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The Chern Character on the Odd Spinor Groups
By

Takashi WATANABE*

§1. Introduction

This paper is a continuation of [10] and contains a calculation
of the Chern character ([2, §l])

ch 1 K*¥(G)—H*(G ; Q)
for G=8pin(2l+1) with {=5. For G=Spin(n) with 7<n<9 it has
been done in [10].
Let A denote the composition

Spin (2 +1) ——80 (21 +1) > SUQI+1)—>U @l +1)

where 7 is the double covering, % is the usual inclusion and j is the
natural inclusion. It gives an element of the representation ring R
(Spin(21+1)), which we also denote by 4. Let
B:R(Spin(2l+1)) —— K1 (Spin(20+1))

be the map introduced in [4]; then the image of 8 generates K*(Spin
(214-1)) multiplicatively. Since the A-ring ([5, Chapter 12]) structure
of R(Spin(2[+1)) is convenient for our work, if the value of ¢4 on
B8(41) is known, then that on any other element of K*(Spin(2[+1))
can be calculated (see §3). For this reason the result below is the
core of this paper. To state it we need some notations. For each
integer n, let s(n) be the integer such that

23(n)—1<nS25(n).
Put

Z = {21 >0}.
Recall that H*(Spin(2/+1);Q) is an exterior algebra on generators
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of degree 4j—1, 1<j<l. From this fact and the Poincaré duality we
infer that there exist elements

%451 € H9 X (Spin (21+1) 1 2), 1<j<I,

such that (they are not divisible and) the product xsxs...xy_; gives
a generator of HY'*'(Spin(2l+1);Z) =Z.

Theorem 1. With the above notations, we have

I 1\i-19¢@. 7
chB(A) = ;1 (—(2_1—2)!'304,'—1

where
2 if lEP and j=2°V71 or
g, j) = IEP and j=2°

1 otherwise.

As an application of this theorem, we obtain a precise description
of the image of x,;_; under the transgression in the Serre spectral
sequence of the fibration Spin (214 1) —— Spin(2l+1) /T—— BT, where
T is a maximal torus of Spin(2/+1).

The paper is organized as follows. In §2 we determine the value
of kf:H (Spin(2l+1):2Z)—— H (Spin(2l—1);Z) on x,., where k;:
Spin(2l—1)——Spin(2l+1) is the natural inclusion. From the A-ring
structure of R(Spin(2/4+1)) and a result of Atiyah [1], in §3 we
derive a relation among the coefficients of x4_,’s in ¢A8(4). In §4
we calculate the determinant of a certain matrix and then prove
Theorem 1. Its consequences will be discussed in §5.

§2. The Cohomology of Spin(27+1)

Let us begin by recalling some basic results on the cohomology
of Spin(n) (for a reference see [3]). First,

2.1) Spin(n) has 2-torsion if and only if n=>7, and all of its torsion
is of order 2.

Secondly,

(2.2) If p is an odd prime, then H*(Spin(2l+1);Z/p) is an exterior
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algebra on generators x4, 1<j<I. Each x,-1 is universally
transgressive.

Let 4( ) denote a Z/2-algebra having a simple system of generators.
The following result is due to [7] (cf. [6]).

(2.3) (1) H*(Spin(n); Z/2) =4(u;, u|0<i<n, i P) where deg u;=t
and deg u=2""—1. u; is universally transgressive, and u is

universally transgressive if and only if n<09.
() Sqf(uy) =<;-)u,-+j; in particular, ui=uy (where we use the
convention that u;=0 if i>n or i€ ?). Sq'(u) =0 and ¥*=0.

(i) If j,:Spin(n)—— Spin(n+1) is the natural inclusion, then
Jiu) =uy, j¥ (W) =u if n&€ P, and jF (w) =0 if ne 2.

Then we have

Lemma 2. Let p: H (Spin(20+1) ; Z)—— H (Spin (21+1) ; Z/2) be
the mod 2 reduction. Then for 1<j<I,
Ugj-1 if JEP and j<2°@+D2
0(ry-0) =1 u if j=gse-2
Upjalhpj+ Usj—1 if jEP
(where deg u=2°"®*D 1),

Proof. Let {E,} be the mod 2 cohomology Bockstein spectral
sequence of Spin(2[+1). Since E,=E. by (2. 1), to prove this lemma,
it suffices to compute E,=Ker S¢'/Im Sq¢'. But it was done in Corollary
5 of [7] (by using (2.3) (ii)).

Consider the natural inclusion
ki=juju-1: Spin(2l—1) —— Spin (21 +1)
and put
V,=8pin(2l+1) /Spin (21 —1).
Then there is a fibration
Sl — 8%,

From the last statement of the theorem in [9, §23.4] it follows that
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(2.4 Z if 1=41—1
HW,; Z)y=12/2 if i=2]
0 otherwise.

Consider the homomorphism
k¥ Hi(Spin(2l+1); Z)— H (Spin(21—1) ; Z).
Clearly £; (xy-1) =0. We define integers 4;(l) by the equations
kit Grgg) =by (1) 5450
where 1<j<[/—1. Note that

s +1 if lg#

s@D :{ sh+2  if leo.

Lemma 3. We have, up to sign,
2 if le? and j=2°071

1 otherwise.

o - |

Proof. Let p be an odd prime, and consider the Serre spectral
sequence for the mod p cohomology of the fibration
Spin (20— 1) —5s Spin (2 +1)— V.
In view of (2.2) and (2.4), we see that it collapses. In other words,
k¥ H (Spin(2l+1) 5 Z/p)—— H (Spin (21 —1) ; Z/p)
is surjective for all i. On the other hand, by (2.3) (iii) we find that
k¥: H (Spin(2l+1) ; Z/2) — H (Spin (2l—1) ; Z/2)
is surjective if [&Z (or lEZ and i£+2°P*'—1). Therefore
kf: H(Spin(21+1); Z)—— H! (Spin (2l—1) ; Z)
is surjective if [ & (or € and i+2°P*'—1). Hence b;()) =1 if
le? (or l€e? and j+2°P71),

It remains to consider the case where [E 2, i.e.,, [=2'", In this
case, by (2.3) (iii) we find that

ueH% 1 (Spin (21 —1) ; Z/2)

is the only element which does not belong to the image of %;. This
implies that, in the integral cohomology spectral sequence of the

above fibration, the only non-zero differential is
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dy (1Qu) =01
where v is a generator of H*(V,; Z) =Z/2. By Lemma 2, this reveals
that k;k (le._l) :2°le._1. That is, bzs(l)_l(Qs(l)) :2.

§3. The Representation Ring of Spin(2I+1)
For further details of the following result, see [5] and [11].

(8.1) (@) There exist representations A, Ay ..., Xi_1, dyyr of Spin(20+1)
such that

R(Spin(2l+1)) =Z[A, ..., Aoy, duia]
where dim 222(212_1) dim 4,,.,=2" and relations
(@) A2 =2,
!
(b) =t
hold (where A* denotes the k—th exterior power and we use the
convention that Ao=1 and ;=A'2).
(i) The homomorphism

kf: R(Spin(2l+1)) ——R(Spin(2[—1))
sends A7 to A+2.

Consider now the composite
R(Spin (20 +1)) — K1 (Spin (21 +1)) —Z H* (Spin (21+1) 5 Q).

Since the cohomology suspension o¢*: H'(BSpin(2l+1); Q)— H'!
(Spin(2l+1); Q) has image contained in the module of primitives

PH*(Spin (2[+1); Q) =Q {x; |1 <5<},
it follows from the argument in [10, §1] that, for any A€ R(Spin
(21+1)), ¢hB(2) can be written in the form
!
(3.2) chB(R) = Zl a(4,g) *x45-1 with a(4,)) €0,
=

For clarity we sometimes write 4,(/) for &R (Spin(2[+1)).

Lemma 4. For 1<j5<[—1,

27 (1-1),)) if le? and j=2°®71

A ) =
a(4(D),5) a(—1),)) otherwise.
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Proof. By (3.2),
1
chB(21(1)) =j§ a(A (D), J) *4j-1.
Apply k} to this equation. Then, by (3.1)(ii) and the fact that
B(2) =0([4, Lemma 4.1]), the left hand side becomes
kfchB (A (1)) =chpkf (D)
=chf(H(I-1))
-1
=]_§ a(qU—-1),5) Xgj-1

and the right hand side becomes
! 1
CHORIAOIPINES WICTOIL o
= =
-1
= 2 a (D). by D 1y

Hence
a((=1,5) =alk®,5) b;D)
for 1<j<[—1. So the result follows from Lemma 3.

Let us review a result of Atiyah [1]. By (3.1) (i), the set {4,...,
Ai-1,4341} is a system of generators of the ring R(Spin(2[+1)). Via
(3.2), with such a system there is associated an [X/-matrix

a2, )  ...a(,D)

D=\ a1 ... a(i D)

a(dyi1y 1) oo a(dyi, DY
Then his result (Proposition 1 of [1]) can be reformulated as det
O() =41 (see [10, §01). Here we adopt
3.3 det @()) =1
only, because the problem of sign (e.g., the sign of x,_; and the
arrangement of x,;_,’s) has no essential influence on our argument.

In what follows we express a(4,j) and a(dy41,j) in terms of
a(%4,7). First, by Lemma 1 of [10], we deduce from the relation (a)
in (3.1) (@) that

a(Z, ) =0 2l+1,k,2)) -a(4,))
for all £>1 where
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21+1>.

k .
p@+1,k,2) = 5 (D7 i
Since B is additive and

Consider next the relation (b) in (3.1) (i).
B(1) =0, we have
1 1 I
chB (X &) =2, chB(X) = X, chB ()
=0 £=0 k=1
1 1
=k21 Z}l 0 2L+ 1,k,20)a(2,7) x45-1.
s R

Using the formula (2) of [4,p.8], we have
chp (43111) =ch {2'8(4241) +2l,3 (4y41)}

=2"1hB (dy41).

Therefore
1
a(AZI+17j) :2_<l+1) {kg S0(2l+ 1 s k’ 2])} '0(21,j) .

Combining the above, we see that
0,()
det @()) =27V det| ¢, :1(1) )Il[ a(2,))
' i=1
I AQ)
k=1

By elementary

where @,(l) is the 1XI[-matrix (p(2/+1,%,2)))1<j<

properties of determinant,
@,(D) 2.(D) 2,(D)
dct( ?1_1(1) )zki]l det ( Q)l_:l(l) ):det( @1-21(1) )
%00 AG A0

Therefore
211 edet @(I) =det (@ (21+1,%,2) ) 1<ij<i° ]l_[ a(ag,)).
i=1

Substituting (3.3) to this, we get
1

3.4 I a(4,)) =2*/det (¢ (20+1, 4, 2) ) 1<i. i<
=

§4. Proof of Theorem 1

The determinant in (3.4) is given by
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1
Lemma 5. det(o(2l+1,4,2)) 1< ;<= (—DWHTI(2k—1)! where
k=1
[1/2] denotes the greatest integer less than or equal to 1/2.

Proof. For k—1<i<l and £<j<I, let

o= 2 (- (3 Dot —1) =2t (k=)

Note that when k=1, o =¢(2[+1,4,2j). As is easily checked, these
integers satisfy:
oy ;=0 for £<j<I;
P =(—=D*'2%k—-1)!;
o =ke®_; for k+1<5<I.

Furthermore, if £<i<[ and £+1<;<I, then

gD(k) kZ (k)
i, ] i, -1
2( 1ym- (2[—}—"11)(7”2_ D...(m—(k—1)? (m2i=2h+1 _ f22i=21)
m=Fk
— zt: ( . 1) m—l(%l—tnI) (mz_ 1) .. (mz__ (k—— 1)2) (mz_kZ) ij—Z(k+l)+1
m=k+1
=§Di(k;—1)

For each k& with 1<k<I, we consider the ((—k+1) X ({—k+1)-
matrix (¢{%);<i j<;. Transform this matrix by adding (—4£%) -times
the (I—k)-th column to the ({—£+1)-th column. Transform next
the resulting matrix by adding (—4#%) -times the (!—%—1)-th column
to the (I—k)-th column. Iterate such elementary transformations.
This procedure, which ends in the first column, yields the following
first equality:

(k)

0
det(pf®) = det(Z’:kf go‘k“’) o det (o).
ik i, §

i, §

So the (I—k) X (I—k)-matrix (¢*}P) 114 j<; is left. From this recursive
process we deduce that

det () 1<i j<1=
I)k 1(2k_ 1) !

— (~DYAT k1)1,
k=1
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By this lemma and (3.4),
1 1
4. 1) I a4, ) = (= DAY/ TT 26— 1) L.
j=1 k=1

The following is a restatement of Theorem 1.

Theorem 6. For 1<j<|,
—-2¢/(2j—D)! if le P and j=22V"1 or
a((D),)) = le? and j=2°®
(=1)i712/(2—1)!  otherwise.

Proof. We prove this by induction on /. The result for (=3, 4
was shown in [10, §3]. Assume that it is true for /=m and consider
the case [=m+1. Our argument is divided into two cases. (Recall
that 2™ ~1<m<L25™ )

First suppose that m+1d&2. By Lemma 4 and the inductive
hypothesis, we have, for 1<j<m,

a((m+1),5) =a(i(m), )
=27/(Zj—-D! if mg# and j=2°"™"1 or
= me? and j=2°"
(=1)72/(2/—1)! otherwise.

If mE 2, then s(m+1) =s(m). If me £, then m=2°" and so s(m+1)
=s(m)+1. Thus the desired result is obtained for j#m+1. Using
the above and (4.1), we have

a1, m+1) = (I a G (m+1),) / (T aGim+1),.)
— (I aCi(m+ 1.} /AL aim) . )
(- nEmmem/ -1 )
((—~D&m=n /T~ 1))

— (_ 1) E(m+1)/2]—[m/2]2/ (2m + 1) !
=(—-D"2/@2m+1)!.
Finally suppose that m+1&%. Then m+1=2"" and s(m+1) =

s(m). By Lemma 4 and the inductive hypothesis, we have, for
1<<m,
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27%a (A1 (m) ) ifj:2s<m+1)—1
a(A(m),j ) otherwise
271(—-20 /(-1 ! if j=2sm"1
N [(* 1)i712/(2j—1)! otherwise
=(—=D2/2-1) L
Thus the desired result is obtained for j#m+1. Using the above
and (4.1), we have

a(h(m+1),5) =

aGi(m+1),m+1) = (I a(n+1),0)/(TT aGi(m+1).))
— ([ aGi(n+ D}/ (~1)712/ =1 1)

={2"'+2/;ﬁ:11(2j—1) /(=271 @-DY)
=—22/2m+1)!

and the proof is completed.

§5. Some Consequences

The argument of this section depends on that of [10, §1]; the
reader is referred to it.
A maximal torus T of Spin(2[+1) can be chosen so that

H*(BT3Z) =Z[t1, by « < tiy 71/ (2—27)

where deg¢;=degy=2 and ¢;=#4+---+¢. Moreover, if W(Spin(2/+
1)) is the corresponding Weyl group, then it acts on H*(BT;Z)
and the W(Spin(2l+1))-invariants in H*(BT;Q) form a polynomial
algebra on generators p, py,...,p; where

pi=0;&,6,..., ) €eHY(BT;Z)

(o; denotes the j-th elementary symmetric function). Let i: T—Spin
(2{41) be the inclusion and *:R(Spin(2l+1))—— R(T) the homo-
morphism induced by it. Let a:R(7)——K*(BT) be the (2-ring)
homomorphism given in [2]. For £>0 let ¢i*: K*(BT)—— H*(BT;Q)
be the composition K*(BT)—=»H*(BT;Q)—> H%(BT;Q) where the
second map is the projection onto the 2k-dimensional component.
Consider the cohomology transgression

v H' 7Y (Spin (21+1) ;Q)—> H (BT;Q)
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in the Serre spectral sequence of the fibration
Spin (20+1) —— Spin (2l+1) /T— BT.

Then we have

Proposition 7. With the above notations, for 1<j<I,
7 <x4j—-1) :2—4(l.j)p]_

(modulo decomposables in Q[ py, pay . - -, p1]1).

Proof. Since the set of weights of 4 is given by {4¢;,0]1<<0}
(see [11]), it follows from the same calculation as in [10, §2] that

— 1)1
¥ ai* () :—éﬁ)l—)r ;

modulo decomposables in Q[py,...,p,]. But by [10, §1] the left hand
side is equal to a(4,)) 7’ (x4-1). Since

it
a(4, j) :——(<2ji)l]) ! 2¢¢.9)

by Theorem I, the result follows.

Finally we mention a consequence of this result. Let
T H7 W (Spin (214-1) ;Q) —H (BSpin (20+1) Q)

be the transgression in the Serre spectral sequence of the universal

bundle
(5.1) Spin (21+1) ——ESpin (21+1) —BSpin (2[4 1).
For 1<;<I let
Y, EHY(BSpin(20+1) ; Z)
and
[ €EHY(BT;Z)

be as in [10, §§0 and 1] (in particular, they are not divisible). Then
we can define integers 5(2j) and ¢(2j), 1<j<I, by

7 (%45-1) =—b—(127-y4j (modulo decomposables)
and

(Bi)*(94;) =¢(2)) *fs; (modulo decomposables)
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respectively. Since /= (Bi)* z, it follows {rom Proposition 7 that

(5.2) Zgji f1;=27%%"p.  (modulo decomposables).

Thus if f,; is known, then 6(2j) determines ¢(2j) and vice versa.
Let us cite an example. Consider the group Spin(ll), i.e., the
case [=5. In this case, by (2.3),
H*(Spin(11) ; Z/2) =4 (us, us, sy ty, Us, o, )
where deg u=15; S¢'(us) =us and S¢*(us) =t Then by Lemma 2,

o (x3) =us, p(x7) =g, p(X11) =ustts, p(x15) =u and p(x15) = uglizo.

On the other hand, it follows from Theorem 6.5 of [8] that, in
degrees <20,

H* (BS!?iﬂ 1);2/2) =7/2 [w4, We, Wy, Wey Wioy w11/ (Wi + wiitvs)

where deg w;=1;5¢"(ws) =w, and Sq¢'(wy) =wy. By computing Ker
Sq'/Im Sq*, we see that

0 () =wy, p(Ps) =wg, (Y1) =wh, p(Y15) =wewy and p(yx) =wh.

In the Serre spectral sequence {FE,,d,} for the mod 2 cohomology of
the fibration (5.1), we find that

d,(1Qus) =w,R1;
ds (1Qu7) =wsR1;
ds (1 Qusts) =ws@us, B (weRus) =ws@us, ds (wsRus) =wiR1;
di (1Qu) = w1 Qus, B7 (w1nRus) =w1Qus, ds (w1Qus) =wsw1pR1;
di (1 Qugttro) =1010Quiro, P (w10Qttg) = w10Q 0, dro (w10 Qg) =whHQ1
where 8 =1&®S8q¢". These facts, together with (2.2), imply that
b(2)=1,b(4)=1,b(6) =2,b6(8) =2 and 5(10) =2.

On the other hand, modulo decomposables, f,;=(1/2)p; if j=1,2,4
and f,;=p; if j=3,5 (for details see [10, §3]). From these results,
(5.2) and Theorem 1 it follows that ¢(2j) =1 for 1<j<5.
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