Publ. RIMS, Kyoto Univ.
22 (1986), 1191-1204

An MU-analogue of the Lambda Algebra

In memory of the late Professor Ryoji Shizuma

By

Nobuo SHIMADA*

§0. Introduction

The so-called lambda algebra A is the differential (bi-)graded augmented
algebra over Z/p, p a prime number, introduced by Bousfield, Curtis, Kan
et al. [4]. It is originally given as the E,-term of a spectral sequence of Adams
type derived from a filtration by the mod p lower central series of the Kan
loop group of the simplicial sphere spectrum. There has been found since
many interesting applications of the lambda algebra to homotopy theory [3],
[71, [10] etc.

It is characterizing that 4 is a quotient of the reduced cobar construction
C(44) ([11), where A, means the dual Hopf algebra [12] of the mod p Steenrod
algebra 4, and itself being a considerably small cochain complex with cohomol-
ogy group H%(4, d) isomorphic to Exty’(Z/p, Z/p). In such a view point
there appeared similar constructions of resolutions over (Hopf) algebras [15],
[9] and [17].

The purpose of this paper is to construct a differential graded algebra
AMU in the MU-cohomology theory ([3], [2]), similarly as the lambda algebra
A in the ordinary cohomology theory.

Our method is also available for the case of BP-theory, which will be
dealt with in a subsequent paper [18].

The author would like to thank A. Iwai, H. Ishii, K. Hirata, K. Kojima,
N. Yagita, A. Robinson and K. Shimomura for their valuable advice during
the preparation of this paper.

§1. Hopf Algebroid Associated to the MU-Homology Theory
Recall first the definition of Hopf algebroid [2], [11].
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Definition 1.1. A Hopf algebroid over a commutative ground ring R con-
sists of a pair of graded-commutative R-algebras (A, I') such that there are mor-
phisms of graded R-algebras (called structure morphisms):

7. A—T (left unit)

np: A—I (right unit)

e : A—TI (augmentation)

4 : I'->IQ® I (diagonal)

2 I'Q,I'—I (composition-multiplication)

¢ : I'—TI (conjugation),
where I' is regarded as a left A-module by 7, and also a right A-module by 7,
and the tensor product I'Q ,I' is that of A-bimodules. Moreover ¢, 4 and p are
morphisms of A-bimodules, 4 and u are associative, and the above morphisms
subject to the following commutation rules and diagrams:

2

en, =enpg =1, ec=¢, ¢ =1, cn,=ng, Clpg=7,

r A
ld l’?L
I, —> I
#(c®1) * u(1®c0)

~ ~ € €
AQ, I &1 -—=r®,4 «— —_—

c®1 \ ld/ 1Qe 77{

reur

4
r—rQ,r

| e

r—TIQ,r, (CrRd =/ (—1)ree@)Qc(r)).

The R-algebra A is called the coefficient ring and I" is called the coopera-
tion algebra of the Hopf algebroid (4, I'). If A=R and 5,=%;, then I' is the
usual Hopf algebra over 4. Examples of Hopf algebroid are provided by
R=rnE), A=n4(E) and I'=E4E=n(E A\ E) for each ring spectrum E, usual-
ly with the assumption I' being left 4-flat (and therefore simultaneously right
A-flat). This condition is known to be satisfied in many important cases:
E=KO, K, MO, MU, MSp, S, HZ|p, BP etc. (2], [3]).

In the below, we shall only deal with the case E=MU. As is well known
its associated Hopf algebroid (4, I')=(M Uy, MU4MU) consists of A=MU 4=
Z[x,, X3, -*+], the complex cobordism ring isomorphic to a polynomial algebra
over Z with generators x; of even degree (deg x;=2i), and I'=<A®S, where
S=ZI[b,, b, ++-] is the dual Hopf algebra of the algebra of the Landweber-
Novikov cohomology operations ([8], [2]). S is presented as a polynomial
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algebra over Z with generators b; of even degree (deg b;=2i), and its diagonal
is given by

(1.2) w(b) = X2 FQ0;,

i>0

where b=1-+b,+b,++-- and by=1.
The Hopf algebroid (4, AQS) is thus of split type [11] with structure
morphisms:

70 A>T = AQS, 7.(a) =a®1
e: I'=4AQ8S—4. ¢(1Qs)=0 for degs>0
4d=1Qy: I' = AQS—>TI'Q " = ARQSYRS
r=10m: 'Q ,I' = AQRSQRQS—I" = AQRQS,
where m is the multiplication in S.
It is convenient, for our purpose, to take another set of generators for

the polynomial algebra S.
Put

(1.3) s=2-b"1,
§ = 148485+, so=1.
Then we have

(1.4 2b = 1-+bs,
b, = kE:‘; bisp—i (k=1).

We can express b, as polynomials of s{s and vice versa. Note that b, are
polynomials of s’s with positive coefficients, for example:

1 - =
=1T(S_—1)=’§)s , s=s5—1.
b=y
(1.5) by = 5,57
by = s3+2s5,5,+53
by = 5,285,553+ 3525, 5551 etc.

Lemma 1.6. The diagonal of the Hopf algebra S=Z[s,, s,, ---], degs;=2i,
is given by
Y(s) =sQ1+ g}b‘“1®si R

or more explicitly:



1194 N. SHIMADA

Yis) = ,Q1+1Qs,

V() = 5Q1+1Qs,

P(s3) = 53Q1+5,Q5,+1Q)s3

Y(s) = 5,@14(5;+5) Q% +25,Q5,+1Q)s, etc.
Thus only s, and s, are primitive elements among the generators s;.
Proof of Lemma 1.6. We see, from (1.2) and (1.3),

Y& = p(0) = @1 S b '@s; .
j=z1

Then, from (1.4), it follows
¥(s) = 2(1QD)—y(b™) = s@1+ 2 V' s; .

§2. DGA-Algebra A4S

Consider the primitively generated Hopf subalgebra S,=Z[s,, s,] of
S=Z[s,, 83, -=*]. Let p: S—S, be the canonical projection, and ¢: S— Z be
the augmentation. We shall use the following notations:

S=Kere, L=3S,, L=58=25N8S,
2.1 0 =(1—€)op: S>L—L,
A;=0(sish)el (i, j=0,i+j>0).

Thus, 0 is a linear map such that

0 (monomial containing s, for some k=3) =0

2.2) 51 — 0

and T is a free Z-module with basis {4;;|i, /=0 and i4;>0}. L is bigraded
Let T(L) be the tensor algebra on L:

(23) TIL)=Z+L+LQL+LRILIOL+
and define a linear map
24) Ul = (0Q0)ey: S>LOLCT(D).
Definition-Proposition 2.5. Define a quotient algebra
43 = T(D)/1

of the tensor algebra T(L) by the two-sided ideal I generated by elements of
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60U 0 (Ker6). This will be a DGA-algebra (differential, bigraded, augmented
algebra)over the ring Z of integers, with differential d, of degree (1, 0), being a
derivation such that d0=—6U 6.

To show that this definition is well defined, we first consider linear map
2.6) d=—(0UBbor: L>LRIJILCT(L),
where ¢: L— S is defined by «(%;;) =sisi. Extending d onto T(L) as a deri-
vation, we have

di = —(0U0)ocd = {(6U0)o(1—e0)} —0U b= —0U0 (mod I)

2.7
@7) dOU0) =doUo—0Udo=—(6UB)UB+0U@OUB) =0 (mod ),

in virtue of the associativity of the diagonal v, where the U-product is defined
similarly as in (2.4).

Thus we have, in particular, d(I)C I and dod=0 (mod I), and d induces a
differential d; on A5, which we will denote by the same notation d for sim-
plicity. And we have shown that 45 is a DGA-algebra over Z, generated by
{2:;51,7=0,i+>0}. The differential d is given explicitly by

iN(J
(2.8) di;; = _kéo(k) ( l)/'lkl"li—k,j—l .

As for relations between the generators 2;;, there are first basic relations

i+j
2.9) Ry =06Ub(sp) = 3] ( .J)li,-"lm =0 (k=3,4,j=20),
i+2j=k-2\ [
i+Jj . . . .
where { | means binomial coefficient, and -2’ product in 45. And more
i
generally

(2.10) DiDi(Ryx+++¥Ry) = 0 U 0(sishs; -++5,) =0
(i7 ]20, 3§k1§ e ékﬂ) )

where D, and D, are derivations of 4%, defined by
Dy(i)) = X,y (or DyO(sish) = 0(si*'sh)
Dyki)) = X jn (or DyO(sish)) = O(sisi™),

and *: (LOL)RQILRL)—-LQYL is the product induced from the usual one in
the tensor product S,®S,, explicitly given by

2.11)

(2:‘1]'1"lklll)*(lizig"lkzlz) = Ay ig,iytia® Mhathg, Ity -
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The left hand sides of (2.10) will generate the whole of the ideal 7. Here are
some examples of the relators (2.10) (notation (ijkI)=2;;-2,,, for simplicity):

R, = (1001)
R, = (2001)+(0101)
DR, = (2001)+(1011)
Rs = (3001)+2(1101)
DR, = (3001)-+(2011)+(1101)+(0111)
DR, = (3001)+2(2011)+(1021)
(2.12) D,R, = (1101)+(1002)
R = (4001)+3(2101)-+(0201)
D,R;s = (4001)+-(3011)+2(2101)+2(1111)
DER, = (4001)-+2(3011)+(2101)+2(1111)+(2021)-+(0121)
D3R, = (4001)+3(3011)+3(2021)--(1031)
D,R, = (2101)+(2002)-+(0201)+(0102)
D\D,R; = @19_1)'{‘(11_11)4‘(2002)‘{‘(1012)
RgxR, = (2002)
etc. (Cf. (2.19), for the meaning of the underline)

We remark that the map 6: S—L—4° (we made a confusing use of the
notation) gives a twisting cochain, in the sense of E.H. Brown [6].
On the additive structure of 45, we have

Theorem 2.13. A5 is a free Z-module.
To prove this, we prepare the following lemma.

Lemma 2.14, In the n-th power tensor product S®"=S®--Q®S of the
Hopf algebra S, the submodule

V(S = 5 SRR (n22)

is a direct summand (of S®"), where yr is the diagonal of S and S is the kernel
of the augmentation €: S—Z.

Proof. Induction on n. In the case n=2, from

e®1
SIS SQS, (eQ@Doyr = id. ,
v

we have a direct sum decomposition
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S®S = y(S)D(S®S) .

For the case n=3, using the above decomposition, we have

5% = {Y(S)DEQN} RS = (Y(SHQND(SR(SRS))
= Y(S)RZ)DW(S)RS)D(SR¥(S)PB(SRSRS)

Thus ¥y(S)=%(S)Q@S+SQRv(S) is a direct summand of S8, Iterating this
process inductively, we obtain the lemma.

Proof of Theorem 2.13. Recall that, in the beginning of this section,
we put S=Z[s, 8, =*+], L=S,=Z[s,, 5,], L=Ker (¢: S$,—~>Z), p: S—L the pro-
jection, and 6:S—L—T the composition (1—e)op. Consider the map p®*:
S®"— %" and the image of the submodule v,(S) (in 2.14) by p®”:

(2.15) P2 ((S) =2 LR R Up(S)R-- QL .

This is a submodule of the Z-free module L®" and itself Z-free. Since p®*
is a surjection, it follows that p®*(y~,(S)) is a direct summand of ,(S). By
lemma 2.14, we have

(2.16) IR QR(pUp(S)R--QRL is a direct summand of S®”.

On the other hand, it is easy to see that

(2.17) LR Q(UpS))R - QL)NL®"
= E E@'“@(a Ue(Kel' 0))®"'®Z.=I(n) = In.t@” .

Therefore we have

(2.18) Ay =I%" I CL®/ S LA ®(p Up(S)® -+ ®L
CS/XNLYR(pUp(S)Q QL.

The last module is Z-free by (2.16), so the part 4G, of A5 of tensor-grade n
is proved to be Z-free. g.e.d.

In concluding this section we add a conjecture on a free basis of 45. Let

us call a monomial 4; j,* 4;,5,***4;,j, in 4° admissible, if the following condition

2.19) min (1, j)Z o= 2 i

is satisfied.

Conjecture 2.20. The set of admissible monomials would constitute a Z-
basis of A°.
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In the list (2.12), we underlined admissible terms.

§3. Comodule Resolutions
Let (4, I') be a Hopf algebroid (See §1).

Definition 3.1. A left A-module and an A-map ry: M—>I'Q 4 M define a
left (A, I')-comodule (M, vry,) (or simply, a left I'-comodule), if the following
conditions are satisfied.:

1
n M2 re, M B,

ii) there is a commutative diagram

For example, 4 is a left I'-comodule via v,=7;: A—I" (left unit), and
so is I' itself via vr=4. A morphism (or I'-comodule map) f: M— N,
between left I'-comodules M, N, is defined to be an A4-map compatible with
vy and ¢y, Denote by Homp (M, N) the totality of morphisms of M into
N. Then we have [11]

Hom, (4, N)= {nEN; ¥y(n) = 1Qn}
(3.2) Homy (4, A)=={acs4; 7,(a) = nx(@)}
Homp (4, I') = {f: A—>T; f(1) = nz(a) for some ac= A} =4 .

Now consider the twisted tensor product S®, 45 (which we denote by
S® A5 for simplicity, See §2). This is a bigraded cochain complex with
diffferential d such that

d@®) =da-2+a@dr  (aES, 1€ A5)

(3.3) .
do = (1Q0)y(a) , bidegea = (0, dega).

Theorem 3.4. The cohomology of SQ A° is given by

Z for (s,t)=(0,0)

HY(SQ A5, d)=
(5® ) {0 otherwise.

Proof. Consider the unnormalized cobar construction C(S, Z)=SQ T(S)
over the coalgebra S. 7(S) denotes the tensor algebra on S and the dif-
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ferential is given by

d(efey | @] - |@,)) = 3T e ey - |4 33 (—1)alay |- [9(@)] - |,]
+H(=D)"*ealay| - | a,|1]

where y(a)=>)a’'®a”. 1t is well known that H*(SQ T(S))=Z for (s, t)=
(0, 0), =0 otherwise.

Let = be the natural projection: T(S)— 45, which factors through T(6):
T(S)—>T(S,). Let J be the kernel of z, a two-sided ideal of T(S), and J° be

T

a direct summand of T(S) complementary to J (T(S)=JPJ’,J'~45). We
may choose and fix J°C T(S,).

To prove Theorem 3.4, it is sufficient to prove, in the exact sequence of
complexes:

0—>SQRJ—= SQRQT(S) = SQRA5—0,
the following

Lemma 3.5. H**(S®J)=0.
For this purpose consider the following subcomplexes of J:

J =S J+K-J+y(Ky)-J*
(3.6) -
J'= 8- JP1]-J",

where K=Ker (p: S—3S,), K,=Ker (6: S—5,) and - means the (tensor) product
in T(S). We can verify that

J=JP[]-J°,
(3.7 drcr,
dr'cJr.

Lemma 3.8. In the exact sequence of complexes:

0= SQJ" > SQJ— SQJIJ" — 0,

1) the induced map i,: H**(SQJ")—H**(SQJ) is the zero map,
2) H**(SQ®J/J")=0.

Proof of Lemma 3.8. Defining the chain homotopy ¢: SQJ”"—S®J by

BES and usJ, or

(3.9 o(@®|f|-u) =e()fQu for aESs, {ﬁ=1 and ueJ',

we can easily verify that do+od=i on S®J”. This proves 1). For the
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proof of 2), we note the following direct-sum decomposition
(3.10) JIJ" 2= Kyo J*DyYr(Kp)-J° .
Then, defining the following contracting homotopy on S® J/J” by

o(@®l|k|-v) =0 for eSS, k€K, and veJ’,
—a@|k|-v for kKX
a®@|1]-v for k=1,

G.11)
o(@® | 9(R)] ) = {

we can directly calculate do+od=id. on S®J/J”. This calculations would
be straightforward but somewhat tedious. For example, we remark that

wod = dom

(3.12)
dv = ztodsor(v) (modJ) for veJ,

so that |k|-dv (resp. |y (k)|-dv) (mod J”') would be identified to |k|(z " d ) (v)
(resp. |y(k)| (" 'dsw) (v). Thus we have proved Lemma 3.8 and therefore
Lemma 3.5, which proves Theorem 3.4.

In the conclusion, we have an acyclic, injective (left) S-comodule resolu-
tion of Z:

7
zls@s,
(3.13) —S®4, or

7 d S d S
0—>Z—->S— S®A(1) —> S®A(2)—> oo
Tensoring A=MU, to this from the left, we obtain an acyclic, injective
(left) I'-comodule resolution of 4:

(3.14) A res (= AQS = MUMU).

§4. AMU and the Adams-Novikov Spectral Sequence

Applying the Hom-functor in the category of left I'-comodules to (3.14),
we have a cochain complex

4.1) Homp (4, TR A5)=AR A5,
with differential d of the form
4.2) d@a®2) = (1Q0)nx(a)-A+aQda .

We shall denote the complex (4.1) by 4MY and call it the MU-lambda
algebra, as it will be justified in the following theorem.



over Z, (iii) there exists a spectral sequence of Adams-Novikov type, of which

Theorem 4.3. (i)
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E-term is AMY,

Proof. (i) is clear, because Extr (4, ) is the derived functor of Hom, (4, ).

To prove (ii), we let MU, act on AMY from the right as follows:

4.4

def

(@®2)-b = >l a-b;;QDiDi2, a, beMU,, 245,
771e(b) =

b; ,-®s{s£ -+ (terms containing s, for some k=3),
>0

157

here D,, D, are the derivations of 45 defined in (2.11).

This right action is well-defined :

@.5)

(Aep)ob = 2-(u-b)
2+(ab) = A~a)-b, ,ucsA, a,besMU,.

Moreover we have

(4.6)

By these properties, AU has a free MU,-bimodule structure and becomes a
DGA-algebra over Z. Next, to prove (iii) we follow Adams’ method [3].

d(2;;-a) = (dA;;)-a—2;;-da , aeEMU, .

the cohomology group H'(AMY, d) of the cochain com-
plex AMY=MU,Q A5 is isomorphic to Extygiby(MUy, MU,), (i) AU has a

canonical structure of free MU,-bimodule, and thereby becomes a DGA-algebra

Consider a sequence of cofibrations of spectra:

7 S
Yy =8, Wy—= MU—Y,, Y,— W, = MUAST v, ...

S
Y, —> W, = MUASY® - v, -
I

which will be defined inductively on # such that

@.7)

N
s — /st (wedge sum, {2;}a basis of A45,,
I

bideg 2, = (n, 1(2,)))

SO ¥, e Y, e ¥y < y
Jo=m7 \ / . \jl/k" \jz/;\z\]3 ......
WO W1 Wz VV3
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0 0
0 — MU4(S° Kt MU(Wy) = MU(W,) = MU(W,) = ++ooe

[ N .

0— MUy, ——> T ——> I'Q A TF®A§2)—> ......
7L 0 1

To define these maps of spectra, we start from the unit 7: S*>MU=W,
and its cofiber ky: Wy— Y, =MU/S".

Lemma 4.8. (Proposition 13.5 of Adams [3], Part III). Let E be one of
ring spectra listed in the beginning of §1, and F an E-module spectrum. Then,
if E«X is a projective Ey-module, we have

F*X=Homg, (ExX, Fy) .
By applying this lemma to the case: E=MU, X=W, ;=MUA SAg'-l)
and F=MUAW,, we get amap 0,_,: W,_,—>MUAN W,,—qi W, which corresponds
to dy_y: MUL(W,_)—>MU(W,) for all n. Now from the induction hypothesis:

e Kye
Y,.: —JL—1> W, -3 Y, is a cofibration,
Eu(j,-)) is monic,
(4'9)11-1 . .
Eyx(k,-y) s epic,

Ker Ex(k,-;) = Im Ex(j,-1) = Ker Ex(8,-1) ,

it follows, by Lemma 4.8, that 9,_;0j,_,~0. Since (j,-;, k,-1) is a cofibration,
there is a mapj,: Y,— W, such that é,_,~j,ok,_;. Since Eu(k,_,) is epic,
Im Ey(j,)=Im E.(6,_,)=Ker E4(3,), and E(j,) is monic. If we form the

n o Ky
cofibration Y,,!—> W,—>Y,.,, all the conditions of the n-th step (4.9), are
satisfied and the induction is completed.

Applying the homotopy group functor =, to the cofibrations diagram in
(4.7), we have an exact couple

(4.10) 3 (V) —> 33 7a(Y,)

e\

E, = ; (W)= 3] MU*@-/IZZ) = AMU

which will give rise to a spectral sequence of Adams-Novikov type converging
to the stable homotopy groups of the sphere. This completes the proof of
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Theorem 4.3.

Remark 4.11. Direct computation of H*/(4MY, d) is rather difficult except
for the cases of smaller s and ¢, because the differential d is related to the right
unit 7, (cf. 4.2). Here are a few examples:

H% =0, H* =0 (t>0), HY®=2Z2
HY?=Z[2 = {2}
“.12) HA=Z(12 = {20}
HY=Z2 — {8299+ 6ay00+3a21 200}
HY8== 7240 = {a;,20 —auin — (% —anan — a3t

where {e} means that the cocycle @ represents a generator, and g;; are the
coefficients of the universal formal group law regarded as elements of MUy
(cf. [3], [13], [14], [16], [19D.

Remark 4.12. Putting L = A[s,, s,], we have a Hopf algebroid (7%, 7%:
A—L), where 77, =7, and n%=pony (p: '—L the canonical projection). Put
L=Ker(e: L—A4), 6: 'L, 0=(1—¢)op, and T,(T) the tensor algebra on L
over A (ie. T, L= LR LR - ®4L). Then a direct definition of AMY
will be given as the quotient 7 ,(T)/(6 U 6 (Ker 6)) (cf. [18]).
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Note added in proof: 1t turns out that the definition (3.6) of the subcomplex J* of J has

to be modified as follows. K is to be replaced dy K, which is defined by the decomposition
Ky=K\PK’ where

Ky = Ker (6 : S—I),
Ky =Ker (0U0 : Kg—Icp) .

Then K'zI(g).

As a consequence, [1]-J° in (3.7) is to be replaced by Ky-J°.



