Publ. RIMS, Kyoto Univ.
22 (1986), 151-175

The Completion of the Maximal Op*Algebra
on a Frechet Domain

By

Klaus-Detlef KURSTEN*

Abstract

This paper investigates the completion of the maximal Op*-algebra L* (D) of (possibly)
unbounded operators on a dense domain D in a Hilbert space. It is assumed that D is a
Frechet space with respect to the graph topology. Let D* denote the strong dual of D,
equipped with the complex conjugate linear structure. It is shown that the completion of
L*(D) (endowed with the uniform topology) is the space of continuous linear operators
L (D,D*). This space is studied as an ordered locally convex space with an involution
and a partially defined multiplication. A characterization of bounded subsets of D in terms
of self-adjoint operators is given. The existence of special factorizations for several kinds
of operators is proved. It is shown that the bounded operators are uniformly dense in
L+(D).

§1. Intreduction

Non-normable topological *-algebras satisfying various completeness conditions
have been studied in several papers (see, e.g., [7, 8, 10, 12, 22, 23, 31, 34]).
However, these conditions are not fulfilled for the maximal *-algebra L*(D) of
(possibly unbounded) operators on a dense linear subspace D of some Hilbert
space H (for precise definitions, see Section 2). On the other hand, L*(D) is
one of the most important unbounded operator algebras because it contains all
*_algebras of operators on a fixed domain D.

It is the aim of this paper to study the completion of L*(D) with respect
to the uniform topology. We assume throughout that D is a Frechet space in
the topology defined by the graph norms of operators belonging to L*(D).
However, some of the results can be obtained for more general domains D by
the same proofs (see Remark 3 after Proposition 3.8 and the remarks after
Proposition 5.1 and Corollary 5.6).

Among others we show that the completion of L*(D) is the space of con-
tinuous linear operators .£(D, D*). Here D* denotes the strong dual of D,
equipped with the complex conjugate linear structure. This completion is not
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an algebra if D= H. However, it has the structure of an ordered locally convex
space with continuous involution and with a partially defined multiplication.

Note that the question wether or not .£(D, D*) is the completion of L*(D)
arose in [24] in connection with the study of the time development of thermo-
dynamical systems in quantum statistics. It was explained in [25] that the
problem of defining products on .£(D, D*) is connected with quantization pro-
cedures, if D is the Schwartz space © of test functions. Our definition of the
partial product is more general than that of [24, 25]. However, it is closely
related to the product of operators on partial inner product spaces which was
defined in [3]. Linear spaces with a partially defined multiplication were
previously considered also in [4, 5, 6, 11].

The pattern of the paper is as follows. In Section 2, we recall some
definitions, notations, and some known or easy results. In particular, we endow
the space .£(D, D*) with the topology of uniform convergence on bounded sets.
.L(D, D*) contains both the algebra L*(D) and the algebra C(H, H) which is
isomorphic to the algebra of all norm continuous linear operators on H. In
Section 3, we define a partial multiplication on .£(D, D*) which generalizes the
familiar multiplication of L*(D) and C(H, H). Moreover, we give examples
which indicate some of the difficulties connected with the definition of such a
partial multiplication. In Section 4, we characterize bounded subsets of D in
terms of self-adjoint operators. Some applications of this characterization are
given. In Section 5, we prove the existence of special factorizations for several
kinds of operators. In Section 6, we show that .£(D, D*) is the completion of
L(D).

The study of the space .£(D, D*) will be continued in [21]. In particular,
we show there that .£(D, D*) is the second strong dual of its subspace of
completely continuous operators. In [20, 33], the methods of the present paper
are applied to the investigation of closed ideals in L*(D).
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§2. Notations and Preliminary Results

In this section, we fix some definitions and notations. Moreover, we collect
some well-known or simple facts for later use.

Suppose that D is a dense linear subspace of a complex Hilbert space H.
We denote the norm, the unit ball, and the scalar product of H by |-|, Ug,
and <-, -), respectively. We assume the scalar product to be linear in the
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second argument. For an operator A on H, let A, D(A), and | A| denote the
closure, domain, and the norm of A (provided the later exists), respectively.
The following definition was introduced in [22]. Let

L*(D)={A<End(D): DCD(A*) and A*D)CD}.

Then L*(D) is a *-algebra of closable operators with involution A—A*:=A* | D.

We endow D with the locally convex topology defined by the system of
seminorms ¢—||A¢| where A€ L*(D). Throughout this paper, we assume that
D is a Frechet space. In this case we simply say that D is a Frechet domain.
Then D is reflexive [9, 29]. Furthermore, there exists a sequence (A,) in L*(D)
such that the following conditions are satisfied (see, e.g., [6, 22]):

a) The topology of D is generated by the sequence of seminorms (|| A,(-)|)-
Moreover, D=("\ D(4,).

b) For each A= L*(D) there exists neN such that |[{Ae, ¢>| (A, ¢> for all
peD.

0) Aip=0¢, (A0, p>={Anup, ¢>, and |A.¢|=[Anp] for all p=D.

We fix a sequence (A4,) satisfying the conditions a), b), and c).

Let D’ denote the strong dual of D. Replacing the multiplication with
scalars in a locally convex space by the mapping (1, x)—Ai-x, we obtain a new
locally convex space which is called the complex conjugate space. Let D and
D+ denote the complex conjugate spaces of D and D’, respectively.

We always identify f = H with the linear functional <{f, :> on D. Then we
have the continuous inclusions DCHC D*. Elements of D are denoted by greek
letters ¢, ¢, ---. Elements of D* are denoted by f, g, &, ---, or {f, >, <g, >,
{h, +>, . The complex conjugate number of (f, ¢> is denoted by <¢, /.
The pair of locally convex spaces (D, D*) is a reflexive pairing with respect to
the bilinear functional

BXD+3(@; f)-><901 f>'

Note that D is a dense linear subspace of D* because it is weakly dense.

If £ and F are locally convex spaces, we denote by .L(E, F) the linear
space of all continuous linear operators mapping E into F. We use the abbre-
viation £ for the space .L(D, D*) equipped with the topology of uniform
convergence on bounded sets. This topology is generated by the system of
seminorms

gu(T)=sup{|<Tp, >1: ¢, M},

where M runs through the system of bounded subsets of D.

If Te., then the adjoint operator 7/ belongs to .£(D, D’) and satisfies
(T'o)p)=<p, TP> for all goED and ¢=D. Note that D and D coincide as real
linear topological spaces. The same is true for D’ and D*. Hence, there exists
a unique operator T*e.L satisfying
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T, P>=(T"p)p)=<p, Teh>
for all ¢, ¢<=D.
The mapping T—T* is an involution of .£. An element TE.L is said to
be hermitian if T=T"*. Let .£, denote the set of all hermitian elements of L.
The formula

D S R gy
T—Z(T—;—T) Zz(zT iTH)

shows that L=.L,+7.L5.
We define a partial order relation on .L, as follows:

T,=T. if and only if <T@, p>=<Tep, ¢> for all ¢&D.

Recall that D is a Frechet space and hence bornological. Therefore the
following proposition follows from the theory of locally convex spaces (see e.g.,
[177, §40, 2).

Propoesition 2.1. For a bilinear form t(p, ¢) defined on DX D, the following
properties are equivalent :

a) There exists T in L such that t(p, $)=<To, ¢> for all ¢, $=D.

b) There exists n€N such that |t(p, )| =1 Anpl 1Azl for all ¢, ¢ D.

¢) For any bounded subset MCD, the form t is bounded on MX M.
Moreover, the sets

Br={TeL: KTo, p>I =l Anpl 1Al for all ¢, p=D}

form a fundamental system of bounded subsets of L.

In particular, the space .£ and the space of continuous sesquilinear forms,
considered in [6], are isomorphic as linear spaces.

In the sequel, we are concerned with locally convex spaces E fulfilling the
condition :

d) There are continuous inclusions DCE and ECD*.
If E and F are such spaces, we define

C(E, F)={T<.L: There exists S€.L(E, F)
such that Te=S¢ for all p=D}.

We abbreviate ¢(D*, D) by ¢. If Tec(D*, D), Tec(D*, H), or Tec(D*, D),
then the continuous extension of 7T is denoted by 7.

From now on, we regard L*(D) as a subspace of .£. This is possible since
L¥(D)c.L(D, D) by [22].

We wanted to remark that our definition of the involution on .£ coincides
for operators in L*(D) with the familiar definition of the involution in L*(D).



THE CoMPLETION OF MaximaL Op*-ALGEBRA 155

We always equip the spaces C(E, F) and L*(D) with the topology induced
by .£. On L*(D), this topology coincides with the uniform topology 7, defined
in [22].

The following proposition was formulated in [23, 24].

Proposition 2.2. L*(D)=c(D, D)Nc(D*, D*).

Proof. 1If Tec(D, D)hc(D*, D), then T has a continuous extension
Te_r(D+, D¥). The adjoint operator 7" belongs to .£(D, D) (=.£(D, D)) and
satisfies

K, T'oy=<T¢, o>=<T¢, ¢>

for all ¢, ¢=D. This means T*D7T", which implies T eL*(D).
Conversely, assume TL*(D). Then T and T*:=T*| D are in C(D, D).
The adjoint (T*)” belongs to .£(D’, D’) (=.£(D*, D¥)) and satisfies

LT @, p>=<p, T*p>=<To, ¢>
for all ¢, ¢=D. This implies T =c(D*, D¥), which completes the proof.

Concrete Frechet domains have been investigated, e.g., in [22, 25, 30, 32].
We refer to [1] for the theory of operators in a Hilbert space and to [16, 17]
for the theory of locally convex spaces.

§3. The Partial Multiplication

In this section, we define a partial multiplication on .£ which generalizes
the familiar multiplications defined on L*(D) and on C(H, H) (= B(H)). Further-
more, we give examples which indicate some of the difficulties connected with
the definition of such a partial multiplication.

Consider a class & of locally convex spaces E, F, ---, each of which satisfies
condition d) of Section 2. We assume that the following property is satisfied:

For E, FER, the intersection ENF equipped with the topology of the
locally convex kernel contains D as a dense linear subspace.

Next we define products with respect to the class K.

Definition 3.1. The product T,eT ,-;° -~ T, of elements of .£ is said to
be defined with respect to the class &, if there are spaces E,, E,, ---, E, in &
such that T,eC(E,-,, E,). If S;eL(E,-,, E,) is the unique extension of T,, the
product T,°T,-,¢ --- T is defined by

Tro e oToeTyp=Sa(- (Ss(S19) ) (pED).

Proposition 3.2. The product T,e--- T, does not depend on the special
choice of the spaces E,, ---, E, in &.
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Proof. We proceed by induction on n. For n=1, the assertion is obvious.
Suppose that the assertion is true for n factors. Consider elements T4, ---,
Tre: of £ and spaces E,, -+, Eptq, Fo, ==+, Fpy+y belonging to & such that

T,€C(Ej-y, EJNC(Fj-y, F))  GE{L -, nt1}).

Let S,eL(E,-;, E,) and R,e.L{(F,_;, F,) denote the continuous extensions of T;.
We have to show that

S7n1(Sn - 52(S1SD> o )=Rp s (Ry - Rz(Rng) ) (1)
for all pD.

To do this, we note that the embeddings of E,NF, into E, and into F,
are continuous if E,NF, is endowed with the topology of the locally convex
kernel. Therefore the restrictions to E,N\F, of R,., and S,,, belong to
L(E.NF,, D¥). Since these restrictions coincide on the dense subset D, they
coincide everywhere on E,NF,. Now equation (1) follows from the fact that

Tpo e o Typ=S, - S3S10=Ry, - RiRsp € E,NF,

by assumption. This completes the proof.

Remark. Definition 3.1 is closely related to the definition of products of
operators acting on partial inner product spaces, which was given in [3]. If
the space D* has the structure of a partial inner product space in the sense of
[3] such that (D*)#¥=D, then there is defined a set {V,} of assaying subspaces
of D* (see [3]). In Definition 3.1 one can use the set

f={V:},

where each space V., is equipped with its Mackey topology =(V,, V;).

Now, we give an example which shows that it is impossible to omit the
condition on & concerning the density of D in ENF. The following proposition
collects some consequences of this example.

Proposition 3.3. Let DCl, be the Schwartz space of rapidly decreasing
sequences. There exist locally convex spaces E and F satisfying condition d) of
Section 2 and operators T,=C(D, EYNC(D, F), T,=C(E, D*)YNC(F, D*) such that
the following assertion is true:

The continuous extensions Re.L(E, D) and Se.L(F, D¥) of T, satisfy

R(Tp)#S(Tp)
for some pED.

Moreover, E and F can be specified to be Hilbert spaces or Frechet domains.

Proof. We denote the canonical orthonormal basis of D by (¢,). Then
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D={ ilxn%: él | x5 |22t <co  for all kEN}.
Defining

Ap= g‘l {=2n@an+Cn+1)@ons1, @X(—2n¢@e+(2n+1)0en41) ,

Bp= 3 <@n—1gun-1— 210, 9X(2n—D)psn-1—2nzn)

for ¢=D, we obtain essential self-adjoint operators A and B belenging to L*(D).
Let E and F denote the normed spaces D(4) and D(B), respectively, equipped
with the norms
lolz=(lApl*+llpl®2, lelz=Bel*+l¢l?":.
Obviously, E and F fulfil condition d) of Section 2.
We set
k o0
¢Ie:7§1n_1§0n ’ f:n'Z::ln—lgDn .

Since A¢srr1=DB¢,,=0, the sequences (¢qox+,) and (¢,) are Cauchy sequences in
E and F, respectively. Hence, their common limit f belongs to ENF. Thus,
the operator T, defined by

Tio=Lps, o> f

is a rank one operator belonging to ¢(D, EYNC(D, F).
We define an operator R on E by

R( ;:)1 xngon>=(x1+ é)l (—2nx2n+(2n+1)x2n+1)>901 .

Since

X1+ Tf; (—2nxon+@2n+1)xsn4+1)

=|xl
+( Z, 1 =20t @nt D 1@+ 2 +19)

o 1/2
(2 @np+@nt10)7)
S x00al H(E 2 YA X 220l 3| 2 x0ale,
R is well defined and belongs to .L(E, D*).
Similarly, we obtain an operators S_L(F, D) by the definition

S( 2 1agn)= 3 (@1 =Dz —2n72)0;

It is easy to see that Reo=S¢ for all ¢eD. Therefore R and S are
extensions of the same operator, say T, which belongs to C(E, DY)YNC(F, D*).
Moreover, R(T.p)=<¢,, ¢>p, and S(T.p)=0 for all ¢&D. In particular,
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S<T1§01)75R(T1S01)- _ _
Since f=3 n"'p,€D(A*)ND(B*) for each k€N, it is possible to modify
the above example by setting

This completes the proof.

Remarks 1. The operators T; and T, satisfy even the conditions
T.ec(D*, EYNC(D*, F), T,eC(E, D)NC(F, D).

2. Using the notations of the preceeding proof, we obtain the following counter-
example to [4] Proposition 2.4 and [5] Proposition 3.1. Let T (H, H) be the
operator defined by Tg=<f, g>f. The operators A* and B? are left multipliers
of T in the sense of [4]. We show that their strong sum, i.e., the closure of
A%+ B? is not a left multiplier of 7. Suppose, on the contrary, that it is a
left multiplier of 7. Then f belongs to the domain of the closure of A2 B2
This means that there is a sequence (%,) in D such that

lim7,—f1=0, lim [(A*+B)pa—7m)]|=0.

Since
loll 22+l #*=<(A*+B®¢, o>+2llpl=(A*+ B*el*+3lel?

(ps) is a Cauchy sequence in both spaces £ and F. Consequently,
lim 92— £l s=lim |, — £ |-=0,
lim | R(pa— )| =lim | S(,— )| =0.
This gives a contradiction because R7,=S7,=T.n. Rf=¢; and Sf=0.

3. In [25], there is defined a multiplication of certain classes of pairs of
operators in £(©, '), where &’ is the space of tempered distribution and & is
the subspace of test functions. This definition corresponds (but is not equiva-
lent) to our Definition 3.1 in the case that 8={6, V, &’} and V satisfies some
additional conditions. Note that & is isomorphic to the space S of rapidly
decreasing sequences. The spaces E and F constructed in the proof of Prop-
osition 3.3 are F-domains in the sense of [25]. Therefore the product in the
sense of [25] Definition 4.3 is not independend of the choice of V.

4. TUsing the notations of the proof of Proposition 3.3, we consider the func-
tionals g,€E’, g.F’, and geD* defined by g,(h)=<(Rh, ¢:>, g:(h)=<{(Sh, ¢,
and <¢, g>=<Twp, ¢:>. It is clear that g, and g, are extensions of g and that
g.(f) is different from g,(f).

Therefore it is not possible to define the structure of a partial inner product
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space on D* in the sense of [3] such that the following condition is satisfied:

If for some AeL*(D) with A=Id and for some ge&D* the inequality
K¢, g1 =l Ap| is satisfied for all p& D, then the partial inner product <f, g)
is defined for all feD(A) and satisfies the inequality |<f, g>|<|Af].

In particular the up- and downward directed set (D,) of Hilbert spaces,
which was defined in [9] (see also [23]) does not define a structure of a partial
inner product space such that the partial inner product {f, g> exists for all
feD, and geD,-.

From now on, we restrict ourselves to the class 8={D, H, D*}. We repeat
the definition of the partial multiplication in this case.

Definition 3.4. We say that the product T,e :--T; of elements of .L is
defined if there are spaces E,, ---, E, belonging to {D, H, D¥} such that
T;eC(E;-,, E;). Let S;erL(E;.,, E;) denote the continuous extension of T;.
Then the product T,e -+ T is defined by

Tro - oTye Tip=Sy(++ (S2(S:9)) -+*) (peD).
By Proposition 3.2, this definition is correct.

The following two propositions are simple consequences of the definitions
and notations introduced above. We therefore omit the details of the proofs.
We use the notations (D*)*=D and H*=H.

Proposition 3.5. Let Ty, ---, T, be operators such that the product Tpe -+ T,
is defined. Let E,, ---, E, be elements of {D, H, D*} such that T,eC(E;-,, E)).
Then

a) Tj+EC(Ej+, Ej_1+),
B) (Tae coe s T)*=Tye v Ty,
¢) Tpe - o TiEC(E, En).

Proposition 3.6. The product T,°T, is defined if and only if at least one of
the following conditions is satisfied :

a) T,ec(D, D) and T,=.L.
b) T.=c(D, H) and T,=C(H, D*).
c¢) T,e.L and T,=c(D*, DY),

If a) is satisfied, then
T2°T1§0=T2(T1§D)

for all peD. If a), b), or c) is satisfied, then

{Tee T1§0; ¢'> = <T1§0, T2+¢>
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for all ¢, g D.

Note that the partial product is associative in the sense that (ReS)-T=
Ro(S:T)=R-S-T if the last product exists in the sense of Definition 3.4. We
shall see in a moment that the partial product is not associative in the stronger
sense that (R<S)eT=R-(S-T) if both (R-S)-T and R-(S-T) exist. To prove
this, we need the following lemma.

Lemma 3.7. Let A be a densely defined closable unbounded linear operator
on H such that {Ap, p>=l|oll* for all ¢=D(A). Then there exists a bounded
linear operator R defined on H such that R(H) is not dense in H and <{RAgp, ¢
=lel® for all p&D(A).

Proof. First note that upon replacing A by its Friedrichs extension, we
can assume that A is self-adjoint. We fix positive numbers ¢, and ¢ such that

3 en<e<l/4.

Let X:(e, o0)—[1, 2] be the function which is defined on (ne, (n+1)e] by
2(A)=A"*(n+1)e. Then there is an orthonormal basis of H consisting of eigen-
values of the self-adjoint operator B:=X(A)-A.

The operator R will be constructed such that

RASDn:Xn—lﬂDn-l”l'an¢n+2n§0n+1 ’

where (¢,) is a certain sequence of eigenvectors of B.

We put 4,=0 and ¢,=0. By induction, we define a real sequence (a,) and
an orthonormal sequence of eigenvectors (¢.) With Be,=21,¢, such that the
following inequalities are satisfied:

a>1. (2)
2n>(5n)_l<iani+lzn—1) . (3)
det(ar, ) iL:>0, (4)
where
Gpr=ap—1, Gpre1=0Cr+1,1=4;, and
a,,;=0 if |k—I|>1.
Note that
det(ar, DR iki—(@ne—1)det(ay, )F, =1
depends only on the numbers ay, -+, a,, 4, -, 1,. If these numbers are fixed
and if

det(a, )f-1>0,

then (4) is satisfied for sufficiently large numbers aq,.;.
Now, let H, be the closed linear hull of {@,}%-;. Set
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Sbn:Zn-l(zn(PnH“l‘an§0n+2n—1$0n-1) .
Then it follows that

]]¢n_§0n+1“ :Zn—lllangon"i_lzn—lﬁan—l“ =éq.

This implies that ¢, ¢y, ¢z, -+ is a basis of H, which is equivalent to an ortho-
normal basis (see, e.g., [27] Proposition 1.a.9). Define an operator S, on H, by

Then S, is bounded and its range is not dense in H,.
It follows from the Sylvester criterion, from (2) and (4) and from the
equation

<SIB kZZJkagok, l=231x1¢z>—<,§1xkgok, Z=Z)1ng01>

=< % Xp(ArQr1 T Cr T 20— 10k-1—08), :211'401\/

k=1

:k’zt::lak,szi\'z ,
that <S,Be, ¢>=lle|? for all ¢ in the linear hull of {¢,}. This linear hull is
dense in D(B)NH, with respect to the graph norm ¢—|B¢|. Hence, <S,Bgp, ¢>
=|el? for all pe D(B)NH,.

Finally, we define R :=(S,@S,)X(A), where S, is the identity map of HOH,.
Then R(H) is not dense in H and

(RA@, >=X(S:DS) By, p>=lle|*
for all p=D(B)=D(A). This completes the proof.

Remarks 1. It is easy to construct the operator R such that the orthogonal
complement of R(H) has infinite dimension. It suffices to write the operator B
as an orthogonal direct sum

Lan}

where every B, is a self-adjoint unbounded operator, and to apply the preceed-
ing proof to each operator B.,.

2. The author does not know whether or not R can be choosen to be a partial
isometry. But the preceeding proof shows that the following is true: Let ¢>0
be fixed. Then the operator R in Lemma 3.7 can be choosen such that there
exists a partial isometry U with |U—R| <e.

Proposition 3.8. [f L*(D) contains unbounded operaicrs, then there exist
elements A, B, R, S, T in L such that the following assertions are satisfied :
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a) The expressions Ro(SeT), (RS)-T, ScA, (RS)°A, Be(R-S) are defined in
the sense of Definition 3.4.

b) (ReS)eT#Ro(S-T).

¢) The products R-(S-A) and B-R are not defined.

Proof. Let We L*(D) be an unbounded operator. Then Lemma 3.7 applies
to the operator W*W-+1d, where Id is the identity map of D. Therefore there
exists an operator SeC(D, H) such that S(D) is not dense in H and <S¢, ¢>
=|l® for all peD. Let ReC(H, H) be the restriction to D of the inverse of
Friedrichs extension of S. It follows from Proposition 3.5 that S=S*eC(H, D*).

Note that the range of the continuous extension S €L(H, D*) is not contained
in H. Indeed, S(H)CH would imply S €.L(H, H) by the closed graph theorem.

Take g€H such that Sge&H. Fix an element f in H\{0} which is
orthogonal to S(D) and an arbitrary 4 in D*\H. Now, the operators A=C(H, H),
Be.r, and TeC(H, H) are defined by

Ap=<g, p>g,

Bo=<h, ¢>h,

T§0:<f: §D>f N
The products R-S and S-T exist. We have

(R:S¢p, $p>=<S¢, Rp>=<RS¢p, $>=<p, ¢,
STy, $>=<Tp, SP>=0

for all ¢, ¢=D. Hence, R-S=Id (the unit of L*(D)) and SeT=0. Consequently,
all products mentioned in a) are defined. Moreover, (RS)eT=T#0=R-(S-T).

We show that RecC(D, D)uc(D*, D¥). Suppose, on the contrary, that
Rec(D, D) or Rec(D*, D*). Then R=R* implies Rec(D, D)Nc(D*, D)=
L*(D). Hence, the product R-S-T exists. This is a contradiction to b), which
shows that Rec(D, D)\Jc(D+, D*).

On the other hand, S<Ae¢C(D, H) since the image of S-A contains §g.
Clearly, BeC(H, D*). Now, it follows from Proposition 3.6 that the products
Ro(S-A) and B-R are not defined. This completes the proof.

Remarks 1. The multiplication R *S, defined in [5], is not associative.
Indeed, it follows from Proposition 3.6 that the operators R, S, T constructed
in the preceeding proof satisfy the following conditions :

a) S* is a left =-multiplier of T* (in the sense of [5]) and (S*) % (T*)=0.

b) R* is a left x-multiplier of S* and (R*) % (S*)=Id*.

¢) R* is a left =-multiplier of (S*) % (T%*), (R*)x(S*) is a left *-multiplier of T*
and (R*) * ((S*) = (T*))# ((R*) » (§%)) = (T*).
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2. It follows from Corollary 6.4 below that (., L*(D)) is a quasi-algebra in the
sense of [24]. By definition, the product S-T exists in the quasi-algebra if and
only if SeL*(D) or T€L*(D). In this case the product S:-T coincides with
the product S-T in the sense of Definition 3.4. The proof of Proposition 3.8
shows that the quasi-algebra (.£, L*(D)) is not associative if there exists an
operator S=Id in L*(D) which is not essential self-adjoint. Such an operator
exists, e. g., if D is the Schwartz spaces SC/,.

3. In this remark, we wanted to mention a generalization of the results obtained
up to now to more general domains than Frechet spaces.

Assume that D is a semi-reflexive space with respect to the topology intro-
duced in section 2. Denote by D, the space D endowed with the Mackey
topology z(D, D").

Since £(D,, D*) coincides with the space of all weakly continuous operators
from D into D*, it follows from [17] §40.1 that .£(D,, D*) is isomorphic to the
space of all separately continuous bilinear forms defined on DxD. By [17]
§39.6 (2a) and (3), the space .L(D., D*) is complete with respect to the topology
of uniform convergence on bounded sets if and only if D’ is complete.

Moreover, the Propositions 2.2, 3.2, 3.5, 3.6, and 3.8 remain true if the
following modifications are undertaken:

—The space .£ is always replaced by .£(D., D*).

—The space D is replaced by D. in condition d) of Section 2, in Definition 3.4,
in Proposition 3.5, and in Proposition 3.6.a).

—In Proposition 3.5, the notations (D*)*=D, and (D,)*==D* are used.

This can be shown by using the same proofs as for Frechet domains. In the
proof of Proposition 2.2, the operator 7" belongs to .£(D,, D.) only. But this
suffices to show that T belongs to L*(D).

§4. Bounded Sets in D

In this section, we characterize the bounded subsets of D in terms of
bounded self-adjoint operators. This result is an important tcol for the study of
the spaces .£ and L*(D).

Theorem 4.1. If MCD is a bounded set, then there exists A in C such that
A=0 and A’[CZ(UII).

Proof. Since M is bounded, there exists a sequence of positive numbers
(e,) such that
S ensupi | An’el s peM)<1.

On the domain
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D, ::{gpeD: é,‘lanAn(sz<OO}

we define a hermitian sesquilinear form ¢ by

Hp, 9)= 3 enlAnp, Auh) .

Because of the inequality

3 eal Anlp+P)I*S 3 2enll Angl ™+ Anl?),
D, is a linear space. Furthermore,
Ho, p)=eilol? (5)

for all p€D,.
We prove that ¢ is closed. For, let (p;) be a sequence in D, such that

kliglmt(<ﬁk—‘§0z, ©r—¢)=0.
Since
[ An(@r—@)*<(en) " H@r—¢1, r—¢1)
for all &, [, neN, the sequence (¢,) is a Cauchy sequence in D. Hence, there

exists ¢,€D such that the sequence (¢,) converges to ¢, in D.
We show that

llj_l}gof(<pk—goo, ©r—0)=0. (6)

Given ¢>0, there exists %, in N such that

Hpr—@1, Pr—@)= g)l enll Anlpr—o)l*<e

if &>k, and [>k, Keeping &>k, fixed and letting [—co, we get
HQe—o, Qr—@o)= El enll Anlpr—@o)l*=c.

In particular, this implies ¢,—¢,=D,. Since ¢,€D;, ¢,D,. Moreover, (6) is
satisfied.

Hence, D, is complete with respect to the norm ¢—(t(¢p, ¢))*/% But this
means that ¢ is closed.

Let H, denote the closure of D, in H. By the representation theorem for
closed positive sesquilinear forms (see, e.g., [15] Chap. VI Theorem 2. 23),
there exists a positive self-adjoint operator S acting on H,, with domain D,,
such that

{So, Sg>=t(p, ¢)
for all ¢, ¢=D..
Define T=S-'¢0 with respect to the orthogonal direct sum H,B(HOH,).
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It follows from (5) that T is a bounded self-adjoint operator.

We check that Te L (H, D). Fix kN. Since the range of T coincides
with D,CD, A,T is defined on all of H. Because A,T is the adjoint of TA,,
A,T is closed and hence bounded. This implies T .L(H, D).

Therefore R:=T } DeC(H, D). By Proposition 3.5, A:=R.R*<C. From
Proposition 3.6 we conclude that A=7"2 and A=0.

We prove MCA(Uy). It suffices to show that MCD(S?) and SXM)CUg.
For, take M and ¢<=D,. The inequalities

lAnpl*=<As%p, > =l A 0l el ,
3 el Aol <1
imply o€ D,. Now, it follows from
1<Sp, S| =| 3 eaAn’p, 3| <l
that Spe D(S*)=D(S) and [|S*p| =<1, which yields our assertion.

Remarks 1. If the Hilbert space H is separable, then the operator A in
Theorem 4.1 can be choosen such that A is an invertible self-adjoint operator,
or equivalently, that 4 is injective. But, this is not possible for general Frechet
domains in non-separable Hilbert spaces. A counterexample may be obtained
by modifying I. Amemiyas construction of a Frechet space without any total
bounded subset (see [2] or [16] §29, 6). Indeed, replacing the index set R by

{(9a): 9a=1 and %9p+1=7.%}

in this construction, we get a Frechet domain without any total bounded subset.

2. Theorem 4.1 and the following corollary generalize [14] Proposition 1.4 and
[23] Lemma 5.

Corollary 4.2. The system
{AUg: AcCc and A=0)}

s a fundamental system of bounded subsets of D.

Proof. Since Ae.r(H, D), AUy is bounded in D. Thus, the assertion
follows immediately from Theorem 4.1.

Corollary 4.3. The strong topology of D* can be defined by the system of
Senunorms
{ld-]: Aec and A=0}.

Proof. By Corollary 4.2, the strong topology on D* can be defined by the
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system of seminorms
I fla=sup{I<f, Ag>|: g€Un},

where A=C and A=0. Clearly,

I flla=sup{I<f, Ap>|: UMD}
=sup{|<Af, p>|: peUaND}=|Af] .
Corollary 4.4. For AecC, let ||-|4 denote the seminorm defined on L by
\T\4=|AT-Al. Then the topology of L can be defined by the system of

seminorms
{I-la: AesCc and A=0}.

Proof. For Aec, we take M=AUy. Using Proposition 3.6, we get

qu(T)=sup{[<TAf, Ag>|: f, g€ U}
=sup{|<TAep, AY>|: ¢, pcUxgND}
=sup{|<A-T-Ap, >|: ¢, pcUgND}=|A-T-A] .
Thus, Corollary 4.4 is a consequence of Corollary 4.2.
The knowledge of the bounded sets of D enables us to give a more explicit
description of the so-called quasi-uniform topologies 72, =¥, and 72 defined on
c¢(D, D), ¢(D*, D*), and on L*(D), respectively. We refer to [23] for the

definition and properties of these topologies. Recall that D is assumed to be a
Frechet domain.

Corollary 4.5. We denote
ITn a=IAn-TAll, [Tl4r=IATAxl,
IT1% n=1An-TAl+[AT-Aql .
Then the quasi-uniform topologies 2, ¥, and R can be defined by the systems

of seminorms
{Illn,a: nEN, A€C and A=0},

{l-lan: neEN, A€C and A=0},
{I-1%.: neN, Aec and A=0}.

respectively.

At the end of this section, we prove the existence of certain orthonormal
projections in C.

Proposition 4.6. Let XCR be a Borel measurable set the closure of which

does not contain zero. Suppose Ac€C and A=0. Let ;l=SldP1 be the spectral
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representation of A. Define
P:S dp; .
X
Then P! Dec.

Proof. We denote
B={ 12ap;.
X

Then the continuous extension Pe_r (D*, D) can be defined by

Pr=ABAf.

§ 5. Factorization of Operators

In this section, we obtain special factorizations for several kinds of operators.
In particular, these factorizations are useful for the study of the order structure
of L.

Proposition 5.1. If T <93, then there exists R in C(H, H) such that |R| <1
and T=A,°R-A,. Under the additional assumption T =0, it is possible to choose
R=0, as well.

Proof. By the definition of B,, we have

KT, ¢>1 =l Anpl | Axgll

for all ¢, ¢=D. Thus, the sesquilinear form (¢, ¢):=<{T¢, ¢> is densely defined
and continuous on the Hilbert space D(4,) equipped with the new scalar product

(o, ¢):=<Ap, Ap>. By the representation theorem for continuous sesquilinear
forms, there exists an operator S on D(A,) satisfying

{To, ¢>=(S¢, ¢)
for all ¢, ¢=D and
I(Sf, e*=(f, f)g, &)

for all f, geD(A,). This implies
1A.SfI2=(SS, S (S, FXSS, SHZS, frr=IA4.fI?

for all feD(4,). Consequently, we can define an operator R, with domain
A,(D) such that |R,|=1 and Rl(Ango):Zln(Sgo) for all p=D. This operator can
be extended to an operator ReC(H, H) with |R||<1. According to Proposition
3.6,

<TSDJ ¢>:(S¢) ¢):<1_4-7ZSS0; An¢>:<RATlSDI ATL¢>:<A7L°R°A7LSD; ¢>

for ¢, ¢=D. This proves the first assertion.
Now we assume that 77=0. In this case we define R in a different way.
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The operator S defined above satisfies
(S, @)=<Top, ¢p>=0.

Let S, denote the non-negative square root of S in the Hilbert space D(A,).
Then
1AnS:f1°=(S.f, Suf)=(Sf, HZIAnSI?

for all feD(A,). Consequently, there exists an operator R, with domain A,(D)
such that |R,|=1 and Rz(An<p)=Zn(Slgo) for all peD. Let R,eC(H, H) be an
extension of R, with the same norm. Taking R:=R;"-R;, we see that
Rec(H, H), |R|=1, and R=0. For ¢, gD, we have

<TSD; ¢>:(SSDJ (/)):(SISD7 Sl¢):<zn5190, zq’n,Sl()b>
:<R3An¢'1 RsAn¢>:<RAnS0: An¢>:<An°R°AnSD, ¢>
by Proposition 3.6. This completes the proof.
Remark. Actually the proof of Proposition 5.1 shows that the following
proposition is true:

Let A be an arbitrary closable operator on H with domain of definition
D(A) such that |Ag|=llel for all ¢=D(A) and let ¢t be a bilinear form on
D(A)x D(A) such that |t(p, ¢)|<|Ag| [|AQ|l for all ¢, p=D(A). (Here D(A)
denotes the complex conjugate space of D(A)). Then there exists an operator
Re.r(H, H) with |R|=1 such that (¢, ¢)=<RAp, Ap> for all ¢, p=D(A). If
additionally (¢, ¢)=0 for all ¢ =D(A), then it is possible to choose R=0.

Corollary 5.2. If Te.L and T=0, then there exists S in C(D, H) satisfying
T=S%.S.

Proof. We represent T as A,°-R-A, with R=0 and ReC(H, H). Then
we define S in C(D, H) by
Sg0=(1?)”2Ango.

Corollary 5.3. The linear hull of the positive cone of L, coincides with L.
For S, Te.L,, let [S, T] denote the order interval
[S, T1={ReL,: SSR<T}.
Corollary 5.4. For neN, the following inclusions are satisfied.
BuNLrC[— AR, A’]C28,, (7)
B,.C[— A% AP1+Hi[—Aq% A’ (8)

Consequently, the absolutely convex hulls of the order intervals of L, form a
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fundamental system of bounded subsets of L.

Proof. According to Proposition 5.1, each operator 7%, can be repre-
sented as T=A,°-R-A, whereas |[R|<1. Now (8) is a consequence of the

formula

1

T= EAnu(R+R+)°An~liAnc(z'R—z'R")oAn .

2
If we assume in addition T =.L;, we get
Ape(R—R*)e A, =T—T+=0.

In this case, T belongs to [—A,2% A,%], which proves the first inclusion of (7).
We now verify the second one. Put Te[—A,% A,%]. This means that

— [ Anpl*=<To, p>=llAnpll®

for all peD. Taking ¢, = D\{0}, setting c¢:=[|A.PlI'"*| A~ and using
the polarization formula, we get

1. _ ‘
KT, §o1=| 5 i Tleptite™p), cptite g

é% ?;lollAn(C§D+ikC'l¢)[|2:c'2[|An(PHZ_{_C-ZHAnSbnz

=2| Azl | Azgll .
This proves T €293,.

By Proposition 2.1, (7) and (8) imply that the absolutely convex hulls of the
order intervals [—A,?% A,*] form a fundamental system of bounded subsets of
L. The assertion now follows from the fact that each order interval [S, T] is
contained in [—A,% A,*] for some nEN.

Remark. On _£, the associated bornological topology coincides with the
order topology, or equivalently, the p-topology considered in [6]. It was shown
in [32] that this topology is different from the uniform topology, in general.

Next, we give factorizations for operators in ¢(D, H) and C{H, D*).

Proposition 5.5. For each T in C(D, H) satisfying T+-T<A,% there exists
R in C(H, H) such that T=R-A, and |R|Z1.

Proof. By Proposition 3.5, the product T*-T exists if Tec(D, H). We
have

ITell*=<T*Te, p>=<{A%p, p>=|Anp|*

for all p=D. We define an operator R, with domain A,(D) by setting R;(A»¢p)
=T¢. Obviously, |R,|=1. Let ReC(H, H) be an extension of R; with the
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same norm. Then the proposition follows from

R(Ap)=R,(A0)=T¢  (pED).

Corollary 5.6. For each T<C(H, D*) satisfying T -T*<A.,? there exists R
in C(H, H) such that T=A,-R and |R|<1.

Proof. Since T+ satisfies the assumptions of Proposition 5.5, we find
SecC(H, H) such that T*=S-A4, and |S||<1. Let R=S*. By Proposition 3.5,
T=A,-St=A,-R, which proves the corollary.

Remark. 1t is obvious from the proofs that Proposition 5.5 and Corollary
5.6 are valid for every semi-reflexive domain D, if the operator A, is replaced
by an arbitrary operator A< L*(D) such that {Ap, p>=|¢|? for all pD.

We conclude this section by factorizing operators belonging to ¢, C(H, D),
or ¢(D*, H).

Proposition 5.7. For each S&C, there exist operators A=C and ReC(H, H)
such that S=A°R.A and A=0. Under the additional assumption S=0, it is
possible to choose R=0, as well.

Proof. According to [13] Proposition 6.2.1, there exist a neighbourhood of
zero U in D* and a bounded subset M of D such that S(I/)CM and SHU)CM.
By the Corollaries 4.2 and 4.3, we find A in ¢ with A=0 such that

UD{feD*: |Af|<1} and MCAUy).

Let ZledP; be the spectral representation. We define a self-adjoint operator
by
T:=| aap;.
(0, )

We show that the mapping ¢—T(S(Tp)) with domain A(H)PKer A is a
densely defined bounded operator on H. For, let ¢ =(A(H)PKer AUy Then
we get

IATel=|ATe| <lpl=1,

TeeU,
SToe MCAU,),
ITSTe| <1.
Let ReC(H, H) be the restriction to D of the closure of the mapping
¢—TSTp  (peA(H)PKer 4).

Since both S(D+) and §“:(D+) are contained in A(H), we get
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C(ARAg, ¢>=(ATSTAp, >=<(STAp, ¢>
=T Agp, S*p>={p, ATS*¢>=<p, S*¢>=<(So, > .

for all ¢, ¢=D. This implies S=A-R-A by Proposition 3.6.
It is an obvious consequence of the definition of R that |[R|<1 and that
R=0 if S=0. This completes the proof.

Proposition 5.8. For each S=C(D*, H) there exist operators ReC(H, H)
and AEC such that S=R-A and A=0.

Proof. According to Corollary 4.3, there exists A in € such that A=0 and
ISFI<IAf|l for all feD*. Therefore, the formula
R(Af)=8f

defines an operator R; with domain /Nl(D*). It is clear that |R,|=<1. Let
Rec(H, H) be an extension of R, with |R|=<1. Then R(Ap)=R,(Ap)=S¢ for
all o= D, which completes the proof.

Corollary 5.9. For each SeC(H, D), there exist operators AsC and
RecC(H, H) such that S=A-R and A=0.

The proof is similar to the proof of Corollary 5.6. We therefore omit the details.

§6. The Density Theorem

The main result of this section is the following density theorem which
implies that € is dense in .£ and that .£ is the completion of L*(D).

Theorem 6.1. Consider an arbitrary continuous seminorm q on L and a
bounded subset BC_L. There exists P in C such that P is an orthogonal projection
on H and

g(T—P-T-P)<1
for all TEB.

Proof. Because of Proposition 2.1 and Corollary 4.4, we can assume that
=P, and ¢(T)=|A-T-A|, where AcC and A=0. Let Z:Szdpl be the

spectral representation of the self-adjoint operator A. Set c=|A,A[+|A2A|
and ¢e=(3¢)%. The operator

P:z(S(E)m)dﬂ) D

belongs to € by Proposition 4.6. Define Q :=Id—P.
For f, gelUy, we have
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1A.QAf =< A, AQf, QAf>=<| A>All |QAl <ce .
For T&9,, this implies
[CA«(T—P-T+P)+ Af, g>|=|<TQAf, Ag>+<{A-Q-TPAf, g>|
=<TQAf, Agy+<TAPf, QAg)| = A.QA|l | 4.4
+HI A Al | AzQ Al =2¢(ce)*<1.
Therefore |A-(T—P-T-P)A| <1, which completes the proof.

Let ¢ denote the set
@={PeC: P is an orthogonal projection on H}.

Corollary 6.2. The convex cone generated by P is dense in the positive cone
of Ln. The linear hull of P is dense in L.

Proof. According to Theorem 6.1, the positive cone of .£,NC is dense in
the positive cone of £,. Fix AecC with A=0. Let

A:S 2dP;
0, ¢)
be the spectral representation of A. Define

Pn,k:S

(n=1ck,n=lc(k+1))

for n, keN, k<n. By Proposition 4.6, P, , | D is in @. Since A is the norm
limit of the operators

Bni= S n-'ckP, ,
k=1

and the operator norm topology is stronger then the topology of £, A is in the
closure of the cone generated by 2. This gives the first assertion. The second
assertion is now a consequence of Corollary 5.3.

Corollary 6.3. The set B,NC is dense in B,.

Proof. By Proposition 5.1, each T3, has a representation T=A4,°-R-A,,
where ReC(H, H) and |R||=<1. By Theorem 6.1, R belongs to the closure of

{P-R-P: P=®}.
Since the map £L=3S5S—A,°S-A,=L is continuous, T belongs to the closure of
{ApeP-R-P-A,: Pe®}C¥B,NC,

which proves the corollary.
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Let us note that a special case of the following corollary was already
formulated in [24].

Corollary 6.4. The completion of L*(D) is L.

Proof. L*(D) is dense in £ because its subset C is already dense in .L by
Corollary 6.2. On the other hand, it is well-known that .£ is complete (see.
e.g., [17] §39, 6).

Remarks. 1. The author does not know wether or not L*(D) is always
dense in .£ with respect to the order topology of .£. However, € is not always
dense in .£ with respect to the order topology of .£. To give an example, we
use a construction taken from [32].

Let {¢s :k, [N} be an orthonormal basis of H. Let A, be the self-adjoint
operator on H defined by

A ( Sj szﬂDkz>=2<2n_2) i (EIZ‘El’xkzgokHr i xk";’/’kl)v
"\rTt1 =1\ k=1 F=n

Let
D:=ND@A, and A,:=A,'D.

n=i

Then D is a Frechet domain and the sequence (A,) fulfils the conditions a), b).
and c) of Section 2.
For each real sequence (a,), we define

M{(a):={(k, )eNXN: k>a, (>0}

Let 1 be an ultrafilter on NX N which contains all sets M((a,)).
Let Te%B,. By Proposition 5.1, T has a representation A,°R.A, with
IR||<1. Consequently,

!<T§Dkl; §0kz>|:l<RAn§Dkz, An§0m>| é“AnSDkLHZéz(gnH)
if k>n. Therefore the limit with respect to the ultrafilter

liF(TSDkz, pr>="10(T)

exists and defines a positive linear functional on .£. Moreover, w is bounded
on bounded subsets of L.
We show that cCKerw. For T, let (a,) be a sequence such that
a,>|A,-T| for all neN. Since
KT @rt, @r>] :2(_2k+1+2—21)|<T§9kl; Ape1@e>|

<2204, o T <25 < (a,) !

for all (%, I)eM((a,)), it follows that w(T)=0.
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But Ker w is certainly not dense in .£ with respect to the order topology
because w is continuous in this topology.

2. The author does not know wether or not L*(D) is uniformly dense in .L for
non-metrizable complete domains of Op*-algebras. The example in [18, 19] gives
a complete non-metrizable domain D for which .£(D, D*) is not complete. This
was already conjectured in [24].
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