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Fermion Ito’s Formula II:
The Gauge Process in Fermion Fock Space

By

David APPLEBAUMY*

Abstract

The stochastic calculus constructed in [2] for fermion Brownian motion is augmented
through the inclusion of stochastic integration with respect to the gauge process. The solutions
of certain non-commutative stochastic differential equations are used to construct dilations
of contraction semigroups on a Hilbert space 5 and of uniformly continuous, completely
positive semigroups on B(%). Finally we construct a fermion analogue of the classical
Poisson process and investigate some of its properties.

§0. Introduction

In the recent paper [2], the present author together with R.L.
Hudson developed a stochastic calculus on fermion Fock space over
L*(R*) in which the Brownian motion process of classical stochastic
calculus was replaced by fermion Brownian motion of variance 1 [4]
i.e. the process formed from pairs (4, 4}) of annihilation and creation
operators smeared by the indicator function of the interval [0,¢) which
satisfy the anticommutation relation

{4, A} =min{s, ¢t} I 0. 1)

for s,teR*. An It6 formula for products of stochastic integrals was
obtained wherein the “Ité6 correction” term arose from the relation

d4 dA'=dt 0.2)

between stochastic differentials.
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With regard to its sister theory previously developed in [10] by
R. L. Hudson and K. R. Parthasarathy for boson Fock space, the scheme
of [2] contained two major defects
(i) The structure of the algebra of stochastic integrals involved
unnatural parity assumptions.

(ii) There was no fermion analogue of the gauge process which in
[10], to some extent, took over the role of the Poisson process from
the classical theory.

(i) was rectified by the author in [3] thus bringing the theory
into line with the general format proposed by L. Accardi and K.R.
Parthasarathy in [1]. The aim of the present paper is to rectify
().

We recall that in [10], the gauge process was defined through its
action on the total set of exponential vectors {¢(f),feL*(R*)} in
boson Fock space by

A9 =Lp@ 0 f) o, (0.3)

Together with the boson Brownian motion process of variance 1
formed from pairs of annihilation and creation operators (B, B})
smeared as above, a stochastic calculus was obtained with the “Ité

correction” rules

dB dB'=di, dA dA=dA

0.4
dA dB'=dB', dB dA=dB. 0.4

Furthermore, the classical Poisson Process I/'= (II'(¢),¢>0) of inten-
sity [>>0 was realized in boson Fock space as

IT'(t) = A+ (B, +B}) +1t (0. 5)

where we note that the process formed by B;+ Bj is itself a realization
of classical Brownian motion.

The organization of the present paper is as follows; after collecting
together some useful algebraic facts in §1 we proceed to define the
fermion gauge operator in §2 and examine its relevant properties.
As in [2] our strategy is to use n-particle vectors in place of ex-
ponential vectors to define our operators. In §4 and §5 we develop
our stochastic calculus and find that the extended version of (0.2)
is precisely (0.4) with the boson processes therein replaced by their
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fermion analogues.

In §6 we prove the existence of solutions to a certain class of
stochastic differential equations and investigate those conditions under
which the solutions are unitary. Such equations are a source of
cocycles for perturbing the group of shift operators on fermion Fock
space over L?(R). We use the perturbed group to construct a dila-
tion scheme for contraction semigroups on Hilbert space in the sense
of [17] and of quantum dynamical semigroups [14] on the algebra
of bounded operators on Hilbert space in the sense of [7].

Finally we investigate the fermion analogue of (0.5) which defines
an object which, we propose, deserves to be called a fermion Poisson
process of intensity I

We employ the following notation:

If b, and B, are inner product spaces, we denote by §®9, their
algebraic tensor product and 5&®Y, it’s Hilbert space completion,

Densely defined maps between Hilbert spaces are mutually adjoint
if each is contained in the adjoint of the other. Pairs of such maps
will be denoted (7,T").

Whenever a proposition contains the symbol 7% it should be read
for both 7" and T

Let V be a vector space and

n
c=(C1y.0.,6) EXV where neN
j=1

for 1<j<n, define the maps

n—1

T J_>31 V—>j>=<lV
by
75() = (C1y e ce s Cim1y Cirg e e e s Cn) e
We write

”f(’”ckE %1(7’1' ). .
k=1 =1

I am grateful to the referee for valuable criticism of the first draft
of this paper.
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§1. Preliminaries (cf. [2], [9])

A Hilbert space & is said to be Z,-graded if it may be written
H=#,PDH_ where #, and H#_ are called the even and odd subspaces
(respectively). Suppose that 7" is a densely defined operator on &
whose domain & is an internal direct sum & @ & - where &, and
€ - are dense in #, and - (respectively). & is then said to be
densely graded. We say T is even if T& . CH# . and odd if T & . SH %

Let p denote the parity automorphism of B(#) defined by linear
extension of

o(T) =T if T is even
o(T)=—T if T is odd

p is implemented by a self-adjoint, unitary operator 6 on 4 (called
the parity operator) which acts as / on s, and —/ on #_.

Let o1 and #; be Z,-graded Hilbert spaces and 4 be their
Hilbert space tensor product. J# is Z,-graded by the prescription

H v = (H1:QH 24) D (H1-QH 2-)
H = (H1:QH 2-) D (H1-QH 24) -

It is easy to see that the parity automorphism of B(#) is p=p0:Qp:
and that p is unitarily implemented by 6:&0, where p;(+)=0;(-)0;
is the parity automorphism of B(J#;), (i=1,2).

Let ¢;€4#; and T;,€B(#,) (i=1,2) with ¢, and T; of definite
parity.

The Chevalley product TyXT, is defined by continuous linear exten-
sion of
I(TYe(g)

(T/RTH) (91 @) = (—1)" 2" Tihi QT (1. 1)
where d(T,) =sgn p,(T%) and e(¢y) =sgn 61¢1. (1. 1) extends by linearity
to the case of arbitrary T, B(#>).

For S, T;eB(#;) (i=1,2) with §, and 7; of definite parity we
have
8S8(Tp

(S1®T1) (S2®T2) = (‘" 1) 31S2®T1T2 (l- 2)

which again extends by linearity to the case of arbitrary S, and 7.

If SeB(#y) its ampliation to H# is the operator SRIcBr). If
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T is an operator on J; with densely graded domain &, its algebraic
ampliation to # is the operator T@I with domain &,Q#, where the
symbol @ is manipulated in the same way as & (with due regard for

limitations of domain).

For § a complex, separable Hilbert space let % (§) denote the
C. A.R. algebra over Y. € (§) is a C*-algebra with identity generated
by {a(f),f€b} satisfying

{a(f), a(@} =0

1.3
@), @@V =<1 (1.9
for each f,g<h.
From (1.3) we deduce (see e.g.[6])
Ha(O =S H=lla" (]I (1. 4)

for each feb.

Let @ be the (vacuum) gauge invariant quasi-free state on % (§)
whose two point functions are given by

o(a'(f)a(g) =0 w5
o(a(@ad (f)) =<f, & )

for f,g<€b.

The G.N.S. representation of (% (§),w) lives on fermion Fock
space I'(§). For each f€Y, a(f) and a'(f) are realized as anni-
hilation and creation operators respectively on I'(§), these being
bounded and mutually adjoint. @ acts as expectation with respect to
the vacuum vector ¢ in I'(§) which is characterized by the relation

a(f)¢o=0 for all febh. (1.6)
Let & be a dense subspace of }) and let

f=(fo-fJEXS for nel.

We write

and
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where 1<j,k<n (j#k).
For Te B(§) we write
Tf=(Tfy,..., Tf).
The set S = {¢,,(f),fej>}1y, ne N U {0}} is total in I" (§) where each

$u(f)=a'(f)...a' (D2
By (1.4) we have

Jrsb,,(f)nsgnf,-n. (1.7)

From now on, & will denote the linear span of 4. For each

ij%lf,nEN,geﬁ we have, by (1.3) and (l.6)

4@ 9u(f) =23 (= )" He f)hua (f). (1.8)

I' () is Z,-graded as the direct sum of even and odd antisymmet-
ric tensor powers with respect to which, the annihilation and creation
operators are odd. Let pp(+) =0(+)0r denote the parity automor-
phism of I'(§). We have

Orn(f) = (=1, (). (1.9)
for all fe %ly,nEN.

Let 5=5®Y, then we may make the canonical identification
r®=r®)®I ) for which ¢y=¢i@¢s (where ¢9 is the vacuum
vector in I'(9;) (j=1,2)) and

a(g) =a(g) RI+I1Ra(g)
for g= (g, &) €9 [9].

Hence for T=0P7T,=B()) we may identify a(7Tg) with IRa(T»g).

Let % be a complex separable Z,-graded Hilbert space with parity
automorphism po(+) =0,(-)f. We write

H =50®P (I])

=E)O®F (fh) ®F (r)z)
=K 1®,}f 2
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where #1;=5QRI () and #,=I"(8,). &, will denote the dense sub-
space 50@51 in #;, (where &, is the linear span of n-particle
vectors in I'(§)). We denote by p(:) =60(-)6 the parity automor-
phism of B(s#). For arbitrary XeB(s#;) and odd YEB(#,) we
deduce from (1.2) the formula

IQY) (X®D =p((XQD) IRY. (1. 10)
&, is Zy-graded by the prescription (&) .=&:NLH) ..
We will make frequent use of the relation

0"00@[: (00®0F) (0o®1)
= (00®0F) (00®I)
=1Q0; . (1. 11)

§2. The Gauge Operator

Let TeB(5). We define an operator 2(T) on the dense domain
& by linear extension of the prescription

A(T) =0
A = L9, o @1

where differentiation is in the strong sense. A(7") is called the gauge

operator.

It is well defined for suppose that, for some m& N, we can find
c;€C, n,eN, f<f>e§ijly (1<j<m)
for which
2 e, (fip) =0
then for each ¢,(g) €. we have
(3 et (€T S), 4@ =CT 0t (S 5™ £)>=0

whence

B

) ¢ (€ f(5) =0
j=1 4

s0, by linearity,
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(D) 353 e, (f) =0,

as required.

Lemma 2.1.

g€y and T, U B() with [T,U]=0.

()
(i)
(iit)
(@)

[e(@),2(T)1=a(T"9)
[a'(@), 2(T) 1= —a'(Tg)
[2(T),2(U)]=0
[A(T), 0s1=0.

The proof is by straightforward computation.

From (iv) we see that 2(T) is an even operator.

Let 4 and B be operators in ##; with domain &,.

The folloing relations hold on the dense set & for all

(2.2)
(2.3)
2.9
(2.5)

We identify

them with their algebraic ampliations in 5. For S,T<B(,),e¢<h,
we similarly identify 2(S) and A(7) with their algebraic ampliations
in # and a(e) with its ampliation in J#.

Lemma 2.2. For u,vEl, fE)?,?, ges ;V, m,nEN we have
j=1 k=1

D) <Au®¢.(f), BA(T)vQ¢n(8) >=

(i)

(i42)

(i)

Zl ,?3( — 1)K f;, Tgd{Au@Pp—1(f ), BoQm-1(8) )

(4a(©)u@4a(f), BAUT) v@¢n()>=

2, BT (DI Sy X S TeAD R ),
Bo@d-1(f >

@' () Au®¢u(£), BAT) 0@ (@) >=

2 (= 1)K T, g AU (f), 0(B) @1 (67

O3 (= D) "o, )T 8 Au@a(f),
0(B) 09 @pm-2(8") >

AT u®,( ), BAU) 1@ n(2)>

=3 5 (—D)*KTS;, Ug}{Au®dy(f), Bo® (8 >

=1 &=1

3 5

k=1 (=1

(2.6)

@.7

(2.8)
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_ f: z'": ”z_:l(j)mz_l(k) (=12 £, Ug TS}, 25>

=1 E=1 =1 =1

Au@Pn-2(f*) s BOQPm- (8% .

Proof. (i) By repeated use of (2.3) we obtain
Au®¢,(f), BAT) vQ¢Pn(2) >
= Au@0(f), B®Y ' (&) . - a' (T80 .. a' (@) 6

il
Ms

(=D "M Au®¢.(f), BvQa' (Tg) Pm-1(g)>

S
Il

1

(=D " Ka (T Au@,(f), IBIOwRYn-1(8" >

3

k

25

2.9

by (1.3)

by (I.1) and (1.6)

I
SM=

1 k=1

S (= D)™k £, Tg>0A00u@dpn-(f7) , 0BIIwR b1 (28>

by (1.3) and (l.8).

The result follows from applying (l1.11), (1.9) and the unitarity

of 4.

@ii) From (1.8) we obtain
(4a()uR¢,(f), BD)o@n(@)>=
33 (= DK Sy XA0u@us (), BUT)o@n(

and the result follows from applying (2.6) to this expression.

(dii) By (1.10) and (2.2) we have

(@' () Au®¢, (f), BA(T) 1 (@)
=(Au@¢,(f), p(B)a(T"e) 9@ () >
+<AuR, (£, 0(BYAD) a(h) v@¢n()>
=3 (= D) KT, 6} Au®u (S )1 0(B) O @fms (&) >
+<p(B)a(e)vQ@¢n (), AN u@¢, () >~

by (1.8) and (2.5). The result follows by applying (2.7) to this

expression.

(iv) Repeated application of (2.3) yields
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CAXT) @ f) » BAU) 0@ () >
=37 3~ 1) Au@a' (TF) $p1 (f) , Bo®a' (Ugy) s (89

=3 S (=DM () 0@ () a(Tf)a' (Ugd) p(B) b
QPm-1(8"> by (1.10)
=3, 2~ DMK, Ugdo(4) 0u®5s (), 0(B) B
P n-1(89>
~3, B (DKo () 0@ (f) 0" g (T 0(B) b

QP m-1(8D> by (1.3)

= z z (— 1) *KTf;, Ugd<Au@dn1(f) s BoQ-1 (89
—3} B (DK Au@aUgd) $us(f), BI®a(Tf) fma (69

by (1.11), (1.9) and (1.10). The result follows from applying
(1.8) twice in the second term. O

§3. Adapted Processes—The Gauge Process

From now on, we will take y=L*(R*), §5,=L*([0,#)) and },=
L%([t,©)). Indeed, we will find it convenient to use the notation
Bi=b;, 5=V, oL =0 pP =%, 1= & ,, #1=H#, and H,=#"- & will con-
sists of locally bounded functions. We recall the following definitions
from [2].

An adapted process is a family F= (F(¢),t=R") of operators in #
such that

a) For each t=R™*, F(¢) is the algebraic ampliation to f,@éf‘ of
an operator in #, with domain &,.

b) A family of operators F'=(F'(t) €R*) exists satisfying the
conditions of a) with each F'(¢#) adjoint to F(¢). F' is called the
adjoint process. It is clearly adapted.

We denote by &/ the complex vector space of all adapted pro-
cesses in .
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Feg/ is said to be simple if there exists an increasing sequence

oo

(t,) yenvy in B* with £,=0, lim¢,=oco0 and F= Z_:OF'XE'r-'r‘fD where each

F,=F(t,), continuous if for arbitrary ue,l“’fe.% &#,ne NU {0}, the maps
from Rt to s given by t—=>F@®uQd,(f )J are strongly continuous
and locally square integrable if each of these maps are strongly measur-
able and F satisfies

(IF©u®g. (P IFis<co  for cach 1R,

We denote by &, &, and &%, the subspaces of & of simple,
continuous and locally square integrable processes, respectively.

We have &y, . CZ%,.

We say that FE&/ has the property a(e.g. unitarity, even parity)
whenever each F(¢) is the algebraic ampliation of an operator in s,
with domain &, possessing the property a.

The annihilation and creation processes are the mutually adjoint, odd
continuous processes defined by

At:I®a(X[0.t)):A;:I®a'(7([0.t)) for teR*.
We define the gauge process (A,t=R*) by the prescription
At=I®Z(XEO.t)) @G.D

for each t=R*, where the indicator function y; acts by multiplica-
tion on L*(R™").

By (2.5), it is clearly an even process. It is continuous for given

ushy, fe >"<g7,nEN,s,tER+ with s<t¢ we have by (2.9)
j=1

(4= 4) u@3b, (f 11
=<2(X(s.t)) u®¢n(f) ’ 1(%@,:)) u®¢n(f) >

=% 20" FOH @ E<u®0,4(), @i (>
-2 TS ® () aeers AWAGTACLS (S’fTr)fp (2)dr)

=1 p=1 s

<u®¢n—2(ft) 1 u®¢'n—2(fp) >

—0 as s

For each teR", we define the time t vacuum conditional expectation
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Eq: B(s#)—>B(H#y) &I by continuous, linear extension of the prescrip-
tion
E;(XQY) = XQI<¢b, Yt (3.2)
where XeB(#,),YeB(#"). E; extends in the obvious way to
densely defined operators on 5# whose domain includes ¢,.
We say that FE&/ is a martingale if for each s,tER* with s<i
Eq(F(2) =F(s). (3.3

We show that the gauge process is a martingale. For all ¢, y,&,,
we have

{8, 40 RP5>
= <¢s®¢5’ (As +2 (X[s. t)) ) X,s®¢(s)>
= <¢s®¢37 AsXs®¢'5> + <¢s®¢87 A (X(s. t)) Xs®¢(s)>
=L @5y Aits) + < by 1< 2 (N s.0)) P
=<y, Lix>

whence E.(4,) =4, as required.

It follows that the martingale representation theorem of [15] is

not valid in this case.

We will find a use in §6 for the following estimate. Let L be
the ampliation in # of a bounded operator in §y, uEh,, f EJZ(1 hneN,
t>0, then

ILAu®d. (F) 1P
=135, (~ D" Lu®a Gt /) $us (P I by (2.3)

SHLllzllullzleEn1 a' (o0 S3) Paa () |

<IZIPlPn 35 Ul I (1)
<n#|LIPllP AR - LS 3.4
by (1.4) and (1.7).

§4. Stochastic Integrals of Simple Processes

Let E, F,G, HE o/, with
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E= rZ=:0 Erxtt,.. try1)? F= jéo F'X[tr' try1)

G=2 G, H=% H/u.1,,p» 4.1
r=0 r=0

r+1)?
where 0<t;<Z... <t,——>o0.

We define the stochastic integral of (E,F,G,H) to be the family
of operators M= (M(t),¢=>0) defined inductively by the prescription

M) =M(,) +E(4—4,) + (4i— A4} F,+G,(4,—4,)
+H,(t—t,) 4.2)

whenever t,<t<t,,;,, where M(0) is the ampliation in 5 of an element
of B(%o).

We write
M) = M)+ (Bid+dA'F-+Gdd -+ Hie) (4.3)
whenever (4.2) holds. Equivalently, we will use the differential
notation
dM=EdA+dA'F+GdA+ Hdt . (4. 4)
We note that by (1.10) we have the formal relation
dA'F=p(F)dA'. (4.5)

By formal adjunction in (4.2) we see that M is adapted, the
adjoint process being given by

M'(t) = M'(0) +S' (E'dA+dA'G'+ FdA+H'dr). (4.6)
0
Clearly M depends linearly on (E, F,G, H).

Theorem 4.1. Let E,F,G, HE o/, and M be their stochastic integral.
For each u,vEY, fe % &, g€ % F,n,meN,tcRE* we have
j=1 k=1

@RS, (M(E) =M (0)1@0n(D>
= 3 B0 <u®u (1), E@@r (&) > @)

+ 3~ D@ <Ou@na(f), F ) 1@en(@)>

+ 2 <uR¢a( )1 C() 0 @m-1(8) >8:(2)
+ U (), H () 9@ () M. 4.7)
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Furthermore M (t) =M (0) for all t=R* if and only if each E(t)
=F@)=G@) =H(¢)=0.

Proof. By Theorem 4.1 of [2] we have
(@R¢u(f), M@®) ~ MO - Eity@ea0)>
={, DO <00 (), F 1@

+ 3 (= D" KU (), G () 00 @m-1(8) > (7)
+ () H() 9@ () ) e (4.8)

so it is sufficient to establish
@@ (1), |, B9 (> =

(5 B D <u®ua (), B 1@nr() s (D) de
4.9)
whence (4.7) follows from adding (4.8) to (4.9).

Without loss of generality, we take
E=3 Ey,u,,p with 0=t,<... <t~
i=

and establish (4.9) by induction. (4.9) clearly holds for ¢=0, assume
that it holds for t=¢,, then for ¢,<t<t,.;, by (4.2) we have

@®¢:(f), | Bitr@eu@)>
— (), E(4,— 4,004 (>

=u®¢:(f) s EA(,.0) vQPm(8) > by (3.1)
=é é — D S, 080 URDa1 (), EQ@Pm-1(8) > by (2.6)
=5 20 D00t <u@us (), Ea@fna@) -

For z& (¢,,t) we have E,=FE(r) and the result follows from addi-
tivity of the Lebesgue integral.

Now suppose that M (&) =M (0) for all tR*. Applying the argu-
ment on p.479 of [2] in (4.7) we deduce that F=G=H=0. Thus
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we conclude that for all teR*

E}

2 (— D0 <u®ur (F), E 0 1Q¢n-1(8) a0 =0

7

and since the set of ¢,(f) corresponding to a choice offe_%y such

that each f;(¢) #0 for all ¢ R* remains total in I'(L*(R*)) we con-
clude that E=0. O

The following theorem is essentially the fermion Ité6 formula for
simple processes and plays a central role in the further development
of our theory.

Theorem 4.2. Let E,F,G,H,E’,F’',G’',H €,
M@) = S: EdA+dA'F+GdA+ Hds
M) =S:E’d/1+dA'F’+G’dA+D’dt .
For arbitrary u,vEh, f& _>j<19, gekgy, n,meEN, the mapping

t=>{M @O u@@Pa(f), M () vQPn(8)>

from R*—C is absolutely continuous with derivative

LM OuRI (), M (D9D(D)>

2

= kz (= 1)@ KM () u@brar (F7) ) B () 9@ (2" >

J

+CEOuRnr(f), M (1@pnr(&)>
+CEOURPsr(f), B o@D 1a(®

+ 2 (=D SO GO 0u®s (f), M (1) 1Qn(D)
+ (MO @1 (), F' (1) 9@n()>

P (E®) @us (f), F' () 9@0n(@) ]

+ 3 (— D" LEOuR(Sf), oM’ @) 00 Rp 16D
PO uQgu(f), 0B ©) @18
+MOURI(S), G O 00RPn-1(& 10D
+CHOUR(f), M ()9 (2)>

M@ u®¢, (), H' ©)vQ¢a(2)>
HF@Du@Pa(f), F () vQ¢n(8)> - (4.10)
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Proof. By Theorem 4.2 of [2] and proposition 4 of [4] we have
B = Bimup. 1), ' © = Bt @a@>
=3 (DO KGO 0@ i (), (M) = Edt)

1®n(@)>+<p(M(®) = Bl 0@ s (f), F (1)9@0n(0))]
+ 3 (D" KF @U@ (f), o (M ©) = Edl) 00D n-1(6) >
M) = BauR$,(f), G (1) 00@n-1()>]ar0)
+CHOuR( ), (M0 = B @@
MO = B, f), H 0@

+LF @ u®P(f ), F () vQPn(2) > - (4.11)
Without loss of generality, we take E,F,G,H as in (4.1) and
assume that E’, F/,G’, H’ have the same intervals of constancy. Thus
we may write M(¢) and M’(¢) in the form (4.2).
We establish (4.1) by induction. It clearly is valid for t=0 and
we assume that it holds for t=¢,.

Now suppose that {,<t<t,;. Given (4.11) itis sufficient to com-
pute

LK B, ), @) = Brddyi@a@)>
+<m@) = Biyu@g.( 1), | Bito@pn@)>

+ Eat@g. (1), || Bito@p@))

= B, u®4(S), (M (1) +4' ) F
+Gla(y, ) +HIE 1)) 0@m(@) >
+ < (M(tr) +a1 (X[l‘,.t)) Fr+ Gra (X[tr.t)) + Hr (t —tr) ) u®¢n(f) B

E (. 0) 0QPn (8) > +<EA(Aer,.0) u@Pu(f ) s Ev@Pm (8) D} (4.12)
by (4.2).

We compute each of the terms in (4.12) separately



FERMION ITO’s FORMULA 33

A M) )y EA )7 @n(

=4 % 31 T@a® M) 1@,
' E@fn-1(8)>
=3 LD HDaOME) 1), Er®pnae)
(4.13)
by (2.6).

A similar argument yields

B2, ) 4@ (), M (1) 9@bn()>

=% 2 (=D 060 EaQfua(f), M (1)@ Pn(h)-
(4. 14)

M=

Il
-

J

Again, by (2.6) we have

A H 1) U@, (), EAl,0)7@5,(0)>

Il
SN
M
Mz

.
il
-

(—1** F@ 8@ dH. 1) u@dua (),
Eo@fn-1(&)>
-~ £ @ 6@ deCHa®¢u1 (1), Ev@¢n-1()

k

1

[
FM:

é Zm: - 1) J+kmgk (t) <H (t —tr) u®¢n—1(fj) 9 E;v®¢m—1 (gk)>

=CHu@¢(f) s Bt 0) v QP (8) >

+§l( - 1) j+k.fi (t) <Hr(t —tr) u®¢n—1(fj) 9 E;v®¢'m—1 (gk) >gk (t) °
(4.15)
Similarly

A B Gt D uR ), Hy(1—1)0R5 (@)

=BG, )@ (), @@+, 3 (=D (D)

CEAuQPr (), Hy (6 —1,) 0@Pm-1(8) > - (4.16)
Using (2.7) we obtain
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A Gl 8 ®Iu( ) B, @D

n—Jj

RO SR\ WOTO N WACTACE,

i=1 =

G 0au@br-a( ), E@eprs (9>
TS (— 1y, (t)S T @a(de

<
)
-

T @) T e () 1< Au®@7brr( F7) , En@pmr(g)>

Il
~ M=
= uM.

[V_]=

> (=D f;() [ (<G Iu@Pnr(f7), E2 (Aee,.00) v QP () >

(=D fi(O)<Ga(xg,n) uQPu-1 (),

Ep@dn-1(89) 28 (8) (4.17)
by (2.6) and Appendix ().

<
1)
-

Ms

+.i

Jj=1

a
Il

1

Similarly
B At 0) 4®$.(f), 61 (1t ) 1@ (D

(—l)m_k<Er2(XEt ) u@¢.(f), Gaov®¢'m l(gk)>gk(t)

uMa

z > (=D FDEa®u1(f*), Gla (1)
QP m-1(8%) D8 (2). (4.18)
By (2.8) we deduce
A 0 Otry) PR () EA s, ) 0RPn ()
=L 21 @@ Fa®.(), 0(E) 0@ ()

m m—1 n t -
+ 45 Fod - 1>m-*+‘+f<§trg,,<r> dz) (S:rf,-(r)g,(r) d)
<Fru®¢n—1(fj) P(E;) 0OU®¢m—2 (gm) >
= Z - 1) " k<Fru®¢n(f) ,O(E,-) 00”®¢m—1 (gk) >gk (t)

Z (=D " KFu®P,(f), 0(E)2(11,,.0) 0@ Pm-1(8") D8 (1)

3 (DO () Fa®bus (F),
Ep®¢m(¢) &) (4.19)

u[v_|= T
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where we have used the same arguments as in the previous computa-

tion,
Similarly, we obtain

LB, ) URG4(f) @ (i) @ ()

B

=2( — 1" () <0(ED) 0u@u-1( 1), FpQ@po(2) >

(=D f;0<p(E) 2ttt ) Ot @1 (), Fo@m ()

M=

I
-

J

2 E(=D O B (), (o) P
VQPm-1(8") D8 (1) (4.20)

uMa

Finally, using (2.9) we have
AB AL, ) URu(f ), Bt 0)9@n (D

=i 5 50" SO a@ B, (), Bt

j=1 k=1

—4 355 §=:<'=><—1>=+'=+‘+P<S F@a@d)

n

<S 1) 25() d2) Eu®dby-o( ), Ep@dPma(g™) >

> 3 (=D KEu®pa(f), Ev@na(e)>

+ <E A (Aet,.0) UQPu1(f7) s EWQ@Pm-1(89>
HLEu®Pu1 () s Ed (A, ) " Q01 (8) D} 8 (1) - (4.21)

lIM:

by Appendix (ii).

Collecting together the terms in (4.13) to (4.21), we find that
the right hand side of (4.12) is equal to

3 2 (=D KEa@ual ), Ev®f (8D
+ M OURur (S, Ev®Pn-1(6)>
+Ea@ur (), M (1) 9@-1(8)) (1)
+ 2 (=D 0 KGR (S, EACtr,0)v@m(D

+<o(E) A(Ktr,.0) 0 Q@Pu1 (), Fr@Pm(8) >
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o (B 0uu®uos (f), Fo@m(2)>

+ 2 (=D "B AL, )b () G @ nea (8
+CFa@(f ), 0 At ) O @p-1 (8
+CFa@u(f ), 0(ED) I @-1 ) ) (1)
+CHu®$a ()1 EAL1t,0) 9@ (@)

HLEA(t,.0) 4@ (f ) s HoQPn(9) > (4.22)
Adding (4.2) to (4.11), where the latter equation is cut down
to the range (¢,,%), we obtain (4.10) as required. il

§5. Extension to Square Integrable Processes

In (4.10) we take E'’=E,F'=F,G'=G,H'=H,v=u,m=n, and g=f
to obtain

M @@ I
=2Re {(2(— D0 MBu®bur (), 5 (=DM
E@u@fu-s(f)>+<2 (= D™ () o (M(©)) 00t @5nr (f),
FOuRu(S)>+<E (= D™ 0 p(E D) b @bua (S,
FOuR¢u(f)>+ X~ D" HC W) 00@4ua (f ),
Fi®M@)v@pu(f)>+<H 6 u@¢u(f), M ()@, ()}
HIZ (= DA O EOuR¢ua(fIFHIF O u@u (I

<2 (150 P20l M ) u®bura () |+ 30l E @Y u@a (S I

+ 1M @) 4@ () IP1+ G0 @ () 1}

+3I1F (&) u®@, (I P+IM () u®, (S

+IIH @) u®¢. (I G.D
where we have used the inequalities 2Re{¢;, > <||¢i]|*+]|4s/|* and
||ij1 ¢,-||2§nz‘11[]¢,-||2 together with the unitarity of .

Let E, F,G, HE¥%,. By Proposition 3.1 of [2] there exist (E}) sem
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(F) sers (Gp) peny (Hp) pen such that each E,, Fy, Gy, Hye oy, (pEN) and
for arbitrary u€h, f& ;<1.?, neN, a;B;,1,0e%, 1<j<n, 1R,

[, Ba@IEE -B@)u@¢- (1
+B,@IC @) ~GH®) 0us®3,-1 ()]
FT @I @) — F@)u®u (1P
+3() || (HH @) — H}(2))u®4, (/) P de——0. (5.2)

Let M,(t) =S: EdA+dA'F,+GydA -+ Hyds .

Theorem 5.1. For arbitrary u€ho, f€ X P, nEN and T>0, (M,(t)u
i=1

QR (f)) pen converges uniformly in # for ¢ [0, T] io a limit independent
of the choice of (Ep)sens (Fp) sens (G) seny (Hp) sen satisfying (5.2).

Proof. The argument is very similar to that of the proof of
theorem 5.1 in [2], indeed replacing M by M,—M, in (5.1) and
t =n
using the integrating factor exp{—t—So > |fi(z) |z} yields
i=1

(M, (0) — Mo (8) u@3 () [P
n T n
<expl(, (£ 16 +Das { 5046 1%
(221 (M (&) — M, (2) ) u®dbr () [P+ 30| (Ep(2) —E, ()
4@ 11 (o (®) — G (D)) 6@y ()17
L 3I(Fy () — Fy(2))u®da () [P (Hy(2) — Hoy ()
u@, () 1IPldz . (5. 3)

Putting n=0 in (5.3), the sequence (M,(t)uQ@do) pen is uniformly
convergent for t=[0,7] by an identical argument to that of [2].

Making the inductive hypothesis that each (M,(#)u@P,—1(f7)) pen
is uniformly convergent, hence uniformly Cauchy for t=[0,7], the
result follows from applying (5.2) in (5.3) where we take each
a; (1) =3n|f;(0) |7 B;(t) = w110, 7 (1) =3,0(8) = g0, 1900, 1 <j <1, 2 [0, TT .

The analogous result for (M}(#)u®¢,(f))senis proved identically.

A similar inductive argument establishes the required independence
of the convergence. ]
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We define the operator M(¢) on & by the prescription
MBu@¢,(f) =lim My(t)u@¢n(f)

for all teR*. We denote also by M (¢) its extension as an algebraic
ampliation to &,Q#*. Clearly M(¢) is an adapted process, we call
it the stochastic integral of the square integrable processes E, F,G and
H and write

¢
M) = So EdA+dA'F+GdA+ Hdt (5. 4)
for t€R*, the adjoint process being given by
M1 () = S‘ E'dA+dA'G'+ F'dA+ H'dt .
0

By identical arguments to those used in [2], we see that M is
a continuous process, furthermore the maps (—>M(@)u®¢,(f) are
bounded on finite intervals whence we may pass to the limit of simple
approximation in Theorems 4.1 and 4. 2, hence establishing the validity
of these for E,F,G, HE Z%,.

Let M denote the set of all stochastic integrals of square integrable
processes which satisfy (5.4) with each M(¢),E(t),F(#),G(), H@t) €
B(#) for teR* and

sup max {[[M () |l, [E) [, 1FWII 1G], [1H ()]} Lo

Theorem 6.1 below demonstrates that P% is by no means empty.

Theorem 5.2 (Fermion Ii0 formula in bounded form). M is a
Z,-graded *-algebra under poiniwise operator multiplication and the involu-

tion M— M.
Furthermore for My, MMM with

dM;=EdA+dA'F;+G,dA+ Hdt (i=1,2)
we have
d(M M) =dM,- My+ M, -dM,+dM,-dM, (5.5)
where
dMy» M= EMdA+dA"FiM,+ Gyp (My) dA + H Mdt (5.6)
My <dMy= M EdA+dA o (M) Fo+ M Gyd A + M Hdt 6.7
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and dMdM, is evaluated by bilinear extension of the multiplication rules

da a4’ dA dt
d4 a4 d4’ 0 0
d4 dA dt 0 0
A4t 0 0 0 0
dt 0 0 0 0

Proof. The structure of I ensures that the right hand sides of
(5.6) and (5.7) are well defined. The result follows from putting
M=M], M'=M, in (4.10) and then applying (4.7). |

8§6. Stochastic Evolutions

Let Ly,e %%, (j=1,2,3,4) be such that each L;(¢) is the ampliation
in # of a bounded operator L;(¢) in §, such that {L;(¢)u,tSR*} is
bounded for each u&h,.

Hence, by the principle of uniform boundedness, there exists C;,>0
such that

|| L;()||<C; for each teR* (j=1,2,3,4).
Let C=max{C;,j=1,2,3,4}.

Our aim in this section is to establish the existence of a unique
solution to the stochastic differential equation
dU=U (L, dA+dA'Ly+ Lyd A+ Ldt)
Uw)=I1 6. 1)

and to establish conditions on the L;s under which each U(t) is a
unitary operator in .

We establish the existence of a process U= (U (¢),t€R*) satisfying
(6.1) as the limit of the sequence of stochastic integrals defined
inductively by

Uy(t) =1
t
Upy(t) =1+ So [UpLadA+dA"0(Upoy) Lo+ Upy LadA+ Uy, L,]dt

(6.2)
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for all teR*,
U, is well defined for all p, by the same arguments as used in
[2], with adjoint process given by

Ui =1
Ui(t) =1+ S: [LIUdA+dA LU+ Lo (U} dA + LiUSJde .
6.3)

The following estimate is crude, but as we shall see, effective.

Theorem 6.1. For arbitrary p>0,uEf)0,fe_>35’,nEN and t>0 we
have -
[(U(&) = Upa () u®, (1P
<gexp e+ 3215, 1) (1m0 2t 1y

Fexp 2111 (6.4

Proof. This follows very closely the argument of [2], whence we
argue by induction on n and on p. By (5.1) we have

D W0 = Uy (0@ I

< 2 A L2001 U0 = Upa (1) u@na (S

+30)[(Upr () —Up—2(®) ) L1 (1) u@P 1 () |I?
H (U @) —Upa () u@, () |17
F(Up-1(8) —Up—2(8)) Ls(#) 0u @1 (f ) 1%}
+3ll0(Up-1(2) —Up-2(2) ) Ly (t) u@P, (f) |
HN (W@ —Upa () u@Pu (S
FH(Upa(#) —Up—2(8)) Li(®) u@, (S|P

Using the integrating factor exp{—¢— St Z" |fi(@) |%dz}, and the
03
unitarity of # we obtain upon integration
1 (Up(8) —Up-1(8)) u® (S |I?
13 t n
< So exp {¢ —r-l-g Z:lif; (s) | *ds}
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XLE @ 20l UpE) =Upa ) u@eLua (S I
+ 30/ (Up-1(r) —Up-2(7)) L1 (2) u@r (f) |17}
+ 2| W) =Up-a(®)) La(e) Bt ®efra (S
+3[|(Up-1(r) = Uyp-2(7) ) 0Ly () u®, ( f ) |2
[ (Up-1(r) —Up-2(2)) L () u@, (£ ) |*1dr . (6. 3)
When n=0, we obtain from (6.5), for all p>0
(U@ = Usp1(8)) u@dbol 2
<{ o 81 Wra0) ~ Vs 0L a3l
H(Up-1(7) —=Uyp2(2)) Ly(2) u@0| '} dr
S%e‘t”ﬁ"C”l]qu
by iteration.
Now, making the inductive hypothesis that
[ (Up(8) = Upr(8)) u®Prra ()P
< —[lﬂexP e+ S: ';i:;” () 1%de} (-+n—1)2CH6m+2-
Xl exp TN fll

we find that the first term on the right of (6.5) is bounded above
by

n n—1
2n%6n+ﬁ—lczpn2n—2 Z exp (t+ St Z(J‘) Ifk (S) lzds}
. j=1 0 k=1

x§exp ([ 11,9 19491, 17— el exp 0 £

(6.6)
Now, integrating by parts

S: CXP(SZ f5() 1%ds) |fs(2) [P (e +n—1)*dr
ZS CXP(S:'ffw l2ds>p<r+n—1>f'-ldr+exp<§: \f3(s) |ds) (n—1)*
<exp({| 11, 1%5) (40 =12

whence (6.6) is bounded above by
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t n
nlexp [+ So S 1/,6) s} % o]

X a2 e+ —1) |l Pexp 311 £ ©.7)

Similarly the second term on the right hand side of (6.5) is
bounded above by

(p__ 1)| Czﬁ-26n+p—2 2n-2 Z exp {t_l_g :Z;:i(i) Ifk (S) ‘2ds}

x{exp (| 116 1%9) Ly @) 1P = 1P Lu(edu e
xexp TOIAIF

6»+P—2021’ﬂ2n—2

t n 1
<swtexple+ | 310 s o
X (t+n =)l exp 1A (6.8)

and the third term on the right hand side of (6.5) is bounded
above by

(p___.l)| CZP 26n+1’ 2, 2n—ZZ CXp {t+S g(i) Ifk(s) izds}

%, exp ([ 1,05 185) (e n—1)24114(0) Bl e exp S0 Al

<nexp{t+ S: ﬁll fi(s) | %ds} :iﬁ Gr+b-2( 2y =2
X (t+n—D4lulPexp ZIIAIF- (6.9)

Adding together (6.7), (6.8) and (6.9) we find that the first
three terms on the right hand side of (6.5) are bounded above by

exp {t + S 215 (5) %5} 642G

{lQnZ(tT’;ﬂ )_,_ (t+7;)|—'1)p

z%}llullz exp 2 I/l

<exp{t+ So 3 1,06) s} 674G (1264 )

_|..

X A exp 33 11 (6.10)



FErRMION ITO’S FORMULA
where we have used the binomial theorem to deduce that
[(t—l—n——l)”-l—[)(t—i—n—l)" <— 2 (t+n)ﬁ

So substitutlng this into (6.5) we have
(U (&) —Up(®)u@®@¢, ()]
<exp {t+ gt Z"] |fi(s) | %ds} 6**272C% (12n% 4 1) n?=2

Xt exp S 7P+ exp e

+{ 21100 145} 131l Uia (@) = Upa®) 0L @0 ) 1
Uy (@) = Upa®)) L@ ueo () 1 -

We proceed now to establish our result by induction on p.
When p=1, for all >0 we have

[|(U1(#) =D u@¢P ()
=[iS’ (LidA+dA'Ly+ LdA -+ Ldt) u®d, (£ |12
<AC (| 4u@ P () 1P+ AP, () IIP
+{14:u@¢, () 1P +[tu@Pa (1)
<4CH(n?t+ 2 +17) |Iu]|2}_l:1|] FiP

<exp {t+S: éllf,-(s) |%ds} (n+1)% (¢ +n) C%"

X[l exp 3|1/

as required, where we have used (3.4), (1.4) and (1.7).

Now making the inductive hypothesis in (6.11) that
[(Upr () —Up—a () u@¢n (S II?

SRl | S e e

X6+ (n+1)|Jul* exp 2||
our result follows from the observation that

6702 (1222 + 1) n?* 2+ 4. 67274 (n+ 1) >
<622 (n+1) 221202 +n+24 (n+1)?]
<6 (n+1)2,

43

(6.11)
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A similar argument establishes (6.4) for the case where U,(Z) is
replaced by U}(2) (6>>0). O

From (6.4) we obtain
LU0 ~ Ui () 1@, (S <0
whence
U@u®¢n(f) =u@¢(f) + LU0 ~Upa()u@9u(f)  (6.12)

exists and defines an adapted, square integrable process.

To see that the limit indeed satisfies (6.1), we use (6.10), the
Schwartz inequality and the uniformity of the convergence in (6.12)
on finite intervals of B* to show that, for each i€ R".

lim| ( 1w-v nds+aae -, L

+ (U—=Uj-) LdA+ (U—Up-) LdiDu@¢, ()l
=0.

Theorem 6.2. The solution U of (6.1) is unique.

The proof is similar enough to the proof of theorem 6.2 of [2]
to make repetition unnecessary here. Note however that our more
general estimate (5.1) frees us from the requirement of [2] that
U be of definite parity.

We will now investigate the conditions under which U defines a
unitary process.

Let us, first of all, assume that U is indeed unitary whence it is
bounded and U, UL;(j=1,2,3,4) are uniformly bounded on finite
intervals, whence by Theorem 5.2,

0=4(U'U)
=dU. U+U".dU+dU'dU
=LidA+ LidA+dA'Ly+ Lidt
+ LidA+dA' Lo+ LdA+ Ldi
+ LiLdA+ Lipo (L) dA+d A" e (L)) L,
+ L}L,dt

where we have used the relation U'U=I and (1.10) together with
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the odd and even parities of d4 and d/ respectively.
Using the independence of the stochastic differentials established

in Theorem 5.1 we find the conditions
L+ Li4-Lypo(Ly) =0 (6.13)
L+ Li+LiL,=0

whence we may take
L1=W—I
Ly=—po(W) YA
L3=L
L=iH— LL'

(6.14)

where L, W and H are arbitrary, unitary and self-adjoint processes,
respectively.

Theorem 6.3. A necessary and sufficient condition for the process U
to be unitary is that (Ly, Ly, L3, L) be of the form (6.14).

Progf. We need to show the conditions (6.14) are sufficient,

Let u,v€h, f< >’25p,ge ;y,n,mEN. From (4.10) we have
i=1 r=1

LU OuRE(£), U ()1R(@) >=0

which together with the initial condition U'(0) =/ ensures that U is
isometric.

To show that U is an isometry, we again use (4.10) and after
some simplification, we obtain

%{U(t) 4@, (), U®)v@n (@) >

Mz

=2 2 (=D LORUOWOuDbur(f), UOW©
Q-1 (89> —<U O 41 (f), U 1) 2@ 1 (61 Ve (0)
+ 2 (=D O KUD LO 0u@a (f), U D) v@¢n(@)>

—<eU@®) po(W (@) 0uQPn1(f7), (U @)) po (W (£)) L' (2)
QP () >]
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+ 3 (=)™ U Ou®¢(f), U L) 0@mnr (&)

—<pU @) oW (1)) L' (D) u®u(f ), 0 (U () 0o(W (£)) b0
v&QPn-1(8") >1g: (1)

+<U ) GH () ——é—L(t) L) u@¢.(f ), U®)vQ¢Pm(2)

+HU O u@d.(f), Ut) GH(t) —%L(t) L) vQ¢n(2) >
+<p U)W () L' () u@Pu(f ), (U () po (W (£)) L' (£)
1Q¢n (@) .
We define bounded operators K, ,(f,g;¢) on §, by the prescription
$ty Kpou(f5 8 ) 0D =<U () u@¢, (f), U(®)v&¢n(2) >

and using the unitarity of # and (l.11) we see that these satisfy
the (weak sense) ordinary differential equations

%Km.,.(f, gt)
=37 SU=1) @ W) Kmoraa (fr 85 D) W)

j=1 k=1

—Knetara (1,850 1600)
NG VFAOINCS I SNGEN DI A0

+ (=D LOW O K (fr GO W O]
+ 2 (= DAL= DL O Knesa (85 D)

+ (=D WO Knrra (185D WO L' 100
+ilKnn (68, HOT= 5 (LOL'®), Kna (/18 D)
+ (=D)™L(8) W' (t) Ko, (f, 85 1) W () O L' (2) (6.15)
together with the initial value

Knn(f,80) =<du(f), du(@ DI
=0,,.D.(f, 81

where D,(f,g) is the determinant of the nXn matrix whose (i,j)th
entry is {f; g (which follows from U(0)=1).

We prove by induction on N=n+m that K, ,(f, g t) =0..D.(f, 8 I.

When N=0,n=m=0 and all except the last three terms in (6. 15)
vanish, Since ¢ and W'(¢) are unitary, it is easy to check that
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Ko o(8) =K,,0(0) =1 is the unique solution to the given initial value
problem.

We now consider the case N=1 and take n=0 and m=1. Here
(6.15) reduces to

%K1'°(0’ g 8) =g(t) (L' (@) Koo () —W' (&) Kox ) W (@) L' (1))

+ilK1o(0,88), HOT— 5 (LB L'®), K1o(0,8 1))
—L () 0oW'(t) K1,0(0, g5 t) W'(£) B L' (2)
and using K,o(¢) =I, we see that the unique solution to the given
initial value problem is K ¢(f) =K;,0(0) =00/ =0.

A similar argument holds for the case n=1 and m=0.

We now make the inductive hypothesis for N—2 and N—1 so
that in particular we require that
Kp1,2-1(f7, 845 1) =0m-1.4-1Dp1 (f7, 8D 1
Km.n—l (fiy & t) = 5m.n—1Dn—1 (fj! g) 1
and
Km—l,n(j; gk; t) :am—l.nDn—l(fv gk)l .

It is necessary to make the inductive step in the three cases
m=n,m=n—1 and m—1=n.

When m=n, (6.15) yields

d .
E{K”'”(f’ & t)

M=

2z k?::l(— D f5@) [W'(8) Dua (7, 8 W () = Dpa (f, 84 T2 (8)

+ilKna (o8 0, HOT— 5 (LOL'®), Kol f80)
+LO W' ) K,,o(f O W O 0L (1)

The first term vanishes by unitarity of W () and K,,(f,gt) =
D,(f,81 is the unique solution of the resulting initial value problem
by the same reasoning as used in the case N=0.

Similarly, the cases when m=n—1 and m—1=n follow by the same
argument as that used for N=1.

Whence U(¢) is isometric, as required. O
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§7. Applications to the Construction of Dilations

Throughout this section we will take U to be the unitary solution
of the stochastic differential equation

dU=U (W —D)dA—dA' 0o(W) L'+LdA+<iH—%LL'>dt) 7.1

with L, H and W constant processes in B(f)). Since U is a stochas-
tic integral we have Ue«/, furthermore it is unitary, therefore
bounded whence the map ¢—U(¢) is strongly continuous from R*
to B(#).

For T a contraction on L*(R), its second quantisation I'(7) on
I'(L*(R)) is defined by
r (T) ¢o:¢o
I'(T)¢.(f) =¢.(TSh) (7.2)
for f€ XL} (R), neN.
In particular, I'(T) is itself a contraction and we have ['(T") =

I'(T)" and I'(TV)=I'(T)I' (V) where V is another contraction on
L*(R).
Let {S;,t€R} be the strongly continuous unitary group of shift
operators on L*(R) where for each feL*(R)
S )@ =ft—s) s,teR. (7.3)
It is not difficult to verify that {I'(S)),¢=R} is a strongly continuous
unitary group on I'(L*(R)).

Let #=8QI (L*(R)). We write {7(S),t€R*} for the strongly
continuous unitary group on 2 given by

7(Sy) =I®RI(S), tER.
We will use the same notation to denote these operators acting on
the subspace # of 52 (where they are still a semigroup).
Theorem 7.1 (c.f. Theorem 7.1 of [11]). For arbitrary s,tER*
UR)=rSHU U (s+1)7(S)). (7.4)

Proof. For teR* write
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V) =rSHU U (s+8)7(S,).

By analogous arguments to those used in [11] we see that V= (V(¢),
teR") is adapted and it inherits continuity from U. Thus we may
consider the stochastic differential equation

dM= V((W-I) dA—d Aoy (W) L'+ LdA + iH—~%L‘L>dt> :

By Theorem 4. 1, for each u,v€Y, f& .%ly,gekgy, teR* we have
R (f), (MB) —M(0) 9@
(& S0 @R, V@ -1
VQPm-1(8") >8:(7)
+ 3 (=D @) <O (), 0V (@) 06 (W) Lo@5i(8)>
+ 3 (=D Hu®¢(f), V(D) LI®n-1(8) 8 (5)
+ @ (1), V(@ (iH — 5 LL @)} de

= 5 S (- D@ @R, (8.5, U Uls+2) (WD)
01 (5.8 584 (2)
+ 3 (=" @ GRS, ), 0 (U ()0 (U (s+2)) po(W) L'
"R (50>
+ :é( — D) " u®Pn (S, f), U () U (s +7) LOIQ P -1 (S:8") > ()

RS, U U s+2) (iH— L LL @ (S.:0) ) de
(7.5)

where we have used (7.2) and the even parity of I'(S,).

Replacing each f;(z) with S,f;(z+s) ¢<j<n), each g,(r) with
S:g:(r+s) (1<k<m) and making the substitution t—7z—s in (7.5)
we obtain

WR,(f), (M) ~ M (0))s@5m()
={7E E 0SS @ @@, UG U@ -1
U®¢m—l (Ssgk) >Ssgk (T)
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3 (=D S S 0 ®3-1(S.7), 0T (5)) pCU () poW) L
QP (S8) >
+ él( —1 ) m—k<u®¢" (sz) 9 Ut (.S‘) U(T) L001)®¢m_1 (Ssgk) >S,gk (T)

Ry (8.), U U E) (iH 5 LL JoRn(Si8) ) de

=<u®¢, (S f), (U'()U(s+1) —Do&QP(S:2) >
=y (SDu¢, (), (U U(s+1) =Dy (S)o&Q¢n(8) >
=u®P (), V(&) —Dov@dn ()
where we have used Theorem 4.1 and the isometry of 7(S,). Whence

M@)=V(#) and so V satisfies (6.1) from which we conclude by
Theorem 6.2 that V'=U, as required. ]

We define a family of operators on 52, {P,, € R} by the prescription
P=U®)r(S) if 10

7.
rSp U (—=1) if 1<0 . (7.6)

Corollary 7.2. {P,i=R} is a sirongly continuous unitary group on
2 (c.f.[8],[16]).

Proof. The group property is a trivial consequence of the cocycle
condition (7.4). Strong continuity follows by an ¢/2 argument from
the strong continuity of the maps t—7(S;) and i—U,. ]

Let {P;,t=R*} denote the uniformly continuous contraction semi-
group on B with infinitesimal generator iH —%LLT and let r denote

the injective isometry from §, into 52 given by

r(u) =u®¢, for each uch,.

Theorem 7.3. (2, {P,,t€R)}) is a dilation of (§, (P:,t=R*}) in
the sense that the following diagram commutes for all t< R*

P,

B
|-
By f

bo

%

(cf. [13], [18]).
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The proof imitates that of theorem 7.1 of [2].

Let T, denote the strongly continuous group of automorphisms of
B(5#) defined by

T(X)=B,XP! for XecB(P).

In particular let XeB(f) and j be the canonical injection of
B(%) into B(s#) given by

J(X) =X&I.

Let {T},t=R*} be the norm continuous, identity preserving, com-
pletely positive semigroup of operators on the Banach space B(H)
with infinitesimal generator #[14] given by

Z(X) =Lp0(X)L’—%{LL', X} +i[H, X] .

Theorem 7.4. (B(P),j By, {T,,t€R}) is a dilation of B(),
{T,,t=R*}) in the sense that the following diagram commutes for all t=R*

B(j) ——— B(8)
i ilog,
B(#)— B(P)

where j71 is the left inverse of j (c.f. [7],[13]).

The proof is again a slight variation on that of Theorem 7.1 in

[2].

We remark that neither of the dilations constructed in Theorems
7.3 and 7.4 is unique since both of the semigroups are independent
of the choice of coefficient W—1I of the gauge differential in (7.1).
Furthermore these semigroups may also be dilated using the boson
stochastic calculus of [10].

§8. Fermion Poisson Processes

Let % be the Z,-graded vector space comprising stochastic in-
tegrals of the form

dM = FdA+dA'F,+ FodA+ F dt

where, for each (=R*, the restriction of F;(¢) to §, is an even
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operator (:=1,2,3,4).

We denote by 7 the automorphism of period 2 of % given by
7(X)=X when X is even
7(X) =0, X when X is odd .

(We remark that the restriction of 7 to the Z,-graded *-algebra
KL NIM is a *-automorphism of period 2.)

In (7.1) take L=vI (W—1I)8, and H=——;-Z(W—W'), for l€R*

so that we obtain

dU=UW -1 dy(I") 8.1
where [I'=(I'(¢),t=R") is the solution of

dIl'=dA+l (dA+dA") +1dt

8.2
with I7'(0) =0 . .2

Clearly, by Theorem 5.2, (dII')?=dIl'.

Furthermore substituting these values of L and H into (7.7) we
find that (8.1) yields a cocycle for the dilation of the semigroup on
B(%,) with infinitesimal generator

LX) =IWXW'—-X) . (8.3)
Equations (8.1) to (8.3) indicate a striking resemblance between
the process II' and the realisation of the classical Poisson process in

boson Fock space over L*(R*)[10] whose application to the dilation
of semigroups of the form (8.3) was discussed in [3].

II'" is clearly not a classical Poisson process, for although it is
self adjoint, it does not commute with itself at different times.

We investigate this process more closely in the spirit of [10] by
taking §=C so that #=L*(R*) and 6,=1. Let « be a measurable,
locally bounded function on R*.

By Theorem 6.3 we may take W in (8.1) to be the process given
by

W (&) =¢“®, where we note that only in the case where a is
constant may we dilate the semigroup (8.3).
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Now applying Theorem 4.1 in (8.1) with n=m=0 we obtain

o (U@ =D o> =1 S Ue) (@°© —1)de

which upon iteration yields

o U dy=expl | (=O—1)ds} - (8.4)

The right hand side of (8.4) is recognizable as the expectation
i

of exp( S adX,) where X, is a classical Poisson process of intensity
0

I (c.£.[10]). We feel that this justifies our calling /' a fermion Poisson
process of intensity L.

Remark that the integrated form of (8.2) yields the following
“central limit theorem”

7T, (8) —1t) = (8) +17%A@) (8.5)

where ¢(t) =4,+ A4} is the Clifford process of [5] which plays the
role of an anticommuting analogue of the classical Brownian motion
process.

Note

Since this paper was written, [18] has appeared in which the
main results of §5 and §6 are obtained in a much more elegant
and economical manner. Furthermore, in the light of these new
results, it becomes immediately apparent why classical and fermionic
Poisson processes share so many of the same properties.

Appendix

We give the proofs of the following formulae which were used to
establish Theorem 4.2

ORI C R WAOTONAOIAG
XSGR u-s(f*) Er@pn-s (&)

=3 BD O8O G, u®bas (), Er@pn1(e) >

L
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n

 ToTenr| T@a@n

u[\/_]s

@ -5

02 (8) <BEuQ®u-2( F) , Ev®Pm2(g") >
"z > (=D F O a0 <EA ) 6@¢us (f7),

j=1 k=1

Ep@¢n-1(89 .

Proof of (i). It is sufficient to establish the following for n>2

I R S (WACTLYACT

i=1

= 5 (=D S8ty ) Fua (F).-

(A. 1)

We prove (A.l) by induction, noting that when n=2, the left

hand side of (A.l) becomes
AWACILTAGE EWACTOVAGY?
=fa®) a(Ar,.0a" (f1) Po—S1 () a(x,.n) ' (f2) o

as required.
More generally we find that

E‘l :10) (—1)nHi+ite (S: Ji@do) f. (&) Pu-r ()

j=1

1

3
l

= <—1>"+J+‘<S F1@ D) f.(8) b ()

j=1 ¢

+ 504 fn@df. 0000

1

]

I CDES(WACT VOTSGDY
Now
% B0 A@LO ()
= (fid 5 2O 0 £, @£ 09
=2 (=D 08" Fr)a (e, S (S

(A.2)
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t
t

=5 (=D, fn@dega(F)

+§1(— D f;@®) aCrg,) (S (A.3)

by the inductive hypothesis and (1. 3).
We also have by (1.8)

n

(-0 f@d fun® g ()

i=1

= (=D fon® aQw.n) €. (f* (A.4)

and the result follows upon substituting (A.3) and (A.4) back into
(A.2).

Proof of (ii). By a slight generalization of the proof of (A.ID)
we obtain for each 1<k<m

n

3

I IO HIOEOTAOT R

= 2 (= D™ (0, 08) ua () (A.5)

A straightforward inductive argument establishes the formula

3

k=1 p

m m—1
-2 El‘k’ (=D*g () a’ (x,.088) Pm-2(8") (A.6)

SO (1), (1) (s, 08 P22

1

and the result follows from (A.5), (A.6), (1,11), (1.9) and (2.3).
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