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Cyclic Cohomology of A[X] and A[X, X']

By

Tetsuya MASUDA*

Abstract

Cyclic cohomology of 4 coefficient polynomial algebra A[X] and Laurent polynomial
algebra A[X,X -] is studied by making use of a deformation of projective resolution and the
machinery of A. Connes. The spectral sequence E¥, n>1 behaves the same as algebraic
K-theory.

80. Introdwction

In this paper, we give a formula of cyclic cohomology of A[X] and A[X, X ']
in terms of the cyclic cchomology of A4 for an unital algebra A4 over C.
There is a theorem of algebraic K-theory that for regular and noether ring 4,

(©.1) K(A[X])=K(4),
0.2) K(ALX, X7 =K(A)DK;_,(4) ,

(see Quillen [5], Grayson [3]). We prove, in this paper, analogous formulae hold.
Cyclic theory is supposed to be an algebraic homology or cohomology theory
for algebra 4 and the right object must be the limit of the spectral sequence
associated with the exact couple of A. Connes. We see A[X]=C[X]QA4 and
AlX, X =C[X, X"']Q®A. We can easily see that H*"**(C[X])=C, H*¥C[X])
=0, and He"**C[X, X )N)=HYC[X, X )=C. (More precisely, EG[CX])
=C, E{C[X])=0, n>1 and E¥C[X, X )=C for n=0, 1 and EYC[X, X))
=0 for n=>2.) We also have the following natural maps:

(0.3) H(4) — HY(4[X]), n=>0,
0.4) H(4) = HY(ALX, X)), n>0,
05) Hi™YA) — HYALX, X)), n>1,
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where the maps (0.3) and (0.4) are given by the shuffle product with the O-trace
on C[X] and C[X, XY, respectively (see [1], [2]). In this case, the product is
taken with O-trace so that the shuffle product is the same as the cup product
of A. Connes. The O-trace on C[X] is the canonical one given by the evalua-
tion of the constant term. The O-trace on C[X, X '] is just the same. The
maps (0.5) are given by the shuffle product (which is equal to 1/n times the
cup product) with the 1-trace on C[X, X '] given by

0.6) w(@, a') = 3 halai ,

Ip>1;=0

where ai=1§zafiX’feC[X,X”l], i=0,1. By using (0.4) and (0.5), we have the
natural ma;;s

(0.7) HYA@H(A) - H{AX, X', n>1.

The same maps also induce maps of Hochschild cohomology. Our result is
the following:

Theorem. The maps induce isomorphisms of spectral sequences and
(1) EXA)ZEXNAX], n>1,
(2 EXABEF A ZEHAX, X)), n>1.

As an immediate corollary of this theorem, we can compute cyclic coho-
mology of rings like C[X,, X172, -+, Xy, X3, Y, -, Yyl, N, MEN.

This research is supported by the Educational Project for Japanese Mathe-
matical Scientists. The author would like to express his thanks to Professor
H. Araki, Professor A. Connes, and Professor M. Takesaki for several discus-
sions. This work is carried out during participation in the Mathematical Sci-
ences Research Institute project ““K-theory, index theory and operator algebras.”

§1. Deformation of Projective Resolution

Let A be an unital algebra over € and let
e b b,

(1.1) O0«—A<—B<- M, <~ M, < -
be the canonical projective resolution with explicit homotopy maps s: 4 — B
and s,: M,—»M,,,, n=0,1,2,--- (see [2]). We construct a projective resolution
of A[X,X |=AQC[Z]. The case A[X] will be discussed later. Actually the
case A[X]==AQC[N] follows immediately from the discussion of A[X,X].

Let VX, X]=C[X, X YQC[X, X~Y] where C[X, X ]=C[X, X~'|° is the
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opposite algebra of C[X, X~ We define d: VX, X]—V[X, X] by the multiplica-
tion by(X®1—1®X).

Definition 1.1. We put

>

(1.2) 0<—£ié<—1N1<b_2Nz<—~--

where A=C[X, X |®4, B=A® A° and

(1.3) N, = VX, XIQ M, B VIX, XIQM,_,, n>1,

and the maps 13,,: N,—N,_, are defined by

(1.4) by(@, ) = (18b,) (@) +(—1)"@R1) @), (1Qb,-,) (@),

wE VX, XIQM,, GE V[X,XIQM,_, for n>2 and b;: Ny—>N,=15 is defined by
(1.5) bw, ) = (18b) (@) —(d®1) (@),

weE VX, X]QM, b V[X,X|QB=5.

Lemma 1.2. The complex (1.2) is a projective resolution of A=—A[X,X™']
with a homotopy map §,: N,—N, ., given by

(1.6) 8@, @) = (SeE)®s,) (), (—1)* (SR 1) (@) ,
weV[X, )0(]®M,,, se V[X,):’]@M,,_l, Jor n>1 and
(1.7 84(@) = (SoE)®s) (), —(Se®1) (@)

wE VX, X]Q M,—V[X, X]QB—B, where E: V[X,X]—C[X, X", S: C[X,X 1]
—V[X,X]and S,: V[X,X]|—VI[X, X] are given by

(1.8) E(S} @y X"@X") = 3 4, X", 4, EC
(19) S("E anX") = 2 an(l®£v”)= anEC >
(1.10) SX"RX") = O(X, X, m) 1QX"),

respectively, where
(1.11) o(X, X, m) = Sum (/: mX*'QX"~1-1
and the notation Sum (/: M)a, is defined by T_E_: a, for M>0, zero for M=0, and
—(a_ 1+ Fay)= —I:zt_la, for M<O0.
Proof. By (1.3), N,, n>0, are algebraically free modules over B=

V[X,Ag']@B. By (1.4) and ¢ =EQs, ?),,_1?7,,=0, n>2 and €l;1=0. So, we show
that the maps é'\,, are homotopies of (1.2). For n>1,
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112)  bpy-8(0, &)

= bu((SE®S,) (@), (—1)™(S,®1) (@)

= (SE®b,+.S,) (@) +(dS,®1) (@), (=1 (S,®b,) (@)
1.13) 8, 0b (@, )

= 8,.((1®b,) (@)+(—1)'@®) @), (1®b,-,) (@)

= (SERS,_1b,) (@)+(—1)*(SEIRS,-) (v),

(—1)"(S,®b,) (@)+(Spd ®1) ()

= (SE®S,_1b,) (@), (—1)(S,®b,) (0)+ ),
(0,8)EN,, where we use Ed=0 and Syd=1. Hence, by using SE+dS,=1,
b,118,+S,_1b,=1, we obtain l;”+1.§'\,,—}—§,,_1?7,,=1. For n=0,

(1.14) bio8y() = bUSE®S) (@), —(Su®1) (@)
= (SEQbSy) (0)+(dS,®1) (»)
(1.15) Soé(w) = S(EQ¢) (@)
= (SEQSe) (v),
@€ B. Hence we obtain lAyloé\o—l—S"og:l by using b,Sy-+Se=1and SE-+dS,=1.

Q.E.D.
We next construct quasi-isomorphisms between the canonical projective
resolution and the projective resolution (1.2). We see that 4 is a subalgebra
of A=C[X,X ']®4, naturally. Let
& b _ b, .
(1.16) O« A<B<—M < M,<~ -
be the canonical projective resolution of A=C[X, X Q4.

Definition 1.3. Let 4,: V[X, f 1QM,—~M, n>1 be the B-linear maps de-
termined by

117 2,(13Q4'Q® - Qd") = 13Qad'Q--Q ", a’€d, j=1,-,n,
and let &,: V[X, X 1QM,_,—>M,, n>1 be the B-linear maps determined by
(1.18)  A(13®4'®-Qa*™)
=5 (113000 RIRX QIR Ra",
ded, j=1,--,n—1.
We now define H,: N,—M,, n>1 by
(1.19) H(@, ) = h(0)-+(—1)"h(®), (0, B)EN, .
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Lemma 1.4. The following diagrams commute:

bn ~
Le—— ]

i, T,
(120) THn—l l") Th'n ’ n=1.
N,., <—— N,
Proof. First, we compute for (0,0)EN,. Let 0=13Q4'Q---®a". Then
by (1.17) and (1.18),
(121) H,,(Ct), 0) = 1V®13®a1®“'®an s

where we use 13=1,Q15,, V=V[X,/{’]. It follows

(122)  b,oH,(@,0) = ,Q@'QNRFR - Rd"
+ E: (—DV13QdQ - Qda™Q - Qd"
H=1L, ()RR Qe

On the other hand,

(1.23) (1®b,) (0) = 1,RERNRIR - ®d"
+ g (—1)1,R1;Q4'Q - RIF'Q- ®d'
+H(=D)',R(1IRI)REIR - Qa.

Hence, the diagram (1.20) commutes for (»,0)E N,
Next, we compute for (0,8)EN,. Let 3=15QRa'® -+ Qa""*. Then by
(1.18) and (1.19),

(1.24)  H,0, &)
— ('S (- V1304) - QIRXQa R @a".
Suppose 1</<n—2. Then
(125) 5,(15R¢®RdRXRa™MQ-@a"™)
~ 1,(@QNRER QI JX QMR- Qa'!
+ 3 (- VR0® @daM R QI VX Qa R Ra"
+(:1)’1§®a1®--- RIIQRQRAXRaMNRQ - Qe
H=D"5Q4'Q - Qd' QXd QR+ Qa* ™
+ 5 (13000 @IRXQEHY - Rald Y Rar!
L LRIRF)RER - RERX@aH R Rt
and for [=0, I=n—1,
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(1.26) b,(15;QXRa'®+- Ra"™)
=XRNR1RIQ - Qa" ' —1;QXa'RIER - Qa"™*
+ 5 (M@ QIR QTR @
+(J—1)"1v®(1®&”'1)®X®a‘®---®a""2 )
127) 5,(13@d'®-- @a""'@X)
=1,RERNRIR - Qa"'RX
+ g(—l)f1§®a‘®---®a"a"+‘®-°-®a”"®X
+(j;1)”‘11§®a1®---®a”‘2®a”“X
HED(1RNR1,R4Q @ar
By putting (1.25), (1.26), (1.27) into (1.24), we obtain
(1.28) B,0H,(0, &)
=(—D)'XRNR1;Qd' Q- Qa*
—(=)'15QXa'QFR - Qa™
S (- RX @A R R B!
+ 1V®(lj®5”"1)®X®aI® Qa2
HED'S (), RE@RNRIR R QX Qe R @

n

H S S (C)H1;R4Q - Qdd IR - ®d
I=1 j=1
®X®al+l® e ®an—1
HED'S 15000 @ Q0 X @d Q- @a !

—(—1) ﬁ 13Q0'Q - QRARXd'Qa R - Qa*!

2~

N
E

-2

+H(=D'E S (=D QRAQ Q4 QX Q'
e ®ajai+l®“_®an—l
+ 81,8018 )QdR- RIRX QR Ra
~L,OEB DO - Q@ IDX
+ 5 (1000 @Pa TR Ra QX
+(:11)"1§®a1<§§>---®a"'2®a”“X
H=D)HIRN®1,,Q4'Q - Qar .
It is seen that the second, seventh, eighth and thirteenth terms cancel and then
(1.28) is equal to:
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(129) (—)'(XR1—1QX)®1,Q4'® - Qa""!
S (C11L,@E@R DR Qd QX R VR- Qe

+(—=1) g:z: (=D)"13Q0'Q - Qaa '@ -+ Rd'
RXRR - QRQar!
TS S i ede - RdeX R
=0 5T Qaid Q- Qar
+5 (-1, Q(10F HRIQ - QIVX QIR Ba .
On the other hand,
(130) (1Qb,-) (@) = 1,RERHRFR - ®a"™*
+ 2_‘? (—1)13Q0'Q - Qaia' Q- Qa"™*
+(];1)”'11V®(1®&"‘1)®a1® a2
It follows that,
(131) hy,_o(1®b, ;) (&)
- g(—l)llV®(“l®l)®az®'"®a’“®){®al+2®...®an~1

n-2j-1

+ 25 3 (DMRdQ - R4dRXQa Q-
T ®(ljaj+l®~~®a”_l
+ :2:I:Z;il(“l)””llz”;@al@'--®ajaf+l®-" Rd'QX
®a’+l®---®a”'l
HEDTE (L RUQEHRED - R R X
®al+1®_“®a"—z R
So, we obtain

(1.32)  (—1)*"'h,_o(1Qb,,) (&)
(=1 ;f (-, @R NRFR - R QX R R Qa!

HE'E S D000 @daTR
T ®al®X®al+l®___®an—l
DS S YRR RERX @R
T QR NRQ - Qar?
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+ g (—1)’1V®(1®&n—l)®a1®...®al®X®al+l® __.®an_z'

7n-2 n-1 -1

By viewing >} > = E E and
=1

j=11=j+1 i=

n—2

’2 5 i‘, in (1.32), and by using (1.28),
=0 71=0 j=I+

nM|

(1.29), we obtain

(1.33)  b,oH,0, &) = (—1)"(d®1) (@)+(—1)*"h,_1o(1Qb,_,) (&) .

Hence, we obtain the commutativity of the diagram (1.20) due to (1.4) and
(1.19). Q.E.D.

Definition 1.5. Let k,: M,—V[X, X 1QM,, n>1 be the B-linear maps de-
termined by

(1.34) k(13Qa' X1 Q- Qd"X')
= (1QX"™ *MR1;Qd'Q - Rad",
ded, ez, j=1,-,n

and let k,: M, V[X,X ]QM,_,, n>1 be the B-linear maps determined by
(1.35) ”(13®a1X11® ®a "X

= 0(X, X, ) 1 Q X2+ +1)@(a" ®1)®az® -Qd",
ded, ez, j=1,.-,

We now define K,: #,—N,, n>1 by
(136) I?n(w) = (kn(w)s (_1)"1’:{”(0))), C‘)EMn °

Lemma 1.6. (1) k,_,0b,=(1Qb,)ok,+(dR1)ok, n>2,
(2 51=(I®b1)°kl+(d®1)°k1=
(3) ]}”_105”=—(1®bn_1)°7€”, n22

Proof: (1) Letw:1§®alel®"'®anXI”EMm ajEAﬁ ]J'EZ’jzl,"'an-
Then

(1.37) Bn(w)—(X’1®1)®<a1®1)®a2X'z® QX'
J—Z( Y13 QaX41Q - Qa’ Xia T X'i+1Q - Qa "X 'n
+( )'(1QX")Q(QF)RFX1Q - @a*~ X'n-1,
So, by using (1.34),
(1.38) kyor0B,(@) = (X11®)°(:2+~~+: NRERNRER - ®d"
+ 2( Di(1Q X+ R1,Q0'Q -+ Q'@ - Qd"
L I@ERIRTIRED - @
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On the other hand, by (1.34),
(1.39)  (1®b,)ok, (@)
= (1 ®i}’1+"-+1u)®(al®1)®a2®... ®a”
+ 5 (IR LRIR  RFaIR Q"
+(_1)7’(1 ®‘;{/ll+--~+l,,)®(1 ®&")®a1® e ®a11—1 .
Hence, by (1.35) and d(@(X, X, m))=X"®1—1® X", we obtain the assertion.
Q) Let o=13QaX"€M,, acA,nEZ. Then
(1.40)  (1@b)oky(@)+(dR1)oky(w)
=(1®b) (1R X")R1;Qa)+(X"Q1I-1RX")R(@R1)
=(1QX"NR®R1—-1RQH+X"R1-1RX")R(ER®1)
= X"@DNRERN—-(1RX")R(1Qa)
= by(w).
(3) Let w=1;Qa'X1Q - Qd'X"eM,, a4, ;EZ, j=1,---,n. Then
by (1.35) and (1.37)
(141) Fu 1B (0)
= O(X, 10(, L) (X" ®}§’3+"'+”’)®(alaz®1)®as®"- ®Xa"
—OX, X, [, 4-1) 1QX5 R (d@RNRER - Rd"
+ 5 (0, X, 1) 19X R ER )RR
®a]'ai+1®...®a"
H(=D)'OX, X, ) (1QX @@ QF)RFR - Qa"
= —0(X, A:', L) (1®}?’2+"'+’")®(a1a2®1)®a3®---®a"
— 5 (1o, X, 1) 1@+ ) R@RNRID-
®aj+1aj+2® e ®a”
—(=Dto(x, X, L) (1®}:”2+'"+’")®(a1®6°l")®az®---®a”"1 ,
where we use @ (X, X, +1)=(X"®1)0(X,X,l)+(1QX") 0 (X,X,I) for the
second equality. Hence, in view of (1.35), we obtain the formula. Q.E.D.

Corollary 1.7. The following diagrams commuie:

. b,
M, ,«<— M,
112"_1 A J'f('" 5 7721 .
b

N, , «—— N,

(1.42)



374 TETSUYA MAsuDA

We want the fact that the resolution (1.2) is a retraction of the canonical

projective resolution. We need a little correction to construct a retraction K,
of H,,n>1.

Definition 1.8. Let C,: N,—N,, n>1, be the B-linear maps determined by
(1.43) Ci@, 8) = (0—¥ (&), ®), (o, B)EN,,
(144 7,@) = (—)'S (-D(1@DO1,B0® QY@L Q- @b
where 8=15Qb'Q-Qb" € VX, XIQM,_;.

Lemma 1.9. (1Q0,)%,=¥,_,(1Qb,_,), n>2.

Proof. Both sides don’t include any operations involving 1\3, SO0 we omit
1®X in (1.44). Then the proof is just the same as that of the last half of Lemma
1.4 replacing X by 1. Q.E.D.

Corollary 1.10. The following diagrams commute:

A

b,
N, ,<—— N,
lC,,_l A lC” 5 nZl .
b

N,_, <—— N,

(1.45)

Proof. The case n>1 is by Lemma 1.9 and by the definitions of C, and lA),,.
The case n=1 follows from (1Q5s,)¥,=0. Q.E.D.

Proposition 1.11. We put K,=C,K,: M,—N,, n>1.
(1) The following diagrams commute:

I A
M, ,<—M,
(1.46) J,K ; lK,,, n>1,

N,.;«<——N,

2) K,oH,=lon N,, n>1.

Proof. (1) follows from Corollaries 1.7 and 1.10.
2) Let 0=13Qd'Q - Qd", 5=13Qb'Q---Qb* L, d', -, a",b', ---, b" 'S A.
Then
(147) Hn(a)a C?)) = 1§®al®"'®au

D (D) 1R QFRX Q@ @b

Hence, =
(148) I?nOH”(Q), G)) = (G)+Wn(&')), (D) -
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So, we obtain K,cH,=1. Q.E.D.

Remark 1.12. By Lemma 1.4, and Proposition 1.11 together with the
explicit homotopy S, j>1 of the canonical projective resolution, we also obtain
homotopy maps of our resolution (1.2). However, it doesn’t coincide with the
homotopy maps (1.6) (homotopy map is not unique).

§2. Splitting of F\-terms
By making use of the quasi-isomorphisms H, and K,, n>>1, we compute
E*¥(A), in this section. We identify A* with JJA4* (algebraic dual), where
Z

A=C[X,X 1®A. By using the similar identification, also using the quasi-
isomorphisms H, and K,, n>1, we obtain the following diagrams:

Y _
@.1) Homg(d,, C) ——> Homg(d,, C)
L R
HOIHE(M,Z, A*) I HomE(Mn+1> A*)
rflme o xna]lan,

Homp(N,, 4*) ——> Homz(N,4,, 4%)

R R
IZ[ [Homy(M,, A%)] 1Z1 [Homp(M, 4y, 4*)]
@ ]_;[ [Homg(M,_,, A%)] &) IZ[ [Homp(,, 4%)]
R " R
I [Home(4,. O] i I [Homg(d, s, C)]
e 1;[ [Homg(4,_,, ©)] @ IZI [Hom¢(4,, C)]

We identify an element ¢ = [J[Homg(4,,C)|DTI[Home(4,_,,C)] by a pair
z zZ
of Z-indexed sequences ¢ =(¢°,¢'), where ¢5 & Hom(4,,C), ¢, Hom(4,_,,C),
meZ. We will write de Rham differential in terms of this expression.
Lemma 2.1. (1) HYA, A*)=TI[H"(4, A%)].
— z
@ H"(A,A*)%(I;I[H"(AaA*)])@(IZI[H”‘l(A,A*)]), n=1.

Proof. By (1.4), let E;,)l‘+1(¢°,¢1)=(¢°,ga‘). Then, ¢%=¢%0b,,1, Pn=050b,
(=1 (@541 —0%+1)=0ob,. Hence we obtain the assertion. Q.E.D.

We now compute the de Rham differential of the exact couple obtained by
the Hochschild and the cyclic cohomology of 4, in terms of the splitting given
by Lemma 2.1. For the purpose of reducing complicated formulas, we pre-
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pare some lemmas.
Lemma 2.2, Let¢ = Z" Y (4,A*)C Homg(4,4,,C) and define p e Homg(4,,C)
by
@2 g, B, e, bY) = 31 (— 1), B, e, B, 1, B, e B,
=0
bEA4,0<j<n. Then ¢ is a Hochschild coboundary.
Proof. For 0</<n, we have
(2'3) bﬂ+2(bo: bl’ Tty bl; l: 19 bl+19 Ty bﬂ)
= S, B, e, BB, e, BT, 1, B e B
j=o
+(—1)l(b07 bl: Tty bl, l’ bl+1: Y bn)
+(_1)1+1(b0’ bls B bl; 1: bH’ls °tty b”)
+(—1)l+2(b07 bl, S0y bl, 19 bl+1, oty b”)
ST (DY@, B e, B 1, 1, B e, BB e BT
j=i+1
+(_1)n+2(b”b0’ bls "0ty bl’ 1, l: bl+1: R bnul) .

where b,.,: A,+2—> A, 1S the Hochschild boundary operator, see Connes [2] or
Loday-Quillen [4]. Hence, by using ¢ob,,,=0, we obtain

@4) =B IBE, e, B, 1, B e b
=
n -
= > ) ( 1)f¢(b°, oo, bibi+1’ e, b’, 1,1, b’“, oee, b")
I=1 j=0
-+ s .j—l (_1)j¢(b0’ ) bl, 1, 1’ bl+1, ) bjbj+1: Tty b”)

=
~
+
-

=0 j=

.

—I—(——I)n 2’. ¢(b”b0’ bl: °00y bl, 1: 13 bl+15 °tty bn—l)
=0

= 5T S 1B, e, B, e, B 11, B e, B
STS (DB, e, B 11, e, BB e B)
=0 j=1+

-1

{12 ( I)j¢(b09 "t bjbj+ls "ty bH-l: 19 la b1+23 "oy b”)

0

+

+ ( D"g(@"°, b, -+, b1, 1,1, 5", «ee b1
-5

=0

i=
n-1

2 (10, -, B, 1, 1, B, oo, BB, e, B7)
={+
+( l)”¢(b”b0: bl: ) bl, 1, 15 bl+1, 7ty bn—l)}
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+ ”21 (—1)J¢(bo’ HY bjbi+1, "%y bﬂa 19 1)
j=0
+(__1)”¢(b”b0’ bl, ) bn—l, 13 1)
= ”2—1 ¢(l+l)°bn(b0: "0ty b”) s

=0
where we put
(25) ¢(l)(a0’ B an) = ¢(a°9 °tts al_la 1: 19 al+19 Tty an) ’
ded,0<j<n, and 1L</<0. Q.E.D.

Coroflary 2.3. The map C,: N,—N,, n>1 defined by Definition 1.8 induces
an identity map of the Hochschild cohomology TI[H"(4,A4™)] D TI[H""Y(4, 4%)).
Z z

Furthermore, the maps K, and K,, n>1 induce the same isomorphisms of
Hochschild cohomology.

Lemma 2.4. Ler ¢=Z"(A, A¥)CHomg(4,,C) and define ¢ =Homg(4,, )
by
(26) ¢(a07 a15 ) a”) = ¢(a”a0, a17 "%y an—l, 1) 5
adeA,0< j<n. Then ¢ is a Hochschild coboundary.

Proof. We have

Q7 byl al e, dh 1) = 2 (=@, -+, diai*, -, d", 1) |
Hence by using ¢ob,,,;=0, we obtain
2.8) z} (—1)i¢(@, -+, aiai*™, -, ", 1) = 0.
So, if we put ¢(a®, ---,a" H=¢(a®, ---,a* 1, 1), then
2.9) Gob (&, -, a") :"z:\? (—1Y¢(d, -+, da?™, -+, a", 1)
i{:2—1)”95(&1'%10, a, a1, 1)
= (=D'e(@, -, d"). QE.D.

Lemma 2.5. Let [p]=([¢°], l¢') € I;I[H”“(A,A*)]EBg[H"(A,A*)], and
D, HWY(4, A*)—~H"(4, A¥), n>0. Then D,(¢])=I¢] is induced by

(2.10) 8% = @hoB,+m(—1)"¢h s,
@2.11) 8L, = @LoB, .,

where E’,,: A,—>A, 41 1S the map defined by
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2.12) B@, -+, @) = 3} (— 1)/ 0(@ i, e i, 1)
J—i_—OJE:O (=DM(1, @3, oo, a*d), (&, -, a)EA,
which induces the de Rham differential of the Hochschild cohomology of A.
Proof. By (1.17), (1.18) and (1.19), the isomorphism H*(4, 4*) X TI[H*(4,
AN]P IZ'[[H *=1(4, A%)] is induced by ?
(2.13) (@, -+, a") = ¢(@X", d, -+, d")
@.14) A, -, 1) = (=1 5 (1SN, B - B X, B e 007,

where [¢]€ H"(4, A*), and by (1.34), (1.35), (1.36) and Corollary 2.3, the iso-
morphism of opposite direction is induced by

(2'15) ¢(aOXIO’ B a”X’n) = ¢?0+--'+1”(a09 ) a”)
+(_1)” 1¢}0+---+1,,—1(a0a1a aza Tt a”) )

where ([¢°], [¢') € 1;[ [H"(4, A*)]EBl;I [H"" (4, 4%)], n>1.
Let D,,,((¢])=[¢]. Then by (2.12), (2.13) and (2.15), we obtain

(2.16) S, -+, a") — 20 (1 (=41 e, =i, 1)
]—; éo (=Dl (1, a*~ 7+, «ee, ")
+(I;1)”m¢}n_1(a”a°, a, -, a1, 1)
+H(=D"mey_1(d -+, a"), @, -, d")EA, .

The third term is a coboundary by Lemma 2.4, hence we obtain (2.10).
Next, by (2.12), (2.14) and (2.15), we obtain

@1T) B4, o, b7
— (1" 5 (0o BB B, o B, 1,5, e, 7Y

+(*l)n "2_1(_1)1(_1)”+1m¢}n(b”b05 bl: "ty bl: I, bl+1a Tty bn—l’ 1)
1=0

__|_(_1)n ”E_I(__l)l(__l)n+lm¢}n(bo’ bl, e, bl, 1, bl+1, e, bn—l)
=0

+(_1)n ”2—1 (—I)I(—1)"+l(——1)”("_1+2)§0m(b1,bl+1,- -°,b"_1,b°,-“,bl_1, 1)
=0

+(_1)" il (_l)l(_l)”+1(_1)n(n_l)¢m(19 bl+l: “tty b"_la bD’ ) bl) )
1=0

where the first term on the right hand side is the contribution coming from
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the first term on the right hand side of (2.15), which is coboundary by Lemma
2.2. The second and third terms are the contribution of the b°X™ part in (2.14)
to the second term on the right hand side of (2.15), which are again coboundary,
by Lemmas 2.2 and 2.4 (for example, by putting ¥ (2%, &, -+, b")=pn(6"0", b',

-, 571, 1)). The fourth and fifth terms of the right hand side of (2.17) are the
contribution of X between b’ and ™! in (2.14) to the second term on the right
hand side of (2.15) which are now equal to @Lo0B,_,(b° -+, b"Y). Q.E.D.

Here, we mention that in all the discussions so far, we can replace C[X,
X1 by C[X] and Z by N={0,1,2,---}. Hence, we can also discuss the
case C[X]® A by using the computations which we have already done.

First, we discuss the case 4=C[X,X ]®4. By (2.10) and (2.11) of Lem-

ma 2.5, we obtain the following complex computing E¥(A) as follows:

m=-2 m=—1 m=0 m=1 m=2

N N N N N
e H" HYY@HY HYPHY HU'OHY HY'@H”

(_‘1 w1l \ ' (__1)11 2(_1)11 \
Dn'l Du iDu‘l Dno an -1 Dn lsz‘l Du anil Dn."
N NV

H"@ [_[n—l H"@ [_In—l H't@ Hu—l [_Ill@Hll-‘l [111@]{,1—1

! (—~I)“ 1 \ ‘ 11 1 2( )n -1 \\
Bt j{D” Du l
\4 Dn—l \!/Dn 1\ u 1 &i Dn 1 Du-—l
H"_I@H"H: Hn 1@]_]:1—" 1» 1@[_]:1 ]u I@H"_ In l@Hu-Z
T N A

where H*¥==I*(A,A%) and D,: H"—H""" is ths de Rham dulercntial. The case
A=C[X]®A corresponds to the right half of the above diagram. In view of
this diagram, we immediately obtain the following.

Proposition 2.6. (1) Let A=C[X, X '|QA. Then E¥(A)=E¥(A)DEF'(4).
(2) Let A=C[X1QA. Then E¥(A)=E*(A).

§3. Splitting of Spectral Sequence

In this section, we prove that for A=C[X, X "}]® 4, the spectral sequence for

A is a two direct sum of the spectral sequence of 4 with one of which degree
shifted by —1.
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By (2.15) we have two families of Hochschild cohomology maps #": H*(4,A4*)
—H"(4, A*), n>0 and ¥": H""Y(4, A*)—H"(4, A*), n>1 induced by
G T @ d)= 3 #@,d, -, d), BIEH(4, 49,

lg++in=

G2 #@) @, ) = (N 3 helahai, oty -, ah), WIEHTHA, AT,
where o/ = 33 af X'i€C[X, X |QA=A4, j=0,--,n.

l;eZ ~ ~
We also have two families of cyclic cohomology maps Z%: Hi(A) —Hi(A),

n>0 and ¥}: Hi {(4)—Hj;(A), n>1 where ¥ =%" and ¥ is induced by
(33) 79 @, -, a")
l n-=1 . . .
= ; (—1)” 2 ogo (li+1+'”+ln) (—1)J¢(a?05 ot a;,‘a;,::lla ) a’;n >

It +lg=0i

where o/ =3 af X' € 4, j=0,-,n.
leZ

Remark 3.1. The case A=C[X1®4 is very simple. We only have #" and

¥7j(, 7>0 with the commutative diagram
H*(4, 4%)

H*(4, 4%) B 7
3.9
/ ! /S

Note that in this case, the expression of @”:?17’; is quite simple. There is
only one summand in the right hand side of (3.1) which is the term with /;=/,=
-.«=[,=0. Further, by Proposition 2.6(2), this morphism gives isomorphisms
on E¥. So, by diagram chase using the five lemmas, we can see that this mor-
phism actually induces an isomorphism of spectral sequence so that the limits
coincide (see Remark 3.11).

We now go back to the case A=C[X,X ]®4. By (3.1), we can see that
the diagram (3.4) still commutes for the case A=C[X,X ]|®A4. Next, we show
that the diagrams:

H;™(4) AN HY(A)
(3.5) J,I ) 11 ’

H*Y(d, 4%) ——> B4, 4%

n>1
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commute.
Lemma 3.2. Let p=Z"Y(A4,4%). We put

E-1 . L
(3'6) ¢k(a07 "ty a") = +E ]k Eo (_1)J¢(a(/)o7 "ty all'ja‘;;jly A ai;n 5

Igte+ly=0  j=

1<k<n, where d =3} al X'i€ 4. Then ¢y4,—6,EB"(4, 4%), 1<k<n—1.

ljeZ

Proof. We put

(37) ¢k(a0, T an—l) = 2 l’k¢(a?0, °° ailé '

Lo+t ti,_1=0 a-1/*
Then
(3.8) @b, @, -+, a")
:,o+-~~z+}1,,=0{[k+l ’;2:)(—‘1)%(61?0, e, ad a;;f:l, e, a’;m e dl)
L) (—1P0(@d,, -+, @ @hil, oo, at )
+ij:2’:1(—1)f¢(a9o, ey dhy, e alafil, e dl)
+i(—=1)"¢(al @ty @i, oo, Al 1)}
= 2 {hn Zf (—1Yp(ad,, -, a,aftl,, -+, di,

Ig et lg=0
—lk ( l)]¢(a10) "°%y a{ja{;&la 0y (lilzn\)} . Q.ED.
Corollary 3.3. The diagrams (3.5) commute.

Proof. We show that (3.2) and (3.3) are Hochschild equivalent. By
using (3.6),

(9 B S bt (“D6a,, -, dleiih, s at)

lgtr+ly=0 i= "

= .2 Nt bt +1)b(akal,, aiy, -, al)
o+ Hin=

+(lA--e —I—l,,)qi(a?o, ai aj,. al, -, af )+
(=D p(ad, o, ai7tat )}

=210, -, ")
k=1
By Lemma 3.2, this is Hochschild equivalent to n¢,(a’, -++,a") and we also have

(310) ¢1(‘an ) an) = 2 llqs(a?oa}p a%z’ ) a’;n

Ig+ e +1p=0

Hence, we obtain the assertion. Q.E.D.

The next step is to show that the diagrams
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" wn+1 -
HY(A,A*) ——> H™Y(4, A%
B . B n>1

Hi ™ (A) —>> Hi(A)

(3.11)

commute. (It is easy to see that H%(A, A%*)—H(A, A*)—H?Y(4) is a zero map.)
Let g Z"(4, 4*) and put Z**(4)=%. By (2.12) and (3.2), we obtain

(3.12) B@)(, -, a")

=2 DO B b @ e a2 )
+ 2 (=D (=D 2 L@t e al)
7=0 Lyt atg=0" 7 7 4
Lemma 3.4. Let = Z"(A4, A*) and put
(3.13) @@, -+, a"
j

:I +2+I _o{iz;) (_l)ilj+1¢(a?o’ ) a;-,-af;:.lls E) a{;.q}l; ) a’l;n, 1)
ot T in=0 i=

ji-1 . R .
— 3 (=1 lb(aly, -, alallly, sy o i, DF
1<j<n—1. Then ¢;oN,E Bi(A4).
Proof. We put

(3.14) g, @)= X L@, e, a1

lg+etly _1=0
Then &;0N,_, € Cy"(4) so that —&;oN,,_,0b,=;ob,oN,E Z1(4) due to —N,,_,
ob,=b,N, (see Connes [2] or Loday-Quillen [4]). By (3.14) and the definition
of b, (see Loday-Quillen [4]), we obtain

(3.15) &;0b,(d, -+, a")

j-1 . s s .
:, . 2+, 0{20 (_l)t[j+l¢(a(l)o’ "ty a;;a;;‘fl, ) a‘l’;-:l, Tty a’l‘ﬂa 1)
ot Ig=0 i=

+(_1)j(lj+lj+1)¢(a?0’ ) a{ja{;:p °tty a’ltn’ l)
n-1 . . . .

+ 2 (=78, -+, iy -, anaiisy, s ai, D -
i=j+

By using ¢ € Z"(4, A*), we have
n—1 . . .
(3.16) > (—=1ye(al, -, aiail), -, af, 1) =0.

Hence putting (3.16) into the right hand side of (3.15), we obtain ¢j05” =¢; and
obtain the assertion. Q.E.D.

By Lemma 3.4, we obtain (¢,+++++¢,_,)N,EB:(4). Now we compute
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(317) (¢1+'"+¢n 1) (aO ,an)
= {2(—1)1,,¢(a,0, Jaiaith,eal ) —he(al ai i, ai, 1D}

It +ipg=0i=

== - 2 1¢(a10a1 R al", 1) 5

Lo+t ly=0

where we use (3.16). We can easily see that the first sum of the right hand
side of (3.12) is equal to —(¢,+-++9,_,)oN, by using (3.17). Hence we can
omit the first sum of the right hand side of (3.12) for the proof of the com-
mutativity of (3.11).

We next compute Z2(B(¢))EZi(4). We put

(3.18) DL, v, ) = T (—1)B=DUHDG(gri oo gr=i™1 1)
j=o0

(.19) O, e, @) = 3 ()DL, @, e, @Y
i=0

By (2.12), B(¢)=0,+@,. On the other hand, if we put
(320) ‘J;‘j(aoa °tty a”)
= 2 E (~1) 'l ¢(a[05 e, ) a;;:ln Tty a-li_,'y °t a?,,a 1) >
Lo+ +ip=0i=0

1<j<n—1. Then wjoN,,EBK(/D.
Lemma 3.5, n¥}(®,)=—(+ -+ +¥,_y)oN,.
Proof. By (3.3)
(3.21) n¥(@) (@,
=(=D" > 2(l.+1+ L) (1) 0(ad, s araifl, e, al)

Igt+1y=0 i
In the proof of this lemma, we write ¢’ instead of afi to avoid the complicated
formula. We have no way of confusion. By (3.18),
3.22) o\, -, d'att, ---, a")

n—i—

Z (_1)(” 1)(J+1)¢(a” j+l1 ETEN a"’ ao, oo aiai+1’ e, a”"j’ 1)

2 (D)@ DGVg(gr=i oo glgit e a0, e, @I 1)

jEn-;

n-1 n-i-1 n-1n-j-1 n—-1 n-1 i - -
Since 2] > = ) ZJ] and > ) :Zl Z‘, we obtain
i=0 ;=0 j=0 =0 i=0 j=n—i j=1 i=n—j
(3.23) Z‘(l,ﬂ+ +/)(~1)’ ACARIN L ARIN:S
n—1 n—

=5 2 Uit +/,,)(—1)(_1)<n DG+

j=0
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X@(an—j+1 . ,an ao’ aat+1 e q n—j’ l)

+E E (l,+1+ 1) (—1)(—1)=DG+D

j=1 i=
X¢(¢Z"—j .o aa1+1 R a CI, an b 19 1)

=§} Zjl (g +1) (—1)(—1)-DG+D
=0 i= XG(@ =it e d, a0, e, datt o, @i 1)
+ Z_él (Lymjt oo +1,) (=D (—1)-bG+Y
i X$(@ ™ e @ A0, -, @i 1)
+JEZ ‘_2_ (1) (—1)i(—1)-vi

X¢(aﬂ j+1 . aat+1 .o ,a’a’ . a M—]’ 1)’

where we replace j by j—1 in the second double sum to obtain the second
quality. By using = Z"(4, A*), we obtain

(3.29) (=D (g *, e a", a0, e, @) 1)
— ._:2_.1+1(_1)"+i¢(an—i+1 e, @ e & e, @ )
o L@, e, @, e, @ 1)
+";V;‘;2(_1)"+1¢(a”~i+1, o, @@, e, @AY, e, @ )
Hence (3.23) is equal to
RO 3 I T G IO RS A
Xgl@ It - a", a0, -, dlatt, e, 0" )

-+ "2_1 (__1)(n—1)(i+1)(ln_j+..._I_[“)¢(an—j+l, e, a"ao, e, an—j, 1)
j=1

+30 St (DEH 1) 1))

j=2i=n-j+1
. .. 7 s
X¢(a” J'H-, TN a'a""l’ e a, ao’ voe, a® J’ 1) )

which we put JZ:(}) Fi@,-+,a"). For j=0, we get
(3.26)  Fy@a, ---,d")
= (S () oo (@ o, @, e, ),
and hence, in view of (3.20) and (3.21),
G2 (<1 3 R d) =~k ) @, ).

So, the remaining part of the proof is to show
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(3'28) E, on+1(a05 tety, a") = 2 (_1)”Fj(a"’ a09 B a”—l) .
ot in=

I Lo+ +ig=0

For genericj (i.e. 2<j<n—1)
(3.29)  Fia, -, a")
n-j=-2 . .
= 32 (=D Uiyt )

X¢(@ I, e d e dla e 0 )

_q_(_l)(n-l)(iﬂ)(lﬂ_j_{_...+[ﬂ)¢(an-i+1’ e, d’d, e a1

+"=”2_J'+1(—l)(1!—1)j(_l)i+1(ln—j+"'+li)
X¢(an—j+1’ " aiai"'l’ "% a”a aog ceey ah_,f’ 1) .
So, we obtain
(330) (_1)”Fj(an’ ao’ e, an__l)

= (1) D)E D1t ey )

qu(an-j—z’ .o, an—l, a", ao, oo, ai-—lai’ oo, an—j—-l, 1)

F(=1) (DO DIy e L, ;)
X (@™ i72, o, @', oo, @7 1)
F (=D (=D DTN,y

- -1 0 -j-1
X$(@", e, @7, d e, @)

+(_1)“ .=§_+1(_1)(n-1)j(—l)i-H(]n—j—l_%_ e [i—l)

Xplar™, oo, a7, o 0" d", a0 e, a1

By replacing i—1 by i, the first term is equal to

EX T I GV i G T e AR RS AR
- X$(@i2, e, " @, o, dai T, e, @ D)
By using /,-+ -+ +1,=0, the second term is equal to
(332)  (—)FH=DEIEI(, )
><¢(a”‘f"2, “ee, a"a", oo, aﬂ-i-ly D.
The sum of the third and the fourth terms is
(333) (1" 31 (DD i)
o X¢(@ I, e, a7, e, d", a0 e, @ )
= (1" 5 ()OI gt 1)

><¢,(a""1, oo, a’a""l, weo, a", ao’ oo, a"‘f“], 1) ,
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where we replace i—1 by i for the equality. So, by looking at (3.31), (3.32),
(3.33) and (3.29), we obtain (3.28) for generic . The non-generic j is rather
easy to check. Q.E.D.

To avoid the complexity of our computation, we use Corollary 3.3 which
guarantees that ¥**(¢) and Z3*%(¢) are Hochschild equivalent. Since B is a
cohomology map, B(¥""(¢)) and B(¥*Y(¢)) are cyclic equivalent, i.e. the differ-
ence belongs to B(A). We now compute B(Z;+(4)). Let ¥ =%7%+(¢) and we
put

(3'34) Br(w) (aoa ot a”) = z"% (,_1)n(j+l)¢'(an—j+1’ ) a”_j’ 1) s
i=
(3.35) B(¥) (-, d") = ,2:0 (=DM, @'+, e, ") .

By (2.12), B(¥)=B,(¥)+B,(¥). Since
(3.36) v, .-, 0", 1)

n—1 .
— Lo s S 0imattm)
n+1 Myt My =0 §=0
X¢(b?noa "ty b:n,b:ﬂ-:’il’ tey b:t”s 1) )
we obtain
(3.37) B(¥) = — L @yt ,)oN,
n+1

— 1 7 coo Y o
- I’l—|—1 ("#1"‘ +"#n—1) Nn

by looking at the proof of Lemma 3.5 (especially (3.26) and (3.27)). Hence,
it is a cyclic coboundary.
We next compute B,(¥). By (3.3), we get

(3.38)  TLH) (1, b, -, b
L ST S @t oo bmgay) (— 1

I’l+1 My =0Ti=1

1 i i+l +1
><¢(11 bmla ) b:n-b;n,q.ly Tty b;‘n,,.u .

Hence,

(3'39) w‘;l\"_l(qs) (19 aﬂ“j+1’ "y a", aos "t an—j)
1 j-1 '
=—— ()" 35 A Geejrirat ool b)) (1)
n+1 Iyt tiy=0 i=1
><¢(1’ (l"—j+1, e, a1z—j+ian—j+i+1’ an’ ao’ e, a”—j)

F ot 1) (=181, @, e, 47, -, a7)
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+ 23 (liojrteetly ) (1)
X¢(l’ an_j+la e, aﬂ, ao, oe, ai—j—lai—j, wen, an-—j)} ,
where we use simplified notation as before. By using ¢ = Z"(4, 4*), we obtain
(340)  (—1Yg(1, a" 7", -e, d"a, -0, a")
= _¢(an_j+19 ) aﬂ: aO’ °tty a”—j)

ji-1 . . o o ]
— 21 (_1)1¢(1, an—j+1, oo, au-—_1+tau—1+t+1, ., a", aO’ oo, an—;)
i=

— é (_1)'¢(1’ an"j'{'l, oo, an’ ao’ ooy ai—j_lai_j’ oo, a”"l)
iSj+1
_(_.1)n+1¢(an_j, ‘u.’ a.n’ ao’ .°.5 a”_j) M
Hence, by (3.39), B,(¥)(d’, +--,a") is equal to

A A D S S st ) (1)
><¢(1, @it L gritigrmivitl gt @b, e, gt
+ 30 33 (D ety (D
X1, @, e @ @, e, @G e i)}
— ?( n oo %n_o{;}) (=DMl +1,))
X@(a" it e d", a0, e, at)
(=1 é (=)Mo L )p(@ ™, o d &, e, @I}
The second sum of the summand of >} of the second term of (3.41) is com-
puted as follows: foriaze
(3.42) (=1 2 (=1 (It e+, )d(@ 7, e, d", &, -+, @37
— (), o )
(=1 g (=D (o1, )p(@ T, oo, &y &, e, @37
= —I9(d, -+, a")
(=1 2 (— 1" D (y o1, )@ 4, e 0" 00, e ),
where we replace j+1 by j to obtain the second equality. By using 5‘_. (=1
(Tt +1,_ )= 2 (—=1)"(ly+++++1,-;) dueto [-+---+1,=0, the summand of
S1  of the second term of (3.41) is equal to

gty =0

(343) - él (—l)ﬂj n—j+1¢(a"_j+17 Ty aﬂ, a09 *ty a"—j)_10¢(a0= B an)
ji=
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= = 3 (U B@ I, e, ).
=
So, the second term of (3.41) is equal to

Ga) (D B S guad(@ I e @),

T in=0 7=0
which is cyclic cohomologous to 2:1_—13(@) @, -+-,a") due to (3.12) and (3.17).
In view of (3.41), we define &= Z}(A4) by
(345 B, -, ad")
= (1" 3 LS it ) (1)

ot Hlg=0 j=2 i=
XP(1, @I won, greitignmititl L gt g0 L. gned)
+ 5 33 () ey (<D
xo(l, a* i, e a", 0 e, @ a” i} .
Lemma 3.6. £ is cyclic cohomologous to nB(¥).

Proof. Due to the discussion after the proof of Lemma 3.5, B(1V~) is cyclic
cohomologous to B(¥") which is again cyclic cohomologous to B,(%) by (3.37).

By (3.41), B,(Yf):L 54(3.44), which is cyclic cohomologous to ~1—E’-}—
n+1 n+1

1
n+1
1 ~ . 1
1 ———)B ¥) is cyclic cohomologous to
( P (%) is cy g —s

B(ff) as we have already discussed. So, combining all these matters,

IE. Multiplying (n-+1) on both
sides, we obtain the assertion. Q.E.D.

Lemma 3.7. n¥}(¢,)=5%.

Proof. Replacing n—j-+1 by i, we obtain
(346) 3 3 DMyt (<)

X (1, @*~I*L, e gnmitigr it L g g0, e @)
=31 8 (DIt (<1
Xd(1, a1, e dia’ Y, e " d e, a? ).

Using /y—+-+++/,=0 and replace i—j—1 by i, we obtain
GAD  F 5 (Do) (<)

X¢(1, a"”i+1’ en, an, ao’ oo, ai—j"'la’., oo, a"‘j)
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=3 3 (D gt et ) (1)

><¢(1 a it e gt A e, db T e, 0

[

n—

-j-
= 2 E ( 1)"J+J+l(lt+1+ +ln) (—"1)l
j=0 i=0
X¢(1, an-—l+1, ey aﬂ, ao’ e, axa1+1, e an-j) .
e Ld -1 n-j- n-1n—-i-1
By putting (3.46) and (3.47), using 2 2 21 £ znd 2 2
j=2 i=m—j+1  i=1 j=n—i+1 j=0 i=o i=0 j=0

into the right hand side of (3.45), wc obtain
(3.48) E(d, -, d")
=0 3 (5 B DTt ) (1)
xo(l, a" =i, e dlatty, e dt, ab, e, @)
+5 ";g’f(—1>"f+f+l<l,~+1+---+l,.) (—1)
xo(l, @i, e d" a0, -, diatt, e @)

Next, we compute n¥3(@,). By (3.19),
(349)  0,d, -, d'a™, -, ")

2 (—D)0Dig(1, @, e, @, oe, @, e, )

+ 2 ( 1)(n 1)]¢(1 at" ]’ el aa;+1 "',CZ”, ao, ---,a”‘j")

j=n—1i
E ( )(n-—l)j¢(1’ an—j+1, . Cl", ao, e aiai+1, e, an—j)

+ Z (—=D)e=DU=Dg(1, gh=itt o gigi T e d" 0, e, 0",

j=n—i+1

where we replace j+1 by j in the second sum to obtain the second equality.
Hence, by (3.3),

(3.50) nTYD,) (@, -, a")
=" = E(/:+1_1_ 1) (1) 0L, -, dia’t, e, ")

lgte+ly=0 1=

= 3 S S DO b4 (1)
>\¢(1, ar- J+1, e, d" A e, datY e @)
+ g,-JE.,-H(*1>("‘””‘“(li+l+---+1,,> (—1y
) d(1, @ e, dia e @ @0, e, @)}

which coincides with (3 48). Q.E.D.

Corollary 3.8. The diagrams (3.11) commute.
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Proof. Let ¢=Z"(4,4%). By Lemma 3.6, B(Z"(¢))=B(¥) is cy:lic

cohomologous to LE which is equal to ¥%(®,) by Lemma 3.7. By Lemma

n
3.5, ¥3(D,) is cyclic cohomologous to Z3(D,)+ PN D,) =P D)=V (B(#)). This
proves the commutativity of the diagram. Q.E.D.

Lemma 3.9. The diagrams

vX ~
H}™{(A) —— Hi(A4)

pyee lS 3 n=>1
Hi(4) ——> H*(d)

(3.51)

commute, where S is assumed to be given by the shuffle product by the generator
o€ HZC) (which differs from the S-operator using cup product by constant
multiple).

Proof. This is a consequence of the associativity of shuffle product (equiv-
alently, cup product) and graded commutativity of the products (note that
the degree of the generator o of HZ(C) is two). Q.E.D.

By the commutative diagrams (3 4), (3.5), (3.11) and Lemma 3.9, we ob-
tain the following commutative diagram (map between exact couples):

H(4, 4%)
g/a’@gf« \))
(3.52) H*(4, A*)SH*_ 1(A, 4%) L HNA) —— 55— — Gy 3 z) > H¥(4)
LS .
B@B/(—1) TEDTX

Theorem 3.10. The maps (ff*@?ff @ TRTF) of exact couples induces iso-
morphisms of spectral sequences

(3.53) ENAOEF M4 S EHAX, X7, n>1,
where we put E;(A)=0.

Remark 3.11. The same, but much simpler, mechanisms works to prove
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that the maps (f’*,ff;") of exact couples induces isomorphisms of spectral se-
quences.

(354 EfA) 3 EX(AIX]), nxl.

Proof of Theorem 3.10. By Proposition 2.6, the maps TEQ U H"(A,A%)
DH"Y(4,4*%)— H"(4, A) are quasi-isomorphisms for the computation of de
Rham terms. Further, through this quasi-isomorphism, the de Rham differential
splits into each component by Lemma 2.5. So, the maps of exact couples
induce maps of Ej-terms:

(3.55) EX(A)DEF(4) D¥(A) ———5—> D¥(A)
BHB|(—1)

DHAYDDE () —— D5 —> DHASDI ()
By using the fact that the maps E¥(A)PEF(4) —>E¥(A) are isomorphisms, we
can easily conclude that the maps D¥(4)PD¥}(4)—D¥(A) are isomorphisms
by the repeated use of S5-lemmas from lower degree. Actually, the starting
of the exact sequence is as follows:

(3.56)  w—> E¥d) —> DUA) —— Di(d) —— E¥4A)
M 1 1 R
2o —>E3(A) D EY(A)— Di(A)D Di(4)—DH(A)B Di(A)—~EN(A)DE(A)
]
Di(4)

0
Il

— Di(d) ——> D) > EN(A) —> DY) =0
1 1 1 1

—> DY(A)P DY(A)—>DIA)D DA ENA)D EYA)—>DY4) = 0
I
0
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0 —— DiA) —— E)4) - 0
1l (R
0 — DXA)DDI(4) = EN4) — 0
I
Di(4)

From the above diagram, we immediately obtain that the maps D?(4)—>D?(A4)
and D}(A)@D¥A)—D3i(A) are isomorphisms. By using these, S-lemma ap-
plies to show that the map Di(A)@D3(4)—Di(4) is an isomorphism. The
repeated use of this type of argument implies that the induced maps D¥F(A4)
@ DF~Y(A)—D¥(A) are isomorphisms. So the maps of the exact couples actually
induce isomorphisms of higher derived couples and this proves the theorem.

Q.E.D.

§4. An Example

In this section, we give explicit generators of cyclic cohomology of A=
CIX, X%, Xy, X3, Y, o++, Yyl, N, MEN. By using our theorem (Theorem
3.10+Remark 3.11), we obtain E,’i(A)_—'*:C(fav) n>1, where we used the basic fact
that EY(C)=C, EXC)==0,k>1 for n>1. Hence we can easily see that H°"*"(4)
=~ HoY(4)=C?" "', Let a° +--,a* €A be of the following form:

4.1 @d=3 3 3 e 3 dyi i
lleZ leEZ m’EN m’ en ‘v i iy
xxh.x, NY1 YM”, 0<j<k.
We put

(42)  be, ey (@ s @)
~EVs (S sen@lgd )

k! g I geS(k)

X al Y
l({, ] NIO’ 0 l:y * :lfvxo "':0 ’
where > means M 1<g<N, and ey, N\ /Ny, is viewed as an element

g 194 +1t =0
of A*CY under the standmg assumption that e, -+«,ey is the fixed basis of CV.

Then, it is seen that ¢, Y ﬁkEZ %(4) and furthermore, they generate £¥. We
will omit the proof in detail. But we shall give a rough sketch. Getting rid of
Yy, -, Y, is easy. Only the evaluation of degree zero coefficient survive. For
the part X, -, Xy, we use induction. First we assume that the formula holds
for X,, -+, Xy, and use 317;", ¥, we obtain the desired generator. Actually, the

maps 7% leave the degree of the cyclic cocycle as before, and the maps ¥ raise
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the degree by one.

There is another way of looking at these generators. On the algebra, there
is a canonical normalized trace z given by the evaluation of degree zero coef-
ficient. We also have derivations &y, --+, 8, corresponding to the variables
Xy, ++, X which are given by

4.3) 6].(X{1...XAI,NY’1"1... Yiin) = ]inl.,,XJ;Ny;"l... Yix,

1<j<N. Then it is seen that the trace is d;-invariant for 1<j<N and we
can construct 2¥-numbers of cyclic cocycles. These cyclic cocycles differ from

k
(4.2) by constant multiple (_ll') .
!

85. Discussions

The first point is that all our discussion works well not only for C but
also for any field &k of characteristic zero.

The next point is that all our discussion works well also for the topological
case. It means that if 4 is a unital topological ring, then our discussion works
if we replace A[X] by S(N)®4 and A[X,X"'] by S(Z)QA. In this case, our
formula for S(Z )@A is interpreted as a special case of Kiinneth formula with

one of the variables C=(7") and our example in Section 4 gives the homology
of TV,
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Note added: While this paper was being typed, R. Staffeldt let the author know of the
preprint

Kassel, C., Cyclic homology, comodules and mixed complexes, in which a Kiinneth type
exact sequence for cyclic homology is proved and the formulas which are analogous to ours
are proved. The author is gratefil to R. Staffeldt for his notice.

The author also received the preprint

Burghelea, D., Kiinneth formula in cyclic homology, in which the same kind of result
as above was obtained.






