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0-1 Laws of a Probability Measure
on a Locally Convex Space

By

Yasuji TAKAHASHI* and Yoshiaki OKAZAKI**

Abstract

We introduce several 0-1 laws for a cylindrical probability measure p on a locally
convex Hausdorff space E and examine the equivalence of them. We show that the
following 0-1 laws are equivalent: (a) for every x; in E’, p(x; (x](x)) Eco)=0 or 1,
(b) for every x! in E’, p(x; (x)(x))Ec)=0 or 1, and (c) for every x| in E’.
p(x; (x(x)) Ele) =0 or 1. We also show that each of (a), (b) and (c) implies: (d) for
every x, in E’, p(x; (x(x)) El;) =0 or 1. If p is a Radon probability measure, then
(a), (b) and (c) are equivalent to: (e) for every lower semi-continuous semi-norm N,
p(x; N(x)<oo)=0 or 1.

§1. 0-1 Laws

In this section, we present several 0-1 laws which appear in the probability
theory.

Let E be a locally convex Hausdorff space, C(E, E’) be the cylindrical
o-algebra generated by the topological dual E’ and ®(E) be the Borel ¢-algebra
generated by all open subsets. Let g be a probability measure on C(E, E’) or
on B(E). The measure g on B(E) is called a Radon measure if it holds p(A)
=sup{u(K); KCA and K is compact} for every A< @(E). The Radon measure
u is called a convex Radon measure if it satisfies that 1=sup{p(K); K is com-
pact and convex}. If E is quasi-complete, then every Radon measure is convex
Radon since the closed convex hull of each compact subset is again compact.

The weakest notion of the 0-1 law is the following.

(0) For every x'€FE’, p(x; x'(x)=0)=0 or 1.
The strongest 0-1 law is the following.

(1) For every p-measurable linear subspace FCE, p(F)=0 or 1.
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For example, convex measures, semi-stable measures satisfy the 0-1 law (1),
see Borell [1], Dudley and Kanter [2], Krakowiak [4] and Louie, Rajput and
Tortrat [5].

We introduce other intermediate 0-1 laws between (0) and (1). Let lo=
{t)eR~; sgpltnl<00}, lLy={t)ER>; Zyltn|?<o} (1=p<o0), c;={(t.)ER™;
lirl;n t, exists} and ¢,={(t,)eR>; t,—0} be the usual Banach spaces, where R*
be the countable product of the real numbers R with the product topology. A
linear subspace F of R is called a convex Lusin subspace if F is a Borel subset
of R~ and, for every probability measure v on R> it holds that y(F)=
sup{v(K); KCF, K is compact convex and balanced in R*}. For example, /o,

lp I=£p<o0), ¢, and ¢, are convex Lusin subspaces of R*. Every separable
Banach subspace is convex Lusin.

(2) For every sequence x,E’ and every convex Lusin subspace F of R,
ux;5 (xp(x))EF)=0 or 1.

(3) For every sequence xn,€E’, p(x; (x3(x))E€l)=0 or 1.
(4) For every sequence x,€E’, p(x; (xn(x))€c)=0 or 1.
(5) For every sequence xn,€E’, p(x; (x5(x))Ece)=0 or 1.

(6) There exist no sequence x,<E’ such that p(x; (xn(x))€¢))>0 and that
(x5 (x(x)) €Elw)>0.

The 0-1 law (3) was considered by Sato [6]. It is clear that the 0-1 law (2)
is stronger than (3), (4) and (5). It is also clear that each of (3), (4) and (5) is
stronger than (6).

The following 0-1 law (7) is weaker than (5).

(7) For every sequence xn,€E’, if there exists (a,)Ec, such that
p(x ;5 (a7 x0(x))E1=)>0, then p(x; (xa(x))Eco)=1.

In fact, if (az'x,(x))El. for (a,)Ec, then (x,(x))=c,. Hence (5)=(7) follows.

(8) For every sequence xn<E’, if there exists (ap)Eco such that
u(x; (a7 xn(x))E€1e)>0, then p(x; (xn(x)el.)=1.

(9) For every sequence xn<E’, if there exists (ap)Eco such that
px; (@z'xa(x)E¢)>0, then p(x; (xa(x))Ec)=1.

(10) For every sequence xn,€E’, if there exists (ap)€c, such that
2(x; (az'xn(x)€¢e)>0, then u(x; (xn(x)Eco)=1.
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(11) For every sequence xp,<E’, if there exists (a,)€c, such that
p(x; (az'xn(x))Eco)>0, then p(x; (xa(x))Elx)=1.

Since ¢,Cc¢,Cl, it is easily seen that the 0-1 law (7) is stronger than (8), (9)
and (10). Also each of (8), (9) and (10) is stronger than (11). It is clear that
the 0-1 law (6) implies (8) and (11), since if p(x; (az'xn(x))€l.)>0, then
2x; (xp(x))€c)=pulx; (az'xn(x))E€1lx)>0 and hence by (6), p(x; (xa(x)El.)=1.
We shall show that the 0-1 law (11) implies (2). Thus we obtain the main
result (Theorem 1):

The 0-1 laws (2)~(11) are all equivalent.

Since [, (1=<p<co) is a convex Lusin subspace of R, each of (2)~(11) implies
the following 0-1 law.

(12) For every sequence xn€E’, p(x; (xp(x))€lp)=0 or 1 (1< p<oo).

The above 0-1 laws (2)~(12) are described in terms of the sequences in E’,
so it is sufficient to suppose that the measure g is defined only on C(E, E’).
We state another 0-1 laws for a Radon probability measure g on B(E).

(13) For every closed convex balanced subset B, p( le nB)=0 or L.

(14) For every lower semi-continuous semi-norm N(x) on E (admitting the
value o), p(x; N(x)<oe)=0 or 1.

(15) For every compact convex balanced subset K, y( anK>:0 or 1.

For example, the countable product of non-atomic probability measures on R
satisfies the 0-1 law (15), see Hoffmann-Jgrgensen [3] and Zinn [8]. Obviously
(13) and (14) are equivalent. We show that if g is Radon, then (2)~(11), (13)
and (14) are equivalent (Theorem 2). In the case where g is convex Radon,
(13) and (15) are equivalent, hence the 0-1 laws (2)~(11), (13) (14) and (15) are
all equivalent (Theorem 3). The implication (3)=(15) for a convex Radon p
was proved by Sato [6] and (15)=(3) was remarked by Takahashi [7].

§2. Main Results

Theorem 1. The 0-1 laws (2)~(11) are all equivalent.

Proof. As we have remarked in the preceding section, it is sufficient to
prove (11)=(2). Let x,€E’ and F be a convex Lusin subspace of R®. Suppose
that p(x; (xn(x))eF)>0. Then we must show that p(x:(x,(x)eF)=1. If we
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set I1: E-R> by II(x)=(x,(x)), then by the definition of the convex Lusin
subspace, there exists a compact convex balanced subset K in R such that
KCF and that II(p)(K)=p(I-Y(K))>0, where II(p) is the image measure of g

by II. Let QnK be the linear subspace of R* spanned by K. We show
(U nK)=1.

Suppose that 17 (,u)( Cj nK)<1. Then there exists a compact subset L in
n=1
R~ such that

((L)>0 and LA\ nk)=0.
For every x=L and every n, by the Hahn-Banach theorem, there exists
£, -=(R*) such that
En2(x)>1, and &, ()1 on nl,

that is, &, . separates nK and x. For every fixed n, the open subsets U, ,=
{v:&,.2(9)>1}, x€L, form a covering of L. Take a finite sub-covering Un.zm
Jj=1,2, -, j(n). Then for every n and every x&L, there exists some
7e{1, 2, -+, j(n)} such that

Consider the following sequence in (R®)’:
(*) Sl,x%y Tty EI.I;‘(D y Tty n1/3§n, :L‘I‘y Tty nllasn,l‘?(ny (n+l)1/3§n+l.l‘;t+1,

Then for every x=L and every n, there exists suitable j in {1, 2, -+, j(n)}
such that

1% on()> 0.

On the other hand, for every xemK (m be arbitrarily fixed), we have as n—oo,

m n
¥, ap(x)=n*’= &y, z}‘(ﬁ x)

Snz/sﬂ-zmn'”sHO,
- n
since (n/m)xenK. Thus we have

nzlsfn.xgl(X)HO on nylmK,

as n—oo. Denote by (%,) the sequence (*) and (a,)€c¢, be the following
sequence :

1o, 1, e, m3, e V8, (b 1)YS, e
that is,

ar=n"*  for ’gj'<z')<k§§l]'<i).
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We put z;=%°II. Then z;€E’ and it hold that

arzi(x)—0 on H'l(leK), and

sgpiz;’e(x)lzoo on II-%(L),

which contradict to (11), since ;1(17 '1( ‘DlmK))>0 and p(II-*(L))>0.

m=

This completes the proof.
Corollary 1. Each of the 0-1 law (2)~(11) implies (12).

Theorem 2. Suppose that p is a Radon probability measure. Then the 0-1
laws (2)~(11), (13) and (14) are all equivalent.

Proof. By Theorem 1, it is sufficient to show (5)&(13).
(5)=(13) Let B be a closed convex balanced subset with p(B)>0. We
show that p(C}lnB)=1. Suppose that p( QnB <1. Then since g is Radon,

there is a compact subset L such that
#L)>0 and LN(\JnB)=9.

For every n and every xe L, by the Hahn-Banach theorem, there exists &,, ., E’
such that

§nx(x)>1, and &, (y)|=1 on nB.

The open subsets U, =1y, &,,.(»)>1}, xL, cover L. Take a finite sub-
covering U,,,I;z, 7=1, 2, ---, j(n) and consider the sequence

(**) 51,3:}: T El,r}m; Tt En,x{‘y Tt Sn,z]"m):

Then we have
supl&, cn(x)|>1 on L, and £, .n(x)—0 on C_jlmB,

since for every xemB

m n
( —_—— -
Sn,z;’\x)— n énzg‘( m x)

m
<——0 as n—oo,
n

These contradict to (5).

(13)=(5) Suppose that p(x; (xp(x))€ce)>0, that is, u(x; x3(x)—0)>0. By
the Egorov’s theorem, there exists AC{x; x,(x)—0} such that p(A)>0 and
x5(x)—0 uniformly on A. Let B be the closed convex balanced hull of A. We
shall see x.,(x)—0 uniformly also on B. For every ¢>0, there is an N=N(¢)



102 Yasuji TakanasHr AND YosHIAKI OKAZAKI

such that
sug!x;(x)l <e for every n>N,
TE

since (x;) converges to 0 uniformly on A. The subset {x; |x,(x)| ¢ for every
n>N} is closed convex balanced, and contains A so it follows that
BC{x; |xp(x)| =Ze for every n>N}.
Hence we have
sup| xn(x)| <e for every n>N,

ZEB

which proves the assertion. By the assumption (13), we have

ux; x'n(x)—>0);;,e(nc:jl nB)zl .

Thus the 0-1 law () is valid.
This completes the proof.

Theorem 3. If p is a convex Radon measure, then the 0-1 laws (2)~(11),
(13), (14) and (15) are all equivalent.

Proof. 1t is sufficient to show (13)&(15). (13)=(15) is obvious.
(15)=(13) Let B be a closed convex balanced subset with p(B)>0. We

show that g( UlnB)zl. Since g is a convex Radon measure, there exists a
n=

compact convex balanced subset K such that u(KNB)>0. Let L be the closed
convex balanced hull of KNB. Since L is a closed subset of the compact set

K, L is also compact. By the assumption (15), we have ;z( QnB);,a( Q nL)

=1.
This completes the proof.
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