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A Dichotomy for Derivations on 0,

By

Ola BRATTELI*?, David E. Evans®?, Frederick M. GOODMAN***
and Palle E. T. JORGENSEN***

Abstract

Let ©p, be the Cuntz algebra generated by s, ---,S,, and let P (O,) be the *-sub-
algebra of *-polynomials in the generators. We show that if § is a gauge-invariant
derivation mapping P (@,) into @ (®.), and é is approximately inner, then § is inner.

§1. Introduction
The Cuntz algebra ©, is uniquely defined as the C*-algebra generated by
n=2, 3, --- isometries s,, -, S, satisfying

n
S;kS]:lS”l, Elszs;!(:]-;
i=

[7]. There is a canonical representation of the n-dimensional unitary group
U(n) in the automorphism group of @, defined by

ag<5i):k§gkisk
for g=[gy1%,-.€Um). In [4, Theorem 2.4] it was proved that if 0 is a
*.derivation defined on the U(n)-finite elements

0sp={x€0, | Caywu,(x) is finite dimensional}
for this action, then ¢ has a unique decomposition
5:50+5 )

where d, is the generator of a one-parameter subgroup of the action @, and ¢
is bounded. Now, none of the generators §, are approximately inner on the
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polynomial *-algebra ®(©,) generated by s,, ---, s, except for d,=0, and hence
this theorem has the remarkable consequence that if d:0%—©, is any derivation
which is approximately inner on 2(®,), then J is actually inner, [4, Remark 2
to Theorem 2.4] (See also the end of §2). This paper grew out of a desire to
understand this fact more algebraically, and hence pave the ground for an
understanding of the Lie algebra of all derivations mapping 2(©,) into 2L(©,).
It is already known that all these derivations are pregenerators, i.e. they are
closable and the closures are infinitesmal generators of one-parameter groups of
*.automorphisms, [3, Corollary 2.6]. Also, P(Q,) consists of analytic elements
for the derivations in Der(®(©,), @(©.)), [3], and hence it seems plausible that
the exponential map defines a representation of the covering group of
Der(®(0,), P(©,)), see [13]. Here we will take up the more restricted problem
whether all approximately inner derivations in Der(®(©,), 2(©,)) are inner, and
our main result, Theorem 4.1, is that this is indeed true for gauge-invariant
derivations, i.e. derivations commuting with the restriction of a to the centre
T of U(n). We expect this also to be true for derivations which are not gauge
invariant, but we do not have a proof for the moment.

As a byproduct of these considerations we will in §2 give an alternative
construction of the action of the symplectic group U(xn, 1) on ©, defined in [16]
and studied further in [6]; our construction is based on infinitesmal analysis.
We will also give an alternative introduction to the Cuntz states from that of
[81, [6], and use these states to show that none of the non-zero generators of
the U(n, 1) action are approximately inner.

In section 5 we will give examples showing that if d€Der(®(©,), O.), then
0 is not necessarily a pregenerator, although +0 are dissipative by [3, Prop-
osition 3.5], and also that § need not be inner if it is approximately inner, even
when 0 is gauge invariant.

§2. Preliminaries

First we recall some facts about Cuntz and Toeplitz algebras from [6], [7],
(8], [11], [12], [14], [15], [16].

Let 4, be a n-dimensional complex Hilbert space, where 2=<n<co, with
complete orthonormal basis {&;: /=1, 2, ---, n}. The Toeplitz algebra g, is the
unique unital C*-algebra generated by the range of a linear map [ defined on
4, such that

UP*(E)=<¢, &1, b, €4,
and

B eongo<1.

The Cuntz algebra O, is the unique unital C*-algebra generated by the range
of a linear map s defined on 4, satisfying
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S(¢)*S(E):<¢: $>17 ()b: Eeﬂn,

and

3 steaserr=1.

We write [; for [(&;) and s; for s(£&,). Then the Toeplitz algebra I, can be
regarded as a C*-subalgebra of the Cuntz algebra ©,, by identifying [; in I,
with s; in @n4, for 1=/<n. Also 9, is an extension of ©,., by the compacts.
More precisely, let F,=%(4,) denote the full Fock space

D@,

where ®°4, denotes a one-dimensional Hilbert space spanned by a unit vector
£ called the vacuum. Then the projection

p=1— 3 1t

generates a closed two sided ideal X, in 9',, which is isomorphic to the compact
operators on ¥, and contains p as a minimal projection. Moreover, X, is
generated by matrix units

[T

1

L pUE, - 1%

Jm

which can be identified with the rank one operators

[fil® ®Elr]®[5jl® Q&1

on F,, where & ® - Q&; =2 if r=0, and y@¢ denotes the rank one operator
P—<P, ¢d>n on Fn, ¢, ¢, nEF,. Then if ¢ denotes the quotient map from T,
onto 9,/ K O is isomorphic to 9,/ K, if we identify s; with ¢((,), i=1, ---, n.

The Fock or regular representation of g, on &, is constructed as follows.
Define bounded operators [(¢) on F,, for ¢<4,, by

ln=9®n n€Q@"H., mz=l,
UPHR=¢.
If ueUn)=U(4,), the group of unitaries on %,, let I'(u) denote the unitary
"@éo(@’"u)

on ¥, Then
IO (w)*=(ug), bEIa.

There is an automorphism 8,=Ad I'(u)|«, on 9, leaving X, invariant defined by

BulligN=l(ug),  PEIia,

and an induced automorphism «, on ©,=9,/X, defined by

aus(P)=s(ug), PEIn.
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In particular, if y=al7, then the fixed point algebra A=A(%,)=0} is a UHF

algebra, isomorphic to @ M,, where we identify
1
{sil o Sirsf-,« 5,7*1: 1<Z.1: T Z‘T: .7.11 Tty ]’Tgn}
in A with canonical matrix units
ei1j1® ®ei,.j,.

r .
in @ M,CcQ M,, if {eij: 1=, j<n} are canonical matrix units in M,, the algebra
1 1

of nXn complex matrices.

We let 2P(©,) denote the *-algebra generated by s, -, s, and P(A)=
PO)NA. Recall, [3], that there is a bijection between derivations ¢ from the
polynomial algebra 2(©,) into @, and skew adjoint operators L in ©,, given by

0r(s;)=Ls;
Ls= 21 3(sp)sk.

Then 0 is gauge invariant (i. e. 0y(#)=7({)0 on L(O,), or d(A)CA) if and only if
L;ed. If d=ad H| ¢, where HEO,, then L;=H—o(H), if o denotes the

shift 2 s,(+)s¥, (Note that ¢|, is the one-sided shift on (TQM,,). In this case 0

is gauge-invariant if and only if H is so. Thus an arbitrary § on 2(©O,) is
inner (respectively approximately inner) if and only if L;=(1—0a)(@,) (respec-
tively L;e€(1—a)(0,). Also a derivation & leaves P(©@,) (respectively P(A))
globably invariant if and only if L;=2(®,) (respectively L;=P(A)).

As an example of the use of the correspondence between L and § we give
an infinitesimal construction of the action of U(n, 1) on ©, defined by Voiculescu
[16] (see also [6]). We take U(n, 1) to be the group of (n+1)X(n-+1) invertible
matrices A with

AJA*=],

where ]:(——(1) (1) ), and 1, is the identity nXn matrix. We will write
_ (o &y >
A=(e “07)

where a,=C, A, is an nXn matrix, and &, & are vectors in 4,. The Lie
algebra u(n, 1) of U(n, 1) consists of (n+1)X(n-+1) matrices of the form

X:(?’ <$}(1>)’

where x,€iR, X¥=—X,€M, and &=4,. Define sXs*:%}X“sis}k if X=

[X:;;]leM,. We can then define for each X<=u(n, 1) a skew adjoint operator
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Ly in ®(0©,) by
L y=x1+s()—s(&)*+sXs*

We let 05 denote the corresponding derivation of @(©,). Then straightforward
computations show that X—dy is a Lie algebra homomorphism from u(n, 1) into
Der(2(0,), P(©,)). This amounts to showing

L[X,Y]:[LY; LX]+5X(LY)—5Y(LX)

for all X, Y=u(n, 1). By [3, Corollary 2.6] and its proof, it follows that 2(©,)
consists of analytic elements for each dx, dx is closable and its closure 6y
generates a one-parameter group of *-automorphisms of ©,. By [13, Theorem
3.1], we can thus integrate X—d to get an action a of U(n, 1) on O, such that

Qexpix=€XP 1oy, teR, x<uln, ).

The exponentiated action of the simply connected covering group U(n, 1) can be
seen, by a direct calculation, to be trivial on the kernel of the covering map,
Un, )>U(n, 1). The corresponding action B of wu(n,1) on g, is unitarily
implemented by an action # on ¥, [17]. In fact

du(X)=dI'(X,—x0)—xol—a(§)+a*(§)

where a*(§), a(£) are the unbounded ‘creation’ and ‘annihilation’ operators:

FON® - D)= 0® -+ @7, ® - O

2§D -+ @)= <6 7N -+ @01 @7un® - @

Then dA(X)(Y)=ad(du(X))(Y) for YeP(g,) (acting on P(T,)Q2).

In considering the range of 1—g¢, it is useful to have available a large class
of shift invariant states. A family of shift invariant states was constructed by
Cuntz [8], and appeared in [6] as the weak limits Of @exp,;x(—+o0), for
hyperbolic elements Xeu(n, 1). Here we give an alternative construction of
these states based on the following general considerations about completely
positive maps.

There is a well known correspondence between endomorphisms a of @, and
unitaries » in ©, [8], (and, as we just explained, between derivations on 2(O,)
and skew adjoint operators in O,, [3]), given by a(s;)=us; and u=3 a(s,)s}.
Now let ¢ be a completely positive map O, into itself. Then !

x=3 g(s))st

is a contraction since x=[(¢®1)(S)]S*, where S:(S1 0 S") is a partial isometry

in M,(0,). Also, ¢(s,)=xs,. Conversely:
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Proposition 2.1. Let x be a contraction in ©,. Then there exists a completely
positive unital linear map ¢ on Oy, such that

B(si)=xs;.

If x is a co-isometry, then ¢ is unique and given by
* B(Ssy " S5, Shy o ST)=(x83,)(x85,) == (xsq, ) xs;,)* - (ws;))*

Proof. Define a morphism = :0,—M©O,) by

n(si):u(%i 3),

)
x —(l—xx*)V2

—xkx)ue o* ) is a unitary dilation of x. If V=(1, 0), define

where u:((l

¢(a)=Vr(a)V¥, acsO,.

If xx*=1, it is clear that (*) holds. In this case let § be any completely positive
unital linear map such that 6(s;)=xs;. Then

(BRD(SNORL)(S*)=(0R1)(SS*).
Then by the Cauchy-Schwarz inequality (see the proof of [10, Theorem 317)
(ORQ1(SA)=(0QL(SHIR1)(A)
for all A= M,(©,). In particular
6(s;a)=40(s;)0(a), for all aea<0,,

and so (*) follows for 4.
In particular take x=s(&)* where & is a unit vector in 4,. Then there is
a unique completely positive unital map ¢. on ©, such that

Pe(s(@PN=X§, ¢,
and ¢, is the Cuntz state:

Pe(s(y) =+ s(Pr)s(ns)* -+ s()*) li[ <& ¢, >H <n, &>,

c. f. [8], [6].
If ée4(,, I16]l=1, the Cuntz state ¢ is clearly g-invariant. If

L x=x,1+s(p)—s(p)*+sX,s*

is the skew-adjoint operator defining a typical generator of a one-parameter
subgroup of the action of U(n, 1) on ©,, we have

Pe(Lx)=x0+<&, n>—<n, >+<&, X786,

where X7 is the transpose of X,. Thus, if ¢«(Lx)=0 for all § then X=0.
This proves that none of the nonzero generators of the U(n, 1) action are
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approximately inner.

We end this section by mentioning that L=s,(s;s¥—a(s;s¥)) is annihilated
by all the Cuntz states, but nevertheless L& (1—a)(©,).

§3. The One-Sided Shift on a UHF Algebra
In this section, let 4 be the C*-tensor product of infinitely many copies of

the full nXn matrix algebra M,, i.e. Jz@) M,, and let ¢ be the one-sided
1

shift on A defined on monomials by:
0(2;, 0%, - RruRIQIR) ) =1Q%:Qx:&) -+ ®xu@1RIK -+

for x,eM,, i=1, ---, M. The map ¢ extends to an injective morphism from A
into A. As noted in section 2, A is the fixed point algebra in ©@, for the gauge

action of 7', and ¢ is nothing but the restriction to A of the shift ¢(:)= i‘, S, S¥
1=1
on O,.
M
If MeN, define Ay=Q M,=the tensor product of the M first factors M,
1

M
in A, and define the polynomial algebra of A as P(A)=\_ Ay, without closure.
The reason for this terminology is of course that @(A)=PO,)NA. Use
(I—0)(A) to denote the norm closure of (1—a)(A).

Theorem 3.1. (1—a)MNAy=(1—a)Ay-1) for M=1, 2, -+, with the con-
vention that A,={0}.

Remark 3.2. Before proving Theorem 3.1, it is interesting to remark that
the corresponding result is not true for the unilateral shift on XN, i.e. the
morphism ¢ defined on the C*-algebra JA=c,=all sequences converging to 0, by

0 if =1
O'(X)t:
X,y If 1=2.

If one defines A, as the set of sequences x={x,} such that x,=0 for i>M,
then x&Jy is in (1—o)(A) if and only if X x,=0, but it is easy to check that
(I—0)(A)=A.

We prove Theorem 3.1 via two lemmas.

Lemma 3.3. If Le(l—0o)(A)NAy then
PR ((A+o+ -+ 1)(L))=0

for all gAYy, where we have made the obvious identification A,y=AuQAy. and
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A% is the dual of Ay.

Proof. Assume first that ¢ is a state. We have the identification

J':J)[@JM@JM@ )

and ¢ defines a state w on J by

V=R - .
But as ¢(1)=1, we have
woo'=w,
and thus
we(l140+4 - +g¥-1)

is a g-invariant functional on A. But as Le(l—g)(A) it follows that
o((14o+ - +a”71)(L))=0,
and since g(Ay)SAys; for all N, we have

(1+0‘+ +0'M—l)(L)gJZM—ngZM:JM®JM7
and thus
o((I+0+ -+ NLN=¢RP((1+a+ - +a¥)(L)).

This establishes that
PQP((1+0a+ - +a” ) (L)=0
if ¢ is a positive functional, and thus by polarization (use ¢=¢,+¢,):
:&¢:+¢:Qd)((A+a+ -+ a”)(L))=0

if ¢, and ¢, are positive functionals. As any functional on Ay is a linear
combination of four positive functionals, this identity is valid for general
¢, P A% by linearity. This establishes the lemma.

Define the cyclic shift ¢ on Ay by
0 y(%:8%:Q - Rxx)=23Qx:1Q -+ Qxy-1,
and define the flip B.xr on Apy=AxQAy by

ﬁzM(x1®x2® o R uQx y+1& o Xxar)
=(Xx+:1Q - Rx2uQx:&Q - Qxa) .

With these definitions, we prove:

Lemma 3.4. If LeJy, the following conditions are equivalent:

L @RO)N(A+a+ -+ +a¥)L)=0 for all p=i¥.
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2. (I+o+ -~ +e™ (L) is antisymmetric under the flip on Asy=AxRAxy:
Bau((l+o+ -+ +a¥ (L) =—A+a+ - +a")(L).

3. (I+0osmtadyt+ -+ )(L)=0.

4. Le(l—awu)(Aaa) -

Proof. Put L,=(140+ -+ +a”)(L).

1=2: The condition 1 implies by polarization that

PR +dQP)(L ;)=0
for all ¢, p=A%. But as

QP+ 9RP=¢RP(1+Bon) »

it follows that

(14+B2u)(Ls)=0,
which is 2.

2=3: Using 2, it suffices to show that

(o4 - 407 )yt Baall-a+ -+ )|y

:(1+0'2M+"'+0‘§}¥-1)id1ﬂ .
But

(A+o+ = +0" )+ Boy (1404 - +a"7Y))
X (1,712 -+ Qry@LR -+ Q1)

=1:01,Q - RryR1IR - X1

+1®0x1,Q - Qxu-1Qx y Q1R -+ ®1

4o

H1QIE) - Qx:Qx,Q -+ Qxu®1

+1R1R -+ RIQx:Q -+ Qxn

FTxuR1R) -+ QIRLRx,& -+ QX -1

T

+2,8071:Q - Qr QIR -+ ®1Qx,
=+ Gant -+ +OH D PxaBLE - B1).

3=24: o,y defines a representation of the cyclic group Z,y of order 2M on
Asy, and if w=e?*?” then L has a Fourier decomposition

L="5'L,
k=0

with respect to this representation. Here



112 BrRATTELI, Evans, GooDMAN and JORGENSEN
Li=s S et ag(L)
VTOM ¢

is the Fourier component such that
oou(Lp)=w*L,.

But condition 3 just says that

L=0,
so putting
eM-1 [,
T 21—t
we have

L=(1—0.u)(H).

The implication 4=3 is trivial, and the implications 3=2 and 2=1 follows
by reversing the arguments in 2=3 and 1=52.

Proof of Theorem 3.1. Let Le(I—a)(A)NAy. Since then LeAgy for all
KeN, it follows from Lemma 3.3 and Lemma 3.4 that
(It0o2xut - +ai&H)(L)=0
for K=1, 2, 3, ---. But as L= we have that
ofxu(L)=0™(L)

for m=0, 1---, 2KM—M, and thus

(Lot - o) L)=— (a3~ - o)D)
From this we deduce two facts:

[A+o+02+ - +a* - S(M=DI LI,

i.e. the sequence (14+0¢+ :-- +6™)(L) is uniformly bounded in m, and

(I+0+0%+ -+ +a* M-¥)(L)
c(@m)e("E (B M) & 1)

2KM-M+1 2KM+1

for K=1,2, ---. From the first fact we deduce that the sequence Hx=
(1+06+06%+ - +0®X¥-M) (L) has a weak limit point H as K—oco in the trace
representation of 4, and from the second fact it follows that this limit point H

must commute with all factors in the decomposition & M, except for the M—1
1

first ones. But the relative commutant of these factors in the trace represen-
tation is just the finite dimensional algebra JAy_,, and thus H&Ay_,. Further-
more, as
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Hx—oa(Hyg)=L—qg*M-M+ (L)

K— g M-M+1([) is a central sequence in A, and the trace representation is a
factor representation, it follows that

H—o(H)=L—21

where A is a scalar. But as the trace state ¢ on  is ¢-invariant and

Le(l—a)(A) it follows that 7(L)=0, and it follows by applying the trace to the
relation above that A=0. Thus

L=H—o(H)

where He Ay -, and the theorem is proved.

§4. The Dichotomy

Theorem 4.1. Let 0 be a derivation mapping the polynomial *-subalgebra
P(O,) of the Cuntz’s algebra O, into itself, and assume there exists a sequence
H,€0, such that

lim[[§(x) —[Hrn, x][=0

for x€P(O,). Assume that 0y,=y.0 for all t&T, where v is the gauge action
on On. It follows that there exists a HEO,NP(O,) such that

o(x)=[H, x]
for all x=P(O,).

Proof. Without loss of generality we may assume that ¢ is a *-derivation
and H,=—H%. As dr,=y.,0 we may also replace H, by STdt 7:(Hy), and hence
we may assume that H,€0,=J4A. But if ng) 5(s1)si‘t is the skew adjoint
operator defining 0, we have that

L:hm(Hm-O'(Hm)) 2

where ¢ identifies with the one-sided shift on A= M,. As 3(P(O.)S2(O.),
1

we have L€ P(A)=ANLO,), and it now follows from Theorem 3.1 that there
exists an H=—H*e () such that

L=H—o(H).
But this means that
o(x)=[H, x]
for x=s,, i=1, ---, n, and thus for all xe®P(©,). This ends the proof of

Theorem 4.1.
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§5. Some Counterexamples

We now know that if 6 is a *-derivation such that D()=%(®,) and
0(P(O.)EP(©,), then 0 is a pregenerator, [3, Corollary 2.6] and if § in addition
is gauge-invariant and approximately inner, then ¢ is inner, Theorem 4.1. We
now exhibit two examples showing that both these statements are no longer
true if the condition 0(P(0,))S P(©,) is removed.

Example 5.1. We first show that a gauge-invariant derivation é from P(O,)
into O, which is approximately inner is not necessarily inner.

Assume ad absurdum that all approximately inner gauge-invariant derivations
were inner. This would mean that the range ® of the operator 1—¢ on
A=Q M, were closed. The kernel of 1—¢ is C1 (since ¢ is asymptotically

1

abelian and A is simple), and thus 1—¢ induces a continuous bijection A/¢;— R.
But as R is closed, the inverse of this injection is bounded, i.e.

[x+C1|=Cllx—a(x)|
for some C>0, and all x=, where

|x+Cl|=inf{|x+Al] | 2&C}.
But if A=, define
hm=h+a(h)+ - +a™ *(h)

for m=1, 2, ---, and put x=h, in the above relation. Then

[Am+Cl|=Cllh—a™h)|=2C|A] .
If h has the form

h=pRIRQ1IR -+,
where p is a nontrivial orthogonal projection in M,, then
Spectrum(h,)={0, 1, 2, ---, m},

and hence
lhn+Cl=m/2.

But this contradicts the uniform boundedness of |4, C1]|, and this contradiction
establishes that R is not closed, and hence there exist gauge-invariant derivations
from @(©,) into ©, which are approximately inner, but not inner.

Example 5.2. We will now exhibit a derivation & from P(©O,) into O, which
1S not a pre-generator.

The shift algebra 9',=C*(s,) generated by s, contains the compact operators
X as the ideal generated by the projection 1—s,s¥, and C*(s;)/ X=C(T) where
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T is the circle, [9].

If feC(T), let M;: LXT)— L*T) be the operator of multiplication by f,
and consider the Toeplitz operator T,=PM;: L*T)— L*T), where P is the
orthogonal projection on L*7) defined by

P(mzmame””): 3 ame'™.
The C*-algebra C*(T, | feC(T)) generated by the bounded operators T, on
L*(T) is canonically isomorphic to the shift algebra C*(s;), the isomorphism is
determined by Ty;—s; where id(z)=z for all zeT. Also, if f, g=C(T) then
T;T;—Ts,e X, and hence if ¢:C*(s,)—C*(s,)/X=C(T) is the quotient map,
f—@(T;) is a morphism, and thus

To=f.
In particular, if f(T)SiR, then

8(3 (T~ TH)=5—P=/,

and thus T is skew-adjoint modulo compacts.
Now, let feC(T) be a function such that f(T)S:R and f(e*")=i+/|t| when

lz‘l<%. Let
L= (T,~T}),

and let ¢ be the *-derivation from %(@,) into O, defined by
d(s;)=Ls;, =1, -, n.

We will argue that 0 is not a pregenerator by using an ad absurdum
argument: If e exists, then

e (C*(s))SC*(s1)

since if S, is the strongly continuous one-parameter family of morphisms from
O, into ©, determined by

Sis;=et*s;, i=1, -, n,
then
et (s)=lm(S,;»)"(s) €C*(sy),
N —oo

where the first equality follows from [5, Theorem 3.1.30], and the last inclusion
from e'feC*(s;). But then ¢® map the canonical ideal X in C*(s,) onto itself,
and using the quotient map ¢:C*(s))—C(T), ¢*° defines a one-parameter group
of automorphisms of C(T). But as
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¢<5(31)) :¢(L31)
=¢(TsT>)
=§(T,)= (e,

we see that the generator of the latter group is an extension of
o d
—if(eit
if(e");

defined on the polynomials in z and z. But since 1/f is integrable near the
zero at t=0, this derivation has no generator extensions [17], [2]. This con-
tradiction establishes that § is not a pregenerator.
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