate, (%, v,) is isomorphic to
(% g, vp).

We now fix a (general) amenable, orbitally discrete, ergodic
measured groupoid (%,v), and consider its actions on a semi-finite
injective factor &. Note that the “principal part” & of #.

A ={(xy) €eXXXix=r(y),y=s(y) for some y= %},
is a hyperfinite equivalence relation on X, by [21] and [5]; also if
H=eg ()=}
is the “isotropy part” of %, then the groups
H.,={re % r(y) =s(r) =x}
are (almost) all amenable by [21]. These two facts are crucial to
the entire theory. A slight modification of Lemma 2.2,11 of [10]
yields the existence of a Borel left inverse k=X —y(k) €% to the

surjection yE€ % —(r(y),s()), with y(k) =r(k)y() on H'®, which
allows us to view # as a subgroupoid of ¢. With H, as above, and

H,(h) =r(K) hy(k) ™  for hEH.y,

H=(H,, H,) is a Borel functor from £ to Polish groups as in [16, §4].
If we set
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HxH = {(h k) eX XA :s(h) =r(k)},
then #*X becomes a standard Borel groupoid, written # X4 with
r(h, k) =7(k),s(h, k) =s(k), and (g, k) (h,]) = (gH:(R), kD).
Evidently, # X" is isomorphic as a (measured) groupoid with (%,v)
under the map (h,k) € XA —hks ¥, so that ¢ is a “semidirect
product” of # by an action of /. In analyzing actions of ¥ we will
frequently restrict to each of # and X4, and analyze each piece
separately-2 via Ocneanu’s Theorem, [14], and %" via the Cohomology

Lemma, [16].
We now turn to the invariants associated to an action: 7a, of

(%,v) on Z. Let

No={nEH 0, Int(L)}.
Note /', is a Borel subset of # and A ,=A,NH, is a normal Borel
subgroup of H, for each x. Of course, if & is type 1, #/,=#. Choose
a Borel function ne A ,—u(n) €% (%) such that

a,=Adu(n) on Ny

as in [10], we have

u(n)u(m) = g (n, m)u(nm) on NP,
and

o, (7 np)) =2 (n, Pu(n) on PN (NoaX D).
The pair (44, #,) defines an “element” of Z(¥%, /', T) as in [10], and
a relative cohomology class y,=[2,, el €4(%, N s T). (Note: The
order of the variables is different from [10]). Let = be a faithful
normal semifinite trace on £, normalized in the usual way if & is
type I or type II;, and define 4,(y) by the relation
oo, =4, (7).

Note 4, is a homomorphism from % to R*, which is trivial unless &
is of type Il.. We let J, denote the cohomology class of
4,e7Y(%,v, R*) in HY(%,v, R*).

We now can state our main result.

Theorem 1.2. Let (%,v) and & be as above. Then actions o and B
of (%,v) on & are cocycle conjugate if and only if No=N g, Ya=7xs and
5(1:5/9'
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The “only if” part follows from a direct calculation which is left
to the reader. The converse will be accomplished in several parts.

§2. The Structure of A(Z,4,T)

In this section, we generalize Lemma 2, 3. 17 of [10].

Let (%,v) be an orbitally discrete, amenable measured groupoid,
and let ¥ =#X A as described in §l. Note that if /<] isas in
[10], so that /= {N,: xX} with N, normal in H,, JN, Borel in
UH, and H,(N,s) =N,q for all ke, then N= (N, N,) is a Borel
functor to compact abelian groups (by [16; Theorem 4.3]), where
N, is the Pontrjagin dual of N, and N, is the transpose of the res-
triction of H, to Nyw SH,s. We define a Borel functor /' by

N = {goENx:go(/z‘lnh) =¢(n) for all heH,, nEN,};
N ff is the restriction of A to A ff Let ZY(X, A %’) be the group of
AN#-cocycles (as in [16, Definition 5.4]) ; an element 4 of Z!(X", /')
is a Borel function on (/' XX) N %® satisfying

A(hnh™ k) =2(n, k), for (n,h, k) EGON (N XA XKL,
An, kD) =2(n, k) +2(k7nk,) for (n,k,) EGON (N XA XX).
(In this section, abelian groups are written additively). If ¢ is a
Borel section of U/ ff, we define
9o (n, k) =<{n,0>—<knk,6> on PN (N XX,
when < , > is the pairing of N, and N,,, and <{n,0>=<n,a(r(n))>.
Note docZ'(A, /#); the group of all such elements is denoted
B' (A, /#), and the quotient by H*(A, /).
We now consider Z(#, A, T) as defined in [10]. If
ApeZ(H, N T) and ke, define (k*2, k*p) € Z(H, 4y, Nywy» T) by
(k*2) (n, k) =2k nk, k7*hE), (n, h) ENygy X Hyay,
(k*p) (m, n) = p(k™'mk, k='nk), (m,n) € Nygy X Nygy.
We say that (4, p) €Z(H, 4, T) is A -invariant if
(K*2, E* 1) = (Qytmys trwy) mod B (H gy Ny, T)
for all kex’; Z(#, N, T)* denotes the A -invariant elements of
Z(H, N, T), and A(H, N, T)* its image in A(H, N, T).

We can now state the main result of this section.
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Theorem 2.1. In the above context, there is a natural short exact
sequence :

0—>H (A, NH)>A(G, N, T)>A(H, N, T)*—0.

Proof. Throughout this proof we will use g, 4 for elements of 2,
and £, [ for elements of & without further mention; equations are to
be interpreted as asserting that both sides have a common domain
and equality holds.

a) Injection of HY(A',/#): Let A&Z' (A, /¥) be given, and

define 1 on #®N (N X %) by
A(n, hk) =2(n, k).
If ji(m,n) =0 on A"®, then using the identity
A(n, gkhl) =A(n, gkhk™kl) =2A(n, k1) =2(n, k) +2(k'nk, 1),

one sees that (4, ) €Z(¥, N, T). Ifo: /—T is a Borel function with
¢|X=1 and (4, ) = (0,0,0,0), then since do=pg=1, ce AN (or, more
precisely, is a Borel section of UN,,). Since A(n,h) =1 and d0=1,
cEN*; thus A(n, k) =o(n) —o(k~'nk), and A€B (A, /*), so that
H'A, /) is injected in A(Z, N, T).

b) Exactness at A(%, ./, T). Let (, peZ(¥%,,,T) and let 2
be the restriction of 1 to #, and p=pg. Clearly @, ez, ,T).
Also we have
(k*2) (n, k) =2(k™*nk, k= hk)
=1(k7'nk, k%) + A(n, hk)
=2(n, h) +A(h nh, k) —A(n, k)
=2(n, h) — (0104) (n, h),
where o, (n) =2(n, k). Similarly, we have
(kK*p) (m,n) =p(m,n) +A(m, k) +A(n, k) —A(mn, k)
=p(m, n) — (6,04) (m, n),
so that (4, u) €Z(#, N, T)*. Clearly, trivial elements of Z(%, 4, T)
have trivial restrictions in Z(#,/,T), as does the image of
H (A, /),
Conversely, suppose (4, ) €Z(%,4,T) has a trivial restriction
(A4 w) in Z(#,H,T). We may suppose A(n,h)=p(m,n)=0. Since
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A(h7nh, k) =2(n, b) +A(h7nk, k) =2 (n, kk7*hE)
=2(n, k) +A(k7'nk, k7hk) =2A(n, k),
AEZN A, /) as required.

c) Exactness at A(#, /', T)*. Let (4, ) EZ(H, N, T)*, and choose
o, with (%2, k*p) = (4, 1) — (0104, 0,0,). We may suppose that o:(n, k)
—a(n, k) =0,(n) is Borel on ¢®N (A X A, so that we have

A(k7nk, k7RE) =A(n, B) —o (n, k) +o (B nh, k),
p(k™ mk, k7'nk) = p(m, n) —o (mn, k) +0(n, k) +0(m, k).

Define 1 on PN (/X %) and g by fi=g¢ and
A(n, hk) =2(n, b) +o (K7 nh, k).

Equations 2.3.5 and 2.3.8 of [10] are automatically satisfied by
(4, ), and equation 2.3.6 routinely verified. As defined above, 1
does not necessarily satisfy equation 2.3.7 of [10]- it is necessary to
modify ¢ to achieve this. To this end, note that

2—0104= (K)*2A=k* (I*2) =2—0,0,— k* (010),
from which we see
0,05, = 0,03+ k*010,.
Now, evaluating at (n, /), we obtain
o(h nh, k1) =¢(n, k, 1),
where
o(n, k1) =0(n, kl) —o(n, k) —o(k'nk,1).
Similarly, since 0,04 =0,0,+ k*0;0;,, we obtain by evaluating at (m,n) €
Ve
o(mn,k,l) =p(m, k, ) +¢(n, k,1).
Thus ¢(+,k,1) takes values in 4, and, from its form, we have
pEZ4(A', N/ *). Since A is hyperfinite, ¢ is a coboundary i.e. there
is a Borel function ¢ from 4 to A% with

o(n,k, 1) =¢(n, k) + ¢ (k7'nk, 1) — ¢ (n, kD)

[Note: Since the coefficient groups A4 vary from point to point
along X, this does not follow from [7]; however, the usual proof of
triviality of Z?(4’, 4) using a single generator for 4 generalizes
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routinely to our context]. Define p(n,%k) by
p(n, k) =¢(n, k) +o(n, k),
so that
p(n, k) =p(n, k) +p(k™'nk,1),
A(k7'nk, k7*hk) =2(n, B) —p(n, k) +p(h 'nh, k),
w(k7'mk, k™*nk) = p(m, n) —p(mn, k) +p(m, k) +po(n, k).
Defining now
A(n, hk) =2(n, h) 4o (h'nh, k),
we have
A(n, gkhl) —A(n, gk) — X(k~'g ngk, hi)
=2A(n, gkhk™) + p (kh™k ‘g 'ngkhk™, kl) —A(n, g) —p (g 'ng, k)
—2(k™'g ngk, h) —p(h"k g ngkh, 1).
However, using 2.3.7 of [10], we have
A(n, gkhk™) =2(n, g) + (g *ng, khk™),
and since
Ak ngk, b = (K*2) (g-ng, khk™)
—2(g"'ng, khk™) —p(g7'ng, k) +p (kh™k g™ nghhk™, k),
we obtain
A(n, gkhl) — A(n, gk) — (kg ngk, hl)
=po(kh™k g 'ngkhk™, kI) — p(g7'ng, k) —p(h kg7 'ngkh, 1)
+p(g'ng, k) —p(kh kg Ingkhk™, k) =0,

where we use the identity o(m, kl) =p(m, k) +p(k~'mk,1).
Since 4 restricts on (A X#) N %P to 2, the proof is complete.

Remark 2.2. It is clear from the proof of exactness at A(#, 4, T)
that if ¢ =X, is an arbitrary orbitally discrete measured groupoid
with isotropy part & and principal part &, no longer necessarily
amenable, then there is an exact sequence

0—>H A, N#)>A(G , N, T)—>AH, N, TY >H (A, N ).
In our situation, the hyperfiniteness of % forces H*(X, NH) =

Remark 2.3. Despite the splitting ¥ =X, the exact sequence
of Theorem 2.1 does not necessarily split, in contrast to the situation
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in [10], where ¥ =XX,G, with G abelian.

8§3. Construction of Model

In this section, we show that any characteristic invariant y=
[, ]e4(%, /', T) and module §: ¥~ R% appear as the invariant of
some action @ of ¥ on a semi-finite injective factor &. Depending
upon x and 0, there is a natural restriction on the type of &. For
example, if 0 is non-trivial, then only possible ¢ is of type IlL., and
if #+4, then & can not be of type I.

Theorem 3.1. Let % be an amenable orbitally discrete measured
groupoid with X=% and associated ergodic principal groupoid X', and let
H be the isotropy subgroupaid of 4. Let N be a normal Borel subgroupoid
of 9. If y=[2,p]l€A(%,/,T) and & is any Borel homomorphism from
G to R%, such that 6(n) =1 jfor every nE N, then there exists an action
m of & on a semi-finite injective factor P with the following properties:

a) The characteristic invariant ¥, and the module J,, of m are precisely
the given x and 0;

b)  For any o€ Z* (A, 5P) there exist a Borel map: x<E X0, Aut (%)
and an m-cocycle {u(y): rE%} such that (with y=%, g,hs#, and
kled),

1) mod(4,) =1, x=X;

i) Orpmy-big=Ad u(p))m,.

i)  u(gk)mg (u(hl)) =@ (k, h)u(gkhl).

Furthermore, if 0=1, then & may be chosen to be an injective factor of
type 1ly; otherwise P must be of type Il.. If N+H, then P must be of
type I1.

We shall construct {#,m} in several steps.

Observation 1. We may assume 6=1. In fact, if {£;, m’} realizes
x with d,,=1, then we set

P = ‘@1®*%0.15 mr:m;®nlog5(7), rEY,

where Z%,; is an injective factor of type II. and {n} is a one
parameter automorphism group of %,; with mod(n,) =¢. If m’
enjoys the property (b), then so does m.
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Observation 2. It is sufficient to consider the case that =2 of
type 1. If {#,m’} realizes {2, y,0=1} with property (b), then
(Z=RRL (D), m=m'Rx} realizes {4, u,0=1} with Z=2%,,.

Observation 3. Properties (a) and (b) can be handled separately.
Suppose that {z,} and {p,} are actions of ¢ on £ such that

a) =)

b) x=1 and p has property (b).

Then we put
m,=n,Qp,, 7EY, on ARQRA=A.
Clearly, {#,m} has the required properties.

Thus, we can approach the two problems (a) and (b) of Theorem
3.1 separately.

Let p be an action of ¥ on # and let € (p) be the set of all those
Borel functions ¢: (A X#) N % @—T for which there exist a Borel
field {6.} ={0%} of automorphisms on % and a Borel function u=u,:
TE Y u,(y) EU (X) satisfying the following conditions:

0r(7) '[77'05—(}-) =Ad () P TE g D)
ulp€Zy(H);  ul€Z5(A); 2)
u(gk) per (u(hl)) =@ (k, h) u(gkhl) 3)

Proposition 3.2. ¥ (p) is a group which is an invariant under cocycle
conjugacy of p. Further, if o= € (p) and
QD/(k, h) =Xr(k) (}”hk—l)sD(k’ h) XS(k) (h) -1 4)
for some Borel family of characters x,,eﬁ,,, then ¢o'€% (p).

Before the proof, we state the following:

Remark 3.3. Any ¢€ % (p) automatically enjoys the properties:
a) ok gh)=ok, 9ok, b);
b) @&l k) =0, )elk Ih™).
Thus pZ' (X, #).
If {o, 6% u,} satisfies the above relations (1), (2) and (3), then
we say that {0%,u,} realizes .

Proof of Proposition 3.2. Suppose o€ % (p) is realized by {69, u,}
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and that ¢,=0a,°p,+0;* with x=s5() and y=r(y). It then follows that
{o,:0%°05%, 0,(u,(7))} realizes ¢. Hence pE¥ (). Suppose that
¢,=Ad(@(y)) +p, with v€Z;(¢). Then we have
0y°q,°0;* =Ad (0,(v(7)) -0, p,- 07"
=Ad (0, @M u@2 (™) g
We claim that {6,0,(0())u(p)v(y)*} realizes ¢ with respect to g.
With y=gk and y'=hl and x=s(y), y=r(y), we compute:
0,0 u(@ o) *q; O uG o)™
=0, u() by (0N UG () () *
=0,@(1) Oy pr0) (00N u(@) pr (")) oGy *
=0,Gr)) ek, BuGrvGr)*.
Hence with w(y) =0,@())u()o(y)*, {0, w} realizes ¢ with respect to
g. Thus € (p) is a cocycle conjugacy invariant as a set.

We now turn to the group structure. Suppose that ¢ and ¢ are
realized by {#,u} and {o,o} relative to p respectively. We then have,
with x=s5(y) and y=r(),7r€9%9,

0,205 e pyo0,00:7=0,-Ad (0, (0(1)*)) p, =051
=Ad (0,07 @MN*)uP) prs
with y=gk and y'=hl, we calculate
Oyo05") ) F)u(p) pr (o0 @GP u(r))
=0,05"(0(1)*) 0,0, (207" 0N u () pr ("))
=0,(0; (N *) pro () ok, B u(rr”)
=0,05" (0 (D *a,p,07 (0 (7)) o (k, B u(rr”)
=0,0;"(p, @)D oM ek, B)u(r7")
=0,05" (P (k, o)) ok, Durr)
=gk, ) ok, 1) 0,05 @Gy ¥ urr) .
Thus ¢ is realized by {0,067, 0o (v(N*)u(p)}.

Suppose ¢ is realized by {f,u} with respect to p, and xEXﬁx,,EPAL,

is a Borel field of characters. Put
u’ (k) = g, (R u(hE).
Clearly,

0yp70x_1:Ad (u’(T)) b rEY,

and u’ satisfies (2). Now, we compute, with y=gk and y'=Ahl,
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W () by W () =1, (@u() pr (B u ("))
=% (@) 1:(B) @ (k, B)u(rr”")
=% () 1:(h) o (k, h) 1, (gkhk™) u’ (r7")
=2, KRk o (k, ) 2. (B)u’ ().
Thus ¢’ defined by (4) belongs to % (). Q. E.D.

We are now going to construct an action p with € (p) =Z'(X, ).

Define
A(x)=H./[H., H.], 3)

where [H,, H,] means the commutator subgroup of H,. Note that
since kH k'=H, for kX with x=s(k), y=r(k), there is, for each
ke, a natural isomorphism from 4(x) to A(p). Thus, we can identify
7N (A, 5P) with Z'(A, A), where A is the Borel field: x€X—>A4(x)" of
compact abelian groups (see [16; Theorem 4.3]). We then have
the following obvious lemma.

Lemma 3.4. Suppose w: HAXH-AXH is the quotient map, and q
is an action of AXH such that € (q) =Z'(A',A). Then p=q-7 isan
action of G =HXH with € (p) =Z (A, ).

Thus, it suffices to construct an action g of AX X with € (p) =
A, 4.

Choose a family {I",} of groups with the following properties:

Each T, is a dense countable subgroup of A(x); 6)
x€ X1, is a Borel field, i.e. (I, is a Borel set in (JA(x). 7)

We note the existence of such a choice is guaranteed by [16,
Theorem 4.3 and Theorem 1.2].

We can saturate {I,} with respect to the natural action of # on
{Ax)}, i.e.

aky ap =<, k+a>,
where k-a=kak™; thus we can assume:
The field {I',} =I is invariant under the action of A . 8)

By the Cohomology Lemma, [16; Theorem 5.5], every element of
Z (A, A) is cohomologous to an element of Z'(#,I"). By Proposition
3.2, it suffices to construct ¢ with € (¢) DZ*(A, ).



ACTIONS OF AMENABLE GROUPS AND GROUPOIDS 1101
Define
.= (118 II®M(2; C)}). 9
i=1 xerl,

Let I', act on %, via the shift:
1®( H? ag{)l ). 10)

&Ly

ss(II®( 1I® g®)) =
i=1 yel, 1 i

x

Also, if ¢: I'}>I", is an isomorphism, then there is an isomorphism
St: '%xl'—)‘%y Via

5, ( TI®( TI® g0y =II®( TI® 4)). 11)
i=1 yel i=1 xe[‘x

x

The infinite tensor product guarantees the freeness of the action. It
then follows that

sposy =Sk Se, XETL .. 12)

Thus, we have a family of covariant systems {Z,,s% I",}, coherent
with respect to J. Put

‘@x:'%xxsx[‘x, xEX, 13)
and let p be the dual action of Bx:ﬁx on £, Since s* is free, Z,
is an injective factor of type II. Note that we have a canonical
inclusion: A(x)——B,, which is faithful and with dense range. For

each yerI',, let {u(x,y)} be the unitary representation of I', in £,
associated with the crossed product (13).

Lemma 3.5. For each k€X', k:x—y, the map
aE R s, (a) ER,,

14
u(x, ) €2 bouly, ykHe?,, )

extends uniquely to an isomorphism, denoted again by pu, of P, onto 2,
which satisfies

beope=p, 1ty aEA(x). 15)

The proof is just routine, so we leave it to the reader. The iden-
tity (15) gives us an action p of AX X on Z={Z,} by

Paw=babr (a, k) EAXA. 16)

We now set up the following system:
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9,— fle o

n=—oco

x,ny

q.= II@)ﬁZ, qk==n3?z?p25

n=—oco

0.=the shift to the left on 2,

B,=TI®12(II® Ad u,(x, 1)),

n=0 n=1

U(X) = H? 1n®u0(xs X) ®II1® lm

where index n means to repeat the same thing. Then we have the
following formulae:

9% 9a=qra"Is 17)
9o Br="PBy* 4 18)
By 0= Byt 19)
0.q.°0: =4q.,, 20)
0,°B,-0;'=Ad (v,) - B, 21)
9. () =<a, Dy 22)
q:(vy) =0, 23)

For a given ¢p=Z'(A,I"), we define an action ¢° of AX,X on
9% =9."9:* Loy (a, k)yeAX . 24)

Lemma 3.6. ¢=¢% (¢°).

Proof. With k€X', k:x—y, we compute
0y°q<fa.k).0;1:0y'qa'q12'0x—1'0x'48¢(k)'6;1
=¢.°q*Ad (0(9(k))) By
=Ad(q,°0: (0 (@(k))))qa" 0" Bows
=Ad w(a, k) *q%. 1,
where w(a, k) =¢,+q,(v(¢(k))). We then have

w(a, k) qtn(w(a’, k"))
=00 (0 (@ (k))) "G Bowy (¢a" 01" W (@ (k"))))
=q.q: @ (@ (k) Boay (qar g (@ (£))))).

But we have

w(ak-a’,kk') =q,*Qhar*qua (@ (KE")))
=q,*Gp*Gor g W ((@(k) k)@ (k"))
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=029l quqe @(@ (k) °k")) qur- g 0 (0(£")))]
=043 qa (@ (£))) ga* q1°quor > (0 (@ (K")))
=<a’, p(k) >w (a, k) qu*qr*Boww *Gar* G (0 (@ (k7))
=<a’,o(k) >w(a, ) g (w(a’, k) ;
here we use the fact that 8, leaves v(y’) fixed. Hence w realizes ¢
with respect to ¢°. Q. E. D,

Lemma 3.7. The action ¢° is cocycle conjugate to q for all &
Z, I,

Proof. Suppose that we can find {o,} and {w (%)} with

0:42=0.0x 25)
0y QB0 =Ad(w (k) oqu, kEAX , k:x—y, 26)
Ad(w (k) q.=q.Ad(w(k)). 27)

Then the hyperfiniteness of 4 enables us to adjust w(k) into a
cocycle with the above properties, which means that ¢* and ¢ are
cocycle conjugate as actions of 4> .

Now, it follow from g;-8ea * g =8, . 1 that the actions: k=g, B,q

OR
and kb-g, differ by 8, for some y. Furthermore, 8, and ¢, commute

by construction, and

g,=lim Ad b,,

with
bym=11% 1,Q( II® u,(x, »)) QII® 1, 2..
7<0 1snsm n>m
Since we have

7a(bym) =<a5 XD"byms
Ad(b, ) and g, commute. Hence 8, belongs to the group C, of all
those d=Aut(2,) such that f=Ilim Ad(,) for some b, 2, with
Ad(,) -q,=q,°Ad(b,). By construction, we have

C.=Int,(2,),

where Int,(2,) is the group of all those inner automorphisms of 2,
which commute with ¢(4(x)). Thus, the Cohomology Lemma, [16,
Theorem 5. 5], yields the existence of {¢,} CC, and {w (%)} such that
Ad(w(k)) €Int,(2,) and
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05245 Bory* 02 =Ad (w (k) ) ¢s.
Q. E.D.

Thus we now conclude that
€ (=2, B),
which in turn implies that there exists an action p of ¥ such that
€ (p) =2 (A, P), 28)
w=led(%,/,T). 29)
Therefore, we have solved part (b) of the construction problem.

We now turn to the problem (a). Namely, we want an action p

of ¥ on % such that

pr=Adun)), nEN,

u(m)u(n) =p(n, m)u(mn) 30)

b, @G ny)) =2, u(), (n,) ENXF)NF2.
Based on the semi-direct product ¥ =4>,%", we split the problem into
the “s#-part” and the “#-part”. To put the “#-part” and the
“A -part together, we observe the following: if p,=a,-8,, with @ and
B actions of s# and X respectively, then p will be an action of &
provided

a, 1=Bafe’, (kB EAXXA)NG 2, 31)

Next we have, with y=hk,

D @Gny)) =pum (kA7 nhk)) =ay - B, (w(k™*h 7 nhk) ) ;
and

An, Nuln) =A(n, hk)u(n) =2(n, ) A(k7nk, k) u(n).
Thus, we shall need

o (w(k7h7nhk)) =A(n, k) A(h*nh, k) u(n) ;
and for this to obtain, it suffices to have

o, (u(h™nh)) =2(n, Hu(n), (n,h) € (N XH) NH®,

By (u(k™mk)) =2(m, K)u(m), (m,k)e(N XA)NZP. 32)

Now, 4 and 5 are nothing but Borel maps: x&€X—N, and
xeX—H, from X to countable discrete amenable groups, with
N,<|H, for each x. So, we shall give a functorial construction which
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associates to each H,N,4, ¢ with N<H and (L weZ(H,N,T), a
factor Zy y.;, carrying an action @ of H for which y,=[4, z«].
Given {H,N, 2, pu} as above, let

Ry=118 TI® M(2,C) 4.

n=1 heH

o o 33)
Sh(H®( H®ah’.n)) :H®( IT® Qppeon) o
n=1 RWEH n=1 HWeH

Namely, s, is the “Bernoulli” shift by A& H. The infinite product is
needed only when H is finite to guarantee the freeness of the action
s.  Now, set

'%(HyNslyﬂ):'%HNs,/zN- 34)

This factor is generated by the following operators on the Hilbert
space O (H,N) =F(N)QL*(Zy,t), where t is the normalized trace on
Ry

[(af)(n)an‘l(a)E(n), aE Ry,
(w,(m)&) (n) =p(nt,m)E(m™n), m,nEN.

Lemma 3.8. The group H acts on & (H,N,2, 1) as follows:
[ah(a)=sh(a), as % (H),
o, (u,(h™nh)) =2(n, B)u,(n), hsH, neEN.

The proof is routine, so we leave the details to the reader.

Suppose that 6: (N, H)»(N’, H') is an isomorphism with 0*1=
(0,0) 72" and 0*p= (0,0) ‘¢’ We define fy: Zy—Zy by:

55(H®( I1® ahn)) = IT®(II® Qgay.n) 5
n=1 heH n=1 heN
and ﬂg: Z (Hy Ny 2} /‘!) }—>'% (H’y N,s /2,9 #’) bY

{ Bo(a) =Ps(a), aERy;

Bo(uu(n)) =0 (0(n))u, (6(n)), neEN.

One checks by straightforward calculations that 8, is indeed an
isomorphism.

Caution: In general, we do not have o4 =0 fs, since there

will be no “multiplicative” choice of coboundaries, do.
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However, suppose (1, @) Z(%, 4, T) with restriction (4, )€
Z(#, N, T). Then the arguments is §2 show that

E*2=2(0,03) !
with 6,(n) =i(n, k),
k*p=p(60,)
and that
T4, () =04 (n) 0y, (kT'nky)
If ke’ k:x—yp, then we have a corresponding isomorphism
0,: (N,,H)b (N,, H,) given by 6,(k) =khk™.
Let
Bi: R (Hpy Ny ey )2 2 (H,y, Ny 24, 1)

be the corresponding isomorphism defined above.

Lemma 3.9. p..=a,p, defines an action of % on the field: x= Xt
R (H,, N,, 2, tt.) which realizes the invariant (2, ).

Proof. We have only to check that 8 is an action of % satisfying
(81). With k€X', y—z, and €X', x—y, we have

BB (11® (II® g, ,)) =B, (I1®( II® a,,-1 n))
n=1 heH, n=1 he x '

P H

:H®( II®,

nzl  heH, *H

:ﬁkz(H®( 11%4,,));
n=1 heHx

—lk—l'")

BBy (u(n)) =By (o, (Inl™ ) u(lnl™))
=0, (klnl"*%k Y o, (Inl™) u(klnlk™Y)
=Akinl%k™Y KD u (kinl™ k™) =By (u(n)).

The above calculation shows that
B (u(n)) =0, (knk ™) u(knk™),
or
B:(u(k™nk)) =2(n, k)u(n).
We now check a, . 1Bi=PFas. To this end, we check only for u(n)’s,

since the other part is a triviality as we have observed above:
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&, ik k) =, 1 (A(n, Du(n))
=2(n, k) A(khk™nkh™ k™, khE™) u(khknkh™k7Y) ;
Buots (u(k™'nk)) =B, (A(hk™*nkh, k) u(hk*nkh™))
=A(hk™nkh™, k) 2(khk™ nkh™ k™ ) u (khE 'nkh k).
Thus, we further compute
A(n, k) 2(khk™nkh™ k™2, khk™)
=2(n, k) A(khk'nkhk7, k) A(Rk'nkh™, hk™Y)
=A(khk'nkh™ k™, k) 2(n, k) 2(REnkh™Y, h) 2k nk, k1)
=A(khk'nkh™k™, k) 2(Chk™'nk b7, h)
because
A(n, k) 2(k7'nk, k1) =2(n, kk™) =1.
Thus we complete the proof. Q. E.D.

Therefore, we have completed the “(a)-part” of Theorem 3. 1.
Together with the previous “(b)-part”, we complete the proof of
Theorem 3. 1.

We shall denote this action of ¢ by m and call it the model action
with y,=[4, pled(%, /, T).

§4. Proof of Theorem 1.2—Comparison with the Model

We complete the proof of Theorem 1.2 by showing that a given
action a of ¢ is cocycle conjugate to the model action m with the
same invariants. So we fix an action a of ¢ on Z.

Note that h&€ #t>ay, m; are both Borel fields of actions of the isotropy
groups with the same (field of) characteristic invariants. By a result
of Ocneanu, [14], we can choose {0,: x=X} and {v(h)} with the
properties:

0,005,°0;'=Ad v(h) em, on H#, 1
vEZL(H, U (P)) 2)
Here, Z3,(#, % (2)) is the space of m-cocycles with values in the
unitary group % (Z).
Replacing a@ by y&€ % —0,4-a,°05;, we may suppose that

a) a and m have the same invariants,
b) a,=Adv(k)-m; on .
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Now define 8, by the relation
ak=ﬁk-mk, kE%. 3)

Lemma 4.1. We have

BiomyoBit=Ad w(h, k) emy, (h k) E(HXA)NGP, 4)
where
w(h, k) =a, (k™ hk) ®) v (h), 5)
and
w(hh', k) =w(h, k) my(w (R, k). 6)

The proof is a straight forward computation and left to the reader.

Let 2,=%?X,H, for each x, and let #, denote the coaction of H,

on 2, dual to m, [13]. We set

A (x) ={c€Aut(2,): (6Qx) M=, 0}; 7)
Note that each ¢& &/ (x) is determined uniquely by its restriction & to
PC2,, and a weZ,(H,, % (P)) satisfying

O-my-0=Ad w(h) -m; on H, 8)

According to convenience, we shall think of elements of &/ (x) either
as automorphisms of 2, or as pairs (0, {w(h)}) satisfying (8) with
weZ,(H,, % (%)).

Also, each &/ (x) is a Polish subgroup of Aut(2,) and since the
2, are isomorphic to a fixed algebra, x>/ (x) is a Borel map as in
[16; Theorem 2.3]. Further, if k€X', k: x—v and m, is the natural
extension of m; to an isomorphism 2,2 ,, Mo/ (x)m;' =/ (») so that
x4 (x) may be viewed as a Borel functor to polish groups as in
[16; §4].

For ne S, let u(n) €% (2) be unitaries with
{mnzAd u(n), on N=N=N,,
u(mu(n”) =pm,nYulnn’) on NP,

If 6=(0, {wh)}) e (x), then
Ad O(u(n)) =0-m,-07'=Ad w(n)u(n),

9

SO

0 (u(n)) =c,(n)w(n)u(n)
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for some ¢,(n) €ET. Routine calculations show that

{ca(nn ) =¢,(n)c,(n’), and 10)
Coeq’ (n) =6‘U(ﬂ) Cgr (72)
We define

H(x) ={eeL(x): ¢,=1 on N,}, 11)

and let 0, (x) be the element determined by (B, {w(%,A)}) via
equations (4) and (5).

Lemma 4. 2.

a) [&(x)} is A ~invariant, and ) L°(x) U (x) is Borel;
b) e,L°U(k)) for kX,

Proof. a) Let (0, {w(h)}) =°(x); note that

mkgﬁemk—lumhnmkaa—lemkI:mkeﬁumk

=my-Ad w (k7 hk) -m,

=1,,,-1
_1hk°0 ms

mit=Ad my(w(k7hE)) emy,

Ly ”
and
my+0omi* (u(n)) =my-0(A(n, k) "u(k™'nk))
=2(n, k) 7'my (w (k7'nk) u(k~nk))
=m (w(k7nk))u(n),
where 1 is (part of) the characteristic invariant of m. Thus (m;-0-m;?,
{my(w (k7 hk)} eL°(r(k)) as claimed.
With » as in equation (1), and #(n) as in equation (9), let
a(n) =v(n)u(n), nEN,
SO
a,=Ad a(n).
Now we may suppose that 2,=4, on (/' XZ)NZ2, so
B (u(n)) =ay-mi* (u(n)) =2n(n, k) "y (u(k7'nk))
=2,(n, k) o, (0(k7'nk) *a(k7'nk)) = o, (0 (k7nk)*) a(n)
=a, (k™ 'nk)*) v(n)u(n) =w(n, k)u(n),
from which we conclude ¢,€27°(x).
It is clear from the definition of &°(x), equation (l1), that it
is a closed subgroup of & (x), and that (J&/°(x) is Borel in (&7 (x).
Q.E.D.
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Note that since both m, and a, may be assumed to scale the trace
7 on & by the same factor (automatically one unless £ is of type
I.), o,e/*(r(k)), where
A (x) =L°(x) N {oEAUt(2,); 1,0=1.},

7, being the trace on 2, dual to ¢ on £, as in [19].

Lemma 4.3. Forac % (P),let n,.(a) = (Ad a, {am,(a*)}) for heH,.
Then #: xEX- R (x) =n,(U% (P)) is a dense, normal Borel subfunctor of
o ice. FB(x) is Borel and normal in o' (x), B <|sf* as in [16; Definition
5.3] and % (x) S (x) is dense for each xEX.

Proof. The fact that % (x) S./'(x) is Borel and normal follows as
in the proof of Lemma 2.5.6 of [10]; the invariance of &' and %
under the action of X is obvious. Since the map

n: (x,0) EXXU(P)/Tr+or,(a) R (x)
is surjective to U & (x), is continuous in a for fixed x and Borel in
x for fixed ac#% (#)/7T, = is a Borel isomorphism so that (% (x) ©
U (x) is a Borel set.

It remains to prove that & (x) is dense in &/'(x) for each x. The
proof is modelled on that of Lemma 2.5.6 of [10]. So let o=
0, {wh)}) =L (x); with u(n) as in equation (9), we have, by
definition,

O(un)) =whn)uln). 12)
Equation (12) replaces Equation 2.5.7 of the proof of Lemma 2.5.6
of [10], and the our Lemma follows in exactly the same way as in
[10]—the hypothesis that the group be abelian in [10] is not used
except to reach equation 2.5.6. Q. E.D.

We may now apply the Cohomology Lemma, [16, Theorem 5.5]
to # and &', and the m-cocycle B;; we conclude the existence of a
Borel map x& X—o,=(0,, {w.(h)}) E*(x), and inner automorphisms
Ad a(k), k€A, with
Oy Brome-07 mi*=Ad a(k)
for k: x—y in A; since B.=a,-m;?, this yields

0,°a,+07'=Ad a(k) -m, 13)
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Since X is hyperfinite, we may assume aE ZL (X, % (P))
Now, for arbitrary y=hk= %, we have
Oyoap= 07t =0,005°050,°c,20;"
—0,-Ad v(h) +my-051-Ad a(k) +m,
=Ad 0,(v(h))wy (k) emu-Ad a(k) -m,
=Ad 0,(v(h)w, (k) my(a(k)) mu,

so that for all y&€ ¢, 0, a,+0;"=m, mod Int(Z).
We replace «, by 0,-a,-0;", and define

b(hk) =0,(v(h))w,(R)m;,(a(k)), hEH,,
so that we have now
a’thAdb(hk) °Mpte 14’)

A routine calculation shows that A€ #-b(h) =0,(v(h))w,(h) defines
an element of ZL(#, % (2)); we already know that k€A —b (k) =a (k)
defines an element of ZL(X, % (%)).

Lemma 4.4. With notation as above, and g,h& ¥ and k,l&X,

b(gk) mg (b (hl)) =¢(k, k)b (gkhl)
for some oEZN (A, ).

Progf. Since a,=Ad b(y)-m, on ¥, we have
b(gk)ma (b(hl)) = £ (gk, hl) b(gkhl)
for some r=7%(%,T). However, we also have
b(gk)mg (b (hl)) =b(g) mg(b(k)m (6 (W) ma(b (D)), 15)
while
b(gkhl) =b(gkhk™kl) =b(gkhk™) M 1B (RD) 16)
—b(Q) my(b (kR m, 1 (b(K)my (b(D)))
=b () my (b (khk™)my(m,, (b (K)ym, (6(1)))).

Comparing equations (15) and (16) we see that (gk,hl) depends
only on the middle two variables, £ and 4, so that

& (gk, hl) =¢ (k, h)

for some Borel function ¢ on (X X#)N%®. A routine calculation
using the fact that r€Z%(%,T) shows that p=Z}(#,#). Q.E.D.
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We now recall that the model action m was constructed, at consid-
erable effort, so that € (m) =Z'(A’, ). Thus we can choose automor-
phisms {f.,} of & and unitaries {¢c(y): r€ %} in £ such that

[ﬁy-m,-ﬁ;led c(y)*m, on ¥,
c(gk)mg (c(hl)) =@ (k, h) c(gkhl), 17)
he#—c(h) in ZL(H, U (P)),
k€A —c(k) in ZL(A, U (P))

Completion of Proof of Theorem 1.2. With « as in equation (14)
and 6 and ¢ as in equation (17), we have

Oyea,-0;r=Ad 0,(6(1))c(p) -my,
for re%,r(y) =y,5(y) =x. With g,h€# and k,leA where [:x—y
and k:y—z, and y=gk, y"=hl, we have
0.06())e(r)m, (6,(6(r"))e(r))

=0,(6(1))0.m, (b)) e(Im (7))

=0.(p(k, b (7)) 0k, W e (17" = 0.6 G )N e G,
so that y—0,,,(b(1))c(y) falls in Z,(%, % (#)), and a is cocycle conju-
gate to m as required. Q.E.D.

§5. Applications

Our first application is to the existence of Cartan subalgebras, in
the sense of [7], which are invariant under the action of a group or
groupoid. If a is an action of an orbitally discrete measured groupoid
(%,v) on a factor &, an a-invariant Cartan subalgebra of & will
mean a Borel family {2,: x&€ % ©®} of Cartan subalgebras of & such
that o, (2,) =2, a.e. on ¥,

Theorem 5.1. Let a be an action of a discrete amenable group G on
a semifinite injective von Neumann algebra M, or of an orbitally discrete
amenable measured groupoid (% ,v) on a semifinite injective factor #. Then
a is concycle conjugate to an action which possesses an invariant Cartan

subalgebra.

Proof. Consider first the case of actions of groupoids. By Theorem
1.2, it suffices to show that each of the model actions constructed in
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§3 admits an invariant Cartan subalgebra—in fact, we do not have
to worry about part “b” of the construction of the model either.

Note that each of the factors Z; (8§83, equation 33) has a Cartan
subalgebra .@Hzilf 18D (2,C),,, where D(2,€) SM(2,C) is the
diagonal matrices. Clearly, 2 is globally invariant under the shift
s hEH, so that its image D (H,N,2, ) in R(H, N, 2, pr) =Ry X, H
is again a Cartan subalgebra; further 2 (H,N,2, ) is manifestly
invariant under the action of H defined in Lemma 3.8. It is also
clear that if 0:(H,N,4, w—(H',N,2’,¢') is as in the discussion
following Lemma 3. 8, the corresponding isomorphism f,: % (H, N, 4, )
—R(H',N",2',¢/) maps 2(H,N,2,p) to 2(H',N’,2,p"). Thus if
P =2 is the hyperfinite II,-factor, and a has characteristic invariant
x=1I[2, ¢], the Cartan subalgebras 9 (H,, N,, 4, tt.) are coherent under
the model action with the same invariants.

Clearly the reductions to the case =1, and subsequently to the
IT;-case, accomplished in observations 1) and 2) at the beginning of
the proof of Theorem 3.1 permit the synthesis of a suitable family
of Cartan subalgebras for any model action of (%, v).

In the case of actions of groups, we let (%,v») be the ancillary
groupoid with action @ on Z; if {2,: x€ % ®} is invariant under an

®
action m of (¥,v) cocycle conjugate to a, then S 92.dv(x) is a Cartan

subalgebra of L=(X,v;#) invariant under an action of G cocycle
conjugate to the given one. Q. E.D.

This result in turn has applications to the structure of group von
Neumann algebras of non-simple discrete amenable groups; the first
named author intends to present these elsewhere.

Our second application is to the classification of coactions of
discrete amenable groups G on semifinite injective von Neumann
algebras ; for the notion of coaction, we refer the reader to [13],
whose notation we shall use.

Definition 5.2. Let d;, 6, be coactions of G on # and .4,
respectively.
a) 0, and d, are conjugate if, for some isomorphism 0: A#,—.4,
we have (0Q)) <0,=0,°0;
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b) &, and 9, are stably conjugate if 8, is conjugate to 0.
Here 6; is the coaction defined in [13; Theorem 2.7] by
9;(x) =Ad (1QWe) « ({0 + (6; Q) (x)

for x€M;QFL(I*(G)). Note that J; is conjugate to the second dual
coaction 3; by [13; Theorem 2.7], so that stable conjugacy may also
be interpreted in terms of 31 and 32.

If 6 is a coaction of G on ., we let 6 denote the dual action of
G on MX,G, [13; Proposition 2.4]. The next result is then a special
case of [23; Proposition 2.1]. Since the result of Nakagami is
presented in the context of Kac algebras, we present the full proof
for the sake of the reader’s convenience.

Theorem 5.3. Let 0, and J, be coactions of an arbitrary second
countable locally compact group G on von Neumann algebras My and M,
Then 0, is stably conjugate to 0, if and only if 0, is cocycle conjugate to b,

Proof. Let fj=ul;},G and suppose that 8, is conjugate to 8, via
an isomorphism ¢: JV1>45“IG—>JV2>Q$ZG. Note that if xEJV1>q,;IG, then
01(x) =x@1 if and only if 32(g0(x)) =¢(x)@1. Thus by [13; Chapter
IL, Theorem 1. 17, ¢ restricts to an isomorphism 6 of /1SN 1X4G to .

Further, if o is the right regular representation of G on L*(G),
and we define u(r) for r&G by the relation

P(IRI®e () =u(r) 1Q1Rp(r)),
then since
5, (u() I®1Qp (1)) =8,u(n) I®IQp() ®p()),
and
500 (1Q1Q0 (1) = (¢Q2) 1QIRp (") (1)
= (1QIKp () Qe()),
we see Sz(u(r)) =u(r) ®1, and u(r) €N,
Applying ¢ to the identity
(IR1IRe(M) (1RIRe(s)) =(1R1IRe(rs)),
we find
u(rs) =u(r) Ad(1QI®pe()) (u(s));
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since Ad(1R1IRp(r)) =d,, on N2 E N2 X656, r—ou(r) is a l-cocycle for
the action &, of G on N> Finally
- Ad(1®1®p(r) ¢ =Ad ¢(1Q1KQp (7))
=Ad u(r) -Ad(IQ1Qp(r)),
so that 0+6;,-07'=Ad u(r) *6,, as required.
Conversely, if 6: 41—/, is an isomorphism with
0:6,, 67'=Ad u(r) +6,,

for some 6,-cocycle {u(r)}, we may suppose that 6 is implemented by
a unitary U: $,— 9. (where #; acts on §;), and define V: L*(G, $1)
—L*G, ) by

(V&) (r) =u(r)*UE(r), £€L*(G, H).
A routine calculation shows that V' implements an isomorphism of
NiX3G with JpX5G with (Ad V®o) <6,=8,-Ad V, so 0, is stably
conjugate to 0, Q. E.D.

We now turn to the question of conjugacy of coactions. Recall
that if 0 is a coaction of G on #, and if p=.# is a O-invariant
projection, then 8,: xEpMp—d(x) EpMPR R (G) is again a coaction.

Lemma 5.4. Suppose 0 is a coaction of the discrete group G on M,
and p =1Qe, where e L (L*(G)) is the projection on the subspace spanned
by the characteristic function of the identity. Then p is o-invariant and 9,
is conjugate to 0.

Proof. The invariance p under 0 is a special case of Equation
2.23 of [13, Chapter I]. To establish the conjugacy, define 0:.4—
P(MARZL(LX(G)))p by 0(x) =xRe; note that for s, r&G and
§el*(GxG; 9),

((1QWs) (a®e®p (1) 1QWE)E) (s,2)
= ((a@e®p (1)) (LRQWE)§) (s,ts5) =ady(LQWE) &) (s, tsr)
=ad, £ (s,tsrs7Y) = (aQe@p () &) (s, 1).
Thus for x&# we have
0,(0(x)) =Ad(1QW¢) « (6@ (3(x) Re)
= (tX)o) (6(x) Re) = (0QR) =9 (x)
and 6, is conjugate to 4. Q.E.D.
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Theorem 5.5. Let 6y, 0, be coactions of a discrete group G on M,
and M, respectively, and let p;c M;QRQL (LX(G)) be the projections of
Lemma 5.4. Suppose ¢: MRL (L(G)) ML (LX(G)) is an isomor-
phism with (pQx) +0,=0,-¢. Then &, and J, are conjugate if and only if
o (p) =0(py) for some 0 Aut(M,RDF (LX(G))) commuting with 6,

Proof. The necessity is clear.
Conversely, suppose such a 6 exists; if ~ denotes conjugacy, we

have 51~51,,,1~5-2,¢(,,1>~5 05,5,~ 0z using Lemma 5.4 and the fact

2,07 o

that (0@!) ’52252®0. Q E. D.

Note that by [20], #X,G is injective whenever . is, so that
using Theorems 5.3 and 5.5, the invariants of §1 become available
to distinguish stable conjugacy and conjugacy classes of coactions of
discrete amenable groups as soon as the crossed products 4 X,G are
known to be semifinite. But the discreteness of G yields a simple
characterization for the semifiniteness of #£X,G: the semifiniteness
of MX,G is equivalent to that of the fixed point algebra #°. By
duality, except for the obvious restrictions, all characteristic invariants
as well as modules can occur as invariants of coaction.

The following examples provide us further constructions of coac-

tions.

Examples 5.6. Let H,G be locally compact second countable
topological groups, and let ¢: H—G be a continuous homomorphism
with kernel K, and let 0= Z*(H,T). If #°(H) is the von Neumann
algebra of the right regular projective w-representation o of H, so for
that for £ L*(G),

(0°(W) &) (k) =w(k, k) §(kh),

then we can obtain a coaction 0=0(p,w) of G on Z°(H) via
o(x) =Wg (=@ W, xEZ°(H),

where W, is the unitary on L*(HXG) defined by
(Wo8) (hy $) =& (h,sp(B)).

Note that d(p”(h)) =p°(h) ®p(¢(h)), so that the generators of Z£°(H)
XsG are given by 0°(h) Qp(e(h)) for he H and 1QM; for fEL~(G),
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where My is the operator of multiplication by f on L?*(G). Note that
these are precisely the generators of the twisted crossed product
L~ (G) X,.oH, where H acts on G through ¢ via right translation, so
that by varying H,G,¢ and ® one can obtain any desired type for
R°(H) X,G. Also, the dual automorphism group 6, is given by 6,=
Ad(1®a(r)), 2 denoting the left regular representation of G.

We assume from this point on that H and G are discrete, H=KXG,
and o is lifted from a cocycle, also denoted by w, on G. The
unitary U on L*(G;L*(H)) given by

(U () =p*(h)E(s), ESLA (G (H)),
carries Z°(H) XsG to p®(K) "RF (I*(G)), and the dual automorphism
group to reGAd p°(h,) ®2°(r); here r&G—h,=H is the inclusion
of G in H, and 2°(r) is the projective left regular representation of
G ie.
F0)8) () =0l )G,  ELG).

Recall that 2°(r) 2°(s) =w(r,s) '4°(rs) ; also, since o is lifted from G,
pa,(K)//:p(K)”.

If K is abelian, the restriction of the dual automorphism group to
the centre of #°(H)X,G is realized by the transpose to K of the
given action of G on K, so that for x&K, the groups N,=H, of §l
are given by

N,=the stabilizer in G of x€K;
since the corresponding automorphism of & (L?(G)) is implemented by
2%, we obtain
U(r,5) =w(r,s) ' on N,XN,.
In this case, since
P20 )22 () *=w(r, rsr) o (s, r) 2°(s),
the “2” part of the characteristic invariant is given by
2,(r,8) =w(r,r %) w(s,r) on N,XN,.

Thus if K is also finite, coactions d(w;) and d(w,) arising from
different cocycles w; and ®, on H are stably conjugate if and only
if w; is cohomologous to w, since N;=G; the case where K is
trivial was analyzed in [11] from a somewhat different perspective.
However, if K is infinite this no longer need be the case since it may
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happen that all isotropy groups except that at the identity character
are trivial,

We turn now to the other extreme, where X is an infinite conjugacy
class, or I. C. C. discrete group. In this case £ (K) is a factor; the
following result, generalizing [1; Theorem 5.1], guarantees that the
dual automorphisms 8, are outer except for the obvious cases i. e.
when 7 itself acts as an inner automorphism of K.

Proposition 5.7. Let K be a locally compact separable group such
that R (K) is a factor, let a be an automorphism of K, and @ the
corresponding automorphism of R (K). Then @& is inner if and only if a is
inner.

Progf. Note that if f€Aut(# (K)), then B arises from an auto-
morphism of K if and only if d« 8=(8QP) = 9. So if a=Ad u with
us % (K), we have

0o Adu=AduQu) 90
and hence

Ad Wi@®1) =Adu®u) W% on Z(K)RXC.

But then

Wi u®1) =t (u@u) Wk
for some

tep(K)' QL (L(K)),
and hence

o(w) =t (uQu).
But 0(u) EZ(K)QR(K), and u@ue R (K)RZ(K), so that (e
[Z2(K)QRZ(K)]N(Z(K)'RR(K)) =CRR(K), as #(K) is a factor;
in addition, both 0(#) and uXu are invariant under the symmetry o,
so that ¢ is a scalar. But then

0 (tu) =tuQtu,
so that tu=p(r) for some rEK, by [18]. Q. E.D.

We note that even if Z (K) is not a factor, the proof above shows
that 0(x) =¢(u®u) with (€ Z (K)X®Z (K), when % (K) denotes the
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centre of % (K). It also follows that the actions of H on £ (K)
determined by arbitrary extensions of the form:
K~ H-GH1

have trivial characteristic invariants whenever K is I. C. C.—this does
not occur for general discrete groups K as is seen by easy examples.

Returning to the situation of semidirect products KX,G and cocy-
cles w€Z%(G, T'), we see that the coactions of G on % (K) deter-
mined by actions s; and s, and cocycles @, and ®, are stably
conjugate if and only if

N,=N, and w; |N; X N; is cohomologous to @, Ny X Ny,
where

N;={rEG: s5;(r) €Aut(X) is inner}.
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