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§ 0. Introduction

We denote by {X, Y] the group of stable homotopy classes of mappings
from X to Y. We denote by Pn the real n-dimensional projective space. The
purpose of this note is to determine the group structure of {P2n, P2n} for
2^ng4 (Theorems 2.4, 3.4 and 5.6). As an application, the stable group of
self-homotopy equivalences of Pzn will be determined in our case (Corollaries to
the above theorems).

We denote by ?n:S
n-*Pn the projection. Let f27l: E2n~1P2-^P2n be a stable

extension of ?2n such that F2n+2 is the mapping cone of fzn. Then our method
is to use the cofibre sequence starting with f2n and to use the following: The
order of the identity class of Pzn [11], the order of the Kahn-Priddy map [6]
and the ring structure for k^S of the stable homotopy ring of spheres
x*=m ftk(S°) [10]. The £#P-sequence is used to show that the generator a of
the 2-component of 2r7(S°) survives in {P8, P4} (Lemma 5.2).

§ 1. Main Results Used in the Computations

Throughout this note we work in the stable category, unless otherwise
stated. First we shall give a remark about the stable secondary compositions.
The last part of Chap. Ill of [10] deals with them in the only case of the stable
homotopy groups of spheres. But the definition of the stable secondary com-
position is still valid in the case of the stable homotopy groups between finite
CW-complexes. The properties (3.5), (3.6), (3.7) and (3.8) of [10] are valid in
our case. For example, we have the following:
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and
<«, 0, ry°d=(-Vlai+1<x°<P> r, ft,

where |«|=dim Y-dlmZ for ae{F, Z}.
These properties of the stable secondary compositions will be freely used in

the subsequent arguments.
We denote by s(n) the number of i such that Q<i^n and z=0, 1, 2 or 4

mod8. By Theorem 6.2 of [1], P71-1 is reducible if and only if 2s(7l-1) is a
divisor of n. So we have the following

Theorem 1.1. jzn is trivial if and only if n = l or 3.

It is well known that 2^2»=0.
We denote by c the identity class of S°, by * : S1-*/32 and £ : P2-»S2 the

canonical maps. Then we have a cofire sequence

2c i p
(1.1) S1 — > S1 — > P2 — > S2 — > ••• .

We take f2n^<,Tznt 2e, P) such that P2n+2 is its mapping cone. Exactly we
have a cofibre sequence

r 7* (n) ^(TI)
/ 271 2 P

Q 2)(7i) J?2n-lpz _ > p2?z _ > pzn+z _ > £2np2 _ > ...

where f ( 7 l ) and p(n) are the canonical maps.
Let 57 be the generator of n^S^^Z/2 and ^ the identity class of P71

Then, by [11], we have the following

Theorem 1.2. i) c'2n is of order 2s(2n}.

ii) 2c'^ii}p.

A mapping ^ : P2n-+S° is called a Kahn-Priddy map if the restriction ^IS1^.
We denote by g(X) the stable group of self-homotopy equivalences of X. Then,
by Theorems 1.1 and 3.1 of [6], we have the following

Theorem 1.3. Let <f>2n : P2n-*S° be a Kahn-Priddy map. Then

i) <f>2n is of order 2s(2n}.

ii) There exists an element £2n^S(PZn) such that (<j)2n
0£2n, Jzn, j& ( r i )> contains

a Kahn-Priddy map from P2n+2 to SQ.

This theorem will be used putting ein=fin in our arguments.
We shall use the following [10]

Theorem 1.4. i) 7r*(S°) for Q^k^S (the 2-component for k=3 or 7) is
isomorphic to the corresponding group in the following table :
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k
:r*(S°)

gen.

0

(CO)

c

1

(2)

T!

2

(2)

,«

3

(8)

V

4,5

0

6

(2)

V2

7

(16)

a

8

(2)2

•f)<J, £

Here (ri) means Z/n and (2)2=(2)®(2) (direct sinnmand).
ii) There exist the following relations:

mod

By use of (1.1) and Theorem 1.4, we have the following (Theorems 3.1 and
3.2 of [4] and §2 of [5])

Theorem 1.5. i) Gk=n°(Ek-2P'2) and G%=xk+1(P
2) are for 0^&^8 isomor-

phic to the corresponding group in the following table :

k
Gk~Gf

gen. of Gk

gen. of Gf

0

(2)

P

i

(2)

IIP

if]

2

(4)

5

?

3

(2)2

75, vj&

§7, 2V

4

(2)

^

^2

5

0

6

(2)

^
fv2

7

(2)2

v2, <;/>

v2, ia

8

(2)3

8(7, >;(7/), sp

8a, it]ff, is

ii) There exist the following relations :

pi=Q, c^<p, i} 2cy=(2c, p, i

By Theorem 3.3 of [4] and by Proposition 2.1 of [5], we have the following

Theorem 1.6. i) Hk={EkP'2, P2} for -l^k^6 is isomorphic to the corre-
sponding group in the following table :

k
Ht

gen.

-1

(2)

ip

0

(4)

ii

1

(2)2

ir,, ijp

2

(2)3

z'jjiy, yrip, ivp

3

(4)0(2)

Tjij, iv

4

(2)

%-qrj

5

(2)

iv1 p

6

(2)3

iv2, v2p, iffp

ii) There exist the following relations'.
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~ j v , 2 c , p > = ( i , 2 c ,

mod 2? 5,

We shall give a proof of the last relation (cf. the proof of Proposition 2.1.
vi) of [5]):

=<n?, 4v, ??£>.

On the other hand,

This completes the proof0

The theorems in this section will be often used without any references.

§ 2. Determination of {P\ P4}

Hereafter Z/2 is taken as the coefficients group of the cohomology. Since
Sqz : H\P*}-»H\P*} is nontrivial, we have

(2.1) f2=yp.

By Theorem 1.3 and (2.1), we have a Kahn-Priddy map j?'e;r0(P4) of order
8 satisfying rj'if=ri, i.e.,

(2.2) ^0?, r j p , p ' y .

Here i'=i{1) and p'=p(1} in (1.2)'. So, by use of the exact sequence induced
from (1.2)', we have ^rj'^^p' and 7r°(P4) ={??'} «Z/8.

We put p2n=EZn-zp*p(n-V:PZn->SZn. Similarly as above, by use of (1.2)',
we have the following

Proposition 2.1. rck(P^ for 05g&^4 fs isomorphic to the corresponding group
in the following table :

k
ff*(F4)
gen.

0

(8)

r

i
(2)2

79/»'» ^

2

(2)

IP'

3

0

4

(2)

P*

Here ^'=rjzrjpf»

By use of (1.2)', we have a short exact sequence
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0 — * {?} — > 7T3(P
4) — > {1} — > 0 .

tt tt
Z/4 Z/2

We define an element ze^3(P4) by p'l=i, i.e.,

(2.3) ie</', ?JM>.

Then 2ie<;7, ^/>, 2>2< = -/'<?/>, i, 2:>ZDiv^</>, i, 2:>3/'
So we have 2i=±i'? and 7r3(P4)={i}~Z/8.

By the similar arguments to the above, we have the following

Proposition 2.2e

k
7T* + 3CP4)

gen.

0

(8)

i

1

(2)2

117, z'zv

2

(2)

v

3

(2)

IP

Hereafter the inclusions /, /', ••• (resp. the projections p, p's • • • ) are often
used to denote the compositions of the inclusions (resp. the projections), unless
any confusion occurs.

By use of (1.1) and Proposition 2.2, we have the following

Proposition 2,3,

k
(EkP\ P4}

gen.

0

(4)

i'

1

(2)2

iy, ip

2

(2)3

ir)7j, iyp, ivp

3

(4)® (2)

15, i'iv

4

(2)2

iyij, iv p

Theorem 2.4. i) 4^=/
ii) {P4, P'} = {c'4,i»p<}

Proof. Consider the following exact sequence induced from (1.2)':

{P2, P4} < — {P4, P4} < — {E2P2, P4} < — {£P2, P4}.

Then, (9/>)*(/^)=0 and by Proposition 2.3, (fjp)*(ip)=iijp*Q. So we have a
short exact sequence

/'* p'*
0 <_ {j-/} ^_ {p4) p4} ^_ {j-?.f -^} ^__ o m

II II
Z/4 (Z/2)2
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By (2.2) and Proposition 2.1, ̂ '(i^p^ij^p^^' and 7}'(np)=i]vp=Q. This
completes the proof.

We denote by (Z/n)* the multiplicative group of Z/n and by GxH the
direct product of groups G and H. In the above theorem, (ii>p^2=Q. So we
have the following

Corollary, f (P4) « (Z/8)* X Z/2 .

By (2.2) and (2.3), 2?'ze=<5, ?/>, *>2f = - ?<?/>, i,
mod (2^)7T3(P2) = {4*} . So we have

(2.4) 5'z

§ 3. Determination of {P6, P6}

Since S?4 : H\P5)->H5(P5) is trivial, 74=15 by Proposition 2.2. So, by Prop-
osition 2.3, we can take

(3.1) }V=iV

By (2.4), 5/(i^)=j;5=0. So, by Theorem 1.3, we have a Kahn-Priddy map
6) of order 8 satisfying 5^= 5', i.e.,

(3.2) ? e < 5 ' , i 9 f / > * > .

By use of (1.2)/x and (3.2), we have a split exact sequence

f** ^^*
0 «— {^'} <— 7T°(P6) <— {^} <— 0 .

tt tt
Z/8 Z/2

Therefore ^r°(P6)={^, y2j)G}«Z/80Z/2.

By (2.3), pj=pi=Q. So we can define an element p^n*(P6) by p4ti"=pi,
i.e.,

(3.3) p^<P*,irj,P">.

Then, 2p^2c^p,3 lij, p"y=-<2c, p4, iiftp*i3-<fr, p, p'iri>p"lD-<2c, p, i>ip*^
-7jp" mo&2n\Pz}p"+x\EP*}(irip"}=:{2rip"} by Proposition 2.1. So we have
2p±=±7iP". Therefore (1.2)* and Proposition 2.1 lead us to the following

Proposition 3.1. xk(P6) for 0^&^6 is isomorphic to the corresponding group
in the following table :
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k
7T*(P6)
gen.

0

(8)0(2)

3J, »*P*

1

(2)

vp±

2

0

3

(2)

vpQ

4

(8)

P*

5

(2)

3?£6

6

(2)

P* i

Here 2p4=±7jp".

By use of (1.2)* and Proposition 2.2, we have the following

Proposition 3,2.

k
**+4(P

6)

gen.

0

(2)

in

1

0

2

(2)

TzV

By use of (1.2)* and Proposition 2.3, we have the following

Proposition 3.30

k
{EkP\ P6}

gen.

2

(2)2

/75, /P/>

3

(2)

lf iv

4

(2)

i"lvp

Consider the following exact sequence:

Y i"
?r4(F4) -^t {P\ P4} ~^> {P4, P5} — ̂  0 .

Then, by (1.2)', r*P*=fyPP'=P'*(yP}*(ip}=0' So, by Theorem 2.4, we have
{P4, P'} = {i*,«,/>4}«

Theorem 3.4. {P6, P6}^{^6, ^4, ^/>6} «Z/80(Z/2)2.

Proof. Consider the following exact sequence induced from (1.2)* :

{£3P2, P6} < — {P4, PG} < — {P6, P6} < — {£:4P2, P6} < — {EP\ P6} .

Then (x^)*(n^4)^0 and by Proposition 3.2, (z^)*{£P4, PG}C7T4(P6)^=0. So we
have a short exact sequence

z"* pff*
0 ^— {i», ivp,} *— {P\ P*} <— {i'bp} <— 0 .

tt «
Z/80Z/2 Z/2
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By (3.3), there exists an element ivj54 of order 2 in {P6, P6}. Since ei is of
order 8, the above sequence is split. This completes the proof.

We put a^ivpt and fi=i"ivpG. Then a2=fi2=Q and aj8=j8a=0. This leads
us to the following

Corollary. |(P6) « (Z/8)* X (Z/2)2.

By use of (1.1) and Proposition 3.1, we have the following

Proposition 3.5e {P6, EkP2} for — 1^&^4 is isomorphic to the corresponding
group in the following table :

k
{P6, EkP2}

gen.

-1

(2)3

vp±, iy, w2pe

0

(2)

*vp*

1

(2)

^pp"

2

(2)2

Tjype, ivp*

3

(2)2

9^8, *£«

4

(4)

P"

Here yj54e</, 2c, vp^ and 2p"—ir]pG.

By use of (1.2)', (1.2)* and Proposition 3.5, we have the following

Proposition 3.6. i) {P6, P4} = {^pG, ivpG, ivp,} «(Z/2)3,
where yrjp^<j^JiP, rjfjp^.

ii) 4^EE2"^£6 mod \i"ivp^ ivp±\.

§4. Determination of Generators of 7r*(P8) for Q^k^

By use of (1.2)', we have a short exact sequence

/i Pi
0 — > {^2} — * ;r7(P

4) — > {^if} — * 0 .

We define an element ^2ejr7(P4) by p'y7]2=-q7}2, i.e.,

(4.1) 9V2e<r, up, -M2>.

By use of (1.2)*, we have a short exact sequence

i'i PI
0 — > ^7(P4) — > 7T7(P6) — > {^} — > 0.

We define an element ^'e^7(P6) by p"^'—^, i.e.,

(4.2) 9 /e<r, 19, 9).

By (3.3) and (4.2), p^'^<p,, irj, 9>C</>, /^
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7r5(P2)+,T0(P2)^H2v}. So we have

(4.3) p^f=

Proposition 4.1. i) TJ' is of order 8.

ii) 49'=£"^2mod2v2.

iii) x7(P*)={^\ iv2}~(Z/2}\
iv) 7r7(P6)-{?', iV}«Z/80Z/2.

. i) follows from (4.3). By (4.2), 4q'e=<i", zj?, 3y>°4^-s"<i>, 9, 40>.
On the other hand, p ' t f y , %, 4f>c<i'9, 9, 4r>C<z", ±2v, 4^>ZD</, 2*, 4*>3^2

mod^4(S°)+47r5(P2)=(X So we have <ijy, 9, 4r>3^2 modiV. This leads us to
ii). iii) and iv) follow from i) and ii). This completes the proof.

By Proposition 4.1, f6e< re, 2c, py=<Q, 2c, py^n^p^^'p, tfp}. By (4.2),
Propositions 3.3 and 4.1, ^'e<f", z>, 9) modr?r7(F4)+{E4F2, P6}^-:{4^/, aV}.
Since S<?2 : H6(P8)->H8(P8) is nontrivial, we can take

(4.4) j^—ri'P for a suitable representative jj'e<i", 15, ^> .

By use of (1.2)", we have a short exact sequence

i"f t)"f

0 — > 7T7(P6) -^ 7T7(P8) -^> {!'} — > 0 .

We define an element Te^7(P8) by p'"i—i, i.e.,

(4.5) ;'€=</*, ^^, j>.

Then 2ir/e<^, 9'^, f>*2i=-i"(Tjrp, i, 2^>3/^7 mod2/^7(P6)={2z///?/} by Prop-
osition 4.1. This leads us to the following

Proposition 4.2. 2iW'V mod2/V an^ w7(P8)={r, iV}«Z/160Z/2.

By use of (1.2)(n) for n=l, 2 and 3, we have the following

Proposition 4.3. K8(P
2k) for 2^&^4 is isomorphic to the corresponding group

in the following table :

k
X8(P

Zk)

gen.

2

(2)2

r T8, ia

3

(2)4

Tj'j], iv, i'v2, io

4

(2)4

i'^, f w f y , f 'v8 , /«j

Here iv&(i", ITJ, ivy.

Since Sq2: H7(PQ)-*H9(P9) is nontrivial and S,?8: H^P^-tffW) is trivial,



90 JUNO MUKAI

f*=iil mod {imiv, i' V} by Proposition 4.3. So we have the following

Proposition 4.4. i) f*=i'ii mod {imiv, ir i?\.
ii) nt(P>)={i*h, ,-/^ ^}

Remark 1. By Proposition 3.2, ^6(P8)^{2v/zy}^Z/2. So Propositions 2.2,
3.2, 4.2 and 4.4 overlap with Theorem 2.6 of [2] and Table 4.1 of [3].

Next we shall determine generators of ?r*CP8) for 0^&^8. We define an
element vp&ic*(EP*) by vpi'=vp, i.e., vp^<yp, yp, />'>. Then, by use of (1.2)',
we have 7r°(£P4)={^', i^}«(Z/2)2.

Consider the following exact sequence induced from (1.2)*:

(:>)* f* 0** (19)*

Then (z^)*7r°(£*P4)C7rA+3(S
0)^0 for ^=1 or 2, and so we have a short exact

sequence
__ __

0 <— {75', ^} ^— ^°(£:P6) <— { P2, cr#} ^— 0 .
tt tt

(Z/2)2 (Z/2)2

We define an element 'vp' '^K°(EP6) by vp'i"=vp, i.e., iTp'^&p, irj, p"y. Then
2^/e2.o<J^, ^, ^> = -<&, 2^, i>>^C-<&, 0,
=Q. So, by (3.2), we have the following

Proposition 4.5. 7rQ

Consider the following exact sequence induced from (1.2)'":

WP)* ifff* . p** '*

Then, by Proposition 3.1, (O)*(j;2/>6)=0 and (^p^^ff'p. Since 5J is of
order 8, yi]'=2aa for some integer a. So the first (^'/O* is trivial. By (4.2)
and Proposition 4.5, (^^)*(^^)=0, (f}'p)*&*p")=ep, (rj'p}*(<rp^af]P and

;jr8(S
0)£. Therefore we have

(4.6) TTsCm-O

and a short exact sequence
£///# ^///*

0 <— {)?, ^6} <— 7T°(P8) <— {8^} ̂ — 0 .

tt tt
Z/8©Z/2 Z/2

We define an element vpG^n:s(P8) by vp6i"
f=vpe, i.e.,
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(4.7) ^6e<^6, i/'p, pm>,

By (4.6) and (4.7), 2vp6eE2v<vp6, ij'p, pw> = <2», vp
<2v, v, 7]yppfff=Q mod2y7r°(£3P2)=0. So we have 2w^>6=0. By Theorem 1.3,
we have a Kahn-Priddy map 7?'e7r°CP8) of order 16 satisfying ^Vw=7?, i.e.,

(4.8) ^'e<7?, /;'/>, £'">.

Therefore we have the following

Theorem 4.6. 8y'=8ffpm and xQ(Ps)={?}', viJp6}~Z/l6®Z/2.

By (4.6) and (4.8), Srj'^Sc*^, y'P, P"> = -<&, y, y'P>P'"c:-<&, 2aa,
ZD-a<8<7, 2c, pypw^a80pw mod8v:0(EGP2)pw-i-nB(S0}p8=Q. So, by Theorem 4.6,
a must be odd and we have

(4.9) 7jy' = 2ff mod 4(7.

Consider the following exact sequence induced from (1.2)'" :

(O)* *"* P'"* (?'^)*
^(EP2) < - 7T4(P6) < - 7T4(P8) < - 7T0(£IP2) < - 7T3(P6) .

Then, by Proposition 3.1 and (4.3), (O)*W>6)=0, (y'P)*Pi=»P and Imf*=
'^^Z/4. So we have a short exact sequence

jm* pffr*
0 <_ {^} ^_ W4(p8) <__ {5?2-J ^_ 0 ^

tt tt

Z/4 Z/2

We define an element ypff^i:*(P*) by rjprfi"f=-rjp/f, i.e., rjp"^<(rip", y'p,
Then 4^e4ro<^, 9^, />*> = -<4f, ^^^, 9//>>^c-<4r, ±2p,

^rjp'" mod4n°(EzP2)pw=Q. So we have ^p^=7j^pm and 7T4

wZ/8.

By the similar arguments to the above, we have the following

Proposition 4.7. n k ( P 8 ) for l^k^S is isomorphic to the corresponding group
in the following table :

k
Kk(PS)

gen.

1

(2)2

~*P: ops

2

0

3

(2)

Vpe

4

(8)

VP"

5

(2)

ijlip"

6

(2)

^iP"

7

0

8

(2)

ps

Here 7jp"^<7jp", rj'p, pf"> and

Remark 2. Hideaki Oshima pointed out the following:
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Let Vn,k denote the Stiefel manifold of ^-frames in Rn. Then, according
to [9], wn-m(PB)«w JV+m-n-1(V r

y- l lB), where N=j2s<n~1) for a large integer /.
So the group structures of ^Zn-m(pzn) for n^4 are also obtained from the well-
known works of G. F. Paechter and C. S. Hoo.

By (4.5), (4.8) and (4.9), 3? T €E<5, q'p, *>:X2<r, p, i y ^ - f f mod^7(P6)+
7r°(£6P2)2'={2<y}. So we have

(4.10) r}'i'=<r mod 2<T.

§5. Determination of {P8, P8}

By use of (1.1) and Proposition 4.7, we have the following

Proposition 5.1. {P8, EkP2} for 0^&^6 is isomorphic to the corresponding
group in the following table :

k
{P8, EkP2}

gen.

0

(2)2

*V/>", i<rp8

1

(2)

i^>6

2

(2)2

9 ??/>*, n^6

3

(2)2

ijijpl',ifjp*

4

(4)

1r

5

(2)

i^*

6

(2)

p"'

Here v/>6e<*, 2c, vp6\ rjp'"^(i, 2c, 7jp'"y and 2rjp"f=if]rip'fr.

Consider the following exact sequence induced from (1.2);//:

(ij'p)* i** p1"* (1)'$)*
{£5P2, P2} <— {P6, P2} ^— {P8, P2} <— {£6P2, P2} <— (EP\ P2} .

Then, by Proposition 3.5, (4.3) and (4.9), (ij'p)*(ivpd=iv*p and

(ft'p)*(iv*pJ=Q. We have also W
mod ia p. So we have

(5.1) u2p8=Q

Remark 1. By the same arguments as the ones in the proof of Lemma 5.2,

we have v2p8=Q.

Consider the following exact sequence induced from (1.2)':

z* />* (9/0*
{P8, £P2} — > {P8, P2} — > {P8, P4} — > {P8, E*P*} — > {P8, EPZ} .

Then, by Proposition 5.1 and (4.7), (9/>)*^6=9^6e9<^6, ?'/>, P"f>=<y, vp&,
, qyps mod 9^°(£8P8)/)/ir=0. Since ^<^, v, ^>C<^, v,

f(7. So, by (5.1), yvpG=Q or
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Lemma 5.2. rjvpG=Q in {Ps, P2} and iap8^Q in {P8, P4}.

Proof. It suffices to prove iap8^Q in {Ps, P4}. Consider the following
£/fP-sequence:

A E
[£9P8, £(£7P4A£7P4)] —> [£7P8, £7P4] —-> [E8PS, £8P4] —> 0.

11 II
H { P 8 , P1}[£9P8, £16P2]

II
{P8, E7P2} [£7PS,

II
{P8, E7P2}

Here we have used the following: P2/\P2=EP2\J2l>2C(EP2) and so the 3-skeleton
of P2AP2 is stably equivalent to £P2VS3. Then, by use of (1.2)", {P8, £7P2}
= {ips}^Z/2. By inspecting Proposition 2.2 of [10], H(E7(i/i^a<>E7p8) =
H(E7(i'i)°a)oE7p8=Eui°E7p8l-Q since H(a)=cis. Here cn denotes the identity
class of Sn. By Proposition 3.3 of [6], (5.16) of [10] and Lemma 3.1 of [8],

4£16z°£9£8)=^(£160°£7^
where a' denotes the generator of the 2-component of [S14, S7]. So we have
#(J(£16z°£9£8))==0. Therefore E7(i'i)°<j°E7p8 is not in the image of A. This
completes the proof.

By Proposition 5.1 and Lemma 5.2, we have a short exact sequence

- ** />* =
0 —> {iv*pm, iap8} —> {P8, P4} —> {^rjpllt, hpe] —> 0.

II II
(Z/2)2 (Z/2)2

We define an element i^e{£6P2, P4} by ^^

(5.2) 3?^e<zv, jjp,

By (2.3) and Proposition 4.7, there exists an element ivp6^{P*, P4} and by
Proposition 2.2 and Lemma 5.2, 2ii>p6=i'-qvp6=Q. This leads us to the following

Proposition 5.3. {P8, P*} = (ijitfpm, ir^6, i t f p " , iap8\~(Z/2Y.

Lemma 5.4. i) ^£"=0. ii) rj7jp"=-§. iii) rj7jp'"=±27jp".

Proof. By Proposition 3.1, rj7jp"=7]°2p4=Q. By Proposition 4.7,

\ ij'p, P'2^<V> VP", ^fP>PmCl7c0(EsP2)pw=Q. Therefore
8)=:0. By Propositions 4.7 and 5.1,

e7T4(P8)H^F}~Z/8. This completes the proof.

Remark 2. i) By Theorem 4.6, Proposition 4.7, (4.6) and Lemma 5.4. i),
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mod 377T4(P8) — 0. So, by Proposition 4.3, ivp*^(i", irj,
-i"<iTj, iv, £8>IDi"z<7, v, £8>30 modf''7T8(P4)£8^{zV£8, iap8}. Therefore, by
(5.1), ivp8=Q modiffps. Since ivp8 can desuspend on EGP8, we have tvp8=Q.

ii) By Proposition 4.7, i'i]p8=Q. So, by i), Proposition 4.4 and Remark 1,

Conjecture. Jznpzn—^ for all n.

Consider the following exact sequence induced from (1.2)":

(5* '* Pi
{P8, £3P2} — > {P8, P4} — > {P8, P6} — > {P8, £4P2} — > {P8, £P4} .

Then, by Propositions 2.5, 5.1 and Lemma 5.4, (z
=0 and (i7j)7ipl//=±2irip"=:i'7j7jp"=Q. So we have a short exact sequence

— * {P8, P6} —
tt tt

Z/4

We define an element p^{P8, P6} by p"j}p"=}p"', i.e.,

(5.3) i^'e<r, i>,^>.

By use of (1.2);// and Proposition 5.1, we have a short exact sequence

« ^>?
0 — > {P8, P6} — > {P8, P8} — > {p'"} —> 0 .

tt
Z/2

Since ^ is of order 16, there exists an element of order 8 in {P8, P6} which is
mapped onto 2c'B by 4'- So this element must be rjp'" modulo elements of order
2. Therefore we have 2c8=if'f7jpr/f mod {some elements of order 2}. By Theorem
4.6, r}(47jpf/' ]=8rj' =8~ap'». This leads us to

(5.4)

Lemma 5.5. 7j'qi)7i=&(T mod 7t8(S
Q}p .

Proof. By (2.2) and (5.2),
P2}+^5(5

0)(57^)-^8(5
0)^. By (4.9) and Proposition 4.1. ii), 8a=^^f=f

mod 5?(iV)=0. So, by (2.2) and (4.1), Sa^y'^z^, i)p,
mod ^^7(P

2)+^5(S°))22-:0. By (2.2), (4.1) andjS.2), ^'^is^
mod ^^7(P2)+^°(JE

2P2)^572-:0. Therefore ^'^r]rji=rjf^2=^a. This completes
the proof.
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Remark 3. According to [7], the equality <T/, 377?, 52>=8<j holds on S5,

By Lemma 5.5 and (4.6), y(i'fl^p"'}=%ap!'t. By (2.4) and Theorem 4.6,

ivpo)=vi>pQ^Q. So, by (5.4), we have

(5.5) 4 p = i f f p m m o d {iv*p», iap8}

and

(5.6) 2^=1'"^' mod {iffivpe, i^p'", iap8} .

Therefore (5.5) and (5.6) lead us to the following

Theorem 5.6,

i ) {P8, P ^ - { '

We put a=i"lpG, $=ii?pm and r=**P*- Then a2=-/32=r2=0, o^jS^O,
=yp=Q ancj ^.-.^^-Q^ g0 we kave ^g following

Corollary. f (P8) ~ (Z/16)* X (Z/2)3.
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