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Passive Quasi-free States of the CAR
Algebra with Discrete Hamiltonians

By

Charles J. K. BATTY*

Abstract

The spectrally passive, gauge-invariant, quasi-free stases @ on the C*-algebra of anti-
commutation relations with respect to a one-parameter quasi-free action r are described.
If the one-particle Hamiltonian H is discrete, the precise condition on the one-particle
density Q of wis combinatorial, but if the Connes spectrum of z is non-zero, it implies that
Q= (I+¢fE*T) =1 for some =0 and some operator T of bounded trace norm, apart from
some degenerate possibilities. If H has both discrete and continuous parts, these results can
be combined with those of de Canniére for the purely continuous case.

§1. Introduction

The notion of spectral passivity of an invariant state o of a C*-
algebra ¥ with respect to a one-parameter group of automorphisms
of A was introduced by de Canniére [3] as a part of the KMS
condition, Thus o is spectrally passive if

o (x*x) <w(xx*) (1. 1)

for all x in the spectral subspace R(—oo, 0) of . All KMS states
at inverse temperature B, where 0<8<oco, are spectrally passive.
Conversely, the condition

KER(—00,2), 31 A<051T w(xtx,) stl o (xx)
i=1 i=1 i=

implies that » is a KMS state at some 0<8<co (see [1] for a short
proof). The condition (1.1) is closely related to the condition of
passivity, as defined by Pusz and Woronowicz [7] based on the
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Second Law of Thermodynamics. Passive states are spectrally passive
[3], and there is no known example of a spectrally passive state
which is not passive (see [1] for some partial results).

Now de Canniére [4] has investigated the condition (1.1) in the
specific context of a (gauge-invariant) quasi-free state and quasi-
free automorphisms on the CAR algebra () associated with a
one-particle Hilbert space s (or the gauge-invariant part A(#)©).
Thus () is generated by annihilation and creation operators a(f),
a*(g) (f, ge) satisfying the canonical anticommutation relations

a(f)a(g) +a(@a(f) =0
a(f)a*(g) +a*(@a(f)=(f, &L

These conditions, together with linearity of a* and the relation a*(f)
=(a(f))*, determine A(H#) uniquely up to isomorphism. The quasi-
free one-parameter group of automorphisms is given by

. (a(f)) =a(e*f) (1.2)

#H is a unitary group on # with one-particle Hamiltonian H.

where ¢
The gauge action is the quasi-free one-parameter action with H=1.
The gauge-invariant quasi-free states @ are in one-to-one corres-
pondence with the positive contractions Q on #, the correspondence

being given by
o(@*(g)..... a*(gla(f). ... a(fo) =det[(f;,Qgn].  (1.3)

The operator Q is known as the one-particle density of w. Invariance
of w under = corresponds to Q commuting with H. All these, and
other, properties of U(H#) may be found in [2,5.2].

It was shown in [4] that if H has no eigenvectors then o is
spectrally passive on €(#)© if and only if either Q=P (—o0, p) for
some —oo<u<oo, where P is the spectral measure of H, or Q=
+efH#) =1 for some B>0 and some —oo< pu< oo, Furthermore, if @
is spectrally passive on % (o), then Q =P(—o0, 0) or Q = (I +¢**) L
Some partial results were given in [4] if H has some eigenvectors.

This paper continues this programme by considering all possible
combinations of eigenvalues of H. Thus a complete description is
given in Theorem 4.3 (see Corollary 5.2 for the converse result)
of all the one-particle densities Q whose associated states are spec-
trally passive on (). If H is diagonalisable (so that H has a
complete orthonormal set of eigenvectors), then Q is also diagonal-
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isable, and the eigenvalues of H, Q are paired in a certain combi-
natorial way (the “passive” pairs of §3). If the eigenvalues of H
are evenly spaced or of large multiplicity, this requires that Q =(/
+eP D) "1 for some >0 and some operator 7  of trace class, apart
from some degenerate possibilities. The assumptions on the eigen-
values are essentially that the Connes spectrum I'(z) of = should
not be (0), and the conclusion is that 77=0 if /'(z) =R and tr |7
<y if I'(t) =yZ for some y>0. If H has some eigenvectors but is
not diagonalisable, then either Q = ([ +¢*#) ' or Q (I—P(0)) =P(—oo,
0) or H has a direct sum decomposition H=H,@PH, where H, is of
trace class and (—tr|H,|, tr|H;|) is contained in the resolvent set of
H,, and Q =0Q,@P;(—o0, 0), where (H), Q,) is a passive pair and
P, is the spectral measure of H,. In the final section, corresponding
results for A(HA)® are stated.

The techniques of proof in this paper are mostly derived from
[4], with certain extra combinatorial complications.

§2. Exponentials of Trace Class Operators

In the sequel, it will be seen that spectral passivity of o implies
inequalities of the form

E (f QS j}}ﬂ A—=5Q0) SCE A={fuQf)) j}}ﬂ (f5 QS
2.1
for certain constants ¢, integers 0<m<n and orthonormal sets {f;:
1<i<n} with (f;,Q f;) =0 for 1<i<j<n. The results in this section
describe some of the consequences of (2.1). For an operator 7 on
#, let ||T|,=tr|T| if T is of trace class, ||T];=cc otherwise.

Lemma 2.1. Let Q be a positive contraction on H# such that Q and
I—Q are invertible, and let b be a positive real number. The following are
equivalent :

(1) log(6(Q*—1)) is of trace class,

(i) Q—b(b+1)"1 1 is of trace class,

(112)  Q has a complete orthonormal set of eigenvectors {f,: a S A} with

eigenvalues o,,and there are constants 0<c;<1<¢,<lco such that

< I b (o ~1) <o, (2.2)
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Sor all finite subsets B of A.
In this case,

exp(|llog (4(Q 7 —D)Ily =sup{ TL 5oz ~1)/ I oo~ 1)} (2.9)
asl) acAh,

= II b@e*-1)/ II b~ (2.9
Py <BB+D L pg>b0+D 7!
where the supremum in (2.3) is taken over all finite (disjoint) subsets
A1, 4; of A.

Proof. The equivalence of (i) and (ii) follows from the inequality
41t—b(+1D) 7 < |log(b@ —1)) | <t (1 —e) Mt —b(b+1) 7Y
which is valid for e<¢<I1—¢, 0<e<min(l, 6)/(b+1).

The equivalence of (i) and (iii) follows from the fact that (2.2)
is equivalent to the condition

3, llog (6(ez*~ 1) | <log(er/cy).

This also establishes (2.3) and (2.4). O

Lemma 2.2. Let Q be a positive contraction on #, Q #0, 1.
1.  Suppose that there is a constant ¢=1 such that (2.1) is valid for all
integers 0<m<n and orthonormal sets {f;: 1<i<n} with (f;,Q f;) =0
for 1<i<j<n. Then Q and I—Q are inveriible, and ||log(Q'—1I)|,<
log c.
2. Suppose that there is a constant ¢>1 such that (2.1) is valid for
n=2m=>0, and for all orthonormal sets {f:: 1<i<2m} with (f;,Qf})
=0 for 1<i<j<2m. Then Q and I1—Q are invertible, and there exists b
>0 such that ||log(b(Q*—D))|<log c.
The conclusions of (1) and (2) remain valid if # has a complete orthonormal
set of eigenvectors for Q and (2.1) is assumed only to hold when each f;
belongs to this set.

Proof. 1. Taking m=0, n=11in (2.1) shows that Q is invertible
(and Q> (c+1)7). Taking m=1, n=1 shows that I—Q is invertible
(and Q<c(c+1)7).

Suppose that Q_~—é—l is not compact. By spectral theory, there exist
¢>0 and an infinite orthonormal sequence {f;} such that (f;,Q f;) =
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0 if i#j, and either (fi Qf2) S%—s for all i, or (fi,Qf2) 2%—]—5
for all i. Putting m=0 or m=n in (2.1), it follows that

(b 9=ty

for all n. This contradiction shows that Q—é—l is compact, and in

particular Q has a complete set of eigenvectors {g,: a = A} with cor-
responding eigenvalues p,. If 4; and A4, are finite disjoint subsets of
A4, then (2.1) gives

IT (oi'-1)/ 11 (ot—1) <,
ae 2

a4

so |[log(Q'—D)|<log ¢, by Lemma 2. 1.
2. If Q were not injective, there would be orthonormal vectors fi,
J> with Q f1#0, Q f>=0. Applying (2.1) with m=1, n=2 would lead
to a contradiction. Similarly, /—Q is injective.

Suppose that Q—b'7 is not compact for any b’. By spectral theory,
there exist 0<(5;<b;<l and infinite orthonormal sequences {f;} and
{g;} such that

([ Qf) = (g Qg) =0 if 1)
(fir&) =(f1,Qgp =0 for all 4,
(fi Q. f) >bs, (g5, Q 8) <by for all i, j.
Applying (2.1) to {fi,.e. fmr &s-.- &},
by (1 —b) " <c(1—by) ™07,
Since b;(1 —b;) > (1 —5,)b,, this is a contradiction, showing that Q —b'/
is compact for some 5’, and Q has a complete orthonormal set of
eigenvectors f{A,: a4} with corresponding eigenvalues o,.
If o is infinite-dimensional, b’ is unique, and 0<6’<l. Let b=
b’ (1—=b")"" Let 4, 4; be finite disjoint subsets of 4 with cardinalities
m, n, respectively, and A; be a subset of A\(4;\U4;) of cardinality
Im—n| such that p, is arbitrarily close to b” for all @ in A; Apply-
ing (2.1) to {A,: a€4,;\JA4A;\JA;} and taking a limit,

@O Il o, IT (1—p) <c(1=b)"" II (1—p,) I p,
aEA2 aEAl aEA2 aEAl
or

IT b(oz'=1)/ IL b(pz'—1) <o,
ag4; ac4,
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so |[log(6(Q*—1))|i<log ¢, by Lemma 2. 1.

If # is finite-dimensional, choose 4’ so that Q has equal numbers
of eigenvalues greater than (respectively, less than) &', and let b=
b'(1—54")"%. In the argument above, consider all the eigenvectors
(except possibly one) simultaneously, and deduce that |llog(b(Q " —
1)) <Llog c.

The proof of the final statement is included in the proof above. [ ]

Remark. There are converse results to Lemma 2.2, obtained by
applying the theory of trace class operators to log (6(Q'—1)).
Thus (2.1) holds with ¢=exp |llog(6(Q*—1))|li for any orthonormal
set {f:}, provided that m=n if b=1.

§3. Passive Pairs of Operators

Let H be a (possibly unbounded) self-adjoint operator on #
with spectral measure P, and Q be a positive contraction on .
The pair (H, Q) will be said to be passive if # has a complete
orthonormal set {f,: a€4} of common eigenvectors for H, Q with
eigenvalues 4,, p, respectively, and

H Oc II (l_pa)s H (l_pa) H O (3- 1)
a€4 ach,

acdy a€4,

for any finite (disjoint) subsets 4,, A, of A4 such that 1(4,) >2(4,),
where A(B) = ZBla for a finite subset B of A.

If p,=0 whenever 4, >0 and p,=1 whenever 4,<0, then (H, Q)
is a passive pair. Such a passive pair will be said to be trivial.

If H has a complete orthonormal set of eigenvectors, then (H,
(I+¢€P)7") is a passive pair for any $=>0.

If (H, Q) is a passive pair, then (3.1) gives

1

2 >050<p.< & (3.2)
2034 <p.<1 (3.3)
Ry D00, < 0 (3.4)
Ry 2,050, + 0, <1 (3.5)

Ry + 20, <0, + 02, = 1. 3.6)
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Lemma 3.1. Suppose that (H, Q) is a non-trivial passive pair, and
let #o=P0)H, Qu=0\#. Then Q, and I—Q, are invertible and
log (Qo'—1,) is of trace class on o  Furthermore

II o, II (1—p,) <exp(—|llog(Qs'~Ixp)Il) II (1—p,) IL p,
aeAl aeAz aEAl aeAZ
3.7
for any finite subsets Ay, A; of {a€A: 2,#0} such thai 2(A4;) >2(4,).

Proof. Since (H, Q) is non-trivial, there is some £ in 4 such
that either 4, >0 and p, >0 or 2,<0 and p,<l. Let ¢=p;'—1 or ¢=
(1—pe) "t—1, respectively.

Let B; and B, be finite subsets of {a=4: 1,=0}. Applying (3.1)
to A\UB;, A)\JB,,

H O H(I —400() H Oa H(l —(oa) SH(I _Aoa) H Oa H (I ‘pa)Hpa.

4 4 B By 4 4y B By

(3.8)
The special case when 4,= {£}, 4,=¢ or A,=¢, 4,= {k} shows that

II Oc H(l_pa) <c¢ H(l _pa)]‘-‘[ Oc-
By By B By

By Lemma 2.2(1) applied to #, and Qq, Q, and I, —Q, are invert-
ible, and log(Q5'—1I,) is of trace class. On rearranging (3.8) and
taking an infimum over all choices of By, B,, (3.7) follows. ]

The inequalities (3.2), (3.3) may now be strengthened to give
2, >050< p, < (1+8) 71 (3.9)
2, <00 (1+0) 1< p, <1 (8.10)
where d=exp (||log(Q5'—1,)Il).

Proposition 3.2. Let (H, Q) be a non-irivial passive pair, and
suppose that either Q or I—Q is not injective. There is a decomposition
H=H DNy H=H,DH,;, Q=0,PDP;(—0, 0), where P, is the spectral
measure of H,, H; is of trace class, (—||Hyjl, ||Hill) is contained in the
resolvent set of H,, Q. and Iéfl—Q1 are invertible and (Hy, Q) is a
passive pair.

Proof. Let Ai={acA: 0<p, <1}, dy=A\A,, y=inf{|2,|: ac4,}.
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By assumption, 4, is non-empty, so y is finite. It follows from (3.2)
-(3.6) that

|2,] >r>ac 4,
Since (H, Q) is non-trivial, it follows that y>0. If #; is the closed
linear span of {f,: a€4;} then H=H®H, Q=0,@P,(—o, 0)
(using (3.2), (3.3)), I|Hil|<7, (=7, 7) is contained in the resolvent
set of H, Q, and I‘%JI—Q1 are injective, and (H;, Q,) is a passive
pair.

Let B;, B; be finite subsets of A4;, and suppose that A2(B;) —1(B)
>7. By definition of 7, there exists an index £ in 4, such that |4]
<A(By) —A(By). Applying (3.1) to By, By {s} or to B)\J{k}, B,
(depending on whether 4,>0 or 2,<0,

I Oc II (]- _pa) SO
B By

since p,=0 or g,=1. This contradicts the definition of A4;. Hence
[ Hy 1 <7.
Let y’=max{|4,]: ac4;}. It follows from (3.4)-(3.6) that

QL 1 (Lo, — Qo I <max {7V (1 —p) 7 @€ 4y, 4] =1},

the right-hand side being finite since there are only finitely many
indices « in 4; with [2,| =7". O

Proposition 3.2 reduces the problem of describing passive pairs to
the case when Q and /—Q are injective. The aim is to show then that

Q= ([+eﬂ(H+T)) -1

for some >0 and some trace class operator 7" with ||7}; bounded.
Thus the problem is to show that

Ty:=log(Q'—1)—BH 3.11)
is trace class (and to obtain a bound on its trace norm). Writing

o, =log(pz'—1)
o(B)=2 0,

for a finite subset B of 4, (8.1) becomes
A(4y) >2(4y) S0 (4y) =0(4y), 3.12)

and the objective is to show that
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sup {o(4) —0(4y) —B(A(A) —2(4p))} <oo. (3.13)
142

The obstruction to (3.13) relates to the possibility of the quasi-
free action = on () associated with H having zero Connes spec-
trum. Let I'(H) be the set of all real numbers 7 such that there are
sequences of mutually disjoint finite subsets 4,, B, of 4 such that
A(4,) —A(B,)—7r. Elementary combinatorial considerations show that
I'(H) is a closed subgroup of R. In this case where H is diagonal-
isable, A (#) may be identified with &,e, M, and = with

1 0
® Ad [0 ema}

(see [2,5.2.5] and Section 5). It was observed in [6] that I'(H)
is the Connes spectrum of this action.

If H is of trace class, then I'(H) =(0); if H is compact, but not
of trace class, then I'(H) =R; if H is bounded but not of trace class,
then I'(H) # (0); in general, I'(H) contains all eigenvalues of infinite
multiplicity.

The first case when it is possible to establish (8.11) is when H
itself is of trace class. This result may be applied to the pair (H,
0,) of Proposition 3. 2.

Proposition 3.3. Let (H, Q) be a non-trivial passive pair, where
H is of trace class, and Q and I-Q are injective. Then log(Q'—1I) is
of trace class, and, for any B=0, Q= (I+ePH*D) for some operator T
of trace class.

Proof. It is possible to consider separately the restrictions to
P0)#, P(—co, 0)s# and P(0, o). The first of these is covered
by Lemma 3.1, and the other two are similar to each other, so we
consider only the latter. Assume therefore that 4,>>0 for all a, so that
6,20 by (3.2). Let A4; be a finite subset of A4 such that 2(4;) >

—;HHHl, and A, be any finite subset of A\4;. Then 2(4;) >4(4;), so
by (3.12) o(4)) =0(4;). Thus ) 0,<20(4,), as required. ]
A

The next case is when I'(H) # (0).

Proposition 3.4. Let (H, Q) be a passive pair, and suppose that Q
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and I—Q are injective.

1. If I'(H)=yZ where r>0, then Q = (I+e* )71 for some =0 and
some operator T with ||T|)<7.

2. If I'(H)=R, then Q= [ +¢**)* for some B=>0.

Proof. Let y>0 be any member of I'(H), and 4,, B,(n>1) be
disjoint finite subsets of 4 such that 4(4,) —4(B,)—r. By (8.12),
6(4,) —o(B,) =0 for large n.

Let a be any index with 4,>0. Choose m so that a&4,\JB,,
A(An) —A(Bp) >7r—2,. If a&A,\JB,, n+m, then

A(AnB{a}) =2(4y) +4(B,) + 4,
>2(By) +4(4,)
=2(B.\4,)

if n is large. By (3.12)
0(A4y) +0(B,) +o,20(B,) +0(4,).
Thus
0<a(4,) —a(B,) <d(4,) —0(By) + 0.
If 4,<0, a similar argument shows that
0<e(4,) —0(B,) <0(4,) —0(B,) —a,.

Since H+#0, choosing a so that 4,#0, it follows in either case that
o(4,) —e(B,) is bounded. Passing to a subsequence, assume that
o(A4,) —o(B,) converges to a limit By, where 58>0.

Now let 4,, B, be disjoint finite subsets of 4, and put 1(4,) —
A(By) =70 If 7,<<0, let £>0 be the largest integer such that &y +7,<70.
For large =, the sets Ay, By, 4., B, Aui1y Buviyee--- are disjoint.
Let C,=4\JA, ...\ JA, 111, D,=B\JB,J...\UB,,;,_1. Then

(G D) =p " 5 (4 ~2(BY) <0
for large n. By (3.12) -
0=0(C,) —a(D,) =0(4,) —0(By) +nt§1 (6(4:) —0(B))
—0a(Ay) —a (B,) +kBr
as n—oo, Hence
0 (Ay) —0(By) —B(A(4y) —A(By)) < —kPr—Bro<pr. (3.14)
If 7,>0, let £'>0 be the smallest integer such that &'y >7, let C,=
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ByoANo. . T4,y Dy=A0IB. . . \UB, 1y -1. For large n, 2(C;)>
2Dy, so a(C)>a(D;). It follows that

0 (Ao) — 0 (By) —B(A(Ae) —A(By)) <k'Br—Bro<pr. (3.15)

Together, (3.14) and (3.15) give (3.13) and ||7T%|,<Byr. If I'(H)

=71Z, the proof is complete. If I'(H)=R, then H is not of trace

class, so the value of B is independent of y. Letting 7y—0, it follows
that T,=0, so Q = (I+¢#) 1, O

Example 3.5. Suppose that H has a complete orthonormal

set of eigenvectors {f,: n=0, 1, 2...} with eigenvalues 2,=n. For
2

example, the harmonic oscillator Hamiltonian H=é<—-;‘,{t7+tz—l> on

L*(R) has eigenvectors

fu () = (n)) V2 Qv2ng3ig Z/ZSune—u2+2itudu

[5, Lemma 7.12]. Now [I'(H)=Z. If (H, Q) 1is a passive pair,
then f, is an eigenvector of Q, and the eigenvalues p, satisfy either
(a) 0,=0 for all n>3, or (b) 0<p,<1 for all n (Proposition 3.2).
Indeed (H, Q) is a passive pair if and only if either

(a) Q,fOZAOOJJE)’ Qflzplflv Qﬁ:pzﬁ: an:O (ﬂzg),

where 1 >0 >0,>0,20, o+ 0<1,

(I=p0) (1 —=p1) < 0001 (1 — 02) , 0o (1 — 1) 0, < (1 —00) o1 (L — o2)
or

(b)Y Q=+ E D)1 for some >0 and some T with ||T],<1.

The necessity of (b) if 0< p,<1 follows from Proposition 3.4 and the
sufficiency is established by verifying (3.12) directly. L

If H is unbounded and I'(H) = (0), there may be passive pairs
(H, Q) where Q and I—Q are injective but 77 is not of trace class
for any 8=>0.

Example 3.6. Suppose that the index set 4=1{0, 1, 2....}, and
2,=2". Then I'(H)=(0), and (3.12) simplifies to

n
00207 0n+12 Zoaiw
i=

If 6,=3", for example, this condition is satisfied, but > |¢,—84,| =0
for all 8. Thus if Qf,=(1+¢™ 'f,, then (H, Q) is passive, but T}
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is not of trace class.

§4. Spectrally Passive Quasi-free States

In this section, let H be a Hamiltonian on the one-particle Hilbert
space J#, with associated quasi-free one-parameter action z on % ()
given by (1.2). Let w be a gauge-invariant quasi-free state of % (#)
with associated one-particle density Q, so that (1.3) is satisfied.
Throughout this section, suppose that w is spectrally passive with
respect to z. In particular, o is r-invariant, so Q commutes with H
and its spectral measure P.

Lemma 4.1. Let 0<m<n be integers, and {A;: 1<i<n} be real
numbers such that i’l,-z i‘ 2;. Let {fi: 1<i<n} be an orthonormal
& j=mr1
set, and suppose that f;&P (X, o)# (1<i<m), f;EP(—o0, 2;)H# (m<
J<n) and (f;, Qf) =0 (1<i<j<n). Then
I @f) T a—(f @< 0= (fi Qf) T (fir Q-
4.1)
If 32> 3 4, and fieP[h, ) (I<i<m), fyeP(=o, 414
i= j=m+
(m<j<n), then (4.1) remains valid.

Proof. The proof is quite similar to [4, Lemma 3.8]. Consider
x=a(fa(fD)...a(fw) a*(fri)@* (fnia)...a*(f,) ER(—00, 0).

Then (1.3), the canonical anticommutation relations, the orthonor-
mality and the condition (f;, Qf;) =0 give

oG =T (f, 0f) T (1—(fi Qf))
ooty =TT1—(fi Q) T (s 0.

The condition (l.1) defining spectral passivity, gives (4.1).
The final statement follows on perturbing 2; slightly. |

Now write #=4,D#, H=H,DH, Q=0,P0, where #, is the
closed linear span of the eigenspaces of H. Identify 2 (s#) with the
C*-subalgebra of A(#) generated by {a(f):f€+#}. The restriction
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of w to () is the gauge-invariant quasi-free state with one-
particle density , and it is spectrally passive for the restriction
of  to A(s#). This restricted action is the quasi-free action with one-
particle Hamiltonian H, which has no eigenvectors. The results of
de Canniére [4] may therefore be applied to H, . He proved (in
a slightly different formulation) that either § =P(—oo, y) for some
—o< p<Loo, or § = (F+¢f2-#1)~1 for some B>0 and some —oo<p
<o, where P is the spectral measure of H, and [ is the identity
operator on #. He also stated without proof [4, Remark 3.14] that
in fact Q=P(—o0, 0) or Q= ([ +¢*)"1. This last fact is contained
in the following lemma, which also removes some superfluous con-
ditions from [4, Lemma 4.3]. The lemma could be proved in a
similar fashion to [4], using the known characterization of the KMS
states of quasi-free actions and the inequality

o (x*x) <ePo(xx*) (xER(—c0, 1)),

valid for KMS states @ at inverse temperature 8 [3]. However, it is
no great hardship to give a proof from first principles.

Lemma 4.2. Suppose that #+(0).

L. If Q=P(—co, ) for some —oo<p<oo, then () =P(—co, 0).

2. If 0= (F+pR-rD)-1 Jor some B>0 and —oo<pu<oo, then p=0 and
Q= ([+e) 1,

Proof. 1. For unit vectors f in P(0, ) #, g in P(—oco0, 0)#,
Lemma 4.1 with n=1 gives

f, AN <1=(f, Qf)
1—(g Qo) <(g Q8.

The result follows immediately.
2. Let § be the set of all real numbers 2 such that (1—e, ) and
(2, 2+¢) intersect the spectrum of H for all 0. Then S is uncoun-
table and dense in itself, and generates a dense subgroup of E.

Let f, be a normalised eigenvector of H with eigenvalue 4. For
any >0, there exist integers 0<m<n and distinct 4; in § (I1<i<n),
not equal to 4, such that

j=m+

0<a+2 4~ 3 3<s
i=1
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For 0<»<min %;z,.~z,.|: ogi<jgn}, let f; be a unit vector in
\

Py, 4+ (1<i<m) or in PA—y, X)# (m<i<n). Applying
Lemma 4.1,

x 0 ﬁ (fi,Q,fi) —(f ) f[ (fn_Q,fJ) .
(fo Qf 1 (= (70 <= (/o Q,f))]_w+1 =050
But
(fi’ Q,fz) _ . ,
WZcxp( BAi+n) +p) (A<Zim)
)

(for Qfoyexp (= 5 &t m(u—pn))
< U= (fo QfD)exp =8 3 4+ (n=m) (Br+ ).
Letting »—0,
(for QF <A~ (for QI exp (BT 4 33 1) + (n—2m)
<= (f0, Q) exp{Be—2) + (n—2m) p}. (4.2)

A similar argument, excluding f; and 4, shows that
LeS (1<i<n), 0<z'"lz,.~ 3 2,<e > exp(fet (n—2m) p) >1.
i= j=m+1

Since § is uncountable, one may find such 4; with 2m—n arbitrary
(see [4, Lemma 3.16]), and it follows that p=0.
Now in (4.2), letting e—0,

(for Qf) < (1467,

Similarly choosing 0<£</, distinct g (1<:i<[) in §, not equal to
to=14y, such that

0<—A+ 3] = 3 e
and unit vectors g in P(p, p;+7) #(1<i<k), g; in P(pj—rj, L) #
(k<j<D) where 0<7<min {l;pi—g,.}: O§i<j£l}, and applying

2
Lemma 4.1 to g,...g, fo gives

L= (for OF < (for Qfexp B(E = 3 1)
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<(fo Qf)d ™™
and hence (f;, Q. fo) = (l—l—e“") -1 Thus Q'p:(fyfpﬂ-ew”)‘l, so Q=
BH, _q
+e )N

Remark. If # =+ (0), the Connes spectrum of z is B. (I am gra-
teful to A. Kishimoto for confirmation of this.) Thus Lemma 4. 2(2,
is analogous to Proposition 3. 4(2).

Theorem 4.3. Let H be the one-particle Hamiltonian of a one-
parameter group v of quasi-free automorphisms of W(H), P be the spectral
measure of H, and o be a gauge-invariant quasi-free state of W(H#) which
is spectrally passive for t. The one-particle density Q of o satisfies one
of the following conditions:

(i) Q={+eH) for some =0,

(1) QU—P(0))=P(—00, 0),

(@i) Q and I—Q are injective, and (H, Q) is a passive pair (in
particular, H and Q are diagonalisable),

() There is a decomposition H =HPDH,, H=H DH,, Q=0
P,(—o0, 0) where H, is of trace class, (—||Hill, ||Hill) is
contained in the resolvent set of H, Q. and I, —Q, are invertible
and (Hy, Q,) is a passive pair. (Here, P, is the speciral measure
of H,.)

Proof. By Lemma 4.2 and the preceding remarks, either Q= (/
+e#)~' in which case (i) is satisfied, or Q=P(—co, 0). In the
remainder of the proof, assume that sz(—OO, 0). Assume also
that (ii) is not satisfied, so that there is a unit vector f, in P (0, o) #
with (fy, Qf3) >0 or a unit vector g in P(—oo, 0) with (g, Qg) <l.
Let ¢=(fop, Qf) =1 or ¢=(1— (g, Qg)) *—1, respectively.

For real 2, let #;,=P(A)H#, Q;=0Q |#; Let {fi: 1<i<2m} be an
orthonormal set in 4, such that (f;, Q f;) =0 (1<:<j<2m). Apply-
ing Lemma 4.1 to fo, fi,++./am OF f1,0.foms &, gives (2.1) where n=
2m. By Lemma 2.2(2), #; has a complete orthonormal set of eigen-
vectors for Q;. It follows that s, has a complete orthonormal set of
common eigenvectors for H,, Q,, and Lemma 4.1 shows that (H,,
0,) is a passive pair. Since (ii) is not satisfied, the pair is non-
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trivial. By Proposition 3.2, there is a decomposition #,=# DA,
H,=H ®H,, Q,=Q,PP;(—o0, 0), where (—||Hi|\, ||Hil;) is contained
in the resolvent set of H; Q; and IXI—QI are injective, and (Hy, Q)
is a passive pair. (; may be (0), in which case ||H,|l; may be in-
finite.) If #=(0), the proof is now complete, since either (iii)
applies (if #,=(0)) or (iv) applies with =75,

If #+(0) let y=inf{|2|: 2/ —H is not invertible}. It suffices to
show that ||H,|;<7, for then #, may be taken to be #;Ps#. Sup-
pose, on the contrary, that there is an orthonormal set {f;: 1<i<
n} in 1, an integer 0<m<n, and scalars 2;, p; such that 0<p;<l,
H.fi=2f,, Qfi=p.f; (1<i<n), éli—jgjﬂl,-:r’%- There is a unit
vector fo in P(—y’, —7) or a unit vector g in PG, ). By
assumption (fo, Q.f0) =1 or (&, Q&) =0. Applying Lemma 4.1 to
For s foreeoSu OF t0 fi, foreen for 8oy gives

o T (1-p)<0.
i=1 j=m+1

This contradicts the fact that 0<p;<l. ]

§5. Quasi-free States of Passive Pairs

This section is devoted to establishing that if Q satisfies any of
the conditions (i) — (iv) of Theorem 4.3, then the associated quasi-
free state o is spectrally passive.

If condition (i) is satisfied, then o is the unique KMS state at
inverse temperature 8 [2,5.2.23], and is therefore spectrally passive
[3]. If condition (ii) is satisfied, then @ is a ground state [2,5.3.
207, so that w(x*x) =0<w (xx*) for x in R(—oo, 0). Thus o is
spectrally passive.

The remaining conditions (iii) and (iv) are both covered by the
following result, where #, may be (0), in which case the resolvent
set of H, is R, and ||H,||; may be infinite (condition (iii) of Theorem
4.3).

Theorem 5.1. Suppose that H=H#DH, H=HDPH, Q=0,P
Py(—00,0), where P, is the spectral measure of H,, (Hy,Q;) is a passive
pair and (—||Hq|ly, ||Hi|l1) is contained in the resolvent set of H,. Then
the gauge-invariant quasi—free state o with one-particle density Q is spec-
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trally passive with respect to the one-parameter group of quasi-free auto-
morphisms of W(H) with one-particle Hamiltonian H.

Proof. First, suppose that s, is finite-dimensional with an ortho-
normal basis {f;: 1<i<n} of common eigenvectors for H;, Q, with
eigenvalues 4;, p; respectively. Let & be an orthonormal basis of ..
There is a standard construction [2,5.2.5], by which € () is
identified with ;@Mz and A (H#) with & M, and hence with the

{1,...2}U%
C*-algebra of 2"X2" matrices with entries in A(s#,). Any integer

1<j<2" has a binary representation j=1+ }; 2" for some subset §;

reS
of {l,...n}. The identification is made in su]ch a way that
7 (x) = [exp (i (A(S;) —2(S))) v (2j2) Ji<jpce G. D

for any x=[x;] in A(H#), where @ is the one-parameter quasi-free
action on U(H#;) with one-particle Hamiltonian H, If U(H#,) is
identified with the C*-subalgebra of €A(s#) generated by {a(f):
fes}, then @ is the restriction of z. Furthermore

2’1
o(x) = '21 0jw2 (xjj)
iz
where
0;= _H O: H,(l — )
1ES]. 1ESJ~
Si={1,...n}\S;
and o, is the ground state for 7, (the gauge-invariant quasi-free state
with one-particle density P,(—oo, 0)). These facts may be verified

by induction on the dimension 7 of 4, using the results of [4, p. 142]
for n=1.

It follows from (5.1) that
xER(—00, 0) & x;ER(—00, 2(Sy) —2A(S))) for all j,k. (5.2)

(The spectral spaces for 7® are the parts of the spectral spaces for
= which are contained in Y (/,).) It is therefore sufficient to show
that the condition (5.2) implies that

_Zl;lﬁsz (i) < Z;‘z 0,0, (% 6X7) «
J. 7

Considering one coordinate x; at a time, it suffices to show that
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0,0, (x*x) <0,0,(xx*) for all x in R(—o0, A(S,) —2(S))NAH,).
(5.3)

If 208, <A(S;), (5.4) follows immediately from the fact that w,
is a ground state. If A(S,) >2(S;) then 6,<6; by (3.1) applied to
S:\S, S;\S:. Since 2(S,) —4(S;) <||Hyjh, it suffices to show that

@, (x*x) <y (xx*) for all x in R(—oo, {|Hyl|)NA(H,). (5.4)

Since (—||Hq|l, ||Hy]l1) is contained in the resolvent set of H, and
®, is a ground state, it can be shown as in [4,p.146] that

w, (x¥x) = |, (x) [2<w, (xx*)

as required.

Next, suppose that s, is infinite-dimensional with a complete
orthonormal set # of common eigenvectors for H;, Q;. For each finite
subset F of &, let # be the linear span of I\, Then U(H}y)
is a r-invariant C*-subalgebra of % (), the restriction of = to A(H#r)
is the qausi-free action with one-particle Hamiltonian H |#F, and the
restriction of @ is the gauge-invariant quasi-free state with one-
particle density Q |#r. By the finite-dimensional case above, @ (x*x)
<w (xx*) for all x in R(—o0, 0) N\ (#Fr). Since R(—o0, 0) =[kp/

(R(—o0, 0)NA(H#r)) ], it follows that w is spectrally passive. M

Corollary 5.2. Let H be the one-particle Hamiltonian of a one-
parameter quasi—free action © on W(H), and Q be the one-particle den-
sity of a gauge-invariant quasi-free state o on W(H), and suppose that
any of the conditions (i), (i1), (iii) and (iv) of Theorem 4.3 is satisfied.
Then o is spectrally passive for z.

Proof. Cases (i) and (ii) were discussed at the beginning of this
section. Case (iii) follows from Theorem 5.1 with #,=(0). Case
(iv) is also covered by Theorem 5. 1. ]

§6. The Gauge-invariant CAR Algebra

The C*-algebra of primary concern in [4] was U (#)®, and the
corresponding results for U (#) were merely stated. Here, detailed
arguments have been given for A (X), but it is possible to modify
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them for the gauge-invariant part. The main technical difference is
that if @ is merely assumed to be spectrally passive on €(H#)®,
then (4.1) can only be deduced if n=2m. A correspondingly weaker
notion of passive pairs is needed.

The pair (H, Q) is weakly passive if # has a complete orthonor-
mal set of common eigenvectors with eigenvalues 2,, p,, and (3.1)
holds for any finite subsets A4;, 4, of A4 such that 2(4;) >2(4,) and
|4,] = |4,|, where |B| denotes the cardinality of B.

The methods of Sections 4 and 5 now give the following modi-
fication of Theorem 4.3 and Corollary 5. 2.

Theorem 6.1. Let H be the one-particle Hamiltonian of a one-para-
meter quasi-free action t, P be the spectral measure of H, and Q be the
one-particle density of a gauge-invariant quasi-free state w. The restriction
of o to A(H)© is spectrally passive with respect to the restriction of t
if and only if at least one of following conditions is satisfied:

(i) Q=+ D) for some p=0, —oo<puloo,

(i) QU—P()=P(—00, p) for some —oo<p<oo,

@@i) Q and I—Q are injective, and (H, Q) is a weakly passive pair,

(i) There exist —oo << p,<oo and a decomposition H# =H1D
Hy H=H DH,, Q =0,PP,(—co, 1) such that Q, and Ly, —

Q. are injective, (H,, Q;) is a weakly passive pair, (th, t) 1is
contained in the resolvent set of H,, and the complete family {2,:
ac A} of eigenvalues of H, satisfies

M A4 —2(4p) <t 6. 1)

Sor any finite subsets Ay, A, of A with |A4;| =|4,] +1.
(v) Q=cl for some 0<c<1.,

Remark. In case (iv), it can be assumed that g4 or g, is finite
(otherwise, case (iii) applies). Then, if J#; does not have finite even
dimension, (6.1) is equivalent to the condition that

|| Hi—pl i <min (g,—pg, p—m)

for some g, <p<p. If #; has dimension 2m, and the eigenvalues of
H, are 4<4<... <4,, then (6.1) is equivalent to the conditions
that

I|H1—2mlfllilﬁ t—4, and ||H, ‘2m+119f’1|‘132m+1 — e
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Finally, with the help of Lemma 2.2(2), the results of Section 3
can be modified to describe weakly passive pairs. Let I'(H)® be
the closed subgroup of R containing those y such that there are
sequences of mutually disjoint finite subsets 4,, B, of 4 such that
|4.] =|B,| and 4(4,) —(B,) —r.

Proposition 6.2. Let (H, Q) be a weakly passive pair, and suppose

that Q and I—Q are injective.

. If H—AI is of trace class for some real 2, but H#2I, then
log(b(Q'—1)) is of trace class for some b>0, and for any B>0,
Q =T +PED=) 1 for some real p and some operator T of trace
class.

2. If '(H)®=yZ for some 1>0, then Q= ([+PHE D=1 for some
B>0, some real p, and some operator T with ||T|<7.

3. IfI'(H)O=R, then Q=+ )"t for some =0 and some real

A

Remark. If H is diagonalisable, I'(H)©® is the Connes spectrum
of |A#)®. If H is not diagonalisable, the Connes spectrum is
R. (I am grateful to A.Kishimoto for confirmation of this. )
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