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§0. Introduction

Let real-valued function 2;;(y) (0<i<j<N) defined on R® satisfy

2;() =0 as |y o0 in R®  (0<Ki<G<N),
v;;(9) =0 for ye R? (I<i<j<EN),
Uij(_y) EL%M(RS) (0 S’L<]£N),

and let

N N

H=— 4+ 3 vy () + 23 Z)l-J-(pc"—xf)3
i=1 i=1 1<i<G<N

D(H) =H*(R™),

ZZinf Gess(H),

where x¥*€R? and 4; is a Laplacian in R® with respect to x'. Then
by easylike application of Agmon [1, Theorem 5.2, p. 85] we have
the following: If u(x) satisfies

(Hu) (x) =2u(x) in R,

ueD(H), and 1<2(L0),

then for any ¢ >0 there exists some constant >0 such that for a. e.
x=(x%...,x") ER® we have

}u(x) I Sce—(l—s)\lf——,llxl_

In this paper by Theorem 1.5 and 1.7 given in §1 we have: If]
besides above conditions, v;;(p) satisfies
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v:(») <0 is a homogeneous function of degree — (yo—¢;)
(1<i<N),
0:;(») 20 is a homogeneous function of degree — (yo+¢;;)
(1<i<Jj<N),
where ¢, ;>0 and 0<y,<2 (this case has been considered in
Mochizuki-Uchiyama [8, p. 131~p. 133]), then, since
lim sup {(r3,+72) (T2} <0, for u satisfying
7r~>00 0<i<j<N

N N ) . . .
- Z du+ Yoo (xDut+ X v;(x—x)u=2u in R,
i=1 1<i<j<N
ue Hloc (RSN) H

supp [«] is not a compact set in R,
A is a real constant,

we have for any ¢>0

lim ¢7t+071e{ lu| "dx=oo, if 2<0,

R->eo R<|x|<R+1

lim esRS \u| *dx = oo, if 2>0.
R<|z|<R+1

R—>oco
If v;; is a Coulomb potential, namely,

vi() =—Z:p|7"  (I<Ki<N),

v:;(9) =Zi; |y 7 (1<i<G<N),
where Z;, Z;; are non-negative constants, z;; (0<i<j<N) satisfies the
all conditions as mentioned above.

In this paper we also consider general second-order elliptic equa-
tions as following:

_Z<3xt+‘/ lb(x))aw(x)< = 1b(x)>u(x)

i,j=1
+(q1 (%) +q2(x)) u(x) =2u(x)
(in some neighborhood of infinity of R").

Our main assumptions are the following:

curl b(x) =0(r ),

q1(x) =V1(x) +V3(x),

Vi(x) satisfies the similar conditions as given for above u;;,
Vy(x) =0(1) and 0,V,(x) =0(r™})

g2 (x) =0(r™%)
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at infinity. More detailed conditions are stated in §l. Then u has
a similar lower bound of decay order at infinity as given above.
Our results stated in §1 can be considered as a generalization of
Bardos-Merigot [2, Theorem 2.2 (ii) and (iii), p.329, which seems
to need some modifications of statements of Theorem 2.2, and treats
the case a;;(x) =0;;, b;(x) =¢,(x) =V1(x) =0]. Our treatment of b;(x)
can be found in Ikebe-Uchiyama [5], Kalf [6], Mochizuki [7] and
Eastham-Kalf [3,8§6]. Our method of proofs is a short-cut of
Roze [9] and Eidus [4]. Lastly we remark that if we assume a
stronger condition ¢,(x) =o(r™"), then for 4 satisfying
rol>lirrrlﬁswup{r3rqx(x)+roql(x>} (0<7,<<2) we have

lim R"°’2"”ES lulfdx=00 for any e>0.

J Ro<izi<R

(See, Uchiyama [10], Mochizuki [7] and Mochizuki-Uchiyama [8].)

§1. Notations and Main Results

At first we shall list the notations which will be used freely in the
sequel:

E,pp=Em+... +&x, for & nelCr;

6] = (K&, 8 for £eCm;
£=x/|x| and r= |x| for x=(xy,...,x, ER";
S ={x| |x| =t} for t>0;

B(s,t) ={x|s<] x| <t} for t>5>0;
0;=08/0x; and 0,=0/0r;
D;=0;+1—16;(x) and D=(D,,...,D,);
grad f=(0.f,...,0,f) for scalar valued function f(x);
div g=0,g+... +0,g, for vector valued function
gx) =(&x), ..., 8(x));
A=A(x) =(a;;(x)) is an nXn matrix;
B=B(x) =curl b(x) =(0,b;(x) —0,;6;(x)) is an nXn matrix;
(f)-(x) =max {0, — f(x)} =0 for a real valued function f(x);
supp[f] denotes the closure of {x| f(x)#0};
C’/(£2) denotes the class of j-times continuously differentiable func-
tions;

Ce () ={f(x) |for any j=0,1,2,..., fE€C(2) and supp[f] is a
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compact set in £} ;
L@ = {f ()] SQ' (%) | tdx< o0} for p=1:

L, () ={f(x) |for any compact set KC&, SK[f(x)l"dx<00} for
p=1;

H™(82) denotes the class of L?*-functions in £ such that for all
distribution derivatives up to m belongs to L*(£2);

Hp () ={f(x) |for any compact set KC 2, feH"(K)};

H{(£2) denotes the completion of Gy (£2) with respect to the norm

1/2
(§ crrv+terad rrax)”.
Next we shall state the conditions required in the theorems.

(Al) each g;;(x) €C*(2) is a real-valued function;

(A2) a;;(x) =a;(x);

(A3) there exists a constant C;>1 such that for any x&£2 and
any §€C" we have

CTE1P<CA (%) €, 6> <C 1617

(A4) a;;(x) —0d;; as |x| —oo;

(A5) 0a;;(x) =0(r™") as |x| —>o0;

(A6) 0,0,a;;(x) =0(r™") as |x|—o0,

(B1) each b;(x) €C'(£2) is a real-valued function;

(B2) |B(x)A(x)x]| =0(1l) as |x| —oo,

(C1) ¢,(x) is a real-valued function;

(C2) for any weH],.(2) we have ¢, |w|?*e L}, (2);

(C3) for any weH, (2) we have |grad ¢;| lw|?€L},.(2);

(C4) there exist some real-valued function y(x) and some con-
stant 0<7,<2 such that

[7(x) =70 | +7772 (9,7 (%) |+ | grad y(x) —£0,7(x) |=0(1) as r—oo,
lirrLiup {r{2, A(x)grad ¢,(x)>+7(x)¢q:1(x)} <oo.

(D1) ¢,(x) is a complex-valued function;
(D2) ¢:(x) =0 (@Y%) as r—co,
(E) there exists some constant Ry >0 such that 2> {x| |x| >R,}.
We shall consider
—<KD, ADu>+ (¢;+q)u=2u in £,
(*) { ueH;,.(D),
supp[u] is not a compact set in 2 (closure of 2),
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where 1 is a real constant. Now we have

Theorem 1.1. Let u satisfy (*¥), and let conditions (4), (B), (@),
(D), (E) hold. Then for any p>0 satisfying

) (2 +2) >IirrL§°up {r{£, A(x)grad gq>+7(x)q:(x)
+ (4p) 7 g (x) |24 (2 —70) THB (%) A (x) x| 7,

we have

lim ezﬂRSS(R) [ [<ADu, £5|%+ (1+ (g) ) u|71dS=co.

R—oo

Theorem 1.2, Besides the conditions assumed in Theorem 1.1, we
assume that q,(x) saiisfies the following:

(F) for any >0 there exists some C,>0 such that for any
we HY () we have

S (ql)_lwizdxgsg | grad wizdx—I—ng w| %dx.
o 2 2

Then we have for u and p given in Theorem 1.1

R—oo

lim ez"Rg \u) dx = oo,
B(R,R+D)

and

S e |u| *dx =oo,
Q

Remark 1.1. Mochizuki [7] treated the case y(x) =7 (4%, £).

Now we shall consider a more special case:

_<D’Du>+(q1+qZ)u:2u in .Q’
(") 1 uEHL(Q),
supp[«] is not a compact set in £,

where 4 is a real constant. Here we can weaken (C3) as follows:

Theorem 1.3. Let u satisfy (¥**). We assume conditions (B), (C),
(D), (E) with a;;(x) =0;; except for (C3). Instead of (C3) we assume

(C3)': for any weH},.(2) we have (0,qy) |w|*E Li,.(2).
Then for any p>0 satisfying
#9: p(pf+ 4 >lim sup {rd,4:(x) +7(x) g2(x)
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+ (4) 7 1@ () |2+ 2 —710) | B(x) x| %
we have

lim e [ 1CDu, 8517+ (1+ (g ) lul T1dS =oo.

R—o0

Theorem 1.4. Besides the conditions given in Theorem 1.3, we
assume (F), which is given in Theorem 1.2. Then for u and p given in
Theorem 1.3 we have

lim eZ”RS lu| %z =oo,
B(R,R+1)

R—>o0

and

S € |u| *dx =00,
9
As a special case of Theorem 1.4, we have

Theorem 1.5. We assume that q,(x) satisfies (C1), (C2), (C3)’, (F)
and lim sup (r0,4,+70q1) <0 for some constant 0<y,<2, ¢;(x) is a complex—

r—>c0

valued function satisfying q,(x) =o0(r %) as r—o0, b;(x) EC*(2) is a real-
valued function (1<i<n) satisfying 0:p;(x) —0;b;(x) =0(r™") as r—o0 and
(E) holds. Then for u satisfying (**) and for any ¢>0 we have

lim e2‘1+5)”ng lu] %dx =00, if 2<0,

R—>c0 B(R,R+1)

lim e“:RS
Reroo B(R.R+D)

|u| 2dx =00, if 2=>0.

Lastly we shall consider the most special case:
—du+ (q1+q)u=2u in 2,
() 1 ueHL (),

supp[«] is not a compact set in £,

where 2 is a real constant and 4 is a Laplacian in B". Now we can
also weaken (C3) and (C4) as follows:

Theorem 1.6. Let u satisfy (¥**). We assume conditions (C), (D),
(E) except for (C3) and (G4). Instead of (C3) and (C4) we assume
(C3)" and
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(C4)": there exist some real-valued function y(x) and some constants
0<7<2, 0<a<<2 such that
7(x) + |lgrad 7(x) —20,7(x) |*<2 for r>R,,

l7(x) —710| +7r72|0,7(x) | + |grad y(x) —x0,y(x) |=0(l) as r—oo,

lirrrimsup {ro,q:(x) +7(x) g1 (x)} oo,

Then for any p>0 satisfying
() : 70(¢7 +2) >lim sup {r8,41(x) +7 () () + (40 77 lg2(0) [,

we have

lim e 10,04 (14 (g0 ) u FldS =oo.
(R)

R—>co

Theorem 1.7. Besides the conditions given in Theorem 1.6, we
assume (F). Then for u and p given in Theorem 1.6 we have

lim eZ"RS lu dx oo
B(R,R+1)

R—o00

and

g e |u |2dx =oo.
0

Remark 1.2. If 0<3,<2 and a;;(x) =0;;, (C4)’ is the same condi-
tion as (C4).

§2. Proof of Theorem 1.1

We shall begin to give the following definition of which meaning
is shown in Lemma 2.1. In §2 we assume (A), (B), (C), (D) and
(E).

Definition 2.1. Let u(x) satisfy (*). For smooth real-valued
functions p=p(r), f=f() and g=g(x), let
v(x) =e*Pu(x),
ki(x) = — {0’ (nN}*A(x) £, £,
ky(x) =p"" () <A(x) £, £>+p'(r) div{4(x) £}

and
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Ftio f,9 =\ [f@1<8, ADo> —<a, 42> (Do, ADw)

+(1—2+k) |2 D} +g Re[<£, ADvpr]14S,
where Re[w] means the real part of w.

Lemma 2.1. For t>s>R, we have
F(t:p,f,g) _F(Sip:f;g)
=, 2@OS S f) [KADo, 85 [+ 2 fg
— fdiv(4£) —<&, A£>f"){ADv, Dv>+2r"f(|ADv |?
—<{ADv, Dvp) +2f Re[{%, ({ADv, grad)4) Dv)]
—f{({#, 4 grad)A4) Do, Dv)+2Re[ (f(g2+k2) +g0’
+2719,9) < £, ADv>v]
—2f Im[{BA%, ADv>v] +Re[ < (grad g-£3,9), ADv)v]
+ {(qi—2+k) (g— f div(4%) — <2, AZ))
—f{2, 4 grad(g:+k)>+g(Re[gz] +£2)} [v[*]dx,

where Im[w] means the imaginary part of w.

Proof. By Definition 2.1 o(x) € H3.(2) and v(x) satisfies for
r >R,
—<D, ADv)+20'<Z, ADv) + {(g:— 2+ k) + (g2t k) }o=0.
Then we have
Rel  [=<D, ADu)>+20°<, ADoy+ (1= 2+ k) + @t} o]
X [2f (r) <&, ADv)+ g(x)7]dx=0.
In the left side of the above equation we use the integration by parts

such as

S 0w dng xw dS—S Zaw dS for w, dwe L}, (2)
B(s,t) N6 S(s)

(Cf. Lemma 4.1). Noting

D.D;—D,D;=V—1(8h;(x) —9b:(x)),
2 Re[<D:Dv, ADv)] = 3;({ADv, Dv)) —<(8;4) Do, Dv),

we have the assertion. O

Lemma 2.2, Let 1 —27Y%<I<l. Then for any p>0 satisfying (%)
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there exists some Ry>R, such that for any t>s>R, and any m=>1, we
have

F(t;pr+mr, 1, div(42) —y(x)r™)

>F(s;pr+mr, 1, div(42) —y(x)r™).

Proof. Let >0 satisfy (#). By (B2) we can find some 0<d<2—7,
such that

ro(¢+2) >lim sup {r{£, 4 grad ¢ +rqi+ (4 77 lg:
+0671|BAx 3.
Let
p(r) =pr+mr', f(r) =1 and g(x) =div(4(x)£) —y(x)r7Y
where m>1 and 1—27",<[<1 are constants. Let each () (=1,2,

...) be a positive function for r>0 which tends to 0 as r—co,
Noting

[KAZ, 2> —1|+7 <&, A grad (A%, £>)> | +r2|d,g|
+r|grad g—%£0,g| <e(r),
div(4£) =0t as r—oo,
we have the following by direct calculation.
220" f+f —r7f) IKADv, £ 2=r" (4 pr +4mlr'—2) |{ADo, £ |2,
(2r  f+g—f div(4£) —<{&, AZ>f") {ADv, Doy
>r1(2—10—&(r)) {ADv, Dv),
2r71f(|ADv}?—<{ADv, Dvy) > —e&;(r)r~*{ADv, Dv},
9f Re[<£, ({ADv, grad>A4) Dv)]> —e,(r)r*{ADv, Do,
— fK({%, A grad>A) Dv, Dvy > —e5(r) r{ADv, Dv),
2 Re[{f(g:+k2) +g0"+270,8) (£, ADv)v]
> —r 7 (4pr+mir') <&, ADv) |*—r {(4p) 77| g2 |2
+mlr' e (r) +e(n)} o[,
—2f Im[{BAX, ADvyv] > —08r"(ADv, Dv>—r"1(67' |BAx |?
+es(n) o],
Re[{(grad g—£9,9), ADvys] > —ey(r)r(<ADv, Doy+ v 3,
(r—2+k) (g—f div(42) — f<£, A2D) — f{£, A grad(q:+k)>
=1 ('A%, £>+2rp" 0" (A%, £)*+rpXx, A grad ({AZ, £>)>
+rA—r{£, A grad q>—7rq)
2 [ (P +2) — (<3, 4 grad g0>+7rq1) —en(n)}
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(2 o — 2 — ey () ) 72
+2uml(l+ 10— 1 —ep(r) ) '],
gRel[q.] +kz) = —es(r)r (1 +2pmlr'™Y).
Then by Lemma 2.1, we have
F(t; pr+mr, 1, div(4£) —y(x)r™)
—F(s; pr+mrt, 1, div(4£) —7(x)r™)
>{  rGmir-2) KAy, 2 1

+ (2— 70— 0—ey(r) ) {ADv, Dv)
+ {ro(p2+2) — (1<{£, 4 grad ¢
() g () 7 gy P87 | BAx ) —en () o2
+m*? QCl+710—2—eu(r)) 72y |?
+2uml(I+7o—1—e(r) ) r'™* [v [7]dx.
Noting
I+70—1=2"22l+7,—2) +27 >0,
there exists some R;>R, such that for any r=R; and m=>1, we have
3miRI—2>0,
2—7’0_5_514(7') =0,
ro(p2+2) — ({2, A grad g +7r(x) i+ (4) 7' lgz |?
407 |BAx |2 —eu(r) >0,
2L+ 1y—2 —e(r) 20,
I+70—1—¢,(r) >0.

Therefore we have the assertion. ]

Proof of Theorem 1. 1. If lim sup{r{#, 4 grad ¢ >+7rq} >—0o0,
then by (B2) and (D2) o
70(f+2) —lim sup {r{#, 4 grad q.>+rq:+ (4p) 7'r g |*
+ @707 BAx )
is a continuous function of ¢ >0. Therefore for any >0 satisfying

(#), we can find g’ such that 0<lp'<lp and p’ satisfies (#) also.
This conclusion also holds in case lim sup {r{#, 4 grad ¢,> +yq:} = —oo.

Noting the fact mentioned above, we have only to show that for any
¢’ >0 satisfying (#) we have

lim inf eS [ [<ADu, £> P+ (1+ (g -) |4 [71dS>0. -
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We shall prove above by contradiction. So we assume that this is
not true. Then there exists some g >0 satisfying (#) such that

lim inf Z%RSM[ I<ADu, %> P+ (1+ (g0 - lu |71dS =0.

By the remarks given at the beginning of this proof, we can find
0<p<pyo satisfying (¥#). By Definition 2.1, for given m>1 and
1 —27%,<I<1 there exists some constant C3>0 such that for any
t >R, we have

F@y pr+mry 1, div(4z) —pr™)
:ewgs [2 <4, ADuy [+, A>{—<Du, ADup-+ (=0 lu
(t
+ (div(4s) —yr e’ [u | +20'KE, A2)? |u |?
+ (204 &, A£>+div(A£) —yr ) Re[{#, ADudu]]dS
scgew'"f’gs( [1<4, ADu> |+ (1+ (g =) |u |71,
t)

where o=pr+mr'. Then noting [<1 and p<g we have
lim inf F(¢ pr-+mrt, 1, div(4£) —pr~Y) <0.

oo

So letting t—>co along suitable sequence in Lemma 2.2, we have for
any s>R; and any m=>1

F(sy pr+mi, 1, div(4d4) —yrh) <0.

On the other hand, since supp[«] is not a compact set in £, there
exists some R,>R; such that

Ssm (2, A P |u %S>0,

—2¢Ry—

m 1

"R (R pr+mi, 1, div(42) —prY) is a quadratic in m

of which coefficient of m? is 212R§”"”S K&, A2> |*|lu]* dS>0, then
S(R,)

Since e

there exists some my,>1 such that

F(Ry; pr-+myrt, 1, div(4s£) —yr™) >0,
which leads to the contradiction. ]
§3. Proof of Theorem 1.2

Lemma 3.1. Let 2D {x| |x| >Ry} be a domain in K", and each b;(x)
(i=1,...,n) be real-valued function on 2. Let V (x) satisfy the following:
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for any e>0 there exists some C,>0 such that for any we Hi(2)
g IV(x)]Iw(x)IdegsS | grad w]zdx+C4S o (x) | .
2 2 Q

Let C(t) be a smooth function on (—o0,00) satisfying 0<L(@) <1 for
—oco<t<oo, L(t) =1 for 1/3<t<2/3 and supp[C]lc(0,1). And let
Cr(@®) =C(—R). Then for any €>0 there exists some constant C5 >0 such
that for any we Hi,.(2) and any R>R,, we have

. adxd @ lww < aibeidacl, ol

2 2 B(R.R+D)

Proof. Let w® (x) = {|w(x) |*4+ 9%} Y2 for >0 and wE H},.(2). Then
w?e H},, (2) and |grad w®|< |Dw]|, because of w® grad w®=Re
[w grad w]=Re[wDw] and |w|<|w®”|. Then by Cmw”cHi(2)
for R>R,, we have

S czlvnw(wvdxgsg | grad (Caw™) ide+c4S | Caan® [%dx
Q2 Q2 2

gzeg 22| Dw |*dx+ (Co+2 max (C'(:))Z)S w® |dx.
2 0<i<1 i8]

B(R,R+

Letting »—0, we have the assertion. (This proof is the same one
given by Eastham-Kalf [3, p.249].) ]

Lemma 3.2. Let 22 {x||x| >Ry} be a domain in R", and let Lz(2)
be the same as given in Lemma 3.1. Let A(x)=(a;;(x)), b;(x) (=1,
..,n) and V(x) satisfy the following:

(1): there exists some constant Cs=>1 such that for any x&£2 and any

el
Cit 1§ P<<CA(x) €, E><Cs 1€ 17,

(2): div(Az) is bounded on £,

(3): each b;(x) €C*(2) is a real-valued function,

#): V(x) is a complex—valued function on £,

(9): for any €0 there exists some C;>0 such that for any we H}(2)

Sg (ReV) _ (%) |w(x) |dx _<_sgg \grad w ide+c7S \w] %dx.
2

Let u€ H?%, (2) satisfy
—<{D, ADu>+Vu=0 in L.
Then there exists some constant Cs >0 such that for any R>R, we have
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{ b+ ®e vy wiar<a

lu |%dx.
B(R,R+1)

Proof. By Lemma 3.1, for any >0 there exists some Cs;>0 such
that

| a®en wpac<ed aipuparrcy e
@ Q B(R.R+D)

So we have only to show that there exists some constant C;>0 such

that for any R>R,

S 22 | Dy Wxgcgg \u |%dx.
2 1)

B(R, R+

By integration by parts we have
0=Re| C[—<D, 4Du>+Vla dx
2

- S [C4{<ADu, Duy+ (ReV) u |} — {Calh div(A)
+ (L) &, ABD) |u|7dx
>{ arcs 1pu— vy lu v —Cu lu %

B(R, R+1D)

> (€= G IDuldx— (Cot Co)|

|u |dx,
B(R,R+1)

where we also use Lemma 3. 1. So if we choose ¢ to satisfy 0<(e<C7?,

we have the assertion. L]
Now we prove Theorem 1. 2.

Proof of Theorem 1. 2. By Theorem 1.1, for any x>0 satisfying
(¥) we have

lim o) [1CADu, £ [+ (1 (0 ) Ju 1S =oo.

R—oo

Fix p>0 satisfying (#). Then for any M >0 there exists R; >R, such
that for any ¢ >R;

|, [KADu, £+ (1 (g0 ) |u F1dS =Mo"
(¢
So we have for R>R,

MSICZ(t) dt - e-zﬂ‘R“)gMg 2(t) e dt
0

R+1
R
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<

CRL [<ADu, £> 1+ (1+ (g0 -) |u|*]dx

SB(R.R+1)

<Cu({ GtiDul+ @ -lwas+(, ulix)

(R.R+1)

Sclzg lu |%dx,

B(R,R+1)

where we use Lemma 3.2 with V(x) =¢;+¢,—4, which satisfies the
condition given in Lemma 3.2. This means the former half of the
statement of Theorem 1.2 holds. The latter half is easily obtained
from

S ez“'lulzdeez”RS )lulzdx for R>R,. L
Q

B(R,R+1

§4. Proofs of Theorems 1.3~1.7

If a;;(x)=0;; in £, we can weaken (C3) as (C3)’. (The author
[10] and Mochizuki [7] neglected this condition, but Kalf [6] pointed
out this in application of the Gauss’s theorem (integration by parts).)
We prepare the following:

Lemma 4.1. Let 0<<a<b. We assume wsL'(B(a, b)) and owe
L'(B(a,b)). Then for any a<t<b, Ss w dS exists (by choosing suitable
®
representative for w, if necessary) and for any a<s<t<b

S 0,w a’ng wdS—g wdS—S (n—Dr'w dx.
B(s.t) S@® S(s) B(s,t)

Proof. Let j(0) €C5(—c0,00) satisfy the following: j(¢) =0 for
l6]>1, j(6)=0 for o€ (—o0, ) and S‘” j(@)do=1. Take a’, b’
arbitrarily to satisfy a<la’<l6’<b, and let

h(r) = Ss< ) w(x)dS for a<r<b,

heo) = o ixDw@dx for a'<o<t,

B(a,b)

where 0<le<min{a"—a,b—b'}. Since h(r) &L'(a,bd), for any 7>0
there exists some 0<0<min {a’—a,b—5'} such that for any ¢ satisfying
|€]<0 we have
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(1) =0 lar<a,
We have for a’<p<lbd’
he(0) =S::e'j(s—1(p—1’))h(r) drzgl_lj(a)h(p—sa)da.

Then for any >0 there exists some 0<d<min{a'—a,b—5b} such
that for any 0<e<{d

[ 1heto) = o) ldp < ao (@) 1h(o—eo) ~h (o) Ido
=" j@ao{” 1ho—e) o) o<,
Next we have

b= 5, E 0151w ds

B(a,

= —s'ISB(a , 0, {jEe (o—n))}w(x)dx

:e'lg G (p—1)) Baw+ (n—1)r~w) dx,
B(a,b)

where we use the definition of distribution derivative d,w. So by
ow+ (n—1)r''weL'(B(a,b)) we have similarly

Sbl |th(.0) —S (Ow~+ (n—1)r"w)dS|do—0 as e—0.
a’ dp S(0)

By h.(0) €C'[a’,b’], for any b" satisfying a’<b’’<b’ there exists some
C13>>0 such that for any p satisfying a’<p<b"" we have
b’
o) e (o) | = @' —=0) | (W' =0) (helo) o 0)) o
b/
<G| 1 he(@) = (0) 1+ (@) ~he (0) [} do—0

bl
as ¢, ¢’—0. Because b’ is arbitrary and S |he(0) —h(p)|dp—0 as e—0,
we have lim A.(0) =h(p) for any p& (a’,b’), where suitable represent-
&0

ative of w is chosen, if necessary. Since for any s,¢ satisfying

a’<s<t<b’
S:_‘Z;T}zs(p) do=h,(t) —h.(s),

we have the assertion for a’<ls<¢t<(b’ by letting ¢—>0. Because a’
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and b’ are arbitrary, we have the assertion. |
Now we can show the proofs of Theorem 1.3~1.7.

Proof of Theorem 1.3. TUnder our weak condition (C3)’, Lemma
2.1 is also true by replacing g;;(x) with ;. In fact in the proof of
Lemma 2.1 the term related to ¢;(x) is

SB(S D) (2fg: Re[<4, m>z)] +gq: |0 %) dx
ZS (fq:0, (|0 1% +gg, |v|®) dx,
B(s,t)

which, noting Lemma 4.1, can be integrated by parts. Then Lemma
2.2 and the proof of Theorem 1.1 is also true, if we replace a;;(x)
with 55,'. D

Proof of Theorem 1.4. Noting Theorem 1.3 we have the assertion
by the same way as the proof of Theorem 1. 2. ]

Proof of Theorem 1.5. For any e>0 let

_{(l—l-e)\/lTI, if 2<0,
2, if 2>0.

Then this p >0 satisfies (##). So by Theorem 1.4 we have the
assertion. ]

Proof of Theorem 1. 6. Replacing a;;(x) with 9;; and b;(x) with 0,
Lemma 2.1 is also true. Then we have
F(t;o,f/,8 —F(G50,f,9
:SB( Q0SS =) (8 [+ 27 f g f div(#)
— /") |grad o|*+2Re[ (f(g:+k2) +go"+270,9) (3,0) 0]
+Re[<(grad g—£0d,9),grad v)v]+ {(g1—2+k) (g—f div(£) —f")
—f0,(q:+k) +g(Relg:]+£2)} |v|*1dx.

In the above let

S =1, glx) =fdiv(£) +f —r@x)rt=m—1—rx)r7,
p(r) =pr+mr’,
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Then we have

Q2rtf+g—f div(#) —f") |grado|?
+Re[{(grad g—£0,9), grad v)v]

>r 1(2—7r(x) — | grad y(x) —£0,7(x) |*) |grad v|?
— (4r) | grad y(x) —£0,r(x) [*|o|?

> 17y (r) 0] %

So replacing a;; (x) with 0;; and &;(x) with 0, Lemma 2.2 and the

proof of Theorem 1.1 are also true under our weak conditions (C3)’

and (C4)’. O

Proof of Theorem 1. 7. By the same way as the proof of Theorem

1.2 we have the assertion. ]

(11
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