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Completely Positive Stochastic Linear Maps
Over AFD-Factors and Unitary Mixing

on Generating U.H.F.-Subalgebras

By

Peter M. ALBERTI¥

Abstract

Provided 9t is a non-finite AFD-factor. it it shown that the action of a completely posi-
tive, state-pre-serving linear map (stochastic map) on normal states over 9 can always be
reduced to a unitary mixing mapping with respect to a generating U.H.F.-subalgebra.

§1. The Problem

Let M be a vN-algebra acting over some separable infinite-dimensional
Hilbert-space 9, with dual 9* and predual &, and set of normal states Sy(0k).
A linear map @: W*—IM* is referred to as being c. p.-stochastic over IM*, and
the set of all these mappings is denoted by ST(Wt*), if ® maps states into states,
and the adjoint @* being a completely positive, unital linear transformation over
We** (the second dual of WE). Analogously, a linear map y: P, —W, is said
to be c.p.-stochastic over M., and the set of all these maps be ST(MRy), if the
adjoint ¥* is completely positive and unital over 9. Note that in the latter case
1 throws normal states into normal ones, and y* is also a normal positive linear
mapping in the usual sense. Let us denote by CP,(IM) and CPIM), respectively,
the sets of unital c.p.-linear mappings over Wt and normal unital c.p. linear maps
over M, respectively.

The main goal of this paper is to establish necessary and sufficient condi-
tions one has to impose on two n-tuples (n-a fixed but arbitrary natural number)
{o} ={o,, -, 0,} TS(M), {o} ={0,,:-,0,} TS (M) of normal states such that
there is @ € ST(M*) with w,=0(a,) for all k=1,2,---,n. Call this problem the
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n-tuple-problem (for normal states on the vN-algebra JR).

§2. Remark on the Problem

We have in mind further applications of this n-tople-problem in Mathe-
matical Physics, especially Statistical Physics. The classes of vN-algebras oc-
curing there are rather special ones. Therefore, we restrict considerations to
AFD-algebras from the very beginning, and within this category to factors.
Due to the work of Connes [1] several algebraic characterizations for AFD-
factors exist, all relating to the structure of complete positivity. Especially, the
characterization of AFD-factors in [1] allows one to make use of the powerful
property of semidiscreteness of Effros and Lance [2] in the form proved by
Choi and Effros [3]. When this is seen in context with [4] and a recent useful
technical result of Haagerup [5] on the form of c.p.-maps over generating U.H.F.-
subalgebras, we will be led to the fact that the conditions in question are equiv-
alent to a unitary mixing problem with respect to some C*-substructure, pro-
vided M is properly infinite. In sect 9 it will be indicated how to arrive at a
solution of the n-tuple-problem in more general cases (non-factorial situations
and the remaining cases of finite AFD-factors and the finite dimensional factors).
This solution will be heavily based on the non-finite AFD-factor case which is
our main concern in this paper. In very special situations solutions of the n-
tuple-problem exist, cf. the remark in 9.

§3. The Main Result

In order to formulate the result, let us consider I to be a properly infinite
AFD-factor acting over . Assume M, CW,C M, -.-CM is an increasing
sequence of finite-dimensional subfactors of ¢ (1 be common to all IM,).

Let o= UM, be the union of all these subfactors, and suppose the uniform
closure 2 of A, generates the vN-algebra Sk, i.e. A’'=IM. Then, A will be
referred to as a generating U.H.F.-subalgebra of Jk.

Let U®Ql) denote the unitary group of ¥, and BRU*) be the set of all
bounded linear operators over the dual 21* of ¥ into 2*. For ucU let us define
T, =BA*) threugh the setting (T,4) (x)=n(u*xu), for all x€2, where x=A*.
We put C,()=point-w*-closure of conv {T,: vell()}, where the point-w*-
topology is defined through the system p, (T)=|(Tv) (a)|, vEU*, acWU, of
semi-norms over T€BQL*). Then, C,(A) is a convex compact subset of B(A*)
with respect to the topology mentioned, by well-known facts. We may now



CoMPLETELY POSITIVE MAPS AND UNITARY MIXING 1107

formulate the main result.

Theorem. Given normal states ®,, -, @, and o,, -, 6, S(WM) over the
properly infinite AFD-factor W the following conditions are mutually equivalent:

) 30 = ST(W*) with 0, = @(o,) for Vk ;

(2) 160 =C, () such that oy = O(o,s) for ¥k ,
(with vy indicating the restriction of v onto ).

With other words, the action of an element of ST(I*) over normal states into
normal states can be reduced or replaced by (convex) unitary mixing with
respect to any generating U.H.F. C*-subalgebra 2.

Another useful form of the result is the Corollary given in the last section
of this paper, which adds the result of Lemma 1 to the assertion above (cf.
Section 5).

§4. Remarks on the Result and Further Applications

The bounded linear operators B(P) over the separable Hilbert-space O
give the standard example of a properly infinite type I AFD-factor. In this
special case the result has been derived in [8] without making use of the “in-
Jectivity machinery” of [1]-[5]. Besides the fact that the result is of interest in
its own rights, in [8] implications are given for applications of the assertion of
the Theorem. Especially, the case of tuples (i.e. n=2) is of interest. In this
case, the special result on B(D) has been used to propose and to discuss a
reasonable structure for functionals which generalize the notion of “transition
probability” to cases of mixed (normal) states. On the other hand, it has been
shown that the proposed set of functionals is a sufficient system in the sense of
a modified theory of majorization (for c.p.-stochastic maps over operator al-
gebras). Due to the theorem above applications in the sense mentioned will be
possible also in cases of other algebras than B(9). Those applications will be
discussed in detail in a forthcoming paper. Concerning references and some
recent results in this direction cf. [8], [9]. Relating the n-tuple-problem over
other W*-algebras, the commutative case has been represented in [6], [7] in
detail (cf. also references quoted there), and the atomic type case has been
considered in [10]. But note that even in the known cases of the n-tuple-
problem mentioned, by Lemma 1 of this paper an important new piece of in-
formation will be provided (see the Corollary of the last section).
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§5. Some Technical Results on a General vN-Algebra

In this section MM might be an arbitrary vN-algebra. If {v} C.S,(M) and
{x} M, are n-tuples of normal states and positive elements of M, respectively,
let us define

Kn('{y}: {X}‘) - S%p ; VkOT(Xk) >

where the supremum extends over all 7& CPY(IM), i.e. runs over the normal,
unital completely positive linear maps.

Lemma 1. For n-tuples {w}, {o} CS(M) the following conditions are equi-
valent to each other:

0] w, = 0(0,), Yk, with © = STER*) ;
) o, = O(a,), Yk, with 0= ST(My) ;
3) o, = g,0 T, Yk, with TECP,(IM) ;
“) w, = o, T, Yk, with TE CPI(M) ;
©) K,({o}, {xH)<K,({o}, {x}) for all {x} D, .

Proof. Since the sequence of implications (2)=>(4)=>(3)=>(1) is obvious,
we will be done with the equivalences among the conditions (1)-(4) if the implica-
tion (1)=>(2) can be shown. We are going to do this. By [11;1.17.7] there exists
a uniquely determined central projection z in J** such that R,y=y(z(-)) for
every v&I* is orthogonal to the whole W, and the positive linear mapping
R,_, sends elements of W* into elements of WPWe,: R,_,M* =M, with
R,_oR,_,=R,_,. Let v Sy (M) be arbitrarily chosen. Define 2 ST(I*) by
L2(w)=R,_,0+(R,0) (1)y, oIM*, The map £ is positive, maps states into
states and has range in Wiy, obviously. £ is also completely positive, for it is
the restriction onto W*=(We**), of the adjoint R* of the positive linear map
R: xt—zxz"+v(x)z over WM**, ie. 2=R¥/9p*, and R is completely positive by
construction. Therefore, £ is c.p.-stochastic with range in 90t,. This makes it
being useful in our context: define =200, with the @ of (1), and due to the
properties of £ and since all states involved are normal, we will find that -(s,)
=82(w,)=w,, Yk, and v(I*¥)CIMM,.. Therefore, the restriction v/, of ¢ onto
the predual maps {o} into {®} as required and is contained in ST(Wt,) by the
discussion above. Therefore, we might take this map for the @ in (2), i.e. (1)=
(2) is shown.

To see that (5) is equivalent with each of (1)~(4), by the first part of the proof
the verification of (3) = (5) will be sufficient. For this sake, let us define a set of
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n-tuples
Cio} = {{v} CS(M): AT = CP,(M) with v, = g,0T, ¥k} (5-1)

C{o} is a convex set, obviously (CP(I) is convex). We show that C{s} is uni-
formly closed. Let {v} €norm-closure of C{c}. Then, since Sy() is uniformly
closed (since M is complete with respect to the functional norm) {v} C.So(I)
necessarily. Assume {T™} C CP,(M) such that v{¥ =o,- T™ and norm-lim v{"
=y,, for all k. By point-c-weak compactness of CP,;(I), there is a subnet
{T™V} such that point-6,-lim 7" =T, for some T & CP,(t). Therefore, for
all x€M: v, (x) =lim v§"V(x) =lim 0,0 T (x) =0,0T(x), for any k. This
proves {v} €C{o}. Hence C{o} is closed. Together these facts imply convexity
and closedness of C{o}. Therefore, if {v} is a n-tuple of normal states with
{v} &C{o} by a standard separation argument the existence of {x} CI, and
a =R is implied such that

() >a>30 px,) for all {0} =C{o} . (5-2)

Since all functionals involved are states, we might shift the x, into the positive
cone of M. Hence, x,>O and a>0 might be supposed from the very beginn-
ing. Especially, (5-2) implies
sup Dy T(x,)>a>>) pu(x,) for all {o} CC{c} (5-3)
T CPYI)

Note that the supremum on the left part of (5-3) has been taken over
CP}(Mt). Now, by the previously established equivalence (3)=(4) and the
definition (5-1) of C{c} we may conclude that

sup 3T o(xp) = sup 310,07(x,) . (5-4)
{o}cC{o} TeCPIAR)
Let us take together (5-3) with (5-4). Then, we see that

{r&l{o} = K,({}, xH)>K, ({0}, {x}) forsome {x}CcM,. (5-5)

On the other hand, if {w} =C{s}, once more again argueing by (3)=(4)
we see the existence of T & CPY(MM) with w,=0,oT, ¥k. By definition of K, the
latter implies

K, ({o}, {YH<K,({o}, {y}) forall {y}cM,. (5-6)
Taking together (5-5) with (5-6) will yield
{o} €C{o} o K,({o}, {xH<K,({o}, {x}) V{x} CW, . (5-7)

Since {w}&C{o} is the same as (3), (5-7) means (3)=(5). Hence, by the
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first part of the proof (5) is equivalent to each of the conditions (1)-(4). O

§6. A Special Result on AFD-Factors

In this section we will suppose D to be an AFD-factor over . With the
notations of Section 3. we then have:

Lemma 2. There exist a net S,: We— W, of completely positive, o-weakly
continuous linear mappings of M into Wy, such that

K ({v}, {x}) = li)‘m K({#}, {S\)}) (6-1)
for any choice of {x} W, and each n-tuple {v} C Sy(IM).
Proof. Assume >0, and T < CP}(IM) chosen such that
K ({v}, {xh)—e<3 9o T(xy) . 6-2)

Because of [1, Theorem 6 (a)<(d)] the factor M is semidiscrete in the sense of
[2]. Let M,, denote the full algebra of m x m-matrices. By [3] and semidiscrete-
ness of MM there exist positive integers (m, ), and nets of o-weakly continuous
unital, completely positive linear maps S, : M—M m, and Ry: M. ,,,l\—>im such that
R,0S,(x) converges g-weakly to x for all x&R. Therefore, and with a view to
(6-2), there is (¢) such that

K, ({v}, {x})—2e <37 voToR,0S,(x;) whenever 1>1(¢) . (6-3)

Let us associate, to each A& 4, a natural number N, such that dim My, >
my, and an orthoprojection P,EM,,, of (relative) dimension m, in Py,. Then,
PAWENAP)\:FA is isomorphic to M,,, and we instead might have supposed S;:
M—F,, R,: F,— M from the very beginning. Take this case, and let J, be a
normal conditional expectation from 9% onto EmN)\ (such a map exists, take the
restriction of a normal conditional expectation of B(D) onto M v, to D). Then,
P,0,(+)P, is a normal, unital, completely positive linear map of Wt onto F,. Call
this map E,. Then, E,(x)=x for all x&F,, and with T,=R,0oE, we have
R,0S,=R,0E,08,=T,°8,, with T,& CPJ(IR), which is due to normality of E,
and o-weakly continuity of R,. Thus, by definition of K,,:

23 vpeToRe8\(xy) = 23 v To TS\ () S K ({v}, {Si(®)}) - 64

On the other hand, with a fixed but arbitrarily chosen normal state x# we
might construct maps Sy € CPY(IM) through the setting Sy (x) =S,(x)+u(x)P5-,
xeIM. Since {x} CM,, we have Si-(x;,) = S,(x;), V&, and because all functionals
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involved are positive ones, we see >11,0708,(x,) <X v,0 To Sy (x) < K ({},
{x}) for every T € CP}(IN), hence
K”({IJ}, {Sh(x)})sKn({V}s {X}) . (6_5)

Taking together (6-3), (6-4) and (6-5) yields /K, ({v}, {x})—K,({v}, {S\} (O]
<2¢ whenever 2>>2(¢), from which the asserted relation (6-1) is deduced. By
construction S,(M)C /My, €U, (cf. the definition of A, in Section 3). [

§7. An Application of a Structure Theorem for C.P.-Maps
on Properly Infinite AFD-Factors

Adopting the notations of Sections 3 and 5 we have the following result
in case of an properly infinite approximately finite dimensional factor k.

Lemma 3. For n-tuples {w} and {c} of normal states over N the following
conditions are mutually equivalent:

() K({o}, xH<K,({o}, {x}) for V{x} Uy, :
@) oy = D(oym), Vi, with 0=C, () .
Proof. Since C,() is convex and point-w¥*-compact in BA*) a standard

separation argument applies and shows that (2) in the case of states is equivalent
with

sup > wi(x,) <sup 2 ai(x,) for all {x} CcA, 7-1)
with the suprema extending over U(20).

The map {x}—sup{>] wi(x,): u€U®R)} =a({x}) is norm continuous on

n-tuples of Hermitian elements. In fact, let {x}, {}} be such elements of 2,
e>0,and |[x,—y,||<e, forall k. We may assume a({x})>a({y}). LetueU®)
with 2} @h(x,)=a({x})—e. Then, —a({y})< —>®¥(y,), and

Oga({x})—a({y})ge—[—%‘, [@i(x) — i ()] <e+23 | @50 —y) |
<e+n|lx—yll<(+1e.

Therefore, it is sufficient for (2) to hold that (7-1) proves valid only for all
n-tuples {x} C2.. (the latter set is uniformly dense in 2.).

The unitary group U@ of A is o-strongly* dense in the unitary group
U(I) of M due to the fact that A is generating for M in the sense that A=,
cf [14]. Therefore, for normal states {v} CS;(M) we have
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sup >3 vi(x) = sup > vi(x,) for V{x}cM,, (7-2)
ueUX) us U@

Now, It has been supposed to be properly infinite. In such case it is a
well-known fact that every isometry veR, i.e. v¥v=1, can be approximated
strongly with unitary operators taken from %t. Therefore, and since the linear
forms involved are normal states, U(MR) in (7-2) might be replaced by the set
of isometries over We:

sup >3 vi(x,) = sup {3 v,(v¥x,v): vy =1} . (7-3)

us UK

Assume we have a n-tuple {x} Cy,. Then, there is N such that {x} CI,.
Let T CPJ(M). Since M is properly infinite a result of [5, Proposition 2.1]
applies, saying that v exists such that T(x)=v*xv, for all x&I,. Since T
is unital, v is an isometry. On the other hand, every isometry v &I produces a
completely positive, normal unital linear map 7: W — W through the setting
T(x)=v*xv. Hence, our conclusion is

sup {33 v (v¥xp): v¥y = 1} = K,({v}, {x}) (7-4
for every given {x} C %, and all {v} C.S;(I).

Glueing together (7-1), (7-2), (7-3) with (7-4) and respecting the remark follow-
ing (7-1) will give the desired equivalence (1)< (2). |

Remark. In conclusion, what we have proved is that

Kn({u}a {X}) = Esql_l]r()im)z Vz(xk) =

u

sup 37 V() (7-5)
eUuA)

u
for {v} C Sy(IM) whenever the n-tuple {x} belongs to A, provided M is properly
infinite. In case of a non-trivial vIN-algebra which is not properly infinite it is
exactly (7-5) which is violated.

§8. The Final Proof, Conclusions

Let I be a properly infinite AFD-factor over the separable, infinite dimen-
sional Hilbert-space . Assume two n-tuples {»}, {o} of normal states over 3¢
are given. Let @ € ST(MM*) with w,=®(0;), ¥k, i.e. (1) of our Theorem in Sec-
tion 3 is supposed. This means (1) of Lemma 1. By Lemma 1, (1) is equivalent
with (5), which implies (1) of Lemma 3 in a trivial manner. Due to Lemma
3, (1) is equivalent with (2) of the formulation there. The latter, however, is the
same as (2) of our Theorem, i.e. there is v &C, () with o =y(0ys), Vk.

To see the other way around, suppose (2) of the Theorem is valid. Then,
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by Lemma 3
K,({o}, {x})<K,({o}, {x}) forall {x} Uy, (8-1)
has to hold. Let {y} €ME,. Then, by (8-1) and Lemma 2
K,({o}, {S\OH <K, ({s}, {S\0)}) (8-2)

for all 2€ 4 because of Sy(y,) =Wy, Vk. Taking the A-limit of both sides in
(8-2) gives

K,({o}, {vH<K,({o}, {¥D), (8-3)

where we made use of (6-1). Because {y} could have been chosen arbitrarily in
M, condition (5) of Lemma 1 is satiesfied. By Lemma 1, the latter is equivalent
with o, =®(0,), Vk, with ® & ST(IM*). This completes the proof of the
Theorem. O

Remark. The only point where ‘“‘properly infinite” really eaters is in
proving (7-5). At this place, one could try to replace the unitary mixing
condition by some other reasonable conditions in order to deal with the n-
tuple problem for all AFD-factors (i.e. with the type II; case included). In-
deed, this is possible due to the first part of Proposition 2.1 of [5]. We omil
the details and give only the result. The following conditions are equivalent:

(1) 30 € ST(*) with w,=0(o,), Vk;
)] S(Ialf)’ > ; wk(a?xkaj)ss(u? 2] ? Gk(a;kaaj) >
j 2; j

Jor Y {x} C,, where the suprema have to be extended cver all finite systems of
operators {ay, -+, a,} in W such that >afa;<1.
7

Let us consider now the hyperfinite II; factor. We will show explicitely
that our Theorem cannot be true in this case (cf. the remark at the end of Section
7.

We shall take the simplest possible case: n=1. Take the canonical irace
7 as one of the states. Assume w=r7 is a state of Sy(20t). Since 7 is unitarily
invariant, ® & {u: u=90(z,y), 2=C,(A)} = {}, trivially. On the other hand,
the map T(x)=w(x)1 is in CP,(IM), and roT=w, which shows the violation of
the assertion of our Theorem in the finite case.

§89. The n-Tuple-Problem on Qther Algebras

Let 9t be a vN-algebra over  which is compatible to a properly infinite
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AFD-factor I in the sense that M I and a normal conditional expectation E
of N onto W exists.

Assume U is a generating U.H.F.-subalgebra of %, i.e. A’=N and A=
UR,, with an increasing sequence of finite dimensional subfactors. Then, we
may use the information of our Theorem to find conditions for the n-tuple
problem over the compatible subalgebra .

Proposition. Let {0}, {o} CS,(M) be two n-tuples of normal states over
k. The subsequently listed assertions are equivalent:

()] 30 & ST(R*) with o, = 0(o,), Vk;
@) v eC,) such that w0 Egy=yr(0,0Epy), Yk .

Proof. Suppose (1). By Lemma 1 (which is true on a general vN-algebra),
there is T € CP)(M) with w,=0c,0T, Vk. Therefore, w,c E=(c,0E)oToE since
EoT=T (E projects onto M), and ToE e CPIN), for both T and E are normal,
completely positive and unital, acting over M, resp. from RN onto PM. Hence,
our Theorem applies with respect to the n-tuples of normal states {woE} and
{goE} over the properly infinite AFD-factor 3, and (2) follows.

To see the other direction, suppose (2) holds. By our Theorem,
Iy e ST(N*) such that w0 E=yr(0,0E), Vk. By Lemma 1 we get T & CPY(N)
such that w,oE=0,0E0T, Vk. The mapping S=FEoTy is normal, unital and
completely positive over IR. Since E projects onto M we see w,=a,0.S, for all k.
By Lemma 1 the assertion (1) follows. |

Remark. By the just proved all cases of the n-tuple-problem on arbitrary
AFD-factors over separable 9 are covered and seen from a common point of
view, including the finite type factors and the finite dimensional factor case (take
N=IMKB(? in the Proposition).

Moreover, one can deduce all known conditions for the commutative case
(which has been treated in [7] extensively) in a very comprehensive way from
our Proposition when Wt is seen as a compatible subalgebra*® of a suitably chosen
properly infinite AFD-factor % over . Again, for the special case B(D) this
problem has been considered in [10] (Wt can be every atomic type subalgebra
of N=B(D)).

In [12] an attempt was made to base the n-tuple-problem heavily on the
commutative case provided a condition of “almost commutativity”’ for the n-
tuples of states considered holds. This case now also follows at once from the

* We refer to the terminology of [13].
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Proposition above (besides the fact that the problems setting in [12] is in the
slightly more general frame of C*-algebras). But note that in [6]-[10], [12] all
formulations read in terms of ST(Y*), which seem rather “esoteric” to work
with, whereas now we have the useful Lemma 1 to reduce the n-tuple problem
between normal states to a problem about normal maps in any case (in [7] a
very special form of the equivalences (1)-(4) of Lemma 1 has been derived for
some abelian vN-algebra). This fact can now be expressed in a very useful re-
presentation theorem for c.p.-stochastic maps over M, through unitary mixing
maps over a generating U.H.F.-C*-subalgebra.

§10. A Representation Theorem for C.P.-Stochastic Maps
Over the Predual of a Non-Finite AFD-Factor

With the notations of Sections 1 and 3, let jy be defined as the bijection jy:
M, —A,,, with @r—wy, where U, is the set of all bounded linear forms over 2
which arise as restrictions of o-weakly continuous linear forms on 9t onto .
Let us consider a subset of C,(), given by CxW)={0C,): 2 Uy) WNy}.
All we have proved can now be reformulated into the following result.

Corollary. Let M be a non-finite AFD-factor. Then
STMy) = jy' oCa@)oju (10-1)

i.e. to every completely positive, state-preserving linear map ~r acting over the
predual of W there exists a unitary mixing mapping @ ovev W*, which eaves U,
giobally invariant, such that jyoyr==®0o jy.

Proof. That each element of the right hand set of (10-1) belongs to ST(Wty)
follows since all mappings involved are completely positive as well as state-
preservingly acting. To see the other way around, let v ST(Wy). By {J, >}
let us denote the increasingly directed (in the sense of inclusion of sets) family of
finite subsets of Sy("M). By our Theorem, to each set of &, say GES, there is
a 0.C,@) such that

"#(w)/%z = @G((D/QI)a VoeG. (10—2)

Knowing the C,(2)-set being point-w*-compact assures the existence of a
converging subnet {@g,} of {®;}, with

point-w*-lim @, = 0<C,(¥) . (10-3)
A

Let @ =Sy("M). Then, there is () such that for 1> () @ €G,. Therefore,
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by (10-2) ¥(@) =P, (@), VA= A(@), which relation implies by means of (10-3)
that

(@) = 11{11 Dy (@) = D(wp) - (10-4)

Since v ST(My), i.e. ¥ maps the predual into itself, and (10-4) holds for
each o 5, (N), we see both OA,)CWand jyoyr=0ojy with a @ =C,*), and
the proof is complete. d

Remark. With view to our Proposition and the remark in Section 9 it
should be clear how to modify the assertion of the Corollary both for the finite
dimensional factor and the hyperfinite factor case and all thoer non-factorial
cases which can be considered to be compatible with one of the non-finite
AFD-factors we dealt with.
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