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When is a Field a Jacobi-Field?
A Characterization of States on
Tensor Algebras

By

Erwin BRUNING*

Abstract

In order to analyse the positivity condition for states on the tensoralgebra E over certain
(function-)spaces E more efficiently a representation of the components of the states in terms
of a set of “independent parameters” is suggested. For this purpose the concept of a Jacobi-
field is introduced. In the case of a finite dimensional space E every state on E is ‘“‘para-
metrized” this way. If however the basic space E is infinite dimensional additional domain
problems arise related to algebras of unbounded operators which are involved naturally.
It is analysed to which extent this ‘“‘parametrization in terms of Jacobi-fields” also works
in the general case, and it is shown that for “many” basic spaces E which occur in applications
“most™ of the states admit indeed such a “parametrization”. This then also means a cor-
responding decomposition for the associated algebra of unbounded operators into ““inde-
pendent components™”. Several applications are indicated.
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§0. Introduction

States on the tensoralgebra over a vectorspace E of functions arise na-
turally in various domains of Physics and Mathematics. With an appro-
priate choice of the basic function space E they arise in:

i) general quantum field theory as the sequence of ‘n-point-functionals’ of
the field [5],

ii) statistical mechanics as the sequence of correlation functions of a system
[20], and

iii) the theory of generalized stochastic processes as the sequence of mo-
ments [21].

As our motivation for this subject came from quantum field theory the
assumptions about the basic space E are guided by this. But they are general
enough not only to cover i) but also a rather general situation for iii). Vari-
ous parts of the results also apply to ii).

As usual a state 7 on the tensoralgebra E over a space E with involution *
is a normalized continuous linear functional on E which is positive with re-
spect to the positive cone defined naturally by the product and involution
of E (for details see Section I). The distinguishing feature of a tensoralgebra
E is its special grading (compared to topological #-algebras in general). This
is partly reflected by the fact that a state T on E has components T, (the n-
point-functionals of a field, the correlation functions, or the moments of a
generalized stochastic process):

T= {la 1, Tza } .

The positivity condition implies a complicated chain of inequalities and
relations among these components. This fact has prevented any successful
analysis of the relations between the components 7, of various degree that
goes beyond the GNS-construction [2,4]. A ‘parametrization” of the T
in terms of a “set of independent parameters” is the best one can hope for
in this context.

In this article we want to isolate a “set of parameters” for states on tensor-
algebras and to prove its basic properties. The appropriate notion for this
purpose is that of a Jacobi-field (Definition 1.2) and the associated Jacobi-
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states (Definition 1.5).

In order to give a very short (but rough) explanation of the underlying
idea we consider the simplest example which is well known, that is we con-
sider the case where the basic space E is one dimensional. Then every state
on the tensoralgebra E over E can be considered as a sequence C={l1, ¢;, ¢,,
---} of positive type. By the GNS-construction there is a hermitian operator
A in a separable Hilbert space with cyclic unit vector ¢, such that

Cp = <¢09 An¢0>s n=0,12,--

holds. And such an operator A4 is known [1] to have a representation in terms
of a Jacobi-matrix

a = ((@;)i,j=0,1,2,)
of complex numbers a;;=4a;;; and the numbers
a;, 0<i<j<i+1

have to be considered as independent (with some modifications if for some
i a;;+;=0 occurs, see Definition 1.3). The components ¢, of the sequence
C of positive type now appear as functions of this set of parameters:

Cn =f;z((aij)oSiSjSi+l) = (a**-a)y n=1,2,-.-

(the 00-component of the n-fold matrix product).
Thus for instance,

¢ =y, ¢ = |y |*+ |ani® = | ¢1]%+ | ag |?
€3 = Qoo+ o010+ ooy oy + By 11y
= ¢+ — | e [D (e — | ey [Day

In the general situation of an infinite dimensional space E, various addi-
tional complications arise as now an infinite set of operators {A4(x)|xEE}
with cyclic unit vector in a separable Hilbert space occurs which in the general
case do not commute and are not bounded. The appropriate concept which
generalizes the Jacobi-matrix a of the one-dimensional case is that of a “Jacobi-
field” and can thus be considered as the corresponding ‘‘parametrization” for
states on E.

The concept of a Jacobi-field in quantum field theory is from a physical
point of view a rather natural one and has proved to be very useful [17, 19].
In fact all relativistic quantum fields which have been constructed up to now
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over physical space-time are Jacobi-fields. Our analysis will offer an explana-
tion of this fact.

This article has to be considered as a corrected and extended version of
my RIMS preprint n. 463 “When is a field a Jacobi-field?” which contains
some errors and gaps.

The organization of this article is indicated by the table of contents. Some
applications are pointed out at the end of Section V.

§1. Jacobi-Fields and Jacobi-States

1.1  Assumptions and definitions.
The basic space E over which we are going to consider the tensoralgebra
and states on it is supposed to satisfy the following assumptions:
E is a nuclear barreled space over C with continuous involution * such
that all spaces

(H) E,=QE n=23,:-

are barreled too.

Here ®E denotes the completed n-fold projective tensor product of E. In
the case of a nuclear Fréchet-space for instance it is known [11, 13] that all
the spaces E, are nuclear Fréchet-spaces and thus are barreled. Another
way of assuring the tensor-product spaces of E with itself to be barreled would
be to assume E to be a nuclear LF-space and to work with the inductive tensor-
product topology and to proceed along the line of [16]. In any case when-
ever (H) holds we know all the spaces E,, n=1, 2, ---, to be nuclear barreled
spaces with continuous involution (by canonical extension) and therefore
the locally convex direct sum

E=QE,
=0

is a nuclear barreled space with continuous involution #* [11, 13]. Under the
product
(X, Y) > x°p, (x°)n =.+j2="x.-®y,- x, yEE (1.1

E turns out to be a locally convex x-algebra with unit
1=(,0,0, ).
E is called the (completed) rensoralgebra over E.

Definition 1.1. A family {4(x)|xE E} of linear operators A(x): 9—D, D
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a dense subspace of a separable Hilbert space 4, is called a field over E iff

i) x+>A(x) is a linear map from F into the algebra L(9), 9) of linear opera-
tors 9—9.

ii) x+>A(x)¢ is a continuous map [rom E into 4 for every g = 9.
iii) A(x*) S (4(x))* (=the adjoint of A(x) in H) for every x&E.
iv) There is a unit vector ¢, 9 such that the linear span

9D, = Lin {A(xy) -+ A(x,)b|x;€E, n =0, 1, 2---}

is dense in A, e.g. ¢, is cyclic for {A(x)|xEE}.
Thus we consider a field 4 over E to be an element of

see(E, L(D, D)) (1.2)

where # refers to the hermiticity relation iii), sc to the continuity property ii)
and c indicates the existence of a cyclic vector.

If A is a field over E we denote by 4, the closed sub-space of 4 gener-
ated by {A(x)---A(x;)é,| x;EE, j=0, 1, ---, n} .

The n-field-sector 9, of A is then defined as

Hy = HwOH for n>1 and 4, = C¢, (1.3)

e.g. that subspace of 4, which is orthogonal to H,_,. Il Q, denotes the
orthogonal projection from 4 onto 4, we know Q0,9 to be dense in 4, but
0,9 may fail to be in the domain 9 of the field A.

A Jacobi-field is defined to be a field for which Q0,49 always is contained
in 9. More precisely we have [71.

Definition 1.2. A field 4 over E with cyclic unit vector ¢,€9 is called
a Jacobi-field (over E) iff

a) .@=é.‘D,. (direct sum), 9y=C4,,
9, is dense in the rn-field sector 4, n=1, 2, -+
b) There are linear maps 4;;: E—IL(9;, 9,) (L(9D;, D;) the space of linear
operators 9;,—9),) for i, j=0, 1, 2, --- such that
ii) x—4;;(x)¢ is a continuous map from E into 4, for every ¢ € 9);.
iii) A4;;(x¥)S4;(x)* for every x& F
n j+
iv) A(x)¢ = Eo;?' A;;(X)8; for all x& E whenever ¢={g,, ¢, ***, $,, 0, 0,
i=0i=j-1

Remark 1.1. We mention a simple but important consequence of these
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definitions:
Aps1,(E) -+ Ay (E)A,(E)$, is total in Ay 1.4)

for n=0, 1, 2---.

It turns out to be useful to distinguish special classes of Jacobi-fields. These
are defined as follows:

Definition 1.3.
a) A field 4 over E is said to be a bounded Jacobi-field iff A is a Jacobi-field
such that all the operators A4;;(x), x€E, are bounded operators from the
Hilbert space 4{; into the Hilbert space J; for all i, j=0, 1, 2, ---.
b) A field 4 over E is called a Jacobi-field of order N iff A is a Jacobi-field
such that the state space H of A is generated by the first N+1 field sectors,

e.g.
H = é A, Ne N minimal.
n=0

If A is a bounded Jacobi-field we can and will assume that the operators 4,;(x),
XEE, are defined on all of 4; and not only on the dense subspace 9); of ;.

Remark 1.2. The notion of a Jacobi-field has been introduced in axio-
matic field theory by Yu. M. Berezanskii and V. D. Koshmanenko in 1969
[19]. Their notion of a Jacobi-field seems to correspond what we have called
a bounded Jacobi-field. But already simple examples of relativistic quantum
fields such as the Wick-square of a free field [5] show that also Jacobi-fields
occur which are not bounded (In this example the diagonal operators A;;(x)
are not bounded). From the point of view of classifying fields Jacobi-fields
which are not bounded obviously should be considered.

Remark 1.3. Corresponding to the notion of a Jacobi-field of finite order
there is the general notion of a field of finite order. A field 4 over E is called
a field of order N iff N is minimal such that the state space # of A is generated
by the first N+1 field-sectors [8, 10]:

N
H = ”6?05(,. =Hu - (1.5)
Here we will not consider this case further in much details.

1.2. Fields over E and states on the completed tensor algebra over E.
If one wants to decide whether a given field 4 is a Jacobi-field or not this
seems to be quite hopeless because of lack of information about the projectors
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Q,. Therefore the question whether a given field is “equivalent” (in some
useful sense) to a Jacobi-field seems to be more appropriate. In order to
explain the following definition of equivalence of fields we have to recall some
facts about fields.

The sequence

TA—"‘_{I’ T‘l‘la TZA9 R T;lq’ "'} (16)

of n-point-functionals
T2, @ - ®x,) =<by, A(xy) -+ A(x,)b> X;EE,nEN 1.7

of a field 4 over E with cyclic unit vector ¢, uniquely defines a linear func-
tional T on the tensoralgebra Q(E)=é(®1E) over E. This functional turns
n=0

out to be continuous [4, 6] and thus has a unique continuous extension 74 to
the completion E of I(E). T4 is state of the %-algebra E with unit

TASE(E) = {T€E'= 11 E}| T(1) = 1, T(x*+x)>0 for all x€E} (1.8)
n=0

(' indicates the topological dual).

By the GNS-construction [2-5] every state T€&(E) on E gives rise to
a strongly continuous hermitian representation 4, of the x-algebra E by linear
operators on a dense invariant subspace 9, of a separable Hilbert space with
a cyclic unit vector ¢,=¢¢ € 9, such that

T(x) =< 47(X)¢>  forall x€E (1.9)

holds. And such a representation A, defines by restriction to E a field 4,
over E: A: =A; ME. If T=T# is the sequence of n-point-functionals of a
field over E it is quite natural to consider the fields 4 and 4,4 “essentially as
the same”. Therefore we propose

Definition 1.4. Two fields (over E) 4 and B are said to be equivalent iff
their sequences 74 resp. T2 of n-point-functionals agree (on J(E) or E): TA=T5.

It is instructive to note which possibilities are left for equivalent fields. Be-
sides the obvious one of unitary equivalence there are in general quite a lot
of other possibilities. These possibilities are most conviently described in
terms of the associated representation 4, of E for a given TEE(E) [3,7]. Any
strongly continuous hermitian representation 4 of E in 4, such that:

i) A;SACA, (there exists always a maximal hermitian extension 4, of A
which is strongly continuous) or
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iiy A< A, but with A(E)¢, dense in H (1.10)

yields according to equation (1.9) the same state 7 on E and thus all fields
A=A MNE where A satisfies i) or ii) are equivalent to the field A,=A; ME
which is given by GNS-construction.

Note that the corresponding phenomenon occurs if a single hermitian
operator with a cyclic unit vector is to be represented by a Jacobi-matrix (of
numbers).

The following definition of a Jacobi-state takes care of this nonuniqueness
of the associated fields.

Definition 1.5. A state T€&(E) is called a Jacobi-state iff the associated
field 4, (by GNS-construction) is equivalent to a Jacobi-field. The set of
all Jacobi-states on E is denoted by £;(E). The set of all states T on E such
that A, is equivalent to a bounded Jacobi-field is denoted by &;,(E).

According to this definition we have

EB)SENE)SEE) (1.11)

and within each class of fields one could distinguish the class of states of finite
order and that class of states which are not of finite order thus obtaining a
first classification of states on the tensoralgebra E. A characterization of
those states T on E such that the associated GNS-field 4 is (equivalent to)
a field of finite order is given in Theorem 2 of [10]. This characterization is
entirely in terms of the state itself not referring to the associated field. Simi-
larly in Section III a characterization for a state on E to be a Jacobi-state will
be given using only properties of the state.

1.3. A first characterization of Jacobi-states.

By definition the projection operators Q, map the domain 9 of a Jacobi-
field into 9. By the following proposition we learn that this property is up
to equivalence characteristic for Jacobi-fields.

Proposition 1.1. If A is a field over E with domain D, D=9, and if the
projections Q, on the n-field sectors H, of A map the domain into itself, Q,9
Cc 9, n=1, 2, - then A is equivalent to a Jacobi-field.

Proof. 1If ¢, is the cyclic unit vector of 4, define 9,=C¢, and 9,=0,9D.
Then 9, is dense in 4,, n=1, 2, --- and the direct sum @=§Q,, is dense

in H as 9 is dense in H =éé‘l,,. By assumption all the operators are well
n=0
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defined. As A is strongly continuous on 4 (property ii) of Definition 1.1)
we get that 4;; is strongly continuous on 9); (property b ii) of Definition 1.2).
Hermiticity of A, e.g. property iii) of Definition 1.1, immediately implies
(A4;;(x))* = Aj(x*) forall x€E and i,j=0,1,2, ---.
By definition of the subspaces 4,y we have
AXNDN AW S DN H s
and therefore for all s DN H,, all xEE, and all i>n+2
Q;A(x)¢ =0

and thus 4;;=0 for i—j>2. Because of the hermiticity relation for the 4;;
we get A;;=0 whenever |i—j|>2.

If AA(x)=(A,-j(x), i, j=0, 1, 2, ---) denotes this matrix of operators we
get A I‘.QA)=A: for any ¢=1{gy, ¢, ***, by, O, -} e9c9, $,.€9,CD we have

A = 33 AW, = 33 008, = 3 54009 = G

This implies that A is a Jacobi-field over E with domain 9 and cyclic vector
@, such that TA—T4 holds. Therefore 4 is equivalent to the Jacobi-field 4.

If A is a field over E with cyclic vector ¢¢, domain 4), and statespace
Il,=9 it defines by canonical extension a hermitian representation A of the
(incomplete tensoralgebra S(E) over £) on 4. This representation has as
minimal dense invariant domain just

Dt =A(E)iCD .

If B is an equivalent field over E with cyclic unit vector ¢ and state-
space [ an isometric map U is well defined from 9§ onto the minimal dense
invariant domain 9§ for the representation B of J(E) associated with B by

UA(x)¢4 = B(x)¢5  for all x€I(E) .

By continuous extension a unitary map U: H,— 4 is obtained such ihat
UGy =H; for n=0,1,2, .
It follows that U maps the fieldsector 7 of A onto the field-sector A2 of B,
Ut =92 n=0,1,2,--.

Therefore up to a unitary transformation of the statespace equivalent fields
have the same field sectors.
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Together with (1.10) this observation implies the following corollary to Prop-
osition 1.1.

Corollary 1.2. Let T be a state on E and Ay its associated GNS-field on
its minimal invariant dense domain D CH,. Then T is a Jacobi-state iff A
has an extension A€ L*.(E, (D, D)) in H, (e.g. A is a field such that D{ <
DS, and A(x) | DF =A(x), xEE) such that for the domain 9D of A and the
projections Q, onto the field-sectors of A the relations Q,9D< 9D hold for n=
0,1,2, .

Proof. If T is a Jacobi-state it can be regarded as the sequence of n-
point-functionals of a Jacobi-field 4. This Jacobi-field 4 can be supposed to
be realized in the GNS-Hilbertspace for T and then satisfies the conditions
of the corollary. Conversely if these conditions are satisfied for the extension
A of A, it follows T=T4. By Proposition 1.1 A4, is equivalent to a Jacobi-
field. Therefore T is a Jacobi-state.

§11. Density of Jacobi-States

II.1. Spaces with approximation property.

In order to prove that the set £;(E) of all Jacobi-states is dense in the
set of all states £(E) on E a certain approximation property of the basic space
E is used. The appendix contains a short discussion of this property and
shows in particular that many important spaces E which actually occur in
applications have this approximation property.

Definition 2.1.
a) A locally convex topological vector space E is said to have property (a)
iff there is a net (zy)yer of continuous linear maps zy: E— E such that
i) dim Ran zy<<oo forall r€r
i) ’llgg ny(x)=xin E for all x&E
iii) {zy(x)|r&I'} is bounded in E for every xEE.
b) A locally convex topological vector space E is said to have property (a)
with respect to sequences or property (as) iff there is a sequence {z,},en Of
continuous linear maps =,: F— E such that
i) dim Ran z,<<oo for all neN
ii) }_133 m(x)=xin E for all x&E.

Suppose now that the space E satisfies (H) and has property (a). As E
is supposed to be barreled we get immediately that {zy|r&I'} is an equi-
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continuous subset of _L(E, E) (Theorem IIT 4.2 of [11]). We can and will as-
sume that z¥=ny holds for all y&I'. Otherwise we would take #y=(zy+
n¥)/2 where the definition 73(x):=(my(x*))* is used. =¥ is again a continuous
linear map with finite dimensional range Ran zF=(Ran =,)* and lim z¥(x)
=(lim 7y (x*))*=(x*)*=x for all x€E. Thus 7, has the same properties and
satisfies 7§ =1..

For every r I" we define zy: E—E by

Ty = géﬁn 290 —=1. @2.1)

These maps are homomorphisms of the %-algebra E with unit, e.g. for all x,
YEE and all r&I" we have

(1) =1, (2y(x))* = my(x*), 7y(x- _J_’) = 7‘1@)27(})- (22)

Furthermore we will show

{zy|r €TI'} is equicontinuous in -L(E, E) (2.3)
limzy(x) =xin E forall x€E. 2.4
yer
Ran =, = Y(Ran #y) forall r&rI 2.5)

If g¢, is a continuous seminorm on E, there are continuous seminorms
ql o qﬁ on E suCh tha‘t q(ﬁ)£ql®¢ ot ®¢qﬁ'
As {zy|rETI} is equicontinuous in _L(E, E) there are continuous seminorms
D1 > Py o0 E such that g,(zy(x))< p;(x) holds for all yETI', xEE, and j=1,
e, .
It follows

%,,)(75?”(36))3([11@, ot ®¢pn) (x) for all TGF and XEE,,.

Therefore {z®"|r&I'} is equicontinuous in L(E,, E,) for n=1, 2, --- and thus
{zy|r €I} is equicontinuous in L(E, E). For any x=x,Q - @x,EQ"E
we have

x—a3"(x) = 3@ -+ @Xy-1® (¥, —7Ty(x,))+ (1, Q*+ X,y
— (X, @+ @X,-)) Qy(X,)

As {my(x,)|r €T} is bounded in E we get by induction on n
x = lim z$"(x) for all x€Q"E
Yer
and therefore x =lim zy(x) for all x&Y(E).
Yer

This implies (2.4) because <(E) is dense in E and {ry|r €I} is equicontinuous
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The following relations for n=1, 2, --- and y €I" are obvious:
P(QR"E) = @"Ranmy.

®" Ran 7, being finite dimensional, is a closed subspace of E,; thus Ran =$"
=z$*(E,)=Q®"Ran =, and therefore

Ranz, = é) Ran z$* = 9 (Ran =)
n=0

e.g. (2.5)

11.2. Density of Jacobi-states.

If the underlying space E satisfies (H) and has property (a) there is a net
(zy)yer of continuous linear maps E— E according to definition (2.1). Then
the associated continuous linear maps zy: E— E defined by eq (2.1) have prop-
erties (2.2)-(2.5). Thus if T is a state on E we define for r&I”

T" = Tomy, 2.6)

and get immediately by (2.2) and (2.3) that {T”|r &I} is an equicontinuous
net of states on E. By (2.4) it is clear that

lim 7(x) = T(x) @7
Yer

holds for every x€E. The Banach-Steinhaus Theorem (§39.5.1 of [13]) im-
plies that the above convergence is uniform on every precompact subset of
E. Thus if we could show the T” to be Jacobi-states we had specified a notion
of convergence with respect to which the set of Jacobi-states is dense in &(E).
In order to do so we recall first the following definition [6].

Definition 2.2. A state T&E&(E) is said to be finite dimensional iff the
range of the associated GNS-field 4, is finite dimensional, e.g. if A,(F) is a
finite dimensional space of operators.

Remark 2.1. In [6] this class of states is characterized by the equivalent
condition that the factorspace E/I(T)NE is finite dimensional. Here I(T)
denotes the maximal two-sided ideal in E which is contained in the leftkernel
L(T)={x€E|T(x*-x)=0} of the state T. If 4; denotes the GNS-representa-
tion of E associated with T one has I(T)=Ker 4.

Proposition 2.1. Every finite dimensional state on E is a bounded Jacobi-
state, e.g.

EAB)CEE)
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if E(E) denotes the set of all finite dimensional states on E.

Proof. For a finite dimensional state T on E, we know that the sub-
spaces

A E, Ew = {x€d(E)|x; =0 for all j>n}
in the GNS-representation of T are finite dimensional. It follows
A = [Ar(E)tt] = Ar(Ew)s5 CD;
and dim 4{(,)<<co. Therefore the n-field-sectors
Ay =AOAw-»

in this case are finite dimensional subspaces of the domain 9, of the GNS-
representation and this implies 0,9,< 9, for all n=0, 1, 2, ---. By Proposition
1.1 Ay is equivalent to a Jacobi-field which is obviously bounded as the field-
sectors are finite dimensional; thus T is a bounded Jacobi-state.

Together with the remarks at the beginning of this subsection this proposi-
tion immediately implies the density of Jacobi-states.

Theorem 2.2. Suppose E satisfies (H) end has property (a). Then for
cvery state TEE(E) on E there is a net (T")yer of finite dimensional states
T"€EAE) and a continuous hilbertian seminorm q on E such that
i) |T"|<Lq foradlrer
i) T(x) = 11'1‘51}'1 T¥(x) wuniformly in xK for every precompact subset K CE.

Proof. a) If TEE(E) is given define T? according to (2.6). Then the

net {T”|r&r'} is equicontinuous. Thus there is a continuous seminorm
q on E such that i) holds. As E is nuclear this seminorm can be chosen to
be hilbertian. Relation (2.7) and the remark following it prove ii).
b) Let us denote by 4=(4, ¢y, D=A4(E)%,, H) the GNS-representation of
T where the specification of the cyclic unit vector ¢,, the domain 9 and the
state space # is included and by A'=(4?, ¢}, D'=A4"(E)¢}, ") that of 1.
Then we have for all x€E

(8%, A(X)B)ar = T'(x) = T(zy(x)) = (¢, 4(T(x))B0)s -
Thercfore A is unitarily equivalent to thc following representation ol £ in 4:
A" = (Aomy, 6o, AT(Ran ny)),, [A(T(Ran 7y))éy]) .

Here equation (2.5) is used and [M] denotes the closed subspace of 4 generated
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by a set M. In this representation we have
AYE) = Alzy(E))

and therefore dim A"(E)<dim Ran z,<co, that is 77 is a finite dimensional
state on E for each y €TI' and this proves Th. 2.2.

Using some general results about weak topologies one can give a stronger
version of Theorem 2.2. As a nuclear space is separable with respect to each
of its continuous seminorms Th. III 4.7 of [11] implies:

Lemma 2.3. Let F be nuclear space with topological dual F' and HCF'
be an equicontinuous subset. Then the weak topology of F' restricted to H is
metrizable, e.g. o(F', F) | H is metrizable.

In the situation of Theorem 2.2 every state T on E is the weak limit of
an equicontinuous net (7™)ye, of finite dimensional states. As E is nuclear
we can apply Lemma 2.3 to H={T"|r&I'} U{T} and obtain that o(E’, E)

MH is metrizable. Therefore we can select a subsequence T/=T""), jEN,
converging weakly to 7.

Corollary 2.4. Suppose E satisfies (H) and has property (a). Then every
state T on E is the weak limit of a sequence (T”), jE N of finite dimensional states,
e.g. E(E) is the weak sequential closure of & {(E) and thus in particular of E;4(E)
or E,(E).

Remark 2.2. For E=S(R"), the Schwartz space of rapidly decreasing
C=-functions on R", H.J. Borchers proved in [6] that the set of finite dimen-
sional states is weakly dense in the set of all states on E. As this space is known
to be a nuclear Fréchet space it satisfies our hypothesis (compare appendix).
Thus this result is covered by Corollary 2.4 which provides however important
additional information.

§III. Characterization of Jacobi-States

III.1. Decomposition of states.

In the introduction it was claimed that a Jacobi-field provides a para-
metrization of the Jacobi-states in the following sense: every component
T,EE; of a Jacobi-state T €& ;(E) appears as a function

T, = Tn((Ac‘j)x‘,j=0.l,z.---) (3'1)

of the independent parameters 4;;, 0<i< j<i+1, i+1<[n/2].
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But as we have seen in Section 1.3 there is some freedom with respect
to extensions or restrictions of the associated Jacobi-field 4=(4,;|i,j=0, 1,
2 --:) such that (3.1) holds. Therefore the goal of this Section III is to elimi-
nate this freedom in the parametrization (3.1) which is due to domain prob-
lems for unbounded operators involved, and to present the corresponding
characterization entirely in terms of properly chosen functionals. This is
achieved by introducing the notion of a “Jacobi-decomposition” of a state
in such a way that
i) the sequence of m-point-functionals of a Jacobi-field has this decomposi-
tion property
ii) if a state allows a Jacobi-decomposition then it is a Jacobi-state (in the
sense of Definition 1.5).
Obviously i) has to be more or less the definition of a Jacobi-decomposition
while ii) needs a proof.
By its very definition a Jacobi-field 4 associates to every x& E an infinity of
linear operators {4;;(x)|i, j=0, 1, 2, ---, |i—j| <1} in some Hilbert space.
In principle this fact can be described by saying that A arises by GNS-con-
struction from a state on a much bigger algebra than E in which however E
is embedded. (Formally E has to be replaced by

F-——ﬁoF,-,,- (only for |i—j|<1)

i,j=
and the big algebra in question is a certain subalgebra of the tensoralgebra
over F with appropriate definitions of the product and the involution).

As in this approach one cannot restrict to direct sums of finite tensor
products various additional topological problems arise. This would imply
that this approach though in some sense being more elegant is actually more
complicated than necessary.

If one restricts to reconstruct only the structure of the underlying Hilbert
space and not this big algebra of unbounded operators the situation is much
simpler and more direct as it now suffices to consider only direct sums of finite
tensorproducts of E which is much easier. But instead of states on an al-
gebra one now only has certain non-negative sesquilinear-forms on a certain
space E This nevertheless yields a complete description of those states on
E arising from a Jacobi-field and allows to discuss various important properties
of the set of all Jacobi-states. We begin by introducing some notations. For
nE N we denote:

g(”) = {] = (ib °tty In)IIJEN’ “j+1—ijl Sl,.lz 1’ °tty I‘l—-l, l”Sl}
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Fin) = {Iedm)|iy =k} .
Obviously J4(n)=0 if k>n and 4,(n) contains exactly one element I=I(n)
=(ns n—l’ B 2’ 1)'
For I=(i}, ***, i) EJ(n) we define I*=(i,, -+, i, iy).
For J€ 4,(n) and I'* € 4,(m) we denote

IXT = (s, **s Imers b =Kk = J1s J» "Jn)Eg(n'l'm_l) .

Furthermore we introduce

[k9 l]r+1 = {(ils ""ir+1)'ijeM lii+1—iil < l:] = 1’ Y il = ksir+1 =/}
and obtain for HE[k, /"' and 1€ J/(n)

HxIe4@n+r).

With these notations we can describe Jacobi-fields and the associated
sequence of m-point-functionals in more details. Assume a Jacobi-field 4
=((4;;) i, j=0, 1,2, --+) to be given according to Definition 1.2 with cyclic
unit vector ¢, in the Hilbertspace 4{. In order to describe the minimal dense
invariant domain for A4 and its action on it we introduce some abbreviations.
For I€4,(n) and x,, -+, x,EE

Yia® - @x,) = A i, (xD) digi(x2) *++ Ai,o(x:)B0 3.2
and for He[k, {1 and x,, -+, x,EE
Ag(x,® o+ ®x,) = A 1 (XD Aisg(x2) *++ Aiira(X,) - (3.3)
It follows
Ag(@) (%) = ¥gx(z2Qx) (34)

for all I€4/(n), HEk, {I*, xS E®*, zE E®".
In terms of its “components” the action of the Jacobi-field 4 is now given by
A(xl) o A(xa)¢o =@ 2 1#I(x1® e ®xn) (3'5)

k=0 Je 4i(n)

for all x;€E, n=1, 2, ---. The orthogonal decomposition in (3.5) arises be-
cause of the orthogonality of the field-sectors #;. Note that by definition
(3.2) we have for all n>k all x€ E®* and all 1€ 4,(n)

x&,(x)Eﬂ,, .
If we define now for k=1, 2, ---
D =linU U )«h(E(I)) (3.6)

">k Je Jyn
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where E(I)=E®* for 1€ 4,(n) and
9= é P 9 =C¢, (direct sum) G.7)

we obtain the minimal dense invariant domain .@ for the Jacobi-field 4.
By Remark 1.1 we know that

Dy =vi(E®) k=12, (3.8)

is already dense in the k-field sector ;.
Relation (3.5) implies the following decomposition of the n-point-functionals
T.(6® - @x,) = 32 T/, -+ Qx,) (39
1€ 4
with
T, @ ++ ®x,) = < V(@ ++* Qx,)>
= {bp, Arxi0(0:® -+ x,)>

for all x&F and all I&4(n). This decomposition does not yet suffice to ex-
press the operator relations of eq. (3.4). These relations can be expressed
in terms of continuity and symmetry-relations for the functionals T;EEj,
I€4(n).

To this end we denote  4,(0)={(0)} and

EQN) =E,=C for I€4,0) (3.11)

(3.10)

and for n>1
EI)=E, foralllIedm),k<n
and introduce a family of maps
B ;: E)XE(J)—>C

by the following relations:

By o(@y, by) = ab,  for all ay, by E, (3.12)
For I€4,(n), n>1, yeE(l), a,€E,
By, (a0, y) = Gy T1() (3.13)
For 1€ 4,(n), JE€44(m), n, m=1, x€E(I), yEE(J)
By, i(x, y) = grs(x), ¥ - (3.19

Because of (3.2)-(3.4) and (3.11)-(3.14) this family of sesquilinear maps has
the following properties:
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(0) By; =0 ifIES4n), JEI(m) and k=L
(S) Br,i(x,y) = Twxrx/(x*®y) for all xEE,, yEE,, and
for all I€ 44(n), JE4(m), k<nAm

(Sz) BI,H';d(x’ z®y) = BE"‘;(I,I(Z*®x’ y) for all xEEm ZEEn yEEm and
for all I€ 4, (n), J€4/(m), HEk, (I, k<n,{<m,rEN.

(3.15)

For any finite collection of points a,€ E(I), I€4,(n), k<n
® o> X 3 Baa).
r<m e Jy(n) JE Sulm)

Note that the orthogonality relation (O) derives from the orthogonality
of different field-sectors, the symmetry-relation (S) is due to the operator rela-
tion (3.4) and the hermiticity condition b iii) of a Jacobi-field; and the posi-
tivity-condition (P) is a consequence of the definition of B; ; as a scalar prod-
uct of functions with values in a Hilbert space where the orthogonality rela-
tions (O) have been taken into account.

The family {B, ;} of maps introduced in (3.11)~(3.14) can be considered as
the components of a nonnegative sesquilinear form B on the space

ﬁ] = é E‘,, (locally convex direct sum) (3.16)
Eo =C andforn>1
E,=® @ EI (3.17)
k=0 I 44(n)
which is again a nuclear barreled space. B is simply defined by
Bab=3 3 3 Banb) (3.18)

k<t Te Jin) Je m)
if 4=(4,)EE, 8,=0,EC, 4,=(a;|IEHi(n), k<n)
for n>>1 and the same for é e ﬁ' Introducing a map v-: ﬁ — A by

vO=0 X 2 vila) (3.19)

k=0 73k I€ Ju(n)
we also have
It follows that B is a nonnegative continuous sesquilinear form on E
Its relation to the state T on E determined by the Jacobi-field 4 is convenient-
ly described in terms of the following embedding of E into 1_3" :
JE>E

J@X)o = X0, j(X)y = 5&# =(x; = xnllegk(n), k<n), VxEE. (3.20)
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If we observe now for n, m=1, 2, ---
Gon+m) = {{0} xI*X J | I€ (), JES(m), 0<k<nAm} (3.21)
we obtain for all x, yEE using (3.18), (3.15). and (39)
B =3, 3 3 Bt )

= P P T(o)xz*i]@‘?@)’f)
AR e Gi(n) JE Ju(m)

=21(>2 P 2 Txexs) (x}’!‘@ym)
o RSEAT Je Jy(n) JE Gu(m)

=2( X Ty EQm)
" He Jo(n+m)

=3 Tt (% @)
e.g. ’
B(j(x), j(y)) = T(x*-y) forall x, yEE.
Next the density property (3.8) is expressed in terms of this sesquilinear
form B. This is achieved by introducing first a certain subspace of E:

s { by = ®:11€44tn), k<n)

ek
b, =0 for all I€S4(n), k<n—1,b,€E®" for I€Y,(n)
By (3.19) the density property (3.8) just says that

1G>

} . (3.23)

31"@0) is dense in the statespace of the Jacobi-field A.

In terms of B this reads as follows if we use (3.18"):
For all 4€ E: inf {B@&—b. 4—b)|beE} =0 (D)

Denote by .CB“'(E) the cone of all non-negative (separately) continuous sesqui-

linear forms on ﬁ and then by B§ (E) the subset of those B satisfying the nor-
malization condition (3.12) and the orthogonality relation (O). Finally we
define

+(E) = {BEBL(E)| B satisfies (S) and (D)} (3.24)
and arrive at

Proposition 3.1. For every Jacobi-state T on E there is B=BTE$‘}(E) such
that for all x, yEE

T(x*+y) = B(j(x), j () (3.22)

holds. This representation of TEEHE) is called the Jacobi-decomposition of
the state T.
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Remark 3.1. By this definition a state T on E admits a Jacobi-decomposi-
tion iff the components 7, of T admit the decomposition 3.9 with the func-
tionals T,E} for I€4,(n), having the properties expressed by (3.15) and

D).

II1.2. Functional characterization of Jacobi-states.

Proposition 3.1 says that every Jacobi-state admits a Jacobi-decomposi-
tion. Here we show that conversely every state on E which admits a Jacobi-
decomposition is a Jacobi-state and that this decomposition is unique.

Proposition 3.2.
a) With every BE Bi(E) there is canonically associated a separable Hilbert
space 9 and a continuous linear map +-: E—9{ with dense range such that

B@, b) = <yp@,y(®)> forall 4, bek (325)
b) The associated Hilbert space has the following orthogonal decomposition
g =& I (3.26)
with
= Cy(j(1)
and H* = closure of D* in Y for k>1 (3.27)
D =1linU U v(EQ) (3.28)
">k 1€ Jy(n)
where
Y=y I\E(I) .

Proof. Part a) is quite standard. Therefore we only prove b). By
(3.25) we have for all I€ 4,(n), J €4 [m), a,€ E(I), and b;E E(J)

B, j(a;, by) = <y ilay), ¥i(b5)> (3.29)

and therefore y,(E(I)) is orthogonal to v-;(E(J)) whenever k=={ according to
(0). This implies that 9* as defined by (3.28) is orthogonal to 9’ for k=/
By construction we know 'gb(E) to be dense in 4, and we have

B =8 > wiEO)S ea o

k=0 B3k |
This proves b).
The next proposition characterizes the symmetry conditions for B& B (E).

Proposition 3.3. B Bi @) satisfies the symmetry relations (S) iff in the
Hilbert space realization of B according to Proposition 3.2 the following holds:
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For k,/=0,1,2, -+, r=1,2, -+ and HE[k, {I'** there is Az L, (E,, L9,
D) such that

i) Axw@Gv(Q) =v(x)  forall xEE,, I€4r), k<r (3.30
i) AgC)r () = vas/(xQ®y)  for all xEE,, JEF/m), yEE, (3.31)
iil) (4g(x))* 2 45(x%) for all xEE, . (3.32)

Proof. Given the Hilbert space realization of B according to Proposi-
tion 3.2, the symmetry relations (S,) and (S,) are expressed in terms of the

{y:} by

i (%), Y0 = <o, Yigxr 27 x*Q)> (8D
for all I€ 4,(n), J€4.(m), xEE,, yEE,,

where =y (j(1)) and

P i(2), Yasis(x®y)) = s j(x*@2), v;(0)> (5%)
for all € 4,(n), J€4,(m), HE[k, {I*, x€E,, yEE,, zEE, .

By (S5) v 7(»)=0 implies ¥rzx,(xQy)ED* N (D*)-={0}. Therefore for each
XEE,, each HEJk, {['** a linear operator A,(x): 9'—9* is well defined by
Eq. (3.31) and because of (S3) this operator satisfies the hermiticity condition
(3.32).

Every H<[k, O™ has a unique representation as H=Ix{0} with I€4,(r),
k<r; thus A;yy(x) is well defined by (3.30) and (S,) implies that this defini-
tion is consistent with the above definition of A5 and that in particular (3.32)
holds for this case.

The strong continuity of A5 thus defined follows directly from the con-
tinuity of ¥zzs: E,QE,— H* and the continuity of E,Dx—>xQycE,QE,
for fixed yEE,. As the converse is obvious Proposition 3.3 is proved.

After this preparations the functional characterization of Jacobi-states is
simple. Suppose BE.@}(E) to be given. Then construct 4 and 9* and J*
according to Proposition 3.2 and

D= ;éo.@k (direct sum). (3.33)

Next define 4;; for |i—j| <1 by Proposition 3.3 by taking H={i, j} €[/, jT
there. Then we know A4;;€_Lt(E, L(9', D)) and thus A€ _L%,(E, L(D, D))
is well defined by Eq. iv) of Definition 1.2.

If we now calculate the subspaces H(, associated with 4 according I.1
and introduce the subspace 4, by Eq. (1.3) such that
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Hw = ,jéo A,
we see Y, =9, (closure in ) (3.34)
where Dy = Ay E) -+ Ap(E)A1(EYro, Yo = ¥ (i) - (3.35)

Because of the density condition (D) for B the direct sum é@k is known to
be dense in . As obviously 4, S H* it follows =
S =& =@  and thus
= I, k=0,1,2,--. (3.36)
This shows that
i) 4, is cyclic for {4(x)|xEE}.
Thus 4 is a field over E in 4.
ii) H*=M, are the field-sectors of A.

Thus A4 is a Jacobi-field with domain 9 and cyclic vector v,.

Now we define a Jacobi-state T on E as the sequence of n-point-func-
tionals of this field A. By the same calculation as earlier it follows that this
Jacobi-state T is related to the sesquilinear form BE.@}*(EA) by Equation (3.22).
Thus taking Proposition 3.1 into account we have proved

Pfoposition 3.4. Suppose the basic space E satisfies (H). Then a state
T on E is a Jacobi-state iff T is of the form
T(x*-y) = B(j(»), j(»))  forall x,yEE (3.22)
with some BE.@}(E).
Naturally in this context the question arises whether BE.@‘}@) is unique

in (3.22) or not. This will be answered affirmatively after we have investigated

some important consequences of the density condition (D) for the structure
of B.

By its definition the k-field sector 4, associated with BE.@’}(I_EA‘) according to
Proposition 3.4 is generated by vectors of the form
WI(&)(x)s XEE®k9 I(k) = (ks k_ls “tty 21 1)

for k>1 and by y=v(j(1)) for k=0. This implies for k=1, 2, --- that there
is a sequence
{e%| jeN} cE®*

depending only on the component B, ;q) of B such that
{Yiw(eh)| jEN}

is an orthonormal basis of 4,=4* Applying the completeness relations
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for this basis to

Bl,f(x’ y) = <‘5[’I(x)s 301()’»

we arrive at
B[’j(v\‘. _1') = 2] B/,l(/,)(v\'- elj)BI(k),j(eﬁ:- .“)
J
c.g.
B[’[ == BI,I(A)@ BI(/.),] |~OI‘ ﬂll IEJk(II), JEJ,\.(”I) (337)

where the kernel K, of the “con\olution™®only depends on B, o
In particular we have for /1€ 4,(n). J€Z(m), xEE,, and yEE,, by (Sy)
and normalization

By, (%, y) = T:(x*)T/(y) (3:38)
More generally it follows for I € 4,(n), J€4,(n), xEE,, yEE,,
Yrxs(xQy) = Yr(X)T1(y) . (339

Lemma 3.5. The components B, ; of BE.‘B}(E) satisfy the Equations (3.37)
and (3.38). In the Hilbert space realization of B according to Proposition (3.2)
the factorization property (3.39) holds.

As the most important consequence of relations (3.37)-(3.39) we prove
that B€ B3(E) is already determined by its values on j@)cﬁ' :
Proposition 3.6. Suppose B, B’ EQ‘}(E) satisfy

B(j(x), i) = B'(j(x), j(»)) x,yEE (3.40)
then B=B'.

Proof. a) The proof is done by showing by induction that G, holds
for N=0, 1, 2, --- where Gy is the following statement:

B, ;=B ; forall I€g(n), JES(m); k<nAm; n,m<N. (Gy)

For N=0 this holds by normalization. So we start with N=1.
By definition of the embedding j Equation (3.40) reads for all a,, b,=C and
all @), b,EE;:
Aobo+a0T (0)(b)+ Ty (@F)bo+ Ty (a¥) T (b)) + B w,w(@, by)
= Gyby+ay T(oy(b)+ Tiax(@)bo+ T(oy(@d) Tly(b1)+ By, (@i, by) -

This yields immediately
To =T{ =T,EE] a)

(3.41)
Bw,w = Bhy,w b)
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and (G follows.
The symmetry relations (S) and (3.41) imply further more

T = Bw, o = Bw,w = Bly,a) = Bloy,on = Ty
¢ (3.42)
and By, = Blow,m -

b) Now we prove that if (Gy) holds for some N>1 then it also holds for N
+1. The induction hypothesis thus is

B, ;=B}; forallI€fn), JE4m); k<nAm,n,m<N. (+)

First consider the cases n=N-1 and m<N—1. Observe that I€J,(n+1)
can be written as I=(k) xI' with I'e 4/(N) and {<k+1<m+1<N. So the
symmetry relation (S,) implies

B,y = Br,wxs = Bir,ayxs = Bl,s (3.43)
where the second equality holds because () applies ((k) xJEF(m+1) and
m-+1<N).

Now we consider the case n=N-}1and m=N. For I ,(N+1).J€J,(N)
and k=0, 1, ---, N Eq. (3.37) yields

BI,I = BI,I(k)®BI(k),f . (3-37')
As k<N (+) applies: B,y ;=Biw,; forall J€J(N) and K,=K;.
If now k< N—1 we write /&€ 9 (N+1) as I=(k)xI' with I'e J)(N) and {LN
and obtain by (S,) and (+):
Br,16) = Br,wxiw = Bl/,wxiw = Bl1w-
By (3.37") and the preceding observations it follows
B; ;=B forallI€ §(N+1), JeF(N), k<N—1. (B.44)

Next we consider n=N-1, m=N and k=N. For all x€Ey,; and yEEy
Eq. (3.40) reads in terms of components

N
2 2 BI,](x, y) = 2 2 2 B;,](x, y) .
k=0 Je SN +1) JE Ju(N) k=0 Je g(N+1) I€ u(N)
Thus (3.44) implies
> BI,I(N)(xs y) = P Bf,I(N)(xs ¥). (3.45)
IeIn(N+1) Ie4x(N+1)

In the decomposition of 7,
I=N)xI,
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there is only one possibility with I' € 4 y(N). All the others have I' € 4 _(N).
For these cases we use again (S,), (+), and (3.37):
B(N)rl',z(N) = BI’,(N—DXI(N) = BI’,‘I(N-I)BI(N-—I).(N-!)1<I(N)

= Bf’,I(N—n Bfr(N—x),(N—l) XI(N)
and thus

Bwyxr, 10 = Biwyx<r,ram forall I'e 4 y_(N) (3.46)
and therefore by (3.45) we get

Bonxran, i = Blwmxran, 1 - . (347)
By hermiticity and the symmetry relations (S) this shows altogether

B, ; = B}y for I€gn), JESm), k<nAm
n<N and m<N+1 or n<N+1 and m<N.

It remains to consider the case n=ni=N+1. For k<N we apply (3.37) and
use (3.48) to conclude for 1, J € 4,(N)

Bi,; = B1,1w®Bry,7 = Bf,1w® 'Biw,; = Bi,; (3.49)

For x, yEE y,, assumption (3.40) reads in terms of components

(3.48)

N+1

N+1
> By xy)=3 > Bixy) .
=0 LT 4N +1) k=0 LLJEeJN+1)
Thus by (3.49) we conclude

BI(N+1),I(N+1) = B;(N+l).I(N+1) . (3-50)

Equations (3.48)—(3.50) together thus say that (Gy.,) holds, and this then proves
B=P'.
Propositions 3.4 and 3.6 yield the main result of this section.

Theorem 3.7. Suppose the basic space E satisfies (H). Then a state T
on E is a Jacobi-state iff T is of the form

T(x*-y) = B(j(x), j(»)) x,y€EE

where BE.@}'(E’). The correspondance T—> B defined by this equation is one-to-
one.

§IV. Some Properties of Jacobi-States

IV.1. Convexity and order properties.
The results of the last section show that there is a one-to-one correspond-
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ence between Jacobi-states 7" and sesquilinear forms B on E belonging to B} (E)
Therefore we can study £;(E) by studying B3} @) This turns out to be more
efficient because the characterization of sesquilinear forms to belong to Q*(I_E')
only refers to properties of functionals and not to properties of an algebra of
unbounded operators as it is the case for &;(E).

By definition elements in Bi(E) are distinguished from arbitrary con-
tinuous nonnegative sesquilinear forms on E by the two linear constraints
of normalization and orthogonality whereas elements in Q}(E) are distinguish-
ed from elements in Bf @) by the fact that they have to verify in addition the
linear constraint (S) of symmetry and the non-linear constraint (D) of “‘den-
sity”. This impﬁes that it is fairly easy to control various ‘“‘stability-properties”
within B{(E) but not in B%(E) because of the non-linear condition (D). In
this respect the following property of Q*(E) to be order convex in

Bi(E) = {BE Bi(E)| B satisfies (S)}
is of some importance. Here the natural order structure of .‘B”(E) is used,

e.g.
B, B, B*(E), B,<B, ifl B4, §)<B,&, ), 4cE. @4.1)

For B $™ @) we denote by g5 the following seminorm on é :
95a) = B(@, a)'”~. 4.2)

By Theorem IIL1.5.1 of [11] gp is contmuous

For a continuous seminorm g on E and a subset M CE we denote by M*
the closure of this set (in };) with respect to g. With these notations we
obtain a simple reformulation of the density property (D).

Lemma 4.1. For BE B; (E) the following statements are equivalent:
i) B satisfies condition (D)
i) E=Egs @.3)

iii) B@, &) = sup {|B@, b)|*Bb, by}  forall acE (4.4)
éEEAo
where the quotient is defined to be zero if B(b, b)=0.

Proof. The equivalence of i) and ii) is just a matter of definitions. By
positivity of B we know
| B@, b)|*<B(&, &)-Bb, b) .
Therefore the supremum exists. In the Hilbert space realization of B accord-
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ing to Proposition 3.2 this supremum equals ||Py~(@)||* where P is the projec-
tion from the Hilbert space # associated with B onto the subspace generated
by v(E). Thus (4.4) says [[v@)|=|[Pv@)I[ for all 6€E and therefore
iii) is equivalent to (D).

The announced order property is an immediate consequence of condition
(D) directly or relation (4.3). 1t reads

Corollary 4.2. Suppose B e.@‘}(ﬁ]) to e given. If for B’E.@B‘s(Ei) there is
2>0 such that B'<2B then B'€ B%(E).

Now we come to discuss convexity of £;(E), e.g. of .CB‘}(EA). The set Qa‘s(ﬁ)
is obtained from the convex cone Q*(E) by imposing three linear constraints.
Thus -@3‘,@) is convex. The problem arises when the density condition (D)
is taken into account as the convex combination of two functions having in-
fimum zero need not to have zero as its infimum.

Therefore within .@}‘(l_%) we are confined to consider convexity-classes of B
EBi(E):
Ky = {B'EBYE)|B, = AB+(1—)B'€BHE) forall 2€[0, I} (4.5)

which are characterized by
Lemima 4.3. Suppose B, B’E.‘B}'(E) to be given. Then
B'EX;, iff for all ac £ inf{(B+B) (a—b, 4—b)|beE} =0. (4.6)

Proof. If B’ Ky then for all 2€[0, 1] B,=4B+(1—2)B’ satisfies (D).
Thus for 0<<A<<1 a simple estimate implies (4.6). The converse is implied by
Corollary 4.2 and the observation that B,<B-+2'.

The question arises whether for a given BE.@’}(E) the convexity-class is bigger
than {B} or not. But this is already answered by Corollary 4.2 and Lemma
4.3 in the following way:

{B'EBi,(E)| there is 2>0 such that B'<AB} CKj . @7

The following proposition shows that there is at least one convexity class which
is fairly big. It is that “containing” the set of all bounded Jacobi-states.

Proposition 4.4. The set of all bounded Jacobi-states is convex.

Proof. a) If T'eE;,(E) are given we can suppose that these states are
the sequences of n-point-functionals of two bounded Jacobi-fields 4 in the
Hilbert spaces

Jt“=§1‘ﬂ; i=1,2
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with cyclic unit vector 9§, Hi=C¢i. For 0<i<1 we consider
T = AT +(1—)T?EE(E)

and want to check whether T is a Jacobi-state or not.

Define
11/2 ¢1 1
P = (3/1/2 ¢2)E(J[z), A =1-=-2 4.8)
and
AYx) 0 \. (4
A(x) —( 0 Az(x)) in ( ﬂz), x€E 4.9
N o-bu @
on (Qz), -—gao % (direct sum).
We get for all x;€E
(A - Al(x.)esa)
A(xy) -+ A(x )by = (Az 5 o A )02 (4.10)
and thus for all x€E and all n
{Bo, A(xy) -+ A(x)be) = ATH(0, @ ++* @x,)+2'TH (0, -+ ®x,) 4.11)

= n(x1® e ®xu) .
Therefore it suffices to show that A is (equivalent to) a Jacobi-field.

b) Denote by , the closure of the linear span of {4(x,) :-- A(x,)é,|x; EE,

AT e 9

r<nm} in ( z) and by 4 the closure of Hoﬂ(,) in ( 2). Thus A, is a
Hiw

subspace of [ ~° ), n=0, 1, 2, --- and 4 a subspace of

(),

struction the unit vector ¢, is cyclic for {4(x)|x<E} in 4. Using (4.9) and

the corresponding properties of the A4’ it easily follows that 4 is hermitian

and strongly continuous.

1

). By this con-

Next we define
Hy =A@ = Coh
and for n=0, 1, 2, .-
J{u+1 = Jlmne:ﬂ(.) (4-12)
and
9= @oﬂ, (direct sum). (4.13)

It follows that 9 is dense in
9= @0 4,  (Hilbert-sum) (4.14)
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and that

Iz
As the 4 are bounded Jacobi-fields we know that for all ¢i =4}

ﬂ,g(’ﬂ}') . 4.15)

. . k+1 .
A¥(x)oi = o lAf'k(x)‘ﬁfe
holds with A, (x)eL(HL, Hi). Thus A(x) as defined by (4.9) is in particular
well defined on all vectors of the form
ok , .
( ¢’;), siedi.

k.

Therefore if @, denotes the orthogonal projection from

i

1 J{};
onto 4, we can define for xEE
(Jlﬁ) ' (Jli)

Apx) = Q;AX)0E L(Hy, H;) (4.16)
and then for all ¢=1{g,, ---, ¢y, 0, 0, +--} €D we get
A() = kf‘. 5 Au()s,  forall xEE. @.17)

This proves that A is bounded Jacobi-field in 4 with cyclic unit vector ¢,
and domain 9. By (4.11) it follows T €& ,(E).

IV.2. Topological stability.

In order to study topological stability of .@‘}@) we exhibit a ‘topology’
(a notion of convergence) with respect to which Q("}E‘) is complete.
To this end suppose that we are given a net (B®), e 4, in B3} (E) which satisfies
i) {B®, a= 4} is pointwise bounded (4.18)
i) (B®), a4, is pointwise Cauchysch
e.g. for all 4, AQEE we have
i) sup|B*@, b)| =C(@, b<eo
ii) (B*(a, é)), aE A, is a Cauchynet in C.
By Cor. IIT.5.1.2 of [11] it follows that there is a continuous seminorm g on
'E such that

| B2, B)| <q@)q®) forallac4. (4.19)

By assumption ii) for each pair (@, {;) in EAX E:' there is a complex number
B(@, L;) such that
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B, b) = lim B*@, §). (4.20)
o,

It follows that (4,, b)—B(&, b) defines a normalized sesquilinear form B on E
which is positive and satisfies (4.19). Thus B is continuous. Obviously the
orthogonality relations (0) and the symmetry relations (S) are stable with re-
spect to pointwise limits, therefore BE Bi(E).
By nuclearity of E its topology is defined by a family of Hilbert seminorms.
Thus there are Hilbert seminorms p and 4 on E such that

g<p<h 4.21)

and such that the canonical map x from 4, into 4, is nuclear where 4, and
A, are the Hilbert spaces canonically associated with & and p, e.g. there are
continuous linear maps ¥: E—Y4{,, ¢: E—~>4, with dense range such that

P@P = <y@), v(@,, M@y =<s(@), 4@ (4.22)
and Y(@) = 208(a)
for all r_‘ze];". (K+,2>p, <=, =4 the scalar products of 4, respectively of ).
By (4.19), (4.21) and (4.22) it follows that

W (@), y(B) — B*&, b)
is a well defined quadratic form on w@)cﬂ[ﬁ with
|B°@, b)| <Ilv@ll-|ly®)l| forallac4.

Thus it extends uniquely to a continuous nonnegative quadratic form on 4.
Therefore there are nonnegative selfadjoint operators C* in J{, with

B*@, b) =<C*@, C*y(®)>  lIc7I<!1 (4.23)

for all = 4 and all g, &EE The same applies to B. There is a nonnegative
selfadjoint operator C in 4, with

B, b) =<Cy(@), Cy()>  forall 4 beE, (4.24)
and by (4.20) it follows
C? = wlim C*C* (4.25)
(weak limit in L(H,, 4 ,)).

As 9, is separable and as ||C® C*||<1 for all @= A4 there is a subsequence (),
JE N such that

C? = w-lim C*DC*D | (4.26)

o

Let us denote C'=C*?,j& N, and correspondingly B’=B*")., The B’
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are supposed to satisfy the density condition (D). Thus if E_JEE and ¢>0
are fixed there is (by (4.4)) b;€ E, such that
Bi@, §)—e< | Bi@, b)|*Bib;, by  foralljeN

e.g. ‘

ICH@)IF—e < [<Cip(@), Cipr B> 1AICiyp Byl forall jEN. (4.27)
As the right hand side of this inequality is scale invariant with respect to é,
we can and will assume that the b; are normalized according to

[16) s, = 1 (4.28)

where ¢ is given by (4.22) (Note that by definition and (4.22) only those é,
occur in (4.27) for which ¢(§,)=|=0 as we may assume that the lefthand side
of (4.27) is positive).

Therefore by weak compactness of the closed unitball of 4, we can find
a subsequence i(i), i € N, and ¢, 4, such that

% = w-lim (o) (4.29)
in 4, By (4.22) and nuclearity of x it follows
Yo = 29 = lim 209(6;) = lim ¥(b;0) (430
in 4, and EWNEJICH, . (4.31)
In order to prove
lim [|CF Oyl = Il “32)

we write 1/»@-(,-))=%+¢,- with ¢, - 0 in 4, and estimate
i

TGy P—ICYll| < TICFOYl P~ CorolP| +
HICTON 2o (lIal P42yl [1ill) -
Thus (4.26) implies (4.32). And similarly (4.26) and (4.30) imply
lim <CPOY@), CiO(By0)> = lim (CTOVp@), Yby)> = <C@, ¥> -
Therefore taking the lim i—> oo of (4.27) yields
IC¥@IIP—e< [<KCy@), Cyp | ||Corll ™ . (4.33)

By relation (4.24) the sesquilinear form B is realized in the Hilbert space
[CHENC S, A

Relation (4.31) and inequality (4.33) imply that Cvyr(Ey) is dense in this
Hilbert space [Cy(E)]. This shows finally that the weak limit B, too, satisfies
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the density condition (D) and thus proves

Theorem 4.5. Any net (B®), eE A, in .@}‘(E) which is Cauchysch in the
sense of (4.18) has a limit B in B}(E).

Corollary 4.6. Any net of Jacobi-states (T*), e A, in E;(E) such that the
associated net (B®), e A, (by Th. 3.7) in BJ(E) satisfies (4.18) has a Jacobi-
state T as limit.

§V. Conclusions

If a space E satisfies (H) and has property (a) then by the preceding in-
vestigations we know many details about states on the (complete) tensor al-
gebra E over E. And the information about these states goes considerably
beyond that provided by the GNS-construction.

1. Various classes of states on E have been distinguished. Some of them
have been characterized. Among these the set of Jacobi-states appears in
a natural way as the set of those states on the tensor algebra E which reflect
the graded structure of this algebra in a direct way. A certain subset of the
components of the Jacobi-decomposition for these states provides the ‘““para-
metrization” of these states as indicated in section O. (Lemma 3.5 and Pro-
position 3.7). This can be viewed as the beginning of a complete classifica-
tion of the set of states on E.

2. There are “very many” Jacobi-states. Already the weak sequential closure
of the set of bounded Jacobi-states £;(E) equals the set of all states on E (Corol-
lary 2.4), and &;(E) is convex (Proposition 4.4). (In a finite dimensional
situation these two properties together would mean that only boundary-points
may not belong to the set in question).

3. In terms of the Jacobi-decomposition a “‘topology” on the set &;(E) of
Jacobi-states has been given with respect to which £;(E) is complete (Corollary
4.6). This topology o, is a “natural” topology on the set of all Jacobi-
decompositions but not on the set of states on E. Itis considerably finer than
the weak topology =0 (E’, E) on the set of states on E. Though a one-to-
one correspondence between Jacobi-states and Jacobi-decompositions could
be established (Theorem 3.7) it is still an open problem whether £;(E) is also
complete with respect to o (if so Corollary 2.4 would imply that the set of
Jacobi-states equals the set of states on E). Theorem 4.5 indicates that this
might not be the case in contrast to the claim in our first version. In any
case as indicated in 2, there are not “too many” states on E which are not
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Jacobi-states.

4. In general relativistic quantum field theory [2-6] the basic space E is E
=S(RHYQV with some finite dimensional vector space V and S(&R*) the
Schwartz space of rapidly decreasing C*-functions on space-time. It is known
that this space satisfies (H) and according to Proposition A this space also
has propeity (as). Thus our results apply and explain in rather general terms
why every relativistic quantum field which has been constructed up to now
on physical space-time is a Jacobi-field (not necessarily bounded) in accord-
ance with our physical intuition about quantum fields. (If it would turn out
that £;(E) actually does not equal the set of all states on E then as indicated
in 3 the states on E being not Jacobi-states could in some sense be considered
as being exceptional).

5. If the functional characterization of Jacobi-states (Theorem 3.7) is ap-
plied in general relativistic quantum field theory it adds a lot of new informa-
tion about the general structure of the ‘‘vacuum expectation values” of such
a theory and gives new aspects of various problems (association of particle
and fields, scattering theory, asymptotic completeness, combining locality
and positivity, details about the energy momentum spectrum of the theory,
construction of relativistic quantum field models).

6. It should be noticed that the positivity condition (P) for the Jacobi-
decomposition B of a Jacobi-state T on E provides in connection with Lemma
3.5 and Theorem 3.7 many “correlation-type inequalities” for the components
T, of T. In order to illustrate this point we present a simple example. The
components B; ; of B can be expressed in terms of the given n-point-correlation
functionals” T, (Th. 3.7 and Lemma 3.5). The positivity condition (P) im-
plies in its simplest form

IBI,I(as b)IZSBI,I(as a)°BJ,J(ba b) .

This inequality says for instance (assuming 7;=0 for convenience and choos-
ing I, J appropriately):

H(TL—TQT:— TR T) | (x¥ Qx) < (T, —T,Q T, — T,DT3) (x¥ Q1) Fe(xF®x3)
with Fye E§ such that

O0<SF(I@x)<(L—T:Q@T;— X B,;) (x¥Qxs)
LI 4@3)

for all x,E;. Here (D denotes the “l-convolution” according to Eq. (3.37)

and >\ B, ;is afunction of {T,, T;, 7,}.
Lie 4.(3)
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7. The concept of a Jacobi-field has also proved to be very important in the
problem of positive continuous linear extensions from finite sections

Ew = {x€E| x,=0 forall n>N},N=0,1,2, -

to the whole tensoralgebra E. This problem asks for necessary and sufficient
conditions on a given functional T(y)={1, Ty, -, Ty} € Elw, for the existence
and uniqueness of a state T on E such that its restriction T | E(y, to the finite
section E(y) equals T(y). A nearly complete answer is given in reference [10].
8. Finally we would like to point out two other applications of this analysis
of states. The first applies the concept of a Jacobi-field to relativistic quantum
field theory and uses it together with a solution of the above extension problem
to enlarge the class of known models of relativistic quantum field theory on
physical space time considerably [17]. The second application relies on an
extension of this analysis to a stronger positivity condition. It provides a
method of constructing Radon-probability measures on the dual E’ of the basic
space E in terms of given moments. In particular a way of constructing such
measures which are not Gaussian measures (or slight modifications there of)
is obtained [18]. This then illustrates point iii) of the introduction.

Appendix: On spaces with approximation property (a).

Properties (a) and (as) of Definition 2.1 are related to but are in general
not identical with the approximation property in the general theory of topo-
logical vector spaces (for instance §13 of [13]). The approximation property
(in general) means that there is a net (%y)yer C-L(E, E) such that
i) dim Ran zy<<oo
ii) !’13 my(x)=x uniformly on precompact subsets of E.

But in general it is not known whether this net also is pointwise bounded.
This property however is crucial for our reasoning. Therefore we had to
use property (a).

Obviously for all locally convex topological vectorspaces E for which
the pointwise convergence of a pointwise bounded net of continuous linear
maps E—E implies its uniform convergence on all precompact subsets of E
property (a) implies the general approximation property. By the Banach-
Steinhaus Theorem this is the case for all barreled spaces. Moreover, when-
ever a barreled space E has a weak Schauder basis (§43.5 of [13]) E has the
general approximation property and by the proof of this fact (§43.5.3 of [13])
also property (a) with respect to sequences.
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Instead of trying to give a systematic treatment of property (a) we discuss
some simple facts about it and are thus able to show that many of those spaces
which are actually used in applications indeed have property (a) respectively

(as).

A first immediate observation is:
(1) If a locally convex topological vector space E is topologically isomorphic
to a locally convex topological vector F which has property (a) respectively (as)
then E has property (a) respectively (as).

The proof of the following three hereditary properties is similar but simpler
than the proof of the corresponding statements about the general approxima-
tion property (§43.4 of [13]) and is therefore omitted:

(2) If a locally convex space E has property (a) respectively (as) then every
complemented subspace of E has property () respectively (as).

(3) The locally convex direct sum E=@E, of locally convex spaces E, has
o
property (a) iff all E,, have property (a).

(4) The topological product E=T] E, of locally convex spaces E, has property
(a) iff all E,, have property (a).

It is fairly obvious that the nuclear Fréchet space s of rapidly decreasing
sequences has property (as). By a theorem of T. Komura and Y. Komura
(p. 212 of [15] and [14]) it is known that every nuclear space is topologically
isomorphic to a subspace of the product space s* for some index set A (every
metrizable nuclear space is topologically isomorphic to a subspace of
sY). Therefore whenever a nuclear space is topologically isomorphic to a
subspace of s which is left invariant by the canonical projections of s” (this
is used in the proof of (4)) it has property (a).

A class of locally convex spaces which is of particular interest in applica-
tions is the class of nuclear Fréchet spaces. We are going to show that these
spaces have property {(as). By properties (1)-(4) the class of spaces with prop-
erty (a) is enlarged considerably.

Proposition A. Every nuclear Fréchet space E has property (as).

Proof. 1. By Corollary 7.3.3 of [11] we know that every nuclear Fréchet
space E is the projective limit of a sequence of separable Hilbert spaces H,
(corresponding to Hilbertian seminorms /2, on E) such that the spectral maps
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L, a1t Hy—H,, n=0, 1, 2, ---, are nuclear.
According to Satz 4.2 of [12] each H, has an orthonormal basis
{&3 = 0,(¢%): jEN} with {e}: jeN,n=0,1,2, -~} CE

and Q,: E— H, the canonical projections.
The spectral maps and the projections are related by

Qp =Ly,Qy =Ly p+1* Lg-1,02, forg>p. (A.1)

Nuclearity of L, ,, implies furthermore that we can choose these basis {&}]
jeN}, n=0, 1, 2, .-, such that for all x& H,,

Lywss®) = 5 5™, 0] with 33|47 <e0.  (A2)
2. Now by (A.2) we have
Ln,n+1(é?+l) = A?Hé’} (A3)
and therefore by (A.1)
Qu(e5™!—25"e]) = 0.
This shows that moreover the e} can be choosen in such a way that
et = et pjeN (A4)
holds. Iterating this equation we get
et = 2Pe) where 2P =2} .- 232}. (A.5)

For any x€E and pE N we express Qy(x) and Q,(x) in terms of the basis of
H, respectively of H,:

Qi) = Z1<E5 Qo] 0)00) = 3185 0,008 (M)
Because of (A.1) and (A.5) we get
0u(x) = Lo,JQ(0) = 3 &% Q0D Lo, = 33 <& Q0208
and thus by (A.6) for all j, ijN and all x€E
<&, QueI> = 29X 0405 (A7)

3. Now the construction of continuous linear maps z,: E—FE as required by
property (as) is quite easy. For x&E define

() = 33 Qe Qul>eed as)
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Obviously =y _L(E, E) and dim Ran zy=N.
Then define for p=1,2 ---

Th() = 310D, )e)- 8)
Equations (A.5) and (A.7) imply
ah(x) =npy(x) forallx€E p, NEN (A9)
and therefore for arbitrary but fixed p=0, 1, 2, ---

hy(x—my(x) = hylx—mi(x)) = [1Q(¥)—Q,k()l, — 0,
if we observe (A.6) and

N
0,(zh(x)) = ,};"1 <eb, Q)47 -
This proves
limzy(x) =x inkE
N >0

for every xE E, that is this space £ has property (as).
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