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Tomita’s Spectral Analysis in Krein Spaces

By

Yoshiomi NAKAGAMI*

8§1. Introduction

The most manageable indefinite inner product space is a Pon-
trjagin space or a more general Krein space. The spectral analysis of
operators on indefinite inner product spaces is known to be difficult
even in such spaces. Tomita has proposed one formulation of the
spectral decomposition for bounded selfadjoint operators with respect
to the indefinite inner product as follows: Every bounded selfadjoint
operator on a Pontrjagin space with respect to the indefinite inner
product is expressed in the form

hy by by
(1. D h=} 0 hy hsy
0 0 hy

where #; and ks act on neutral subspaces and /4y is bounded and
selfadjoint with respect to some positive definite inner product of the
Hilbertian structure. For many applications it is desirable to extend
the operator and the space to an unbounded operator as well as to
a Krein space. A unitary operator with respect to the indefinite inner
product is bounded on a Pontrjagin space, but not on a Krein space.
Therefore it gives rise to another problem which must be solved
concerning the matrix representation and the product of unbounded
operators as in (l.1) and (l.2) below. To avoid such troubles we
will modify our problem and consider a bounded unitary operator
instead of a selfadjoint operator with respect to the indefinite inner
product. As a result we can show
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Theorem. If u is a bounded unitary on a Krein space & with u-Ju]
compact, then there exists a unitary (not necessarily bounded) operator v
with respect to the indefinite inner product and a dense subspace D of R
such that

Uy Uiz Ui
(1.2) vuv™'=| 0 wuyp uy| on D,

0 0 wug

where uy, and us; act on neutral subspaces and us is a unitary with respect
to a positive definite inner product of the Hilbertian structure.

A slightly more precise statement will be given in Theorem 3. 1.
In §2 we shall prepare definitions on indefinite inner product spaces
and recall some related results. Especially the concept for a #-unitary
to be quasi-#-spectral is important. Our main assertion is Theorem
3.1. In §4 we will give supplementary discussions for the theorem.
First we will give an example of a quasi-#-spectral bounded #-unitary
whose spectrum is distributed to the outside of the unit circle. This
shows that the spectrum is not preserved by the quasi-#-spectrality
unlike the #-spectrality. Secondly, in order to see the difference of
our result from that of Krein-Langer explained in [6] we will restrict
ourselves to a finite dimensional space and give a concrete form of
a Tomita’s triangular matrix for a #-unitary. Finally, we will give
a sufficient condition that a Tomita’s triangular matrix is decomposed
into the direct sum of the (1,1)+(3,3) component and the (2,2)
component.

This paper is a detailed proof of a part of our results in [8].
The same type of analysis for #-selfadjoint operators in Krein spaces
will appear in a separate paper, in which we will use our theorem.

§2. Preliminary

In this paper we shall use the traditional terminologies and
notations in the theory of Hilbert spaces.

Throughout this paper & will denote a complex Hilbert space
with respect to a positive definite inner product (| ).
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Definition 2.1. A pair {&, <, >} of a Hilbert space & and a
continuous indefinite inner product < , > is called a Krein space if
the operator J defined by <&, »>=(J&|y) for all & 7 in & is (self-
adjoint and) unitary.

We sometimes use the notation {®, J} for Krein spaces. We
denote the spectral decomposition of J by J*—J~ (J*4+J =1) and the
corresponding subspaces by &*=J*®. The operator J is called a
metric operator.

Definition 2.2. A Krein space {&, <, >} is called a Ponirjagin
space if dim &% or dim 8~ is finite.

A vector £ in 8 is called pasitive, neuiral or negative according as
<&, &> is positive, zero or negative. The same terminologies will be
used for subspaces and for projections.

The adjoint x* of a densely defined linear operator x with respect
to the indefinite inner product is defined similarly as the case of a

positive definite inner product:
<x&, 7>=K§, x*> for £€D(x) and n=D(x%).
The domain D(x*) of x* is the set of all » such that the mapping
EeD(x)—<{x&, n>=C is continuous. Therefore x*=Jx*] and D (x%
=JD(x*). The #-adjoint operation satisfies the condition of the
involution for bounded operators:
(x+p)i=xt+yh (Ax)=2x, (a)t=)ht

A densely defined operator x satisfying x =x* is said to be #-selfadjoint.
A #-selfadjoint operator defined everywhere is called a #-projection if
it is idempotent. Since it is closed, it is bounded and the range is
closed. A densely defined operator v satisfying <v&, vp>=<§, > for
all & 7 in D(v) is called a #-isometry. Since D(vf) =D (v) as easily
seen from the definition, v is #-isometry if and only if v%=1 on
D). A closed #-isometry v is called a #-unitary if the range R(v)
is dense in & and *=07"
A }-unitary is bounded if and only if v®v=uwvr*=1. On the Pontrjagin
space a #-unitary is automatically bounded, [4]. On the contrary
there exists an unbounded #-unitary on a Krein space. For example,
let p be a neutral projection such that p=3> % p; and dim p,=1 for

If v is #-unitary, then ¢* is also #-unitary.
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all je N. Then

u=220p; 7P + A== 19
is an unbounded #-unitary. Other examples are given in [3]. Here we
must apologize for our notations and terminologies. The traditional
terminologies for ‘selfadjoint”, “unitary”, etc., with respect to the

113

indefinite inner product space are ‘J-selfadjoint”, ‘/-unitary”, etc.
When we fix an indefinite inner product on a complex vector space,
a metric operator J depends on the choice of a positive definite inner
product which makes & a Krein space, while the adjoint with
respect to the indefinite inner product is decided independently from
it. This fact makes us employ the symbol # instead of J, following
Tomita as in [11].

A bounded #-selfadjoint (resp. #-unitary) operator x on a Pontrjagin
space is called #-spectral if there exists a #-unitary » such that vxo*
is selfadjoint (resp. unitary), [11]. We shall extend this concept to

a Krein space.

Definition 2.3. A bounded #-unitary « on a Krein space is called
#-spectral if there exists a bounded #-unitary » such that sw* is
unitary.

To give a weaker but more important concept we shall introduce
a set

2.1 Dy=vD (v*v) =v* 'R (v*v)

for a #-unitary o. Then D, is dense in & Indeed, since D (v*v) is
a core of v, vD(v*v) is dense in R(v), and hence in &.

Definition 2.4. A #-unitary « on a Krein space is called quasi-
#-spectral if there exists a #-unitary » such that

(1) D(@*) cDw) and uD(v*v) =D (*),

(ii) ouv*|Dy is closable and the closure is unitary.

In the above definition, Ju™J=u* and J|v|J= |v|™. Hence JR(u)
=D(*) and JR(v*v) =D (v*v). Condition (i) implies
R (*0) = JD (v*v) C JR (u) =D (u*)
and
w*R (v*0) = Ju™ JR (v*v) = Ju™'D (v*v) = JD (v*v) =R (v*0).
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Since <{vur*é, vuv*n>=<§&, 5> for & n&D, and the closure w of wuv*|D,
is bounded, w is #-unitary as well as unitary. Bofore going into our
main discussion we shall recall the Tomita’s theorem, which motivates
this paper.

Theorem 2.5 ([10]). Let {&, <, >} be a Pontrjagin space. If h
is a bounded #-selfadjoint operator, then there exists a neutral projection p
such that pR is invariant under h and (1—p—pHh(1—p—p* is #-
spectral.

A projection p is neutral if and only if pp*(=p*p) =0. Therefore
if bounded operators x and x* leave a neutral subspace p& invariant,
then x is represented in the form of a triangular matrix

X11 X1z X13
2.2) 0 X3 X35
0 0 xg

where p=p, p=1—p—p* ps=p* and x;; is the restriction of px to
p;®. In this case, J is also represented in the form

/0 0 Jis
2.3) (0 Jz 0
Ja 0 0

and Jp is a selfadjoint unitary on p,8.

Definition 2.6. The above triangular matrix (2.2) is called a
Tomita’s triangular matrix for x if x is quasi-#-spectral on {p,R, Jz}.

The above Tomita’s theorem is then restated in such a way that
any bounded #-selfadjoint operator on a Pontrjagin space is represented
by a Tomita’s triangular matrix and the (2,2) component is #-
spectral.

For the proof of the theorem we approximate the given bounded
t-selfadjoint operator by a net of #-selfadjoint operators on finite
dimensional Krein spaces, on which we prove the theorem. Then
we replace the #-unitary implementing the #-spectrality by an ope-
rator T in the unit ball as in Lemma 2.7 in below and then
manipulate the limit procedure. In this sense the discovery of the
operator 7" is crucial in Tomita’s spectral analysis.
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Lemma 2.7 ([11]). For a bounded #-selfadjoint operator h on a
Pontrjagin space the following two conditions are equivalent:
(i) bk is #-speciral; and
(i) there exists an operator T such that
a) 0<T<I
b) JTJ=1-T
c) Th(1—T) is selfadjoint.

§3. Tomita’s Triangular Matrix for #-Unitaries

In this section we shall generalize the Tomita’s spectral analysis
for bounded #-selfadjoint operators in a Pontrjagin space to that for
bounded #-unitaries in a Krein space, and show a similar assertion

to Theorem 2.1 for them.

Theorem 3.1. If u is a bounded ¥-unitary in a Krein space with
JujJ~ compact, then u is represented by a Tomita’s triangular matrix. If
R is a Pontrjagin space, then uy is #-spectral.

The compactness of J*u /™ is equivalent to that of u-Ju/J. This
implies that wu—1= w*—u)u and wu*—1=u(u*—u*) are compact.
For the proof of this theorem we must prepare the following five

lemmas.

Lemma 3.2. A bounded #-unitary u of the form pl+k with peC,
gl =1 and k€ L () of finite rank is represented by a Tomita’s triangular

matrix.

Progf. Among neutral projections invariant under u and u let p
be a maximal one. Then u’'=(1—p—pHu| (1—p—pH® is a #-unitary
on the subspace (1—p—pH® and has no nonzero neutral projections
invariant under #” and («’)* It suffices to show that u’ is #-spectral.
Therefore we may assume that u itself has no nonzero neutral projections
invariant under « and u*

To decompose u into the generalized eigenspaces, let Sp(4) be the
spectrum of u. Since % is of finite rank, Sp(u) consists of a finite

number of points. Put
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3. 1) () =_2%S (zl—wdz for 2€Sp(w)
s

where C; is a small circle with center 2 and oriented counter clockwise.
Then each ¢(2) satisfies that
a) e¢(4) commutes with u
b) e(2)e(2") =0, (%)
C)  Ziespwe (D) =1
d) (u—A41)e(2) is nilpotent.
Furthermore, ¢(4) satisfies
e) e(Di=e@Y).
Indeed, for any &, » in &, we have

(3.9 W% p=CDn O=(50 | -0, Odz)
2

We use the fact that

3.3) (gclf(z)dz> =—Scxf(z’)dz-

The right hand side of (3.2) turns out to be
ol @m0 Bde= {6 (v
i Jo, » = i Je, 1704

Since (x*) '=(x")* for any invertible x, this is equal to

1 o
2—m.801<z1 e, dz
_.__l_ — =11 _,,-1) -1 -2
1

=f§ Gzl —u) €, pddz
T Jeg-1

21—m'§ci-1<z_1 (21 —u) &, uinpdz

=@ E und=Le(ANE 1.
Therefore 2=Sp(u) implies 2'=Sp(u) by e). If [1]|+#1, then 2£27!
and hence ¢(2)*% (1) =0. This means that ¢(A)® is neutral. This

case dose not occur by our assumption. Thus [21]|=1 and hence ¢(2)
is a #-projection for each 2 in Sp(w).

Next we shall show that ¢(A)® is either positive or negative.
For this it suffices to show that the generalized eigenspace ¢()® for
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u turns out to be the eigenspace. Because every neutral subspace of
e(A) R is then invariant under u and «*(=u"?), and hence it must be
{0} by assumption. Since (¥—2l)e(2) is nilpotent, we can find the
least positive integer n such that

(u—21)""%(2) #0 and (u—21)"% (1) =0.

If n>>1, there exists a nonzero 7 of the form (u—21)""'¢ with
e(A)é=¢&. Then un=2y and so u*p=127. Therefore

Cny =<y, (w—2)*"6)={@—1)n, (u—21)"*>=0.
Thus C7 is a nonzero neutral subspace of ¢()& invariant under u
and #*. This contradicts our assumption.

Let e*(resp. ¢7) be the sum of #-projections ¢(4) such that ¢()R
is positive (resp. negative). Then ¢* are #-projections with ¢*+e™=1.
Thus there exists a bounded #-nuitary v such that ve*»™'=_J*. Then
vuv* commutes with J and hence it is unitary. Q. E.D.

Lemma 3.3. For a bounded $-unitary u the following two conditions
are equivalent:
(1) wu is quasi-#-spectral; and
(ii) there exists an operator T L (R) such that
a) 0<T<1
by JTJ=1-T
c) Ti*(1—-T)=(1-"T)u*T.

Proof. ()= (ii). If u is quasi-#-spectral, there exists a #-uni-
tary v such that
d) uD(v*s) =D (v*v),
e) wuv™'|Dy is closable and the closure is unitary,
where D, is defined by (2.1).

We denote vuv™|Dy by w. Then w is a bijection of D, onto itself
by d). Since the closure w~ is unitary by e), su"v"'=w* on D, and
hence su'=w*v on D(v*v). Since

ou~1D (v*v) =vD (v*v) C D (v*)
by d), it follows that

vfouf=v*w*y  on  D@0*).
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If £ and 7 are in D(v*v), then
(WFw*v€ |9) = (w*v€ |vn) = (v€ |won) = (v€ |oun)
= (v*v& |un) = (u*v*v€ |7p).

Therefore we have
(3.4) vfout=u*v*v  on  D(0%).

Now we denote v*»(1 +0*s) ' by 7. Then D(T) =8 and T satisfies
0<T<l1. Since

JotoJ =0} (@) * =071 (v*) TI= (v*0) 7Y,
T satisfies b). Since Ker »= {0}, it follows that 7>0. Combining
this inequality with b), we see that T satisfies a). Since (3.4)
implies
(1 4+0%) “w*out (1 +v*0) 1= (1 +0v*v) w*o*o (1 +ov*p) 71

on &= (1+v*) D(v*v), c) follows.

(ii)=> (). Using the operator T satisfying conditions a), b) and
c), we set

v={T(1—T)" ™
Condition b) implies
JAJ=JTA—-T)J=1-T)T'=p7?

and so (v%)2=072

-1

Since v is positive and selfadjoint, we obtain o*
and hence v is #-unitary.

Next we shall show d). Since the range of the left hand side of
c) is contained in R(1—7) and 1—7 is invertible, we see that
(1 —=T)Tu*(1 —T) =u*T, so that
A-T)Tut=u*T(1—-T)" on RA-T).
Since R(1—T)=D(?), this turns out to be

=0

(3.5) dut=u*? on D).
This shows that 7D (v*) €D (¢%). Since c¢) is equivalent to Tu(l—T)
= (1=T)u**T, it follows from the same discussion replaced u by u

that u=u™* on D). Thus uD@® cD(®). Consequently, we
have d).

Finally we shall show e). We notice that D,CD (@) NR(v). The
operator w=uouv™"| D, satisfies w™'=w*'|D,. Equation (3.5) implies

wfvl=0"*y  on  D,.
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If & and 7 are in Dy, then w™peD@?) (cD()) and
(07*0€ |9) = (u*v€ [o™'n) = (v€ |uv™) = (§ Jouo ™).
Therefore w=w* on D, and w is closable. Since (w*¢&|w*n) =(£]|7)

for all &, » in D, and w* is closed, we find that D(w*) =8 and w*
is unitary. Thus w™=w**= (w*) ! is unitary. Q.E.D.

According to this lemma we can obtain the following lemma.

Lemma 3.4. For a bounded #-unitary u the following two conditions
are equivalent:
(i) wu is represented by a Tomita’s triangular matrix; and
(ii) there exists an operator T L (8) satisfying
a) 0<T7T<l1
by JTj=1-T
¢) Tut(1-T)=(1-T)u*T.

Proof. (i)=>(i). If we represent u by a Tomita’s triangular
matrix, then uy is quasi-#-spectral. By virtue of Lemma 3.3, there
exists an operator T on the Krein space {p,R, Jn} satisfying

a’) 0<Tp<l

b”) Jzszz.]zz:I—Tzz

¢)  Tupup(1—Ty) = (1 =Tp)upTs
The operator 7" defined by

0 00
07,0
0 0 1

clearly satisfies a), b) and c).

(i1)=>>(@{). Let p be the projection onto the kernel of 7. Condi-
tion b) implies that the projection p*=JpJ is the spectral projection
of T corresponding to the eigenvalue 1. Thus p is neutral. Using
projections p1=p, p,=1—p—p* and p;=p* we obtain matrix represen-
taions

0 00
T=|0 T, 0 and  u=(u;).
0 01
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Then we have

0 0 0
Tu} (A=T) =|TnJzusJa Twn] zzu;zJ »(1=T%) 0
JausiSa JausiJn(1—T2) 0

and
0 ub Ty, u3
A= u*T={0 (1 =Tr)upTyp (1-Trup|.
0 0 0

According to ¢) and the fact that 0<{7T»<l on p,R®, we have uy =0,
un =0, up=0 and c’). Since b’) follows from b), T, satisfies a’),
b’) and c’) with respect to u, Consequently, uy, is quasi-#-spectral
by Lemma 3.3. Thus u is represented by a Tomita’s triangular
matrix. Q. E.D.

The following characterization of a bounded #-unitary x by means
of the angular operator £ corresponding to the maximal uniformly
positive subspace ¥®* is more or less known, [1, Theorem 1.5; 4].

Lemma 3.5. For an operator x in & the following two conditions
are equivalent:

(i) =x is a bounded #-unitary; and

(ii) there exist an operator k€ L (8, &) and two unitaries
ure L (8*) such that ||k||<l and

(3.6) x=5k<“0+ f_)

where

_ (1 __k*k) -1/2 k* (1 _kk*) -1/2
k—<k(l —k*E)-V2 (1 —kk¥) -1/2>.

Proof. ()=>(Gi). Let i=J*, Jo=J  and x,=Jx|J® The

operator x is a bounded #-unitary if and only if

* P % —
xixn —xXhxn =1, XX, — XA X =0

* R pu—
(—xfxn +x5x5 =0) —X{X1p+ XX =1

and
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xpxfi—xpxfh =1,  —xnxd+xpx5=0
(XX fi— X2 =0)  —Xpx5 +xpxHh=1.
Among these equalities the first and the third show that xy; and X
have bounded inverses. Now we set
k=xnx5t
Since  xf (1 —k*k)xpy=xfxy—xfxn=1 and xhH(1 —kk*)xp=1xh%s—
() Xy 7 (%) = x5 — (afhrny) x'afi 7 (xfixe) =1 by  the second
and the third equalities, we find that 1 —&*k and 1 —k&* are positive
and have bounded inverses. Therefore ||k||<I.
The operators u* defined by
ut=(1—k*k)"x; and —= (1 —kk*)V2x,,
satisfy (u™)*u*=1 on ®*. Thus u* is an isometry. Since 1—£k*k
and x;; have bounded inverses, u* is a unitary on 8. Similarly, u~
is also a wunitary on & Since xy=*kx; and xp=x%"(xfx1,)
=x3 " (x3xg) =k*xy, we obtain (3.6).
(ii) > (i). By means of ||k||<{]1 and the identity
k(1 —k*k)V2= (1 —kk*) V%
we see that S, is a bounded operator and satisfies

k* _ -1/2
S"=<11c 1 ) ((1 k:k) (1—/:)/:*)—1/2)

— *k -1/2 %k
=<(1 ko ) (l—lcok*)"l/2> <llc l; )

Therefore $iS,=S,5f=1 and hence x*x=xx*=1. Q.E. D.

Remark 3.6. (1) In the above lemma the formula (3. 6) is noth-
ing but the polar decomposition of x: x= [x* |u. That is [x*| =S, and

(5 )
U=
0 u/.
(2) In the above proof (i)=>(ii), if we wuse the fact [1; 6]
that the operator S, given by the angular operator £ corresponding

to the maximal uniformly positive subspace 8" satisfies S,JS5;!
=y J*v7!, then (ii) is immediate.

In the following lemma we shall denote by £ ¥ () the C*-algebra
of all compact operators on §.
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Lemma 3.7. Let § be an infinite dimensional Hilbert space and
F(9) the set of all operators of finite rank. Then the set of kE
FE (D) with ||k||<<l and (1—Fk*k)V2eCl+F () is norm dense in
the set of k€ L ¥ (9) with ||k||<1.

Proof. Consider the correspondence from (l1—£k*k)™"2 to k for
nonnegative k£’s. The mapping
he{lhe (Cl1+ 2% (D)) k=1 —(1—-kD)2e ke 2 (D) . :|klI<]}
is surjective. Since it is continuous, the image of the subset of %
E(C1+F (D)), with A>1 is dense in the set of k€L ¥ (9), with
[k]|<<1. Namely, the set of k€ L% (§), with (1—£k)V2eCl+F(9)
is dense in (ke L% (9).:|lki|<<1}. For a general £ we have only to
consider the polar decomposition. Q.E.D.

Proof of Theorem 3.1. Let u be a bounded #-unitary with u-Juj
compact. Then u is of the form

g ut 0
k<0 u'>
and ke Z (8", &) is compact by Lemma 3. 5.

Let € (8*) be the C*-algebras of compact operators on $£*
and & the unital C*-algebra {#% ()DL ¥ (8 )} +Cl1,. Then the
group % (s/) of all unitaries in & is #-strongly dense in the group
U (L R®H)PZL(R®)) by the theorem due to Glimm and Kadison.
Let # (8*) be the *-subalgebras of #% (8*) of operators of finite
rank and &, the unital =-subalgebra {# (&) PF (&)} +C1l,. Then
&, is norm dense in & and the group % (&7, is norm dense in
% (/). Therefore % () is *-strongly dense in % (L (®) DL (87)).

Let £%.(8%, 8 ) be the set of all compact operators k£ of & to
&~ with ||k]|<<l, and L% (8", &) the set of all k€ L% ,(&F, &) such
that
3.7) ((l_k*k) oo

0 (1 —kk*) 12
Since k(1—#k*k) V2= (1—kk*)%, the condition that (1—A*k) 2
belongs to & (8) +C1 is equivalent to the condition that (1 —kk*) 2

belongs to &# (&) +C1l. Thus the above condition (3.7) is restated
as

)em.
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(1—k*k) V2eF (&%) +Cl.

Here we use Lemma 3.7, which shows that Z% (8%, 8) is norm
dense in L% ,(8F, ). Therefore the element

(PR

in the topological product space
{w (L ®)DZL(&®)), =-strong top.} X { L ¥, (], &), norm top.}
is approximated by a net

(@ ) w)eie)

in the dense subspace % (&) X L€ (8", 8). Since [|k||<I, we
may assume that inequalities ||£;/|[<{1 hold for all i€l by the Kaplan-
sky’s density theorem. Here we set

% =Ski<g;r :"> ’

1

Then u; are bounded #-unitaries by Lemma 3.5. By virtue of
(8.7), the diagonal part of u; belongs to &, and the off diagonal
components are operators of finite rank. Moreover, the diagonal part
of u; converges =-strongly to that of u and the off diagonal compo-
nents of u; converge in norm to those of u. Thus u; converges
x~strongly to u.

As u; is of finite rank (mod. C1), it is represented by a Tomita’s
triangular matrix by Lemma 3.2. Therefore there exists for each u;
an operator 7; satisfying conditions a), b) and c¢) in Lemma 3. 4.
By means of condition a) the set {7;: i€I} is relatively weakly
compact, it contains a weakly convergent net {7;: j&I’}. Clearly,
the weak limit T satisfies conditions a) and b). According to Lemma
3.4 it remains to show that 7 also satisfies condition c).

Now, rewrite the above weakly convergent net by {7;: i€Il}.
Then condition c) for T is equivalent to

wfTi—Tui=T;(uf —u)T;.
The left hand side is written in the form
(u,* _u*) Ti + (u* T,' - T,'u#) + T,' (u# - uf) .

Since u; converges #-strongly to u, the first and the last terms
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converge weakly to zero. Therefore the left hand side converges
weakly to u*T—Tw*. Thus our problem is reduced to show that the
right hand side converges weakly to T(u*—u*T. Using J;=J* and
J:=J~, we denote
bijzjib l]]‘@ fOI‘ bEg(R).

Then Tw*—ut)T={T(u—JuJ)T}* and

0

u—-—]u_]=2( "‘2).
Ug 0

The us have the same type of matrix representation. Thus we can
concentrate our attention on the off diagonal elements.
Since u-JuJ is compact by assumption, for any ¢>0 there exists an
operator of finite rank
E— (0 klz)
kn 0

with ||(u— JuJ) —k||<e/8. For the notational convenience we write
the off diagonal components by

vi=u;—JuJ, ov=u—Juj.
Then
To,T;—ToT=T;(v;—0)T;+ (T;—T) v—k) T;
+ (T, —DKT;+To(T;—T).

Here we use the fact that v; converges in norm to v, that T; converges
weakly to 7" and that £ is of finite rank. Then for >0 given in the
above and for any unit vectors &, 7 in &, there exists an 4, &/ such
that if i>i, then

llo; —2l|<le/4
[((T; =T KT € |) |<<e/4

and
| ((T;=T)§ |0*Ty) |<e/4.

Thus, for i>i,, we have

| (T, T;—ToT) € ) |<e,
which means that T;,7; converges weakly to TvT. Q.E.D.
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§4. Supplementary Discussions

1. Let u be a bounded #-unitary. Suppose that u is quasi-#-
spectral with respect to a #-unitary ». Then the closure w of
vuv™*|D, is unitary, where Dy=0D (v*v). It is then easy to see that
D (v*v) is contained in D (v*wv) and

twv=u on D(v*v).

Since u is bounded, it coincides with the closure of ufwo|D (v*v).
Therefore the #-unitary u is reconstructed from the unitary w, the
closure of wvuz*|Dy,. Thus all the informations of # seem to be
contained in w. However there exist examples of bounded #-unitaries
with Sp(u) #Sp(w) as shown in below, if v is unbounded. This
means that the informations of u are contained in a pair of w and
v, although the quasi-#-spectrality does not preserve the spectrum.
Of course, the #-spectrality preserves the spectrum.

We begin by discussing the general circumstances. Suppose that
a bounded #-unitary u is quasi-#-spectral with respect to a #-unitary
v. Namely, the closure of wuv*|D, is unitary as well as #-unitary.
Denote by &, the completion of D(v*») with respect to the inner
product (| ), defined by

(&ln),= W€ |vp).

Then we have the following commutative diagram:

D, (N} — Dy (1)}

u | D (v*v) l lvuv*]Do
v

{D@*), (1)} — (Do, (1)}.

That u is quasi-#-spectral is then equivalent to that the closure of
u|D(v*v) in &, is unitary. Moreover the spectrum of the closure of
vuv* | Dy in & coincides with that of the closure of u|D(@*v) in &,. It
is worth while noticing that 8=8&, whenever v is bounded. If v is
unbounded, then &, is different from & and it may happen that the
spectrum of u in & and that of the closure of «|D(*y) in &, are
different as shown in the following example.

We begin by giving a definition of a type of operators considered
in Example. Let {¢,: n€Z} be the canonical basis of /2(Z) with
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e,(m) =0,, Let x and y be the shift and the multiplication operators
on /%(Z) such that

xe,=¢,.; and  ye,=a.g,,
where «,€R with @,>0 and (||y||=)sup,ez|a,|<cc. Let w be the
closure of »7'xy. Then the polar decomposition is of the form

w=x|w| and |w|=&*y"%)y.

Thus w is a weighted shift:

We, = (an/an+l) Ent1, T EZa
whose absolute value is interpreted as a kind of difference operator
of y. It is easy to see that

wmen: (an/an+m) Entme

Example 4.1. We will give a bounded #-unitary u such that it
is quasi-#-spectral and the spectrum contains the set

r'={ecC: |2|=2 or 27Y.

This indicates that the quasi-#-spectrality does not preserve the spec-
trum, for the spectrum of a unitary operator must be contained in
the unit circle in C.

Let a,=27' for all n€Z in the above operator. Then w is a
weighted shift

{Qe,,+1 if n>0

wenz .

27%,., if n<—1.

The spectrum of w contains the set I'. Indeed, the spectrum of w is

invariant under the multiplication by 2&C, |2] =1 and the spectral

radiuses of w and w™

are given by
r(w) =lim |[@"|"*=2 and 7r@™) =2,

because ||w"||=|lw™"||=2" Moreover, the spectrum of w**also contains
I, for w*'=x|w|™

Now, let =/3(Z)Pr*(Z),

R A S )

Then {R, J} is a Krein space, in which « and » are #-unitaries such
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that « is bounded and Dy=0vD (v*v) =R(»)PD »y'R(»®. Since each ¢,
belongs to R(y) and ywy™ satisfies

.yw.y—len:sn+ls ne Z:

the closure of ywy™|R(y) is the shift x. Since ye,€R()%), w* e,
€R(y) and

1 %=1,
v w* 1 ye,=¢,, nEZ,

the closure of y~'w*'y|»7'R(»% is also x. Therefore the bounded
#-unitary u is quasi-#-spectral with respect to » and the spectrum of
u contains I'. Indeed, the closure of

ot | Do= (ywy™ |R(»)) D@ (7 w* "y [ y7R(H)
is a unitary x@x, which has the absolutely continuous spectrum {2
eC: |2|=1} with multiplicity 2.
It should be noted that each point in the unit circle in C belongs
to the point spectrum of w*™'. Indeed, if we define §; by

§=2 Aye, [2]=1,
then &,€7%(Z) and it satisfies
w* = E:z Iw* ‘lyen=n§ *yxe, =2,
On the other hand, put
Da=n" (e tegt 000 Fe,).
Then ||7,/|=1 and ,€R(y). Since
Wy — 27, =202 (€41 —¢1),

2 belongs to the approximate point spectrum of w. Similarly, we can
know that I" is also contained in the approximate point spectrum of
w.

Remark ([Referee]). By virtue of Theorem 5 in Shield’s article
[10] it is known that

Sp(w) = zeC: r(w™) < 2| <r(w)}

for a (general) invertible bilateral weighted shift w.

2. To see the distinction between our result and the theory of
Krein-Langer [6], we will consider the finite dimensional case.
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Let u be a #-unitary. When a Krein space is finite dimensional,
there exists an isomorphism a of {f, <, )} onto {C% <, >}
(N=dim &) such that

a{u, J} a_1:<§"1® g:@ {2:8:5 Jij})

e(E s (05, s ) o).

71
i=1 Odn+i.j Sn+z j

where ld and Od are the d;;Xd;; identity and zero matrices (N=
Sy id 2 12 21dnii ;) and
Sp) NT= {4, 2,...,4},
Sp@)/T={t, fro, -, ma} U, %o, i},
1
Jij=0; .o'° for ”i:{
1

l or =1 fori=1,...,n
1 for i=n+1,...,n+m,

1 a; 4z 0az°°°A;-1 4y

1 ay, Aageoc-e ag—1
= Lo * | with gy=i*/k! and d=d;;—1
8= s e : with a,=i*/k! and d=d;;—

°
°

a;

1

Therefore one of the maximal neutral projections p invariant under u
and u* is of the form

apal ZZq;;+Zan+;Ja

i=1lj=1 i=1j=1

where
Lay-vn}
9:;;= i for i=1,..., n
0<d,.j-1)/z
(ldii/z Odii/2> if d,',-:even
0d--/2 od /2

and
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1,.. 0,
qi].:(Odw Od”) for i=n+1,..., n+m.
dij d,

Thus we have

i=1 j=1
where
O(dij—1)/2§ _____
T 1 if d;;=odd,
S oo
0 if d;;=even
and hence

n i
vuzt= 3 4;( 2 bip)
=1 j=ld;;=odd
for some #-unitary v on (1—p—p" &, where p;; are one dimensional
projections.

3. Finally we will consider the problem when the both (I, 1) and
(3,3) components and the (2,2) component in the Tomita’s triangular
matrix are orthogonal. We notice that the Gupta-Bleuler triplet due
to Araki [3] gives a similar matrix representation of a group if we
apply it to our more restrictive situation. This is the case the
subspaces corresponding to the (1,1), (2,2) and (3,3) components
are interpreted to be the spaces of the longitudinal, transversal and
scalar photons, respectively.

Let u and J be a bounded #-unitary and a metric operator of the
forms

Uy Uz Usg 0 0 Jis
4.2) 0 up upn|and | 0 J O
0 0 Uz jg]_ 00

Then #* is of the form

JwusJa JitnSz Jisuisgis
0 Joaub ] Jaouir 1
0 0 J a1uﬁJ 13/«
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Thus uu*=wu*u=1 is equivalent to the following conditions

U 13“?3] a=J 13“5“3] an=1
Uyp is a #-unitary
U+ unJ 13tz S wttn =0
Uy J 15t + iy J oty + iy Judi = 0.
Now, let p be a neutral projection and p=p, p,=1—p—p* and
p3:p#. If ng(pz-@, [71@) and x13E$([)3@, pl‘@) With
x13+ Jis¥is Jis= — x]zzx*.]m,
then the matrix

1 x X13
(4‘. 3) 0 ]. _Jzzx*J13
0 0 1

is a bounded #-unitary. Of course, we can choose — (1/2)x Jpux™® Ji3
as Xiz.

Proposition 4.2. Let (u;) be a Tomita’s triangular matrix of a
bounded #-unitary. If there exists an x& L (PR, pR) with upx —xup=
Uz, then there exists a bounded Y-unmitary v such that

Un 0 =
v(u,-j) =1 0 Ugp 0
0 0 Uszz/ »

Proof. Choose v to be the matrix of the form (4.3) with x,;=
— (1/2) x Jox* J1a. Q.E.D.

In this case, the (1,3) component in the above matrix is given by
(1/2) (uux Jo2x™ Jra+ 25U 225 J1s+ % J 2™ J1attas) «
If a #-unitary u is of the form (4.2), then the diagonal part

Uy 0 0
4. 4) 0 up 0
0 0 Uszz

is also #-unitary and u is expressed as a product of #-unitaries of
the forms (4.4) and (4. 3)
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Un 0 0 1 X X13

0 Ugy 0 0 1 —Jzzx*Jla
0 0u/ O 0 1/,

where x=ujluy,, Xi3=ugt;.
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