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Abstract

Our purpose here is to seek on an arbitrary uniform algebra the class of representing
measures which admit a certain maximal function for each log-envelope function defined
on the maximal ideal space of the algebra. These maximal functions can be considered
as a proper generalization of those that are associated with two-dimensional Brownian
motion in the concrete algebras R(K).

Most of the results already obtained from the probabilistic approach, e.g. Burkholder-
Gundy-Silverstein inequalities, a weaker form of Fefferman’s duality theorem etc., are
valid for our maximal functions. The remarkable feature of our class of representing
measures is that it is stable under the weak-star limit and the convex combination.

In the concrete algebras R (K), if the harmonic measure and the Keldysh measure
for a given point of K are different, then our class of representing measures that are
supported on the topological boundary of K forms an infinite-dimensional weak-star
compact convex set in the dual of C(K).

§0. Introduction

It is well-known that Hardy spaces on the unit disk carry the maximal
functions of several types. The probabilistic approach to the analysis of them
has been developed by many authors. Of course, most of the results are valid
for more general Hardy spaces, if we concentrate our attention on the Brownian
maximal function. The purpose here is to study these results from the view-
point of general uniform algebra theory. That is, we shall investigate a certain
class of representing measures associated with uniform algebras whose Hardy
spaces admit the maximal function analogous to that of the Brownian motion.

In order to explain our strategy, let us consider the concrete algebras. We
denote by K a nonempty compact subset of the complex plane. R(K) is the
uniform closure in C(K) of all rational functions with poles off K. We use
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the symbol 2x to denote the Keldysh measure associated with the set K and a
fixed point p, of K. By the result of A. Debiard and B. Gaveau [3], Ax is
maximum in the logarithmic order among all Jensen measures for p, with
respect to R(K). Here the logarithmic order (<) implies the partial order over
positive measures on K induced by the cone of all continuous functions that are
subharmonic in neighbourhoods of K. The same is true for each R(K)-convex
compact subset F of K, if it contains p,. Consequently, to the Keldysh measure

Ax there corresponds a family {Ar} of Jensen measures indexed by the R(K)-
convex sets such that

(1) each A is a Jensen measure for p, supported on F > p,,

(2) if FCG, then 2p</26,

(3) each Az is maximal in the logarithmic order among all positive measures
on F.

It is well-known that these measures are derived from two-dimensional Brownian
motion starting at p,, and accordingly Brownian maximal functions, or more
precisely their conditional expectations, are defined in L*(4dx) for functions | f|?,
|u|?, where feR(K) u=Re f and 0<p<oco. Furthermore, most of the results
obtained in the case of the unit disk are still valid in such circumstances, if we
interpret the argument on the duality <H}, L*/H*) suitably. We shall show
them from the viewpoint of general uniform algebra theory. Namely, suppose
a uniform algebra 4 has a Jensen measure Ao for which there exists a family
of measures satisfying (1), (2), (3) on the maximal ideal space 2 of A. Here
the logarithmic order is defined by using the cone of all continuous log-envelope
functions on £. Applying this assumption only, we shall establish the following :

(4) the generalized (conditional expectations of) Brownian maximal functions
can be defined in L!(4p) for functions as stated above,

(5) the maximal function, together with the original function, enjoys Burkholder-
Gundy-Silverstein inequalities,

(6) a weaker form of Fefferman’s duality theorem holds, i.e. as the functionals
on Hj (), abstract harmonic functions on £ have the norm bounded by
the constant times the Garsia norm of them. (Theorem 5.5, Corollary 5.6
and Theorem 5.7.)

From applicational point of view, conditions (1), (2), (3) are too hard. So we
shall relax them in Definition 4.1. The relaxed conditions have the remarkable
feature. That is, the class of representing measures satisfying these conditions
are stable under the weak-star limit and the convex combination (Theorem 4.8,
4.9.)

In Section 6, our concern will return to the algebra R(K). If K has an
interior point p,, and if Jensen measures for p, that are supported on 0K are
not unique, then infinitely many Jensen measures for p, carried on 0K admit
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families of measures satisfying the relaxed conditions. Owing to the above
stability theorems and Remark 6.6, they form an infinite dimensional weak-star
compact convex set in the dual of C(K). Of course, all Jensen measures cited
here satisfy the results stated above.

Finally, the author expresses his deep gratitude to Professor T. Gamelin
who advised him on all the phases of this article. The author’s thanks are
also due to the referee for the valuable communication.

§1. Preliminaries

Throughout this paper, we follow the useful terminologies in T. W. Gamelin
[5], [6]. We first clarify the notations, and mention some of the basic facts
without proofs. Details can be found in [5], [6].

In the sequel, A always denotes an arbitrary, but fixed, uniform algebra on
some compact Hausdorff space. The letter £ will designate the maximal ideal
space of 4. Let h be a real-valued function defined on a subset E of 2. The
lower log-envelope i of h is an extended real-valued function on £ defined as

h=sup{clog|f|: fE€A, ceR, ¢=0, h=clog|f| on E}.

We use the letter J to denote the totality of functions f in Cr(£2) such that
f =f on £. Clearly J is stable in the max operation V, i.e. fVg=max{f, g}
is contained in J provided f, g belong to J. Therefore, J—J is uniformly
dense in Cgr(2), because J contains Re A, the real parts of functions in A.

Since J is a convex cone of Cg(9), it defines a partial order over all finite
regular Borel measures that are supported on £. We are interested in the order
restricted within the positive measures on £2. This order relation will be denoted
by the symbol < and called the logarithmic order simply. Here we note that
a probability measure g is a Jensen measure for pe if and only if it satisfies
the relation J§,<g, where §, is the Dirac measure at p=£.

We say that a positive measure is maximal if it is a maximal element in
the logarithmic order among all positive measures on £. It is known that every
positive measure is dominated by a maximal positive measure concerning this
order relation. Also it is known that a positive g is maximal if and only if it
satisfies A=h a.e. p for all h of Cg(£). In this characterization, if o is
supported on a closed set containing the Shilov boundary of A, & can be replaced
by continuous functions defined on the closed set.

Let p be a point on £ for which the point mass d, is maximal in the
logarithmic order. The totality of such points is known as the Jensen boundary
of A. It is a dense subset of the Shilov boundary of A4, and contains all
generalized peak points with respect to A. In case that A is separable, all
maximal positive measures are supported on the Jensen boundary, which is a
Gs-subset of £ in this case.
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Let £ be a nonempty compact subset of 2. The A-convex hull of E is the
totality of points in £ whose evaluation functionals A= f—f(p) satisfy the
inequality

[f(P)I =l fle=sup{|f(g)!: g€ E}  for all f of A.

Let Az denote the closure in C(E) of the restriction algebra A|z. Then the
maximal ideal space of Ay is identical with the A-convex hull of E. Therefore
all the facts quoted above are valid for them. In this case, we note that
maximal positive measures associated with Az are supported on E, because E
contains the Shilov boundary of Az. We say that a positive measure is maximal
on E if it is supported on E and maximal in the logarithmic order with respect
to Ag. Since Alg is dense in Ag, a positive g is maximal on E if and only if
it satisfies h=h a.e. p for all heCg(E).

We are now in a position to define a subfamily of Jensen measures as
stated in the preceding section. Recall that this subfamily has been desired to
be as small as possible. For a given point ¢, put G=Q[g=r]=
{peR: g(p)=r}, where geJ and r>g(q). Clearly G is A-convex. We denote
by &, the set of all such G’s.

Definition 1.1. Let {2¢: G€Y,} be a family of Jensen measures indexed
by %, We say that this family is maximally consistent if it satisfies

(1) each element Az is a Jensen measure for ¢ supported on G,
(2) for G, K of g, if GCK, then <1,
(3) each A is maximal on G in the logarithmic order.

The terminal measure Ao of the family will be called a Keldysh measure
for gq.

§2. Some Properties of Locally Maximal Measures

The aim in this section is to prove Theorem 2.4. In comparison with the
probabilistic theory of Hardy spaces, it seems that this theorem corresponds to
the strong Markov property of Brownian motion.

The powerful device for our investigation is the following deep result due
to T. Gamelin and N. Sibony ([7] cf. [6]).

Theorem 2.1. (The localization principle for the Jensen boundary) Let B
be a uniform algebra and let K be a closed subset of the maximal ideal space of
B. Suppose an interior point p of K belongs to the Jemsen boundary of Bg.
Then p belongs to the Jensen bonndary of B.

Applying this theorem, we first establish a localization theorem for locally
maximal measures. Here we note that the next theorem is contained in the
above result if a uniform algebra in problem is separable.
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Theorem 2.2. Let A be a uniform algebra with the maximal ideal space Q,

and let KCQ be compact. Suppose a positive measure p is supported on Int K
and maximal on K. Then it is also maximal on L.

Proof. At first given a countable subset S of A, we construct a separable
subalgebra B of 4 which contains S and has several nice properties.

Let {V,]}T be a sequence of open subsets of Int K such that each V, is
defined by a finite number of functions {f?} in 4, ie. V,=N.2[|f* <1].
Since p is regular, we can take {V,} so that p{{JV,}=plnt K)=|lp|. Let
denote by B, the closed subalgebra generated by S, constants and all f7.
Clearly B, is separable. By induction we manufacture a sequence {B,}5-; of
separable closed subalgebra in A so that they satisfy

(1) B,.CB,., (neN),

(2) if 7 is a nontrivial character (multiplicative linear form) on B,.,, then (g,
coincides with the evaluation functional of some point in £,

(3) if D, is the closed subalgebra of Cg(2) generated by Re B,, then for each
h of D, and e>0, there are functions {g,} of B,.; and ¢,=0 such that

h=c,loglg,] on K, Smax{c]10g1g]|}dp>5hdy—a.

Assume that B, --- B, have already been constructed. Since D, in (3) is
separable by induction hypothesis, it has a countable dense subset {A,, fis, -}
Then for each h, and meN we can find a finite number of functions {g%,} in

A and ¢*=0 such that 4,=c*log| g%, | on K, Smaxk{cklogig’jml }d/,z>glzjdy——l/m.

These are possible, because g is maximal on K in the logarithmic order. Let
denote by B, the closed subalgebra of A generated by B, and all g%,. Clearly
En is separable. Moreover, any closed subalgebra of 4 containing ﬁn satisfies
condition (3) automatically. Let z':l?n;A be the canonical inclusion map and
i*: A*—B¥ be its adjoint. Since relativized weakstar topology on the maximal
ideal space JM(I;’,L) of En is metrizable and 7*(£2) is compact, Jn(én)\z’*(ﬁ) is
sigma compact. So the set

)Y H(B ) NH( Q)N A*

is sigma compact also, where b.A* is the closed unit ball of A*. Therefore we
can find a countable subset Q of A so that for each rebd* with *(r)=
JM(E,J\Z‘*(.Q), there are elements f, g of Q satisfying z(fg)=7(f)r(g). Denote
by B..: the closed subalgebra of 4 generated by B, and Q.

It is now clear that B,,, is separable and satisfies (1), (2), (3). Thus by
induction we obtain the desired sequence {B,} of separable closed subalgebras
in A. Let B be the closure of \U3-,B,. Then B is a closed separable sub-
algebra in A with S and constants. Denote by 7: B A the canonical inclusion
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map, and by *: A*—B* its adjoint. Then *(2) coincides with %g, the maximal
ideal space of B. Indeed, pick up any point r€.SHg. Then by (2) ¢|B, is
identical with some evaluation functional. Put P,(r)={p<Q: g(p)=g(), gEB,}.
It is clear that P,(r) is compact and decreasing along the index n. Therefore
N\ Pn(z) is nonempty, and so 7*(/\P,(r))=r. This implies that .9y is identical
with the compact Hausdorff space @ obtained from 2 by regarding each level
set [\ P,(r) as one point. (We consider so in the sequel.) Let j:Q2—9 be a
continuous map so that f(p)=/f(j(p)) for all f=B and p=L2. The map ; gives
rise to the canonical inclusion C(2).C(R). We will not distinguish between
C(2) and its image under this inclusion. Denote by # the restriction of £ onto
the Baire sub ¢-algebra ¢{C(2)}. 7 can be viewed as a regular Borel measure
on @. We show that # is maximal on @ in the logarithmic order associated
with BcC(2).

Firstly by very definition of {V,}, each j(V,) is open in £. Therefore Jii
is supported on the interior of j(K). On the other hand \JD, is uniformly
dense in Cg($2). This implies that Z is maximal on j(K) by (3). In particular
7 is supported on the Jensen boundary Xy of B,,, because Xx is G;-set.
(B,x, is separable.)

By Theorem 2.1, all points in XxNInt j(K) belong to the Jensen boundary
of B. This yields that g is supported on the Jensen boundary of B, and so
is maximal on &.

We are now in a position to complete the proof. Recall that B contains
the countable subset S of A previously given. Assume that the assertion is

false. Then there exists a function A of Cg(Q) such that gh dp>gﬁ dyp. Since

the subalgebra of Cg(£2) generated by Re A is uniformly dense in Cr(2), we
may assume that % is in this subalgebra. Then we can find a finite subset S
of A so that the algebra generated by Re S contains the above function A. Let
B be our separable subalgebra of A containing S. Then we can regard % as
a function in Cgr(2). Put

h=sup{clog|g|: h=cloglg| on R, ¢=0, g=B}.
Then Sh dyzgh d‘azgﬁ dngﬁ dp, because 7 is maximal on @. On the other
hand (1 dp> [k apz[i dp=(h dg, a contradiction.
We need a localized form of the above theorem. Recall that an A-convex

compact subset K of £ can be identified with the maximal ideal space of Ag.

Corollary 2.3. Let K be an A-convex compact subset of 2, and let F be a
closed subset of K with the interior U relative to K. Suppose a positive measure
u is supported on U and maximal on F in the logarithmic order. Then p is
maximal on K.
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Theorem 2.4. Let A be a uniform algebra with the maximal ideal space 8,
and let F be a closed subset of an A-convex compact set GC2. Suppose that
positive measures pp, pe satisfy the relation pp<ps, and that pp is maximal on
F. Then for the interior U of F relative to G, the restriction measure pp|U is

absolutely continuous with respect to pe, and the density d(pr|U)/dpe is bounded
by the constant 1.

Proof. Put ¢=pp|U. By Corollary 2.3, ¢ is maximal on G i.e. =g a.e.
o for all g of Cr(G). For our purpose it suffices to prove that o(E)=pe(E)
for all compact subset E of G. Assume that ps(E)<o(E) for some compact

ECG. Let g be a function in Cr(G) such that g| E=1, 0=<g=1 and Sg dpe<o(E).

Then by pr<ps and 0=<g=g, we are led to a contradiction

o(B)> (g duoz 2 apo=g apr= (g do={g dsza(p).

§3. Conditional Expectations Between Ordered Measures

In order to clarify our purpose here, we first mention the result. The
notations will be explained in the argument.

Theorem 3.1. Let p,, p, be positive measures on Q with p,<p,. Then there
exists a positive measure v on the product space QX Q2 and a linear map T : LP(u,)
—LP(py), 1=p=oo, with |T|,=1 as follows.

(1) If we view each u, as a measure on 2X in the canonical way, then

v o {C(DR1=p, »|0{1QCD}=p. i.e.
Sh@l dngh dps, Sl@h du:Sh dps,  heC@).

2) (ThYQI=E(1®h | c{C(AR1}) a.e. v, heL?(y).
8) Tgz=g a.e. py, g€J. In particular, for every gcA or g€Re 4, Tg=g
a.e. py.

The map T will be called a conditional expectation between ordered measures
¢ and ps. (Note that conditional expectations can be characterized as continuous
positive linear maps from LP(us) into LP(p,) satisfying condition (3).)

Proof. Let D={E,--- E,} be the decomposition of £ into a finite number
of pairwise disjoint Borel sets. We denote by § the totality of such decom-
positions. & has the canonical order <. Namely, for jany pair D,, D, of §
with D,={E,; - E;z;} (=1, 2), the relation D,<D, implies that each member
E,. of D, is contained in some E,, of D, Call F={D":D<D’, D'sF}.
Then putting Dy={E,,NE;;};» for Dy, D, as above, we see that Fp,NTFp,=Fp,.
This implies that the family {§p: D} forms a filter base in the power set of
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& with respect to the set theoretic inclusion. Pick up an arbitrary ultra filter
I containing this filter base, and fix it throughout. Note that any map from
&% into a compact Hausdorff space always has the limit along 1.

Let u,, . be positive measures supported on £ with p,<g, For each
member D={E,-- E,} of § we consider the restriction measures p!|E,
(1=k=n). By Cartier-Fell-Meyer’s theorem (cf. [1]), there exists a decom-

3
position p2=k2_)1 tar Of pp into nonnegative elements {y,,}7 so that they satisfy

the relation p,|E< o, (1=£k=n). We fix one of such decompositions, .=
Ho1+ o+ s, for each D of .

Next, let 2,, £, be two copies of £ and consider the direct product space
22=0,%x0,. Each C(£,) can be regarded as a subspace of C(£2?) in the obvious
manner (j=1, 2). We denote them by C(2,)®1 and 1RC(2,) respectively. That
is, for an f of C(Q), (fQ(ps, p)=F1(p1), IQf NP1, p)=S(ps). The measure
¢, (resp. u,) can be regarded as a measure defined on a Baire sub ¢-algebra
d{C(2)RQ1} (resp. a{1QC(2,)}). We use the same notation g, (resp. p,) to
denote it.

Now, fixing a point p, of E, for each D={E,--- E,} of & we define a
positive measure v, on 22 by

VD:5p1®ﬂ21+ +51)n®,u2n ’ (#1|Ek‘</l2/e: 1=k=n). (3.1
Here 51,] is the point mass at p,=£,, and 51,]@/12,- denotes the product measure
of 6,, and p,;. That is
(a8, 9@, @) =15, oy, neC(@.

The total mass |lvpl|l of vp is equal to |[gll=lgell. Therefore, the map, D—uyp
from ¥ into the dual of C(£?) is bounded, and so it has the weak™® limit v along
. It is easily seen that v|o{1®C(2)}=y,. Moreover the relation v|o{C(2)R1}
=y, holds. Indeed, given a g=C(2) and £>0, we take D’ from § so that the
oscillation of g on each member of D’ is less than e. In particular, if D=
{E, - En} €8,

sup{|g(p)—gl@l: p, ¢€E;}<e, 1=k=n. (3.2)

So by (3.1), for every D of &,

Zellpl .

fe@ran—{gan|=| 3|, ts0)—glap

E’]ED

On the other hand, 11 contains &,.. Therefore taking the limit in the above,

‘Sg@l dy:Sg dp1i§slly1!]. Letting e—0, we see that Sg@l dv:Sg dyy. Since
i

geC() is arbitrary, we conclude that »|g{C(2)®Q1}=p,. Once these relations
have been established, we need not hesitate to use the notation L?(p,)®1 (resp.
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1QL?(y,)) for the canonical inclusion: LP(g,)Cs L2(v) (resp. LP(u,)Cs LP(v)),
0<p=co.

Finally, the conditional expectation on L(v) with respect to ¢{C(2)®1}
satisfies the relation:

E(l®g | c{CR1H=zeg®1  a.e v 3.3)

for every g of J. Indeed, given a g of J and i of C(£) we define the map
D—gp from § into L=(y,) by

Go={gdms/lpsl  on Eu, (3.4

where D={E, - E,} and p|E;<pr2r (1=k=n). Since |Zpl-=lgl~ this map

has the weakstar limit & along II. Here we take §p so as to satisfy (3.2) with
h in place of g. Let D={E;} belong to Fp. Then by (3.1), we see that

Sh@g duD:S(h®1)(1®g)duD=E]EEDh( pj)g 2 dpw:E]EE)Dh(j)j)SE]ng‘ul .
Therefore,

‘Sh@)g dVD_Sh Spdp | =Nl llglle sup{llh—h(pyle,} el pll gl -

so that |{r@g dv—{h g ap,
=Sh gdp,. Since heC(R) is arbitrary, this yields
ERI=E(1Qg | ¢ {C(DR1}) a.e. v. (3.5)

On the other hand, if we take §p so that it satisfies (3.2) with g, then for
D:{E1 En}E%D':

<e|m) gl Letting e—0, we have that Sh®g du

(g—S)HﬂzkHéSEkg dy1§gg dgs,  oneach E,.

This is due to the facts p|E,< s, and geJ (1=k=n). Hence g—e=gp a.e.
¢, and so g—e=g a.e. p,. Letting e—0, we conclude that §=g a.e. p,.
Together with (3.5), this yields (3.3).

§4. Maximal Functions Associated with Keldysh Measures

From now on, we set about to construct the maximal function associated
with a Keldysh measure. But our argument is applicable to more wide class of
Jensen measures. So we wish to represent the results in the form wvalid for
them.

Definition 4.1. Let {As: G=F,} be a family of Jensen measures indexed by
F, where ¢ is an arbitrary point of 2, and F, is a subclass of A-convex sets
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introduced in Section 1. Then the family is said to be consistent if it satisfies
the following conditions.

(1) Every A¢ is a Jensen measure for ¢ supported on G.

(2) For G, K of F, 4¢<2x whenever GCK.

(3) For G, K of F, with GCK, let U be the interior of G relative to K. Then
the restriction measure Ag|U satisfies the inequality, 0=d(A¢|U)/d1g=1
a.e. Ax.

By Theorem 2.4, the next observation is now obvious.

Proposition 4.2. Every maximally consistent family of Jensen measures is
consistent.

Other examples of consistent families will be presented in Section 6.

Let {1¢: G€Z,} be a consistent family of Jensen measures with a given
base point g=£. In the sequel, we often deal with the restriction measures
Aorg<i| 2[g<t] and Agrz<y| R[g=t], where gJ and teR, t>g(g). So we adopt
the following notations for convenience, i.e.

2 <t]» Z‘> ( )
2[g§t]={ Qgsel glq
0q» otherwise
ALg=t]| QLg<t], t>g()
ALg<t]=
s otherwise
ALg=t]!| QLg=t], t>glg
ALg=t]= . 4.1)
0q» otherwise.

Lemma 4.3. Let f€A and 0<p<oco. Then g=|f|? belongs to J, i.e.
g=g. Moreover if gedJ, so is the function exp{g—c}, ceR.

Proof. (cf. [6]) Let g be an arbitrary Jensen measure for a given point w
of Q. Applying Jensen’s convexity inequality to log] f(w)]églogl fldg and
Q(x)=exp{px}, we have that ]flp(w)gglfll’dy. So we conclude that |f|? is

a log-envelope function on £2. In the similar way, we have the second assertion.

Lemma 4.4. Let {ig: GEZ,} be an arbitrary consistent family and let g<J.
Then for every pair a, be R with a<b

0<diA[g<al/dAe<dA[g<bl/dAe<]l a.e. 2g.

Proof. Note that Q[g=<a]CQ[g=<b] and 2[g<t] is an open subset of £.
Therefore from condition (3) of Definition 4.1, 0=dA[g<a]/dA[g<b]=1 and



MaximAaL FuncTions oF UNIFORM ALGEBRAS 67
0=dA[g<t]/d2p=1 a.e. do. These yield the desired inequality.

Theorem 4.5. Let {ig: GEF,} be an arbitrary consistent family of Jensen
measures, and let gedJ. Call h(t, ®)=(dA[g<t]/dAg)(w)= L' (). Then for each
beR, the density h(t, w) converges increasingly to h(b, w) provided t converges
increasingly to b, i.e. in L'(g), h(t, )/ h(b, ®) as t/b. In particular, under the
proper modification, the function RX 23 (t, w)— h(t, ) can be viewed as a meas-
urable function with respect to the product measure dt-dao.

Proof. We may assume that b>g(g). Note that for every ¢ with ¢=b,
h(t, )=h(b, ) a.e. Ao by Lemma 4.4. Hence it suffices to show that [|A(t, )|lz:
=2Lg<tUD) /[ g<bl(2) as t/b, or equivalently Llibmol[b:t](.Q):][gzb](.Q).

Since A[g<t](£) is increasing, A[g=t](2)=1—2[g<t](R) is decreasing with
respect to #. Consequently we have only to prove

t@j[gﬂ](g)é/?[g:b](ﬁ) . (4.2)

Put Q,=exp{n(g—b)} neN. By Lemma 4.3, Q, is contained in J. In
particular, SQndZEggtjgandl[ggb], because A[g=<t]<A[g=<b] (t<b). For a
given positive ¢, take n so large that the inequality e>SQ,,d2[g<b] holds. Then
from the fact A[g=<t]=A[g<t]+A[g=t], it follows that

Lg=b12(Q.dare=b]—c=[Q.dirg=r1—-
zexp{n(t—b)}A[g=t1(Q)—¢.

Take ¢ so close to b that the inequality 1=exp{n({—b)}=1—¢ holds. Then we
have ALg=b](2)=A[g=t](2)—2e. This yields (4.2), because e is arbitrary.

Finally, the latter half of the assertion is a basic result in real analysis,
and so we omit the detail.

Definition 4.6. Let {is: GEYF,} be an arbitrary consistent family of Jensen
measures, and let J*={g=0:g<J}. Then for each geJ* and p, 0<p<oo
we put

My(g?)o)={ p 1= {1—(@A g <t1/dAo)@)}dt . 4.3

The function Mp(g?)e L' (4g) will be called the generalized (conditional expecta-
tion of) Brownian maximal function of g?.

Theorem 4.7. Lect {Ac: GEF,} be a consistent family and let g€J*. Then
for each p, 0<p<oco,
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[Materia={p r-1ag=t1)at=~{ rdare=19). 4.4
Moreover, if g, g?eJ* for some p with 0<p<oo,

["pr1—@irg<n/ai@)a={ 1—aigr <t/a@)d e .

Proof. Applying Fubini’s theorem to (4.3) in Definition 4.6, we see that

[Matgrang={"p -+ 11—arg<a1@)ar

=["peatg=ri@a=—{"rrdure=r12).

The last expression is due to the fact that the correspondence Rot—A[g=t](Q)
gives a left continuous decreasing function on R by Theorem 4.5.

Next, assume that g, gPeJ*. Put A(, )=di[g<t]/dl, and k(s, )=
dA[gP<s]/dAg. Then for almost all we2 with respect to o, 1—h(f, )=
1—£%@?, )e L¥0, o). Therefore

g:(l—k(t, w))dt:S:p 1211 — R (t?, w))dt:S:p 121 (1—h(t, w))dt .

Finally, we establish two stability theorems for consistent families. The
first theorem is almost obvious. So we omit its proof.

Theorem 4.8. Let {2s:GETF,} and {pc: GEF,} be maximally consistent
(resp. comsistent). Then every convex combination {s-Ag+(1—3)-pc:GETF,},
0=<s=1, of them is also maximally consistent (vesp. consistent).

Recall that every member of ¥, contains ¢ as an interior point. Therefore,
if a directed set {g;=82:7/I} converges to g, then each member G of &,
is contained in &, with the index 7 sufficiently “large”.

Theorem 4.9. Let ({25:GEFy,))icr be a set of consistent families indexed
by a directed set I, each of which has base point q;€Q (i<I). Suppose that g;
converges to q on 2 and that for each GEF, A% converges weakly-star to Ag in
the dual of C(2). Then the family {d¢: GEF,} is consistent.

Proof. 1t is clear that the family in problem satisfies conditions (1), (2) of
Definition 4.1. Let F, G be an arbitrary pair of ¥, with FCG, and let denote
by U the relative interior of F with respect to G. Take any g of Cx(G) that

is nonnegative and carried on U. Then by the assumption, Sg dl%.ggg dA: with
the index 7 sufficiently “large”, so that Sg dZFégg die. This implies that
0=d(Ax|U)/dAc<1 a.e. Ag.
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Corollary 4.10. Let E be an arbitrary closed subset of £ containing the
Shilov boundary of A, and let g=8Q. Suppose further that HE is the totality of
Jensen measures for q supported on E, each of which is the terminal measure of
some consistent family with base point q. Then HE is a weakstar compact convex
set in the dual of C(2).

§5. Burkholder-Gundy-Silverstein Inequalities and Fefferman’s Theorem

In this section, we shall discuss Burkholder-Gundy-Silverstein inequalities
and Garsia’s definition of BMO. Here we should point out that as far as the
former is concerned, our strategy of the proof is analogous to the probabilistic
one (cf. [9]).

Lemma 5.1. Let {2¢: GET,} be a consistent family, and let g, fJ* satisfy
the inequality g=f. Then for each p with 0<p<co,

Sg”dlgégMB(gp)dlgégMg( F7)ddg .

Proof. For the left-hand inequality, recall that
Sgpdlgzgjptp‘llg(Q[g>t])dt and SMB(gp)dlg:S?pzp“Z[g:t](.Q)dt.

Hence it suffices to show that 2o(2[g>11)=<A[g=t1(2). Since A[g=t]+A[g<?]
<29, we have that A[g=t]<2p—A[g<t]. In particular, A[g=t](2)=
(2g—A[g<t])(2). On the other hand, A[g<t](2[g>t])=0, and so

2(Q[g>1D)=e—Lg<N(L[g>1N=(2e—2Lg<tN(D)=2Lg=11(2D),

because Ap—A[g<t]=0 by condition (3) in Definition 4.1.
For the right-hand inequality, observe that Q[ f<t]CQ[g=¢]. This implies
that ALg=tJ()=A[f=11(2). Hence

SMB(g")dlgzS:pt"'l/'l[g:t](!))dt§S:pt7"12[ f:t]dt:SMB( /7).

Theorem 5.2. (Burkholder-Gundy-Silverstein inequalities [2]) Let {2¢: GEF,}
be an arbitrary consistent family of Jensen measures with base point q=8. Then
for each p with 1<p<oco, there exists the constant C, dependent only on p such
that

SgpcuggSMB(gP)dzggcpngsz, geJd*,

Moreover, if f€A, then for every p with 0<p<co,

ir17ar0= (M £17)a20=ef 1 £17020
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Proof. Owing to the preceding lemma, we have only to prove the right-
hand inequality in each case. We show the first inequality for p, 0<p<oo
under the assumption that g” is a log-envelope function for some 7», 0<r<p.
Observe that with a=r/p

[Matgraze={ rtr-rirg=t1@at=—{"raure=r12y. 5.1)

For a given positive number ¢, take a finite sequence {f;}?, of real numbers
such that 0=¢,<;< -+ <1, (|[gll«<t%) and

- é ) 1Eg=t£]—l[g=tz_1]}(!2)<e+SMB<gp)de )

Call g,=1[g<tf], 0=k=n, for notational convenience. Then the above inequal-
ity can be read as

3t 1oi—s-H @ <e+ [ Ma(gMdio. (5.2)

Furthermore, from the facts ¢,=0 and ¢,=41p, it follows that
20=3(04—04-1). 5.3)
Here let us estimate the value A[g=1°](2). From the relation [ g<t*]< 2y,

we find that A[g=t*1<Ag—A[g<t*]. Since g" is a log-envelope function, we
obtain (in all cases)

t“’1[g=t“]<!2)gggfdu[g:taj)gggrd(zg—z[g<za]) _
In particular, if ¢,-,<t<?,, then
1[g=f"](9)§f'”5g’d(lg—l[g<t“])§t‘“TSg’d(2.rz—Gk-x)

or by (5.3)
Lg=t1D=r 3 jg’d(aj—aj-l> .

Let denote by I;«<,; the indicator of the open interval (—oo, @). Then above
inequality can be expressed in the form

ALg=t*](D= élt_arltt<tklggrd(ak—ak—l) .

Substituting this inequality in (5.1) and noting that »r=ap, we have
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o
0

[Matgnarezar| {2 1o el grdtos—au-)ar
=p/p—n 3 (e rgdos—ai-d

=(0/p—n) B 1t or—a- @12 grdt0,—a 10}

Tlp

=0/p—n{ Z e oi—an @} 3 (erdtor—au-)
</p—n{e+{Matgnars} " {[ gz}
The last inequality is due to (5.2), (5.3). Letting ¢—0, we obtain
[Matgnara=(p/p—r){grdia.

This leads us to the final conclusion. Indeed, if p>1, we can take 1 as r.
Thus the first inequality is proved. In case that g=|f|, then g" is a log-

envelope function for every », 0<r<co by Lemma 4.3. So the second inequality
holds.

Lemma 5.3. Let {As:G€%,} be a consistent family, and let feA and

u=Ref. Suppose a positive number a satisfies the inequality a>|f(q)|. Then
for each BER,

AL f1Zad(@LulzpD)=2Lul|=B1(2).

Proof. We may assume that 8> |u(g)l. Note that {u|=log|e/|Viog|e ']
belongs to J. So the set G=Q[|f|=Za, |u|Zp1=0[1f1=ZalNQ[lulZA] is
contained in ¢,. We first show that the measure 4; of the family has no mass
on the set 2[|fl=a, |u|l=8]. Indeed, assume that this is false. Then for a
suitable complex number y=xf+iv/a®— B the inequality Ag(2[f=7])>0 must
hold. Put g=(f+7)/2r. It is clear that g<A, |gle=1=g!2[f=7], and
lg(g)| <1, where ¢ is the base point of ¢, Hence

0=lim g(q)=lim|g"d2=1QL =1D>0,

a contradiction.

Call ,=2¢ | 2[1f|Za, lul<B] and ,=2; | 2[|fI<e, lu|=B]. From the
above, we find that A¢=2,+4, Furthermore, since 2[|f|<a, |u|<B] is a
relatively open subset of Q[|f|=<a], we are led to the relation A[|f|<al—4,=0
by condition (3) of Def. 4.1. The similar reason yields that A[|u|=<8]—2,=0.
Therefore we obtain
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AL f1=ad @[ ul Z2BN=QLI fI=al—2)(20 | u| = 1)
ZQLf1=a]l—2)Q)=1—2,(2)=2(2)=2(2[ | u| = B])
Sa[lu| =10 ul=p)=2[ul=pA92).

Lemma 5.4. (Paley-Zygmund cf. [9], [10]) Let v be a positive measure on
some measure space. Suppose that for a measurable function g=0, there exist

positive numbers a, B such that allvl]égg dy and ngdv§ﬁllull. Then
v({x: gx)za/2)z|vI(@/2)°/B .

Theorem 5.5. (Burkholder-Gundy-Silverstein inequalities) Let {¢: GEF,} be
an arbitrary consistent family of Jensen measures with base point g8, and let
f=u+titi€ A, where u=Ref and #(q)=0. Then for each p, 0<p<co, there
exists the universal constant C, such that

[ M1 12)a20=(M(1 £170030=C, | M1 )d20.

Proof. The left-hand inequality is due to Lemma 5.1. For the inequality
on the right side, put I={t>0:27*2[| f|=2t](Q)=2[|f|=t1(2)}. Here recall
the well-known inequality (cf. [9])

(=@ /22| pte a1 £l =13t

<op1—27) per-iaL | £1=1(@at
Therefore,

[Ms(1 717020277 proari £1=11(@ae 6.0

Let us estimate the value A[|f|=t1(Q) with t=l. We first verify the case
t>1f(@l=lulg)l. For notational convenience, call g,=A[|f|=t] and p,=
AL fI=2t]—-2[1 f1<t]. By condition (3) in Def. 4.1, #,=0 and g, <y, Lety
be a measure on the product space 2°=0x 2 that is constructed in Theorem
3.1 for ordered measures g, and p,. Then by Tf=f a.e. g, (f€A)

juer—r@rw={1er+re1—2/0fiw
=[ram+{ rap—2franam=firir+ r—2sanidu=o.
Hence we have that

S(l@u——u®l)2du=S(l®zZ—ﬁ®l)2dv,
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so that for S=Q[|1Qf|=2t],

S(l@u—u@l)zdulegll@ f— @122 1R —f@11dy.
From inequalities |f®1]|=t, |1®f|=<2t a.e. v, the above yields
[a@u—w@rraze| (1f1-1r@1)
=/ 2u(Q[11Qf | Z2t])=©*/2)p( QL | f | Z2t])=(*/2)2[| [ | =2¢1(2)

=222 | f | =t1(Q)=122"P"%(2?) .
On the other hand,

S(l@u—u®l)4du§(2t—i—z‘)4u(92):(3t)4u(Q2) .
Applying Lemma 5.4 with g=(1Qu—u@1)? these yield

V([ 1Qu—u@1| = At]) = Bu(Q*)=Ba[| f|=t1(£)
where A=(2-?-*)Y2 and B=(2-?-3%)%/3%
Now, using Lemma 5.3, we are led to the estimate
v(Q[11Qu—u@1| = At])=u(2°[ | 1Qu| = At/2])+ ([ | u®1| = At/2])
= (20 ul = At/20)+ p (R0 lu| = A2/2])
AL fI=261R0lul = At/2D)+20) fI=t1(RL ul = At/2])
=22[lul=At/2](2D).

Hence we conclude that

AL 1= =2/B)al | u|=At/2)(RQ). (5.5)

Since 1<2/B and A/2<1, (5.5) is still valid for the case i=|f(g)|=|u(g)| and
tel. Substituting (5.5) in (5.4), we obtain that

SMB( | £17)d20=<(27+%/ B) S L | = At/2)(@)de
ngS:ptp-lz[ Ll :t](.Q)dt:CpSMB( 1 ]7)d2g .

Corollary 5.6. (Burkholder-Gundy-Silverstein) Let {1¢: GETF,} be a consis-
tent family, and let f=u+tifie A with @(q)=0. Then for each p, 0<p<oo,

there exists the universal constant C, such that SJWB(Iﬁ]p)dlgécz,SMB(lu]p)dlg.

In the remainder of this section, we discuss Fefferman’s duality theorem on
BMO [4]. Let h be an (abstract) harmonic function on 2. Namely, 4 is a
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v A ~ NS
real-valued continuous function on £ such that A=h=h, where h=—(—h).
Note that every function of Re A is harmonic on Q. According to the original
definition of Garsia (semi-) norm, we put, for any harmonic function A, (cf. [8])

7](/1)={sup{(;z\2—h2)(w) T weE R},

Let p, . be positive measures on £ with g, <pg,, and let T : L?(u,)—L?(y,),
1=<p=oo, be an arbitrary conditional expectation. By condition (3) in Theorem
3.1, the inequality Tg=g a.e. g, is valid for g&J and so, for every log-envelope
function on 2. In particular Tg=g a.e. g, Whenever g is harmonic on £, or
g€A. Furthermore, if h is a harmon/ig fg{lction on £, then 0=ZT(h%)—h?
={y(h)}? a.e. y;, because W*=T(h®)=T(h*)Zh* a.e. p,.

Theorem 5.7. Let {1g: GEF,} be an arbitrary consistent family of Jensen
measures and let h be a harmonic function on 2. Then for each fEA with

f(@)=0,
’Sf hdio| ée\/fn(h)glfldlg.

Proof. Given a positive number e, we take a finite sequence {f;}}, of
real numbers such that 0=¢,<t;< --- <t, (| fl <t,) and

3 (t—ta- D21 F1 =t 1) <o+ [ Ma(1 £ )ddo (5.6)
Let v, be a measure on 2*=02x8 constructed in Theorem 3.1 with =
ALl fI<ty-y] and p,=2[|f|<t;], 1<k<n. Then noting that f(g)=0 and
AL f1=0]=d,, we have

[ £ azo= 3 (0 7 aarif1sea-a01f1 =t

> S(l@hf—h F@1)dvg .

k=1

On the other hand,
EhQf1a{CQN=E(fQh|e{CRIN=hfQL a.e. v, (I1=k=n).
So, the above yields
Sh fddo=3 §<1® f— FRLIRh—hR1)dvs.
Therefore

|1®f_f®llzdu
tr

=1

Mh fdzg| =3 (S ,,)llz(gtkl1®11—12®112du,,)1/2.

Here observe that
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[@s—r@tidn={1 r1raari f1=t={ 17100201 £ St0ea]

=Slf12d(2[!f| <AL FI <tums D+ 1= 1) — 51201 f 1 =14, 1(2)

SHQAL 1<t ] =201 f1 <te- D@)+13201 f 1 =1 1()— 13,20 | f 1 =15-11(2)
=(—13-DAL1 f | =t,-11(2) .

Hence

Sil®f—f®1|2

‘ dvp S2(t—t5- DAL 1 =14-,1(2) .

Also we find that
[ts11@1—h@1 % =ty((haar ) £1 51— [nraari £1=-7).
From these, and by (5.6), it follows that

s dio] = 35 2t0—ti-0a01 £ 1=t 21

1/2

xc{ta([praaci f1=60{maag) £1=0-0))

1/2

={2 3 Ge—te-0201 f1 =t 1D
k=1
n /
x{ & tu([maariri=ea—{neair 1 20-7)H
/2
={2e-+2{ M| F1)020}
I /2
{3 —ti-d(|paro—{mariri=- )b 6
On the other hand, the following equality holds:
Shﬁdzg—glﬁdz[m étk—ﬁl:Shzd(lg—l[lfl <tk-J>—Sthz[1ft=tk-J ,
and also we have A[|f|=t,-,]<Ap—A[|f|<?t,-,]. Let T be any conditional
expectation between A[|f|=t,-,] and Ap—A[|f|<tr-,]. Then as pointed out

earlier, 0<T'(h®)—h*=<9n(h)* a.e. A[|f|=t,-,]. Hence

[rraro—{meairi 1=t 0= {@wn—rnaari f1=ts-1]

{0l =te-11(2).
Substituting this inequality in (5.7), we obtain by (5.6) that
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1/2

([ £ dao| ={2et2{Mal1 £ e} {nt B s —ta-020 £ 1=t4- 2D}

<V Zy()(s+ (Ml £1)d2) .
Letting ¢—0, and noting Theorem 5.2, we conclude that

([ dzo| =v 29 M1 £ Md20=en Z (w1 100

§6. The Algebra R(K)

Throughout this section, we shall deal with the concrete algebra R(K),
which has been introduced in Section 0. It is known that the maximal ideal
space of R(K) is identical with K including the topology. We are interested
in the case that K has nonempty interior.

Let G be a compact plane set with an interior point ¢. We denote by w¢
(resp. £§) the harmonic measure (resp. Keldysh measure) for ¢ associated with
the set G. From Wiener’s construction of w$ and «§, it is easily seen that the
relation wf<w§, #I<«§ is valid under the assumption FCGCK. Their extremal
properties among Jensen measures were first observed by A. Debiard and B.
Gaveau [3].

Lemma 6.1. Let A=R(K) and gq€Int K. Suppose G is a compact subset of
Q=K whose interior contains q. Then the harmonic measure w§ is the minimum
element in the logarithmic order among all Jensen measures for q that are
supported on KX\NInt G. Furthermore, the Keldysh measure &S for q is the
maximum element in the logarithmic order among all Jensen measures for q that
are supported on G, if G is R(K)-convex.

Lemma 6.2. Let A=R(K) and q€Int K. Let p be an arbitrary Jensen
measure for q. Then for each decomposition p=p,-+p, with 0=p,, p,, the
corresponding decomposition rl=r,+r, with 0=k; and p;<r; (j=1, 2) is unique.

Proof. The existence of corresponding decompositions is due to Cartier-
Fell-Meyer theorem (cf. [1].) Let £2=&,+#%, be another decomposition as above.
Then k,-+£; is a Jensen measure for ¢ maximal in the logarithmic order. Hence
k2=r,+k, by Lemma 6.1, and accordingly x,=#. (Note that this lemma is
covered by general Choquet theorem, cf. [1], [3].)

Lemma 6.3. Let A=R(K) and let g<€Int K. Suppose that wf=r¥. Then

for every GeF,, wi=kS.

Proof. Recall that each Ge9, is defined as G={zeK: h(z)<r}, where
reR and heJ. Since each heJ is subharmonic on Int K, every connected
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component of Int K\G is not relatively compact in Int K. Hence by Gonchar’s
criterion, each z, of 0GNInt K is a peak point for R(G). In particular, z,
belongs to the Jensen boundary of R(G). On the other hand, R(G) is identical
with Ag. Indeed, for each ceC\G, (z—c¢)"*|G is uniformly approximated by
functions in R(K)!G, where z denotes the coordinate function on the complex
plane. This is due to the fact that G is R(K)-convex. From this fact, we
easily obtain that A;=R(G).

Assume that wf=x¥. Given an arbitrary element G of %, we put
pi=0f|(nt K) and p,=wf|0K. From the above consideration, g; is maximal on
G. Let wf=w,+w, be the decomposition of wf such that 0=<w; and p,<w,
(7=1, 2). Then w,+p, is a Jensen measure for ¢ supported on 9K. Therefore
0¥ <o,+p, by Lemma 6.1. Since of is maximal, we find that of=w,+p,, so
that p,=w,. This implies that g, is maximal on £ in the logarithmic order.
Thus we conclude that w§=p,+p, is maximal on G.

Proposition 6.4. Let A=R(K) and q€lnt . Then the family {£§:G<T,}
of Keldysh measures is maximally consistent, and the family {0§:GEF,} of
harmonic measures is consistent.

Proof. The first assertion is a corollary of Lemma 6.1. For the latter
half of the assertion, it suffices to verify condition (3) of Definition 4.1. Let F,
G be any elements of F, with FCG. Put V=FNIntG, and let denote by U
the relative interior of F with respect to G. Note that VN\UCInt F, so that
of(VNU)=0. For the decomposition wf=(wf—wf|V)+wl|V, there exists a
decomposition w§=w,+w, such that 0=<w, @, and ©f—of|V<w,, of|V<o,.
Then the measure w;=w,+wi—ol|V is supported on K\Int G and satisfies the
relation w;<w§. These imply that w;=w¢ by Lemma 6.1. Hence wf|U=
ws| U=l |U, because of the fact wf(VNU)=0. Consequently we obtain that
0=d(@f|U)/dwt =<1 a.e. of.

Corollary 6.5. Let A=R(K) and gq<Int K. Then consistent families with
base point q whose terminal measures are supported on 0K are unique if and only
if wf=k?, Q=K.

Proof. One direction is clear by Proposition 6.4. Let {ig: G€Z,} be a
consistent family with 2p=wf=«7. Owing to Lemma 6.3, we have only to
prove that Az(Int G)=0. But this is an immediate consequence from the facts
2¢|Int GZw? and w?(Int K)=0.

Remark 6.6. Let A=R(K) and g<Int K. Here let us agree to denote by
H3% the class of Jensen measures for g, each of which is supported on 6K and
identical with the terminal measure of some consistent family. From stability
theorems, H3¥X is a weak-star compact convex set in the dual of C(K). Of
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course, H2¥ contains both of the harmonic measure and Keldysh measure. HZ¥
is a one-point set if and only if w?=x%.

In case that w?+«2, we can give a Jensen measure of H2X which is different
from the convex combination of w? and £2. Let A be any function of L~(wg)
with 0=hA=1. Using this function 4, we decompose each w§, GEZF, into two
pieces wf=wf+w§. They are defined by dwf=hdw!Ve) and wf=wi—of,
where V¢ denotes the relative interior of G with respect to K. Since w¢|Vy is
absolutely continuous with respect to w?, ¢ is well-defined. We sweep out the
measure wf onto the Jensen boundary of A¢=R(G) to obtain the measure &x$,
i.e. 0=kf—«f and wf<kf. By Lemma 6.2, such balayage of the mass is unique.
Put 2c=kf+w§. We show that the family {1¢: GEF,} is consistent. It is clear
that every A¢ is a Jensen measure for q. Next, let F, G, satisfy the relation
FCG. Then from the fact VyCVyg, it follows that wf|Ve=<w|Ve, so that
of Zwf. Let k§=k%+£f, be the decomposition of x§ such that of<x% and
of—of <k%. By the uniqueness of balayage, we find that #F<x%. Hence,
of <wf—of <w§+ef, and wf+ef<o§+rf+rf, i.e. 2z<2s Furthermore, if
U is the relative interior of F with respect to G, and if g is a nonnegative
continuous function supported on U, then by V=UNVg

— +
S gdip SVFg A SWFg d2p

j— F . F F
_Svg def SVFg(l h)dwq—}-SU\VFg da

A

G G _ G ¢
Jpgastit | gartit | g0—maoft|,  gaof,

because £f|U=kf by Theorem 2.4, and wl|U=<w¢ by Proposition 6.4. This
yields the inequality Sg dlpggg d2e. Since g is arbitrary, we conclude that

0=dQrU)/d2c=<1 a.e. Ag.

Thus our family of Jensen measures is surely consistent. It is clear that
for suitable choice of &, the resulting family gives the desired example: in the
present situation, the harmonic measure is not absolutely continuous with respect
to the Keldysh measure. In particular, H3¥ is infinite dimensional.

Finally, from several reasons, we pose here an open problem. Does the
class HJ¥ contain all Jensen measures that are carried on 9K ?

§7. Some Remarks

On the algebras H*=(D), some comments should be made, where H*(D)
denotes the Banach algebra of all bounded analytic functions on a given domain

D in the complex plane.
We start by summarizing some properties of H>(D) common with R(K).
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Recall that the maximal ideal space £ of H*(D) contains D as an open subset.
Let gD and G, It is known that for every such G, the set G\Int(DNG)
carries the harmonic measure w§ for g. The measure w$ has a certain minimality
property with respect to the logarithmic order. This is a dual version of the
fact that for each heCp(@\Int(DNG)), kh is harmonic on Int(DNG). About
the behavior of such functions, the details can be found in [6].

Lemma 7.1, (T. Gamelin, cf. [6]) Let A=H>(D) and q=D. Then the
harmonic measure w§, GETF,, is the minimum element in the logarithmic order
among all Jensen measures for q that ave supported on 2\Int(DNG).

From this lemma and by the argument as in Proposition 6.4, the next
observation is immediate.

Proposition 7.2. Let A=H=(D) and g€D. Then the family {0§:GeF,}
of harmonic measures are consistent.

The following is the analogue of Lemma 6.3. Since the argument is strictly
same, we omit its proof.

Proposition 7.3. Let A=H=(D) and qD. Suppose the Jensen measure for
q supported on \D is unique. Then for each GEF,, the Jensen measure for q
supported on GN\Int(DNG) is unique.

Remark 7.4. The above is the case with the algebra H=(4), 4 the unit
disk on C. Indeed, let 2 be a function of Cg(2\4). Then the functions h and

~ N

h=—(—~h) are harmonic on 4, and extend continuously to the Shilov boundary
of H=(4). Hence we see that A=A on 4. This implies that the Jensen measure
for g4 carried on 2\4 is unique, i.e. only wf.
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