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Twisted SU(@2) Group. An Example of a
Non-Commutative Differential Calculus

By

S. L. WORONOWICZ*

Abstract

For any number v in the interval [—1, 1] a C*-algebra 4 generated by two elements
a and 7 satisfying simple (depending on v) commutation relation is introduced and investi-
gated.

If v=1 then the algebra coincides with the algebra of all continuous functions on the
group SU(2). Therefore one can introduce many notions related to the fact that SU(2)
is a Lie group. In particular one can speak about convolution products, Haar measure,
differential structure, cotangent boundle, left invariant differential forms, Lie brackets, in-
finitesimal shifts and Cartan Maurer formulae. One can also consider representations of
SU2).

For v<{1 the algebra 4 is no longer commutative, however the notions listed above are
meaningful. Therefore 4 can be considered as the algebra of all “continuous funct'ons” on
a “pseudospace SyU(2)” and this pseudospace is endowed with a Lie group structure.

The potential applications to the quantum physics are indicated.

§0. Introduction

From the point of view of the theory of groups the passage from
nonrelativistic to relativistic physics consists in replacing the group of
Galilean transformations by the Poincaré group. These groups will be
denoted by G and P respectively.

Let g be the Lie algebra of G, 4, 4,,..., 41 be a basis in g and
C% (4,7,k=1,2,...,10) be corresponding structure constants:
[4;, 4;1=>Ck4, .
k
Then for any ¢>0 one can find a basis By, B, ..., By in the Lie

algebra p of the group P such that the structure constants C’% (i, j, &
=1, 2,..., 10) corresponding to this basis
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[B:, B1=>C"%B,
k
are close to C%:
G —C | <e
for i, j, k=1,2,...,10.

Due to this fact nonrelativistic theory can be considered as a
limiting case of the relativistic one and in certain region (small
velocities) the relativistic predictions coincide with (are close to)
nonrelativistic ones. In other words the correspondence princip e
works.

Many theories (especially in elementary particle physics) are based
on semisimple Lie groups. For example SU(2) plays the fundamental
role in the theory of isotopic spin. It turns out that SU(2) (like any
other semisimple Lie group) has the following rigidity property:

Any connected, simply connected Lie group whose structure constanis are
sufficiently close to the structure constants of SU(2) is isomorphic to SU (2).

This result seems to indicate that any theory based on SU(2) can
not be considered as a limiting case of a more general theory based
on “perturbed” SU(2) group.

The content of this paper shows that the above conclusion is not
well justified. It turns out that SU(2) can be perturbed. There
exists a one parameter family of objects §,UU(2) depending continuously
on ve[—1,1]—{0} such that for v=1 we have S,UQ)=SU(2).
However for v<{1, §,U(2) is not a group in the usual sense. It is a
pseudogroup i.e. a locally compact (in fact compact) topological
group on which the algebra of “all continuous functions” is not commu-
tative.

The concept of quantization entered physics at the beginning of
this century. Since 1925 quantization consists in replacing commuta-
tive quantities by non-commutative ones. In mathematical language
an algebra of continuous functions on a locally compact topological
space (e.g. a phase space of a mechanical system with finite degrees
of freedom) is replaced by a noncommutative C*-algebra. It is

“con-

convenient to consider the latter algebra as the algebra of all
tinuous functions” on some ‘“non—commutative locally compact topological

space”. In [3] we proposed the name “pseudospace” to describe objects
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of this kind. Consequently a “pseudogroup” is a pseudospace endowed
with a group structure.

The theory of pseudogroups is now more than 20 years old. After
the first papers of G. I. Kac [4] we have the work of M. Takesaki
[5] and a series of papers by Jean Marie Schwartz and Michel Enock
(see [6] for the list of papers).

The main aim of the theory was to construct a category containing
the category of locally compact topological groups and the category
of objects dual to them. The (generalized) Pontriagin duality is then
a contravariant functor acting within this larger category.

At first the theory was developed in the W#*-algebra framework.
In our opinion it was not a natural approach. It means that we
neglect the topological structure of pseudogroups concentrating our
attention on their measurable structure. As a result we have to start
with a very complicated notions (like Haar measure which existence
is assumed (not proved)) and axioms which have no direct connec-
tions with the postulates of the theory of locally compact groups.

In the program presented in [3] we pointed out that the right
approach to the pseudogroup theory is the one based on the C*-algebra
theory.

Recently the C*-algebra approach to the theory of pseudogroups
was used by Jean Michel Vallin [6]. Unfortunately also in his work
the existence of Haar measure is postulated.

As far as I know the theory of pseudogroups suffered the lack of
interesting examples. Except the one example of finite pseudogroup
given by G. I. Kac the only examples supporting very complicated
formalism were locally compact groups, objects dual to them and
direct products of groups and group duals.

In this paper we present essentially new examples of pseudogroups.
The one parameter family of pseudogroups introduced in Section 1
can be regarded as a perturbation of SU(2) group. This fact is very
interesting from the point of view of physics. It means that we may
try to replace SU(2) group playing an important role in many physical
theories by S,U(2) with v close but not equal to I.

Having in mind these applications we concentrate our attention on
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detailed description of the pseudogroups S,U(2) and their representa-
tions pushing the general theory to a separate paper [1]. The present
paper is mostly devoted to the differential calculus (in the spirit of
Alain Connes [7]) that is necessary to introduce infinitesimal genera-
tors of representations of S,U(2) (in applications such generators
describe important physical quantities related to the group via Noether
theorem).

Let us briefly discuss the content of the paper. In the first section
we introduce the pseudogroups S,U(2) and investigate their properties.
In particular we prove that S,U(2) satisfies the axioms listed in [1].
In Section 2 the basic notions of differential calculus are introduced.
The main role is played by a bimodule /" which elements correspond
to differential 1-forms on a Lie group. The external derivative of
“smooth functions” is introduced. Section 3 is devoted to higher order
differential forms. We derive formulae corresponding to that of Cartan
Maurer and find the commutation relations for infinitesimal shifts.
Section 4 is of very technical nature and contains the proof of an
important Proposition used in Section 3. In Section 5 we use the
differential calculus to the representation theory of S,U(2). We de-
scribe the irreducible representations of S,U(2). Like in the SU(2)
case the irreducible representations are labeled by a non-negative
integer or half-integer n. The dimension of representation correspond-
ing to a given n equals to 2n+1. The tensor product of representa-
tions is also discussed. It turns out (this is typical phenomenon for
pseudogroups) that the tensor product is no longer commutative.
This fact has profound consequences which are not discussed in the
present paper. Let us mention two of them.

In the theory of identical particles the operator interchanging
particles has no longer the simple form §(x&Xy) =y®x. In particular
the operators interchanging particles do not form a representation of
the permutation group. Instead we have to deal with representations
of an infinite group covering the group of all permutations.

The algebra describing the composed system is no longer the tensor
product of algebras associated with the components of the system. In
particular observables associated with different parts of the composed
system do not commute.
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The above remarks mean that introducing pseudogroups to the
description of physical system we are forced to abandon many simple
principles that we get accustomed to in the usual quantum theory.
Nevertheless we belive that despite these unusual features one can
formulate the coherent quantum theory with a pseudogroup playing
the role of the symmetry group.

At the end of the paper we put two appendices. In the first we
discuss the twisted unimodularity condition which for S,U(2) case
replaces the condition det u=1 satisfied by elements of SU(2). This
twisted unimodularity condition was in fact the starting point in the
discovery of S,U(2). The second appendix is devoted to the study
of the C*-algebras associated with S,U(2). It turns out that pseudo-
groups S,U(2) (for |v|<l) are mutually homeomorphic (but not
isomorphic).

§1. The Pseudogroup S,U(2)

In this section we introduce the basic object investigated in this
paper. It is the pseudogroup S,U(2). In general pseudogroups should
be considered as “locally compact topological groups” on which the “algebra
of continuous functions” with “pointwise multiplication” is not commutative.
The particular example considered in this paper is closely related to
SU(2) group and can be obtained by a modification of the unimodu-
larity condition that is used in the definition of SU(2). This twisted
unimodularity condition leads to the commutation relations in the
algebra of “continuous functions” collected in the Table 0 below. For
details see Appendix Al.

Let v be a number belonging to [—1, 1]. We denote by A the
C*-algebra generated by two elements «, 7 satisfying the following

Table 0 The commutation relations in the algebra 4

Hop — pomsk
rr=rr
a¥a+r¥r=1I
ar=vra
aa* Ry =1

arf=vr*ta
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The precise definition of 4 is the following: Let C[a, 7, a*, y*] be
the free noncommutative *-algebra with unity generated by symbols
a and 7. A *-representation 7 of C[e, 7, a*, y*] acting on a Hilbert
space H is said to be admissible if operators a’=z(a) and 7 =n(y)
satisfy the above commutation relations. For any a€C[a, 7, a*, y*]
we set

llal] =sup]|z (a) || (1.1
where 7 runs over the set of all admissible representation of Cfea, 7,

a*, y*¥]|. Clearly ||a|] is finite for any a belonging to C[la, 1, a*, y*] and
||-]| is a C*-seminorm. Therefore the set

N= {aEC[[a', 7s a*s 7*]]“‘1”:0} (1.2)

is a two-sided ideal in C[a, 7, a*, ¥*] and the seminorm (l.1) produces

a C*-norm on the quotien algebra
o =C[a,r,a* r*]/N. (1.3)

Then A is the completion of &/ with respect to this norm. The
following result follows easily from the above construction.

Theorem 1.1. A4 is a C*-algebra with unity containing two distinguished
elements a, y satisfying relations of Table 0. The *—subalgebra </ generated
by a and y is dense in A. For any two operators o', v’ acting on a Hilbert
space H satisfying the relations of Table O there exists one and only one
representation © of A acting on H such that n(a) =a’ and =(y) =7’

The more information about the structure of the algebra A4 and
its dependence on v is given in Appendix A2. In particular it turns
out that 4 is GCR algebra. Therefore it is nuclear and the tensor
product of C*-algebras used in the sequel has unique meaning.

In what follows the x-algebra &/ generated by a and y will play
a central role. Elements of 4 should be considered as continuous
function on our pseudogroup whereas elements of & correspond to
smooth functions. In other words & defines a differential structure
on the pseudogroup. The following theorem provides us with a
necessary information concerning the structure of .

Theorem 1. 2. Let v#0. The set of all elements of the form
akrnr*m and a*k’rnr*m (1. 4_)
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where k, m, n=0, 1, 2,...; k'=1, 2,... forms a basis in : any element
of & can be written in the unique way as a finite linear combination of
elements (1. 4).

Proof. Inserting k=m=n=0 we see that / is one of the elements
(1.4). Moreover using formulae of Table 0 one can easily check
that the product ab, where a is one of the element (1.4) and b=
a, 1, o*, ¥* is a linear combination of at most two elements (l.4).
It shows that the set of all linear combinations of (l.4) coincides
with /. To end the proof we have to show that elements (1. 4) are
linearly independent.

Assume that |v|<{l. Let H be a separable Hilbert space with an
orthonormal basis <¢”k; er?t’elg ’e% cen

B(H) such that

>. We introduce operators a’, y' €

o4 ,¢nk = ‘/l - u?n ¢n—1.k
T/¢'nk =V, 111

By simple computation one can check that these operators satisfy the
relations of Table 0. In virtue of Thm. 1. 1 there exists a representa-
tion = of A acting on H such that

7T(a:)sbnk=\/]-_pz" ¢n—1.k i (1'5)
() Pue = V"G k1
The case v= 41 should be treated separately. Let H be a separable

Hilbert space with an orthonormal basis (¢,: 7, k-integer). For any
te[0, 1] we consider operators a;, 7; acting on H such that

a;¢nk :‘/1 —1 ¢n—1.k

e
By simple computation one can check that these operators satisfy the
relations of Table 0 (with v=41). In virtue of Thm 1.1. there
exists a representation =, of 4 acting on H such that

7 (@) =V =1 o1, (1.5%

T (1) P =" Pt

Let us consider a nontrivial finite linear combination of elements
(1. 4)
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c= Z ckmnakrmr*n_l_ Z C;mna*krmr*"
kmn=0 ”;z”:lo
where ¢, CrmnSC are almost all (but not all) equal to 0. Let s
be the smallest integer such that either ¢;,,#0 or ¢;,,#0 for some
k, m, n such that m+n=s. Then using (l.5) one obtains for the

case |v|<1

lim

r->00

(¢r+k.s—2n Iﬂ:((;) ¢r.0) — {(";!-S"ﬂ-n fOI‘ k>0
v Cps-nn for £<ZO0.

Similarly using (1.5’) we get for the case v=4+1

(hsman |7 () ) _ {c for k>0

£ Cops-nn for Ek<Z0.
Therefore in both cases ¢#0 and the linear independence follows.
Q.E.D.

lim
t-0

Theorem 1.3. Let M be an associative algebra with unity I,, and a,,
Tms Ty T be elements of M such that
Ut + 1l m =Ly A+ V17 =1
Tl =Tnlms Qnlm =Vl mOmy Aol 0 =V 1y (1.6)
Tm@n =Y Ty [ mm =Vl
Assume that v+#0. Then there exists one and only one linear, multipli-
cative, unital mapping
k: —M
such that
£(Q) =Qpy £(7) =7m £(@*) =0q, £(7*) =75 (1.7

Proof. The uniqueness of £ is obvious: the algebra &/ is generated
by a, 7, a* and y*. To prove existence we introduce the ideal N in
C[a, 7, a*, r*] generated by the following seven elements: a*a+y¥y—1I,
ao* + V¥ r— I v¥r —rr¥, ay—vra, ar* —vrta, ya* —ve*y and yra* —vakpk,
Since C[a,7, a*,7*] is free, one can find a linear multiplicative
mapping

£ C[[aa 7 a*’ T*Il_"»M
such that

k(a) =y, E(7) =7m E(a:’s‘]) =af, E(r*) =T::-
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It follows immediately from (1.6) that & vanishes on generators
of N. Therefore % defines a linear multiplicative mapping

K CD:CY, e a*a T*]]/N—*M

and the theorem will be proven if we show that

N=N (1. 8)

where N is introduced by (1.2) (cf. (1.3))

Clearly generators of N are mapped to 0 by any admissible *-
representation of C[a,7, a*, *]. Therefore N is contained in the ideal
N.

To prove the converse inclusion we consider subspace 7 in
Clea, 7, a®, v*] of all linear combinations of elements of the form
akymr*n and a*tymr*n where k, m, n are nonnegative integers.

One can easily check that any element of C[a,r7, a¥ r*] is
equivalent (modulo N) to an element of 7. In other words

T+N=Cla,7,a* r*] . (1.9)

On the other hand it follows immediately from Thm. 1.2 that no
non-zero element of 7 is killed by the canonical map

C[[aa 7> 0[*, T*:ﬂ—*,}f:C[[a, 7s (X*, T*]]/N °
It means that

TNN={0} . (1.10)

Now we are able to prove (1.8). We already know that N is
contained in N. Let a&N. Then (cf. (1. 9) a=t+n, where (€T
and n€N. Therefore t=a—nETNN and according to (l.10) ¢=0.
Thus a=nEN and formula (1.8) is proven. Q. E.D.

In what follows we deal with N X N matrices (in most cases N=2)
with entries belonging to a C*-algebra B (in our case B=4 or B=
A®A). From the formal point of view these matrices can be consi-
dered as elements of the algebra My(B) =My&B, where My denotes
the C*-algebra of all N XN matrices with complex entries.

Therefore if
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is a N X N matrix with entries belonging to a C*-algebra B and ¢: B—~B’
is a linear map of B into a C*-algebra B’ then (id®¢)u denotes the
N XN matrix

. @@un), ..., ()
(1d®§0) U= creeercrnriiiiiiiiaans
@ (um), .-« @ (Uny)

with entries belonging to B’. Clearly “id” denotes the identity map

of My. If
Uity o o oy Uiy U1y o o0y U1y
=—| ccvccccccecccces D= srceeerercecces
UN1y oo oy UNN UN1y o« o 5 UNN,

are NXN matrices with entries belonging to B and B’ resp. then
u@v will denote N XN matrix

with entries belonging to B®B’ given by the formula
w;k=; U Qg
In other words ) denotes the usual product of matrices in which
the usual product of matrix elements is replaced by tensor product.

Now we are able to formulate our main result showing that 4
carries a natural matrix pseudogroup structure (cf.[1]).

Theorem 1.4. Let

(oz, —ur¥
u:
r, aF

)EM2®A .

Then
1° The x-algebra of generated by matrix elements of u is dense in A.
2°  There exists a C*-algebra homomorphism

0: A—ARA
such that
(dRD)u=uQu . (1.11)
3° u is an invertible element of M,QA. If v#0 then there exists a

linear antimultiplicative mapping
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k. A—A
such that £(k(a*)*) =a for all ac o/ and
(dQRr)u=u"" . (1.12)

Proof. The first statement is already proven (cf. Thm.l.1).
To prove the second statement we notice that (1.11) is satisfied
if and only if

D (o) =aQa—vr*Qyr
2(r) =rQ@a+a*Qr .

To prove the existence of @ we assume that ACB(H), where H
is a Hilbert space and consider operators

a’'=a@Qa—vr*Qr

r'=rQa+a*Qr
acting on HQH. Remembering that a and 7 satisfy the commutation
relation contained in Table 0, one can easily check by direct computa-
tion that @’ and 7’ also satisfy these relations. (This fact is not
accidental; see Appendix Al). Therefore according to the last state-
ment of Thm. 1.1 there exists a representation

®: A—>B(HRQH)

such that equations (l.13) hold. Clearly the image @(4) is the C*-
subalgebra of B(H®H) generated by a’ and 7. Since these two
operators obviously belong to A®A4, we have @(4) CARA. This way
the second part of the theorem is proven.

To prove the third statement one checks at first (by direct com-
putation making use of formulae of Table 0) that » is a unitary
element of M;(A). Therefore

* *
u-l=u*=( a®, 7)
-, @

(1.13)

Assume that v#0. We have to show that there exists linear,
antimultiplicative mapping &: &/—«&/ such that £ composed with the
hermition conjugation is an involution and

k() =a* £ (—yp*) =%
(@) =a*,  &( . ) =r (1. 14)
£(r) =—vy, £(a*)=a

Let M=4/" be the algebra opposite to &/ (M is identical with o/
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as far as linear structure is concerned, whereas the product of two
elements in the sense of M coincides with the usual product (i.e. in
the sense of .7) of the same elements taken in the reverse order) and

a,=a* 7,=—vy, ak=a and 7m=—%r*. One can easily check that

Qs Tms 03 and 7% considered as elements of M satisfy relations (1. 6)
in Thm. 1.3. Let # be the linear multiplicative mapping which exist-
ence is stated in this theorem. To end the proof we notice that in
the considered case relations (l.14) are identical with (1.7) and
that any multiplicative mapping into M=/ is antimultiplicative if
it is considered as a mapping into /. Q. E.D.

Remarks: 1. Theorem 1. 4 states that for v+#0, (4,u) is a compact
matrix pseudogroup in the sense of [1]. It will be denoted by S,U(2)
and called twisted SU(2) group for the reasons indicated in Appendix
Al (see also Remark 3 below).

2, Clearly C*-homomorphism @ and linear antimultiplicative map-
ping & are determined uniquely by conditions (1.11) and (1.12)
resp. Moreover the diagram

A —2 AR4
al 1m®¢ (1. 15)
ARA — ARARA

is commutative. The latter can be proved in the following way. At
first one checks by direct computation making use of (l.13) that

(PR)id) @ (a) = (idQP) @ (a) (1. 16)
for a=a and 7. Next using the fact that @ is a *-homomorphism one

sees that this formula is valid for any e/ and finally using the
density of &/ and the continuity of @ we obtain (l.16) for all ac 4.

3. It follows immediately from Table 0 that for v=1 the algebra
4 is commutative. According to the general theory [1] in this case

the algebra A4 can be identified with the algebra C(G) of all continuous
functions on G, where

G={G@dQy) u: y is a character of the algebra A}

is a compact group of 2X2 matrices.  Matrix elements of u are
functions of the form u,(g) =g, (where k,1=1,2) for
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(gu, 12
g:
S, L2
In particular a(g) =gy and 7(g) =gn. The C*-homomorphism @ and
the mapping t are given by formulae

(@ a)(g',8) =alg’®)

(£ a) (9 =a(g™
It turns out that

G=8U(2) . (1.17)

<6

Indeed: for any character y of 4 we have yx(a*)=yx(a@), x(G*) =
1), lx(@) I+ [x() |*=1 and the matrix

2(a), —i(r?)
1,  x@

is unitary and unimodular. Conversely any v&SU(2) is of the form

[ )

V= ’ 7

I8) o

where @’ and 7’ are complex numbers such that |a’|?+ |y |?=]1.
Therefore a’, ¢’ obviously satisfy relation of Table 0 (with v=1) and
according to Thm. 1.1 there exists one dimensional representation
(i.e. character) x of A such that y(a) =a’ and x(y)=7’. Then
(d®y)u=v and formula (1.17) follows.

It means that the pseudogroup S,U(2) can be regarded as a
deformation of SU(2) group.

(id®x)u=(

At the end of this section we introduce some important notions
of the general theory of compact matrix pseudogroup and quote some
results.

We start with the notion of convolution product. Let y and & be
continuous linear functional on 4 and a=4. Then

yxa= (id@y) @ (a) (1.18)
axé= (§ERid) D (a) (1.19)
Exx=(CEQXND . (1.20)

Clearly y*a and a*xé belong to A; éxy is a continuous linear func-
tional on 4. The commutativity of the diagram (l.15) implies the
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associativity of the convolution product. Moreover we have
(8x3) (@) =x(ax€) =€ (x*a). (1.2D)
It turns out that there exists (unique up to a positive factor)
positive linear functional on A such that
hxa=axh="Hh(a)l (1.22)

for any a€A. In the theory of compact groups the above condition
expresses the characteristic property of the Haar measure: The invari-
ance under left and right shifts. Also in the pseudogroup case 2 will
be called Haar measure. For S,U(2) with |v|<1

h(a) = f 2 (b0 |7 (a) o)

where = is the representation of A4 introduced in the proof of Thm.
1. 2.

Let (as before) of denotes the *—subalgebra of A generated by «a
and 7. It follows immediately from (l.13) that

D: o ——> A Rt - (1.23)
Therefore there exist linear maps
7, 7" 1 AR y1gl —— A R0
such that

r(a®b) = (a®I) D (b)

r’(a®b) =P (a) 6R1I)
for any a,be4/. It follows from the general theory that r and r
are linear bijections. Moreover for any ac.«/

r (Y (IQRa)) =IR« (a) (1.24)

where # is the mapping introduced in Thm. 1. 4.

’

§2. First Order Differential Calculus

In the theory of Lie groups the external derivative of a smooth
function a€ € ~(G) may be written in the form

da= ; (xp*a)

where (w,) is a basis in the space of left invariant differential forms
of the first order, y, are directional derivatives of the delta-function
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concentrated at the neutral element of the group G and * denotes the
convolution product. We shall use the above formula as a guide-line
in our differential calculus. In this calculus the subalgebra & will
play the role of the algebra of smooth functions.

We shall use the convolution product introduced in Section I.
Unfortunately the functional that are important in the differential
calculus are defined only on & and have no continuity property
(we meet the same situation in the Lie group case: the directional
derivatives of the delta-function are not finite measures).

However due to (1.23) the right hand side of (l.18)-(1.20) are
meaningful for any linear functionals y, £ defined on & and any
ac&/. In this case y*a, axéE &/ and &xy is a linear functional defined
on .

Now we introduce functionals %, yi, . that will play the role of
directional derivatives of the delta-function.

Remark. In Sections 2, 3, 4 and 5 v&[—1,1] and v+0.

Let M be the set of all 4X4 matrices (with complex entries)
having non-zero elements only in the first row and on the diagonal.
Clearly M is a subalgebra in M, containing unity
easily check that the following elements of A:

I,=1I1. One can

1, 0 I, 0 0, 0, 0, —v
o= 0, v 0, 0 .= 0, 0, 0, 0
0, 0, v 0 0, 0, 0, 0
0, 0, 0, v 0, 0, 0, 0
1, 0, —2 0 0, —v%, 0, 0
pie &% 00 . 0, 0, 0, 0
10, 0 2 0 10 0 0 0
0, 0, 0, v 00 0, 0, 0

satisfy relations (1.6). Therefore (cf.Thm.1.3) there exists a linear

multiplicative unital map
frd— M
such that above matrices are equal to f(a), f(), f(a*) and f(*)

resp. Denoting by ¢(a), x(a), x(a), x(a) matrix elements of f(a)
standing in the first row and by ¢(a), fo(a), fi(a), f2(a) the diagonal
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elements we introduce linear functional e, y;, f; (=0, 1,2) defined on
/. We have

e(a), w@, n@, x
0, fola), 0, 0

T@="5 "0, @, o
0, 0, 0, f@
and
e(a) =e(a*) =1, e(r) =e(y*) =0 2.
Jo(@) =fo(a) =v7, Si(e) =v7*
Jola®) =fz(a*) =y, Sila®) =12 2.2)
S =£G%=0 . @=0,1,2)
Except the following four cases
2@ =—v7, xn(a) =1
2.3
n(a®) ==, L) =—v &9

the all other values of y;(a) (where :=0,1,2; a=a,ry, a* r*) are

equal to zero.
One can easily check that matrices a,, 7., a5 and r, commute

with matrices

0, 0, 0, 0 0, 0, 1, 0
0, 0, 0, 1 0, 0, 0, 0
and
O, 0: 0: 0 0, 0, T, 0
09 0: Os 0 O, 0, 0, 0

where t=(1—1%)v™% It follows immediately that f(a) commute with
the above two matrices for any e/ and we obtain

Jo(@) =f2(a) 2.4
fi@=e@+152 0@ . (2.5)

u2

The multiplicativity of f gives rise to the following relations

e(ab) =e(a)e(b) (2.6)
X (ab) = x:(a) f;(b) +e(a) x: (B) 2.7
Ji(ab) =f;(a) £ (b) (2.8)

for any a, be/ and i=0,1,2. Using (1.13) and (2.1) one can
easily compute that exa=a for a=a,y, a*, y*. Moreover in virtue of
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(2.6) the map a—e¢*xa is multiplicative:

exab= (exa) (exb). 2.9
Remembering that a, 7, a*, y* generate the algebra &/ we get
exa=a (2.10)

for any ae«/. It shows that the functional ¢ plays the role of delta-
function concentrated at the neutral element of the (pseudo)group.

Similarly one can prove that

(forfo) (@) =f1(a) 2.1D
for any a=&/: both sides are multiplicative linear functionals on &/
and for a=a,7, a* y* the formula follows from easy computation
making use of (l.13) and (2.2).

The functional ¢ appears in the following interesting context.

Let m: Q= be the multiplication map. This is the linear
map such that m(a@®b) =ab for any a, b belonging to «/. Let & be
the antimultiplicative map introduced in Thm. 1. 4. We claim that

m(£X)id) D (a) =e(a)l (2.12)

for any ae /. Indeed using (1.13) and (l.14) one can easily check
that this formula holds for a=a, 7, a*,y*. Moreover if (2.12) is true
for a=06 and a=¢, then writting

P(b) =3 b:Rb;

00) =3 @4,
we have J

2w bi=e)]

é r(c)ci=e(e)]

i

and taking into account the antimultiplicativity of & we get
m (£id) P (be) =m (£Qid) 3 bic;Qbic’
=5 R = T £ () eI
=e(b) 3 £ (c)) cZZZ(b)e(c)I=e(bc)l .
It proves (2.12) in full generaiity. Similarly one can show that
m(1d@k) P (a) =e(a) ] . (2.13)

Now we are ready to introduce an &/-bimodule I which in our
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differential calculus plays the same role as the module of smooth
sections of the cotangent bundle in the classical theory of Lie groups.
In other words elements of I' correspond to differential forms of
degree one.
Let I'" be the free left module over & with generators @, @), @,
It means that any w1 is of the form
@ = ayWy + a1, + AWy (2.14)
where ay, a1, 3, &/ are uniquely determined and that the left multi-
plication by an element a&./ is given by the formula
aw = (aag) wy+ (aa;) o, + (aay) , (2.15)

(in the following we shall omit the brackets).
For any 0= gw,&I" and any e we set
k

wa=§ a,(frxa)w, . (2.16)

Proposition 2.1. The left module I' considered with the right multi-
plication by elements of < introduced by (2.16) is an f/-bimodule.

Progf. Obviously the multiplication introduced by (2. 16) is bilin-
ear and the associativity low (bw)a=b(wa) holds for any g b=
and w€l'. Moreover if a=I then 9(a) =IQI, fixa=f,(I)I=I and
ol=w. To end the proof one has to show that

w(ab) = (wa)b

for all ¢,b= and wel'. According to (2.16) this formula is
equivalent to the equation

Saxab= (fyxa) (fixb) @.17)
which in turn follows immediately from (2.8). Q.E.D.

To show how the definition (2.16) works we shall compute wy.
Using (1.18), (1.13) and (2.2) we have

wr = (foxa) o= (idQ fo) P (@) wy
= (id®fo) (a@a —vy*Kr) wo

= (fil@a—sfi (D7) on=—-aw, .

Similarly one can compute other products w,, where £=0,1,2 and
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a=a,7,a* v*, For the readers convenience and for the future refe-
rences we list the results:

Table 1 Computation rules for wy, o), @,
@ =y aw,, o=y 2aw, w0 =v law,
-1 g -1
Woy =V "y, Wy =y “yw, Wy =Y "YW,
woa* =ya*awy, wa* =Va*w, wya* =vatw,
— — 2 —
o7 =vr¥*aw,, o7t =vr*e, o =vr¥w,

Now we can introduce the external derivative. For any s/
we put

da= ; (yp<a) o, - (2.18)

Theorem 2.2. Formula (2.18) introduces a linear map
d: o —1T.
For any a, be o/ we have
d(ab) = (da)b+adb . (2.19)

Moreover any element w1 can be written in the form
N
o= Z aidbi
i=1

where ay, Qg ov oy Any by by oo, byEL and Y a;b;=0.
i

Proof. Cleary d is linear. The equation (2.19) can be checked
in the following way. According to (1.18) and (2.7) we have

xwxab= (1dQy) @ (ab) = ([dQy:) P (a) D (b)
= (id@y) @ (a) (id@ f3) @ (b) + (idRe) D (a) (idQys) D (b)
= (qpxa) (fixb) + (exa) (yexb) (2. 20)
= (w*a) (fxb) +a(ped)
where in the last line we used (2.10). Therefore using (2.16) we
obtain
d(ab) = ; (xwxab) v,
= ; (xa) (fxb) wp+a ; (xexb) @,
= ; (xp*a) Wb+ adb= (da)b+adb .
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To prove the last statement of the theorem we have to compute da
for a=1,a,7,a* r*. For example, using (1.13) and (2.3) we have
D (a*) =a*Qa* —vyQr*
Xoxat = yo (@®) a* —vp (r*) r=7
arxa® =y (aF) a* —vp (r*) y = —oa*
yexa®* =y (a¥) a* —vp () r=0 .
Therefore
da* =ywy—’a*e, .

Similarly one can check the other formulae listed in the following
table

Table 2
dI=0
da=aw,+V*r*w, dr* = —vlaw, —Vr*w,
dy =rw,—va*w, do* =ywy—Va*w,

Now using Table 0 one can check that

Table 3

wy=7¥da* —va*dy*
oy =a*da+y¥dy
= —ydr* —v2ada*

w,=yda—vlady

Let o€I'. Then w=3 ¢, where ¢, ¢1, c;E%/ and using formulae
k

of Table 3 we obtain
0)=Z41 a,-dbi

where ¢;E9/ and b;=a,7,a*, * for i=1,2,3,4 resp. If the sum
2. ab; (where i runs from 1 to 4) does not vanish then we set

as=3> a;b; and bs=—1. Obviously

5 5
w= Zl a,—db,— and Z a,-b;=0 B

i=1
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This ends the proof of the theorem. Q. E. D.

The following result shows that the pseudogroup S,U(2) is con-
nected.

Theorem 2.3. If ac</ and da=0 then a=2I for some A<C.

Proof. We shall use the basis (1.4). For any m, n=0,1,2,...
and integer £ we put
akymykn for £>0
o TBmykn for k<0 .

It follows immediately from Table 1 that wa*™ =2 n"Pgkmng,
Using (2.16) we obtain

akmn —

ﬁ*akmn:yﬂn—m—k)akm’l (2. 21)

and taking into account (2.5) and (2.10) we get
2
Xl*akmn= 1 ipZ (pz(n—m—k) _ l)akmn . (2. 22)

It is more difficult to compute the convolution products ygxa*""
and yp%a*™. In this computation one starts with formulae

Xoxa =0, yoxa*=yp, ypr=0, yrr*=—v'a
xka =¥, pxa* =0, ypxr=—va*, yr*=0

which are essentially contained in Table 2 (cf. Def. (2.18)) and uses
the equation (r=0,2)

fr*akmn — Dn—m—kakmn

which can be derived in the same way as (2.21). Then using
repeatedly the product formula (2.20) one can compute the desired
convolution products. We omit the boring details and quote the
results:

xo¥a*™ is a linear combination of the following two basis elements :
ktLmiln and g*tt™n1 If n>>0 then the latter element enters into the
linear combination with a non-zero coefficient.

a

xz%a*™ is a linear combination of the following two basis elements :
a* bttt and gt thmhe If m>0 then the latter element enters into
the linear combination with a non-zero coeflicient.

Let ce«/. Then
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€= Com@™™ (2.23)
kmn

where ¢;,,€C and ¢;,,=0 for almost all (kmn). The summation runs
over k=..., =2, —1,0,1,2,..., m,n=0,1,2,... .
Assume that dc=0. Then
xe=0 (2.24)
for r=0,1, 2.

Taking into account (2.22) we see that in (2.23) only the terms
with n—m=Fk do not vanish. It means that except the term k=m=
n=0 in all non-zero terms in (2.23) n+4m is strictly positive.

Assume that some coefficients c¢;,, are different from =zero for
n+m>0. Let s be the smallest strictly positive integer such that for
some m, n we have ¢,,#0 and s=m-+n. Then either the basis
element a**“™""! enters with a non-zero coefficient into the decom-
position of ygc, or a**“™7'» enters with a non-zero coeflicient into
the decomposition of y*c. In both cases we have contradiction with
(2.24). It shows that all terms in (2.23) vanish except the one
with k=m=n=0. Therefore

c= Coool .

Q.E.D.

In the next sections we need a characterisation of those sequences
@1y Gy« vy Ayy by by, ooy by for which 3 a;6,=0 and X a;db;=0 .
To formulate this condition we shall use the bijective map
r.: M@algd — ﬂ@,ﬂgd
introduced in Section 1 such that
7(a@®b) = (a@I) D (b) (2. 25)
for all a,be.s/. Let us note that for any 2E XK, &; ¢,c'EL we
have

r((@®Dz(IRe")) = (D1 ()P (") . (2.26)

Proposition 2.4. Let ay,as ..., ay,byby ..., byEfl. Then the
Jollowing three conditions are equivalent:

I. Z aib,‘ =O and Z didbi =O
IL. (X 2;Qb;) € A RuR,
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where R is the right ideal in of generated by the following six elements
a*+va— 1+ 1, A r¥r
7 (a—Dry, (a—Dr* . 2.27)
III. 3 a;Qb; can be written as a finite sum of terms of the Sform

(c®[)r‘1(l1®x) (IQc"), where c,c’=sf and x is one of the element
.27).

Proof. At first we have to show that
R={xeo: ¢(x) =0 and %,(x) =0 for r=0, 1, 2}. (2.28)

Denote by R’ the right hand side of (2.28). Clearly R’ is a
linear subset of & and (since functionals e, yo, xi, 32 are linearly
independent) dim &//R’=4. Moreover it follows immediately from
(2.7) that R’ is a right ideal in /.

Using (2.7) and (2.3) one can easily check that functionals e,
X0 X1, ¥z Kkill all elements (2.27). It means that these elements belong
to R’ and we have RCR’. To prove (2.28) we have to show that

dim «//R<4 . (2.29)

For any a,be s/ we write a~b if and only if a—b belongs to R.
Since R is a right ideal, both sides of the equivalence relation “~”
may be multiplied from the right by any element of «:

(a~b) > (ac~bc) (2. 30)
for any a,b, cE .
Let us note that
r~r¥r~r?~0
ap~r, ar*~r*.
Moreover a*~ —v2a+ (1+2%) I and in virtue of (2.30)
a¥p~ —Yay+ (15 r~p, a¥rf~—var*+ (1429 r*~r*
a*i~ —Vaa* + (1 +15) a*
=2 r) + (1 +) a*~ =T+ (1 +12) a*
ai~—v%*a+ (v 24+ 1Da
=—v 22—+ 0+ Da~—v + (v 2+ Da .
Obtained equivalences show that any second order polynomial in

a, 1, a*, v* is equivalent to a linear combination of I,a,7,7*. In
virtue of (2.30), any polynomial of total order n in a,7, a¥, ¥ is
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equivalent to a polynomial of order n—1. Applying the principle of
mathematical induction we conclude that any element of & is equiv-
alent (modulo R) to a linear combination of the following four
elements: 7, a,7,7*. This proves inequality (2.29) and ends the
proof of (2.28).

Taking into account (2.25) one can easily check that

ab= (idQXe) r (aQb)
adb=§(id®xk)r(a®b)wk .
Therefore in virtue of (2.28) the first condition of Prop. 2.4 is satis-
fied if and only if
(X a:Qb;) EALRueR . (2.31)
This way we showed the equivalence of the two first conditions.
Assume now that (2.31) holds. Then r(X a;®¥b;) is a finite sum

of elements of the form vQxw, where v, wE ./ and x is one of the
elements (2.27). Since r is surjective, one can find elements ¢, c;E o/
(s=1,2,..., 8 such that (X ¢,&Qc;) =v®w. Then we have (cf.

(2.26))

27 (@D 77 (IQx) (IQx,))
=2 QD (IQx) @ (c) = I&%) Z(e; QD P (<)
= (IQx)1 (% ¢,Qe;) =vQaw .

This way we showed that r(X a;®b;) is a finite sum of elements of
the form 7((cQID)r1(IQRx) (I®c’)), where ¢,¢c’'E% and x is one of
the elements of (2.27). Now condition III of Prop. 2.4 is implied
by injectivity of 7.

Conversely assume that the condition III holds. Then (X a,&b;)

is a finite sum of elements of the form
r((c®Dr(IQx) (IKRc")) = QD) (IQx) D (c")
= (c®x)P(c") (2.32)
where ¢,¢c’e/ and x is one of the elements (2.27). In the above
computation we used (2.26). All elements (2.32) belong to #Z),,R.
Indeed xER, c(RxE A RyuR and LK, R is a right ideal of F&,,.
Therefore 7(3 a;&Xb;) belongs to #/®,,,R and condition II follows.
Q. E.D.
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We shall use the above result to prove the following interesting
theorem showing that in a natural way I" is a s-bimodule over <.

Theorem 2.5. There exists one and only one antilinear involution

x: ['—— T (2.33)
such that for all ac o/ and o€’ we have

(aw) * = w*a* (2. 34)

(wa) * =a*w* (2. 35)

(da) *=d (a*). (2. 36)
Moreover we have

Table 4
* * [ — 1
Wy =Yy, Wy = —wy, @y —TCUO

Proof. Let wel'. Then o can be written as a finite sum (cf.
Thm. 2. 2)

0=73 a;db; (2. 37)

where a;, b€/ and X a;5;=0. Using the rules (2.34)-(2.36) one
easily obtain t
o¥=— ; b}d(af)
and the uniqueness of (2.33) is proven. To prove the existence we
have to show that for any ay,as ..., ay, by, bs ..., by
( ; a;h;=0

5 a,.db,.=0> = (X brdaf=0). (2. 38)

Assume that 2 a;6;=0 and 3 a;db;=0. Then according to Prop.

2.4, > a,Qb; can be written as a sum of terms of the form

(c®Dr(IQx) (IQ«c")
where ¢,c’E% and x is one of the elements (2.27). Let r1(IQ®x)
=3 pQq, where p,, ;€. Then the above expression equals to
t
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DI A I (2. 39)
Therefore 2. b}Qaf can be written as a sum of terms of the form
2 (@e)*Q (cp)* = ("*QD (X g @pi) Q™).
Applying the map 7 and using (2.26) we see that r(3 bf®af) can

be written as a sum of terms of the form
(0'*®I)T(; qF ®pF) @ (c*) (2. 40)

where ¢, ¢’/ and p, ¢ are such that r(3 p&q.) =IQx, where
t
x is one of the elements (2.27). Now according to (1.24)

r(Z gt @p?) =IQk(x)*
and (2.40) equals to

(" @r () ) B (*). (2. 41)
The mapping x—#(x)* is antilinear, multiplicative and (cf. (1. 14))
maps elements I, a,7,a*, 7* onto I,a, —vr*,a* and —v7lr resp.

Therefore this mapping maps elements (2.27) onto elements (2.27)
multiplied by a numerical factor. It means that in the formula (2. 41)
£(x)*eR. Remembering that &/&),,R is a right ideal in &),
we see that (2.41) belong to #/®.,R. Therefore 7(X bfXaf) €

A QR and using Prop. 2.4 we obtain
3" b}daf =0.

This way the implication (2. 38) is proved.
Now for any w&I" of the form (2.37) we set

wF=— 3 Brd(a). (2. 42)

The implication (2.38) shows that this definition is correct i.e. the
right hand side of the above formula is independent of the particular
choice of a; and b; in (2. 37).

Clearly *: I'=I" is an antilinear involution. Moreover if ® is
given by (2.37) and aE</ then aw=3(aa;)db; and

(aw)*=—32b}d((aa)*) = — 3 brd(ata*)
= - brd(a})a*— 3 bfa}d(a*) =w*a*
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since X bfaf= (X a;b;)*=0. Formula (2.34) is proved. To prove
(2.35) we use (2.34) and the fact that * is an involution:
(wa)* = ((a*o*) *) * =a*w*. (2.43)

Setting in (2.37): a;=1I, a,= —a, by=a and b,=1I we obtain w=da
and (2.42) shows that (da)*=d(a*). It proves (2.36).

Using the expressions for @, and ®, given in Table 3 and the
definition (2.42) one easily check that of =vw, and f=v"'w,, To
compute of one has to use the following expression for w; (cf. Table 3)

oy=a*da+r¥dy—1dl.
Then using (2. 42) one obtains of = —w;. Q. E.D.

§3. Higher Order Differential Calculus

In differential geometry second order differential forms on a smooth
manifold M are sections of the bundle A?*T*(M) which can be
constructed starting with the cotangent bundle 7* (M) by taking the
tensor product 7% (M) X, T*(M) and dividing by the subbundle of
symmetric elements. In the algebraic language, denoting by I") the
C=(M)-bimodule of sections of T*(M) we construct the bimodules

F?IZ=FM®@,°°(MFM
Ty =T§/Sh

where S% denotes the sub-bimodule of I'§? composed of all elements
of I'§# which are invariant under the bimodule homomorphism

o I'S— ' 3.1

which maps w®%w(M)w’ onto w'®g,°(M)w. Then I'§? coincides with the

% = (M) -bimodule of second order differential forms on M.

Unfortunately in a noncommutative case (i.e. when €~(M) is
replaced by a noncommutative algebra) the homomorphism (3.1) can
not be introduced and there is no canonical way to distinguish the
submodule 2%

We shall see however that all the main feature of the differential
calculus over Lie groups can be reproduced for the pseudogroup
S,U(2) if we take as §% the sub-bimodule of

re=re.,r
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generated by six elements of the form
2
kgo(Xk*Xi) (%) 0, 0; (3.2)

where x takes values (2.27).
At first we show, how to compute (3.2) for x=a*+va— (1+1%)1,
%1, r*% (a—D)7 and (a—I)y*. Let for example x=7%. Then using
the basic rules of differential calculus, Table 2,1 and 0 we have
d(*) = () r+rdy
= (yo, —va*®,) r + 71 (yo, —va*e,)
= (% + 1) 7o — (1 +%) a*ro,
1422
XJZ

It means (cf (2.18)) that

(FPo,—Va*yw,).

1+

2
v
7 (PP, —Va*Frwy).

2
E)(X:‘*rz)wi=
Now we have (cf (1.21))

2 2
fj'é wx) (P ;= ;}) 1 (L7 o;
_ 1+

1)2

(P o=V (a*7) w,).

1 (7)) and y,(a*y) can be easily computed due to formulae (2.3) and
(2.7). We get

%7 =0 for £=0,1,2
x:(a*r) =0 for £=0, 1
xe(a*y) =—v.

Therefore
2
kgo(Xk*Xi) 7 0, ww; =v (1 +2%) 0, K 0,

In the following the numeric factor will not play any role. Similarly
one can compute (3.2) for other x. We list the results of these
computations in the following

Proposition 3.1. The linear span of elements of the form (3.2),
where x takes values (2.27) coincides with the linear span of @@ o,
Q) 01, 0 qws, 0K O+ VO w5, 0KV Q) o, and @) 0
+r'oQ g, .
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Let us denote by &, &, ...,  elements of I'®* listed in Prop. 3.1
and let

6

SZ= {Z; al,: a, e r=1,2,...,6}.

It follows immediately from Table 1 that $* is a sub-bimodule of I'®2

Now we are going to comstruct &/-bimodules I'"%, I'3 ... which
elements correspond to differential forms of order 2,3,... resp. We
introduce these bimodules at once by constructing the graded external
algebra I'". Then I'* will denote the subspace of I'* composed of
elements of grade n.

For any natural n we denote by I™®" the &/-bimodule I'®Q,I'Qy. . .
QRul" (n-factors). I'®® will denote /. Let

F®-_-__i@[’®n,
n=0
Clearly I'® is a graded algebra containing & as the subalgebra of
grade 0 elements and /I as the subspace of grade 1 elements. We
introduce graded x-algebra structure in /™® in the following way: on
elements of grade 0, * coincides with the hermitian conjugation in
& ; on elements of grade 1 we use * operation introduced in Section
2 (cf Thm 2. 5); for elements of higher order we put

(0:Q 0Lz - -+ ®M0n)* =50 ®x oo Ry X 0F 3.3)

where 6, 0,,...,0,I" and s, is the sign of the permutation
( 1, 2,...,n

) : s5,=(—1)*@*D72  Then
nn—1,...,1

(BRu")*= (—1)H0"*@ 0%

for any homogeneous elements 6 and 6’ of I™® of grade k£ and i resp.
Let § be the (two-sided) ideal in I'™® generated by S%. Any ele-

ment of § can be written as a sum of homogeneous (i.e. of definite

grade) elements belonging to S. Therefore the quotient algebra

[~=I%®/§

have a natural grading. It is clear that § contains no elements of
grade 0 and 1. Therefore in I'", the subalgebra of elements of grade
0 can be identified with &/ and the subspace of elements of grade 1
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with the bimodule I'. The multiplication in I'* will be denoted by
/\ (this sign is usually omitted if one of the factors is of grade 0).
The algebra I'" is generated by &/ and grade one elements wy, w;, w,.

Taking into account the explicite expressions for £, {,, ...,5 gene-
rating $? we get the following

Table 5 External product identities

@ \wy=0, 0, \@y= —”20’0/\“’2
o \Noy=0, o \oy=—v'o,/\o,

wz/\wzzo, (l)z/\(l)lz "—U4(U1/\w2

Moreover since the tensor products considered in this section are
tensor products over & we have 6aQ) 0" =0 a6’ and
Oa/\NO' =0 \ab’ 3.4
for any 6, 0’ and ac .
One can easily check that $? is x-invariant. The same holds for
S. Due to this fact I' has a natural graded =x-algebra structure. In
particular we have
CENL)*=(—D)%CHENL* (3.5
for any homogeneous {,{’eI'"; 9 and o’ denote grades of { and {’

resp.
Now we can formulate the main theorem of this section.

Theorem 3.2. There exisis one and only one linear map
d: I'——>rI» (3.6)
such that

1° d rises the grade by one
2° On LI, d is given by (2.18)
3° dis a graded derivative:
d@NL) =N+ (= DXL’ 3.7
for all homogeneous elements ,C'eI'™; 0C denotes the grade of C.

4° (d)*=d(@ ferm
5°  d(dg) =0 4=7 K
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The proof of this theorem is based on the following proposition
which will be proven in the next section.

Proposition 3.3. There exists a larger graded x-algebra '™ (with
multiplication denoted by /\ or by - if one of the factors is of grade 0)
containing I'™ and a grade one element XTI such that

XN\X=0 3.9

Xk= (3.10)
and

Xa—aX=da 8.11)

Jor any acsf (da denotes the derivation introduced in Section 2).

Proof of Thm.3.2. According to the condition 2°,d is defined
uniquely on elements of grade 0. Any element of grade 1 is a sum
of terms of the form adb, where a, b /. Using the conditions 3° and
5° we have d(adb) =da/\db. Therefore d is defined uniquely on elements
of grade 1. Remembering that I'* is generated by elements of grade
0 and 1 and taking into account the condition 3° we see that d (if
it exists) is defined uniquely.

To prove the existence we use the larger graded *-algebra /™ and
the element X/ described in Prop. 3.3. For any (&I we put

dC: [X, C]grad

where [X, {lga is the graded commutator:

XNC—CNX if € is even
[X: C]grad:{ . .
XNCHCNX if { is odd .
We check that the conditions 1°-5° of Thm. 3.2 are satisfied.
Condition 1° is obvious (X is of grade 1). Condition 2° follows

immediately from (3.11). Let ¢’el™ be homogeneous elements of
grades o and 9’ resp. Then
AN+ (— DTN’
= (XN = (DA N’
+(=DEA XN = (DT N\X)
=XNINL = (=LA Ay=d(C AL

and the condition 3° is satisfied. Let &1 be a homogeneous element
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of grade o. Then (* is of the same grade and taking into account
(8.5) and (3.10) we have

@)*=(XNC— (—DMCAX)*= (=D C*AX*— X*N\C*
=XA\GF— (—D*FN\X=d(F).

It shows the condition 4°. To prove the condition 5° we compute

d(d0) =d(XN\L— (—=DCAX)
=XAN XN = (=DXAX) — (=D XN (DA NX
=XNXNL—CNXNX

and the condition 5° follows directly from (3.9).
To end the proof we have to show that d{&l'" for any (&l
Let us consider the linear set

{{el'r: del™]. (8.12)

Condition 3° shows that (3.12) is a subalgebra in I'., According
to the condition 2° this subalgebra contains & and due to the condition
5° all elements of the form da, where a=./. Obviously the smallest
subalgebra of I'* containing & and d& coincides with I'*., In other
words del'» for all {I'", Q.E.D.

Later we need the explicite formulae for dw,, do;, and dw,. If 6=
> adb; (where a;,b;€9/;1i=1,2,...,n) then using the rules of dif-
ferential calculus listed in Thm. 3.2 we have

d0 = Z da,-/\db,- .

Using this formula, equations contained in Tables 0,1,2,3 and 5
and the property (3.4) one can compute dw, for £=0,1,2. E.g.

doy=dy \dex —%da Ndr

= (yo, —va*w,) N\ (aw, +vVr¥e,) — % (aw,+Yr*wy) N\ (o, —va*w,)
=vr0, \r*w;,—va*e, \ aw, + aw, )\ aF o, —vr¥e, /\ ro,
=v"r¥r0, \ 0, — a*aw, \ o, +Vaoa*e, \ o, — 1w, \ o

=V, N, — 0, \oy =1+ o, \w, .

Similarly one can check two other formulae contained in the following
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Table 6 Cartan Maurer formulae

dwy=2*(1 +1*) oy /\ e
do,= v @y /\ @,

dw,=1*(1 +1%) 0; \w,

Moreover remembering that d*=0 we get

d(wo/\ewy) =0
d(w/\wp) =0 (3.13)
d(oA\wy) =0 .

It follows immediately from Table 5 that any element *eI™"? is
of the form

CZ=a0w1/\w2+a1w2/\wo+a2wo/\w1 3.14)

where g,/ (k=0,1,2). Looking more closely to the structure of
the ideal § one sees that 4, (£=0,1,2) are uniquely determined by
¢% Similarly any element {*7* is of the form

C=aw/\o1/\ @,
where a= s/ is uniquely determined by (% Moreover it is clear that
I'’=0 for n>>3. Therefore the de Rham cochain complex for S§,U(2)

has the following form:
d

0 x4 r

d

RSN N 0.

We shall prove in Section 5 that this sequence is exact in I and
I'"?%, It means that the cohomology groups in dimensions 1 and 2
are trivial. The group H°(S,U(2)) is isomorphic to C (cf. Thm.
2.3)). We shall prove in Section 5 that H*(S,U(2)) is isomorphic
to €. It means that

dim coker (I'"2—2>%) =1

and there exists unique (up to a complex factor) linear functional
S: I'i—-sg¢

such that for any (’eI™* we have the Stokes formula
Sdc2=0 . (3. 15)

It turns out that for any e/
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faanronNor=hca (3. 16)
where % is the Haar measure (cf.Section 1). Indeed if {* is given by
(8.14) then in virtue of (3.13) and Table 5

dC?= (ypxao+V5xay + Vo pxas) o\ 01 \ @,
and taking (8.16) as the definition of the integral we have (cf (l.
2D)
Sa” 2= b (yoxao + Yoyr%a, + 15 yxaz)
= yo(agkh) + 50 (arxh) +15x; (azxh)
and (3.15) follows (cf. (1.22) and use equation y; () =0 for £=0, 1, 2)

Remark. S is not a graded trace in the sense of A. Connes.

For any e=«/ and £=0,1,2 we set
Via=yx*a.
Then
da=Zk:(Vka)wk .
It means that in our theory V, play the role of left invariant differential

operators of the first order.
Using the basic properties of the external derivative d listed in

Thm. 3.2 we have
0=d(§ (V1) wy) =§ d(Via) N\wp+ Zk: (V1a) dw,
=%' ¥ia) ;\w,+ kZ V) do, .

The last expression can be reduced to the form (3. 14) with the help
of Tables 5 and 6. This way we obtain

Commutation relations for
infinitesimal shifts

Table 7

UVZVO—‘—I];— V072=Vl
”27170_%270712 (1A,

== (AT,
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Clearly these relation correspond to the well known formulae
VV,—V V=% ck,
k

for infinitesimal shifts on a Lie group (c% are structure constant of
the corresponding Lie algebra).

§4. Extended Bimodules

This section is exclusively devoted to the proof of Prop. 3. 3. No
notion introduced in this section will be used later. The reader
interesting in applications of the differential calculus described in the
previous sections may omit Section 4 and pass to Section 5.

To prove Prop.3.3 we have to extend #-bimodule I'. Let /X
be a free left «/-module with one generator X and

F=A4X@rI. 4.1
Any element @< is of the form
o=cX+w 4.2)

where c€&/ and we!" are uniquely determined. We introduce right
multiplication by elements of &/: for any @[’ of the form (4.2)
and any a€« we set

da=caX+ (¢cda+wa). (4.3)
Let us notice that for any a,bE o we have (ad)b=a(®b) and

(@a) b= (caX+ (cda+wa))b=cabX +cadb+c (da) b+ wab
=c¢(ab) X +cd(ab) +w(ab) =@ (ab).

Moreover obviously @/=a@. Therefore the left «/-module I© endowed
with the right multiplication (4.3) is a bimodule over /.

Inserting in (4.2): ¢=I, =0 and using (4.3) we obtain Xa=
aX+da. Therefore

da=Xa—alX. (4.4)

We know (cf. Thm. 2. 2) that any element of I" can be written as
a sum of terms of the form adb, where a,b=./. Taking into account
(4. 4) we see that any element of I is a sum of terms of the form
aXb, where a,be .

Let Q be a bimodule over /. Then using the above remark and
equation ¢® ,aXb=qa® ,Xb we see that any element of Q® I isa



152 S. L. WoRONOWICZ

sum of terms of the form ¢&® ,Xb, where ¢€Q and b=«/. We express
this property writing the equation
QR '=0Q XA (4.5)
We introduce *-bimodule structure in /': for any @ of the form
(4.2) we set
@* = — Xc* +o*, (4.6)
Let us notice that
(%) *= (—Xc*+ o) *= (—c* X —dc* +w*) *
=Xc—de+o=cX+o=0 .
It shows that the map *: ['—I introduced by (4.6) is an involu-
tion. It follows immediately from (4.6) that (ad)* =d*a* for any
ae s and Gl Repeating the computation (2.43) we get (&a)*=
a*@*, Tt means that I is a *-bimodule over .
Inserting in (4.2): ¢=I, =0 and using (4.6) we obtain
X¥=-X. 4.7)

It follows immediately from the construction that /" is a sub-

bimodule of I". For any @ of the form (4.2) we set
J(@) =c.
One can easily check that
ji: F—o (4.8)
is a *-bimodule homomorphism and that ker j=I'. Therefore we
have the exact sequence
T L N S

We repeate for I’ the tensor algebra construction that is done in
Section 3 for I': for any natural n, I'® will denote the tensor product
(over «7) of n copies of I". We use the definition (3.3) to endow [®"
with a *-bimodule structure. For n=0 we set [® =4/, Since [ is
a sub-bimodule of I* hence I'®* " for all n.

For any natural £<n we set

Hh=ilQ .+« QiR o JQ iR o1 - - R oid
where id is the identity map acting on I" and j standing at the k-th
place is the *-bimodule homomorphism (4.8). More precisely j, is
the *-bimodule homomorphism
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Jat [ [i®@-D

such that
jk (51®M52®d' L ®dgn) (4 9)
:51®d' ° o ®dék—2®ﬁgk—1j(gk) ®.ﬂgk+1®.ﬂ' e ®dén
for any 65,0, ...,6,". One can easily check that
ker jk=f®(k-1)®dr®df®(n—k) . (4. 10)

Let
o= {2@ jien
n=0

Like in the case considered in Section 3, ™® is a graded =*-algebra.
We denote by § the (two-sided) ideal in I™® generated by single
element X® X Obviously § is *-invariant. Moreover
Szi@sfn
where $§* denotes the set of all elements of § having the grade equal
to n. Therefore the quotient
=re/8
is a graded *-algebra containing &/ as the subalgebra of elements of
grade 0 and I" as the s&/-bimodule of elements of grade one. The

multiplication in /* will be denoted with the same symbol as in I,
We know that X®R ,X<S. Therefore

XAX=0. (4. 11)

Lemma 4.1. Let py, poy e vy P 1y G2y o - -5 s E and
r(Z 2:QRq) =1Q)z (4.12)

where v is the bijective linear map introduced by (2.25) and z belongs to
the right ideal R generated by (2.27). Then

2
2 ﬁtX®xX9t=“Z=o(Xk*Xi) (2) Q) 4 ; (4.13)
Proof. In virtue of Prop 2.4

;P:q:=0, thtd9t=0 . (4.14)

The second equation means that
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Z; p:(xixq:) =0 (4.15)
for :=0,1,2. Using (4.4) we have
; b Xq= ; b X+ ; pidg:
and (cf. (4. 14))
Zt:p,Xq,=0 . (4.16)
Taking into account (4.16), (4.4) and (4.15) we compute
; D XQ . Xq:= zt: 1 Xq Q. X+ Z:: DX dg:
= ; DX (1xqe) Q 0;
= ; D (U*q) X&) g0, + ; A (Xxq:) @ 0;
= %: A (txq) @ q0; «

On the other hand
2 pd (g2 =2 bt 0

=3 puGd® (6#1:)) D (g oy
=3 (d® () (X (@D P(@)) wy
=2 (1d® (uxx)) 1 (2 (0:&q0) s
=22 0w ) R

and formula (4.13) follows. Q.E.D.

Since r is surjective, for any zER one can find p,q, (t=1,2,...,

s: s sufficiently large) such that the assumption (4.12) is fulfiled.
Lemma 4.1 shows that for any zER

= (1) () 0@ 0, €8 .
In particular setting z=a*+v’a— (1+91, 1% r*r, v*% (a—D)r and
(a—I)7* we see that all six generators of S? belong to §. Therefore
Sc§ and

scsnre,
To complete the proof of Prop. 3. 3 it is sufficient to show that
snrecs. (4.17)

Indeed if this inclusion holds then the kernel of the composed map

e [® A (4.18)
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(where the second arrow denotes the canonical projection) coincides
with § and (4.18) defines the embedding of I'*=I"®/S into n,
Therefore I'* can be considered as a larger graded x-algebra con-
taining I and equation (4.11), (4.7) and (4.4) show that X&I*
satisfies the conditions listed in Prop. 3. 3.

Relation (4.17) means that for any n=0,1,2,3,...

Srnrercse (4.19)
where $*(S", I'®") denotes the &/-bimodule of elements of grade =
belonging to S (S, I™® resp.). For n=0, ] this relation obviously holds
(both sides equal 0).

We consider the case n=2. Any element !&S$? is of the form

C=> a;XQ ., Xb;
where g;,b,e/. If C;ET@ then (cf. (4.10) and (4.9))

J2(€) =3 a:Xb;=0 .

Taking into account the definition (4. 3) we obtain ; ab;=0and %_," a;db;

=0. Using Prop. 2. 4 and repeating the argumentation used in Section 2
immediately after implication (2.38) we see that > a,Xb; can be

written as a sum of terms of the form (cf. (2.39))
Zt: cpQgic’

where ¢, ¢’/ and p;, ;& are such that
7(Zt:ﬁt®9t) =IQz

where z is one of the elements (2.27). Therefore {2 is a sum of
terms of the form

¢ ; D XQ 1 Xqic'.
Using Lemma 4.1 we see that {® is a sum of terms of the form
e[ Qo) (2) &) g;1c”

where ¢, ¢’/ and z is one of the element (2.27). According to
Prop. 3.1 elements in square brackets generate S% Therefore ?€S%
This way we showed that

S?Nker j,CS2% (4. 20)
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In particular
SENreEcse. (4.21)

Let n>2. Clearly tre St if and only if {* is a sum of terms of
the form

UR o X X® (L (4. 22)
where e, e, 5,r=0,1,2,..., n—2 and s+r=n—2. Separating
terms with s=n—2 we see that

Sr=I®DR) X oy XA + 87 R (I
and using (4.5) we obtain
Sr=Ien2RQ XQ XAt +5' R XA . (4.23)
Inserting n—1 instead of n we obtain
S =700 3Q XR XA +85R XA .
Inserting this expression into (4.23) we get

Sr=I®"DQ) XR g XA + TRy XQ s XA R X A
+82R ( XA R g XA

Now, using simple formula

Xa® , Xb=XQ 4aXb=XR 4, Xab— X 4 (da)b (4.24)
we see that

P33R XR, XAR g XA CTO 2R, XR XA + 8 R I
and

S 2Ry XA Ry XA CTO DR L XR y XA+ R 1.
Therefore

St 2@ XQ X +85 QI (4. 25)
Let g8 Then
q= z‘: 0 4 XK Xb; +q’ (4. 26)

where {;e®"2 p.eo, ¢€§'Q,1.
In order to have compact notation we put X=w_; and for any
sequence 7= (1, 7a. .. 7,—z) of elements of the set {—1,0,1,2} we put
wrzwr1®dwr2®d’ .. ®dwrn_2 .

Then, using Table 1 and the formula aX=Xa—da one can write any
element {E®*? in the form
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= > w4,

where ¢, €% and the summation runs over all possible sequences of
length #—2. In particular all §; in (4.26) can be written in this
way. Therefore

q= ; ©,8,/Q) 4 XQ 5 Xb; +q’
= Zr: 0,&) (Z;: a,;: XQ o Xb;) +q’.

Assume that j,(¢) =0, where j, is the last of the mappings (4.9).
Remembering that ¢’'€8*'® I we see that j,(¢’) =0. Therefore
using (4.27) we obtain

> wr®d(z a,;: Xb;) =0 .
It means that for ;ny r ‘
J2(Z 4 XQ 4 Xb)) =3 a,: Xb; =0
and in virtue of (4.'20) we get '
> 4, XQ o Xb,ES2 .
It shows that the }irst term in (4.27) belongs to ["®® 2 % and
gEI®" PR S+ 5" Q L.
This way we showed that
S*Nker j,c® 2R 2+ $51Q I . (4.28)
Let m>0. Using (4.5) we obtain
ren=ren-nvQ Xof.
Therefore for m>1 we have
[en=[en-2R) XAR XA
Now using (4. 24) we see that

(4.27)

[en=gn4 f@m-Dx) I (4.29)
We shall prove that for £=1, 2,...
[ =8t 4 ['® I8¢, (4.30)

For £=1 the formula is evident. For £=2 it coincides with (4.29)
with m=2. Assume that (4.30) holds for A=m—1. Then using
(4.29) we have
ren=8n+ (§" '+ I'Qu ") @l
=84+ §"'Q [+ R, [®mD
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and taking into account the obvious inclusion §*7'®),I"CS, we obtain
(4.30) for k=m. This way (4.30) is proven in full generality.
Let us put A=n—2 in (4.30) and insert the obtained expression
for [®*=2 into (4.28):
S Nker j,C8 2R 8+ 'R L OR 4 S2+ 8 R) L.
Clearly
SR P C SR, [ and [P dQ) 8§25,
Therefore
S*Nker j,c Q8 +§'Q,1 . (4.31)
for n=3,4,5,....
We shall prove that
8N (TR (¥ ) C X® 5t + S (4.32)
for k=2,3,4,...
For £=2 this formula follows from (4.20). Let n>>2. Assume
that (4.32) holds for k=n—1. Let
resn(F'Q,Ie="),
Then j,(C") =0 and using (4.31) we see that
C"=X®.¢5—1+Z wi®dsi+z £ 0 (4.33)
where &_;, &, &, ;8" and &, &}, §&,&8*%. The first and the second term
in (4.33) belong to f@dfg"""). Therefore 3, ER 0, ETR D,

It means that & belong to ['®,I®*2, Now using (4. 32) with
k=n—1 we obtain £€X®,S"%+85*! and the last term in (4.33)
belongs to X 8" *Q [+ 85" 'R [ CXQ,S"+S8" On the other
hand the first and the second terms belong to X®.,S$"" and $" resp.
Therefore

CnEX®dSn—1+Sn
and (4.32) holds for k=n. This way we proved (4.32) in full

generality.
Inserting in (4. 32) k=n and remembering that I'®" is contained

in F'®, " we get
S NIrerc X, Sv 48 . (4.34)
We know that S*CI®" and (X®,_,S$**) NI®*=0. Therefore the
inclusion (4.34) means that
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Sn N I'®nc s
and (4.19) holds in full generality. This ends the proof of Prop. 3. 3.

§5. Finite Dimensional Representations
of the Pseudogroup S,U(2)

In this section we apply the differential calculus built in Sections
2 and 3 to the investigation of representations of S,U(2). We shall
assume that these representations are finite dimensional. This assump-
tion is not restrictive.  According to the general theory [1] any
unitary representation of a compact matrix pseudogroup is a direct
sum of finite dimensional irreducible representations.

At the beginning we remind the notion of representation. Let V
be a finite dimensional vector space. We say that v is a representation
of S,U(2) acting on V if v is an invertible element of the algebra
B(V)RA such that

(1ld®RD)v=vDv G.D

where @ denotes the bilinear multiplication defined on elements of
B(V)®A with values in B(V) ®AXRA such that

(m&a) D (mQb) =mm;Qa&b
for any my, myeB(V), a, b€A. If V=C¥ then B(V) =My and the
product @ introduced here coincides with the one considered in
Section 1. In particular 2X2 matrix u considered in Thm 1.4 is a

representation of S,U(2) acting on C2 This representation is called
fundamental.

In the group representation theory we consider equivalent represen-
tations, invariant subspaces, subrepresentations and irreducible represen-
tations. All these notions based on the concept of intertwining operator
are meaningful in the representation theory of pseudogroup (cf.[1]).

Let » and w be representations of S,U(2) acting on V and W
resp. A linear mapping §: V—W intertwines v with w if

EXRDv=w(SRI). (5.2)
Representations v and w are equivalent if there exists an invertible

§ intertwining v with w. A subspace V'’ of V is invariant under » if
there exists a representation v’ acting on V' such that the embedding
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V'—V intertwines »’ with ». The representation »’ is then a
subrepresentation of ». It is uniquely determined. v is irreducible if
there is no non-trivial invariant subspace. If v and v’ are representa-
tions acting on V and V' resp., then a representation w acting on
V@V’ is a direct sum of v and »” if the canonical embeddings V—
V@V’ and V'—-V@V’ intertwine » and " resp. with w. A repre-
sentation v is called unitary if the space V on which it acts is a Hilbert
space and if » is a unitary element of B(V)®A. It is known that
any finite dimensional representation is equivalent to a unitary repre-
sentation.

Let V and V’ be a finite dimensional vector spaces. We consider
bilinear multiplication @ defined on elements of B(V)®A4 and B(V’)
®A with values in B(VRV’)®A such that

(mRa) D (nXb) =mRn@ab (5.3)
for any meB(V), n€B(V’) and 4, b€ A. One can easily check that
if v and v” are representations of S,U(2) acting on ¥V and V' resp.
then s@v’ is a representation of S,U(2) acting on VQV’. It is called
tensor product of representations v and v’. Let us notice that in the
pseudogroup case the tensor product is not commutative. More pre-
cisely the flip map VRV’'—=V'QV interchanging V and V'’ does not
in general intertwine v@v’ with 2'Qn.

In the theory of Lie groups the matrix elements of finite dimen-
sional representations are smooth functions. Due to this fact we can
use the differential calculus in the representation theory. Similar fact
holds for pseudogroups (see [1]). If v is a representation of S,U(2)
acting on a finite dimensional vector space V then v and »™' belong
to B(V)Q«/. Therefore for any linear functional y on &/ we may
introduce an operator

dRyp)veBV).
In particular we set
A= d@y) v (5. 4)
for £=0, 1, 2 (see Section 2 for the definition of xo, y1, ¥2). Operators

4o, 41, 4, introduced by (5.4) will be called infinitesimal generators
of ».

Example 5.1. If u is the representation of S,U(2) considered in Thm.
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1.4 then using formulae (2.3) we compute infinitesimal generators of u:
(@, —vp@®y (0, 1

1, xo<a*>>_(o, o)

(@), —vau@®) _ 1, 0

1) xl(a*))_(o, —vz)

(@), —vpG®H) (0, 0

%), Xz(“*))—('-”, 0).

Ao= (id@yp) u= (
A= (ldQp)u= (
A= Gdpu=|

Let v be a representation of S,U(2) acting on a finite dimensional
vector space V. Then v can be written in the form

v= Zj m;Qv;
where m;eB(V) and v;=«/. Condition (5.1) means that
> mQ90 () =X mym;Qu:Qu; .
Applying to the botlh sides the r;;;p d®idQy, where y is a linear
functional on & we obtain
2. m Q) (pkv;) = 2 mam; Qi (:)
o[ (1d®Do@1] - (5.5)

If y=e then (cf. (2.10)) yxxv;=v;, the left hand side of the above
equation equals to v and remembering that v is invertible we get

(1dRe)v=1I. 5.6)

Inserting in (5.5) y, instead of y, multiplying both sides (from
the right) by IQw, and summing over £ we get

(id@d)v=v(zk: A,RQwy) (5.7)

where Ao, 4;, A; are infinitesimal generators of .

Proposition 5.2. Let v, 0" be representations of S,U(2) acting on finite
dimensional vector spaces V and V' resp., Ao, A1, Ay, and Ag, A1, Ay be
infinitesimal generators of v and v’ resp. and SE€B(V,V’). Then the
Sollowing conditions are equivalent:

1. S intertwines v with v’

II. S4,=4S for k=0, 1, 2.

Proof. If (S®Dv=0"(SKI) then applying to both sides the map
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dQy, (k=0,1,2) we obtain SGEdRy)v= (1 dRy)2’S. Therefore I
implies II.
To prove the converse we have to compute (id®d) (v™") where v~
is the inverse of ». Using relation d/=0 we get
v (d®d) v+ (1dRd) (v™Hv
= (1dQd) (v™v) =0

and using (5.7) we obtain

(d®d) (v™) = — o3 4, Q) v

1

Now, using the rules of differential calculus, formula (5.7) with v
replaced by v’ and the above equation we have

(id®@d) @' (SQDv™)
= ({d®d) (@) (SQDv™+0" (SK) ([dRd) (™)
=0(Z ASQwy) v —0" (X S4,Q@wy v

=v'(%‘,(A,’,S——SA,,) Qo) o™
If condition II is satisfied then
(id®d) (v (SR®Dv™) =0
and using Thm. 2.3 we see that
v (SRDv1=8"QRI
where §’€B(V,V’). Therefore
" (SR =(S"'RDv . (5.8)

Applying to the both sides of the above equation the map id&e, using
(5.6) and the same formula for 2’ we get §'=§ and (5.8) shows
that condition I holds. Q.E.D.

If V=V’ and 4,=4; for k=0, 1,2, then setting S=7 (the identity
acting on V) we satisfy condition II. Therefore S=I intertwines v
with v and v=v’. This way we get

Corollary 5.3. Any representation of S,U(2) is uniquely determined
by its infinitesimal generators.

Now we shall show that the infinitesimal generators 4,, 4;, 4, intro-
duced by (5.4) satisfy the same commutation relations as infinitesimal
shifts (cf. Table 7 in Section 3).
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We apply (id®d) to the both sides of (5.7). Remembering that
=0 we get

(d®d) (v’é‘) 4,R0,) =0 .
Therefore
(idRd) () A\ (E, 4:@y) +0 X 4,Rdn, =0

where /\ denotes the usual product in B(V) tensored with the A\
product in /. Using once more (5.7) we get

2 2
kZ—:gAiAk®wi/\wk+kZoAk®dwk:0 ° (5. 9)
Proceeding in the same way as at the end of Section 3 we obtain
Tabl The commutation relations
able 8 for infinitesimal generators
g
1

Y Aon - T A()Ag = A]_

Vi do—L dody= (147 4,

VA, A, —%— A Ay = (1+9) 4,

Assume now that V is a Hilbert space and that v is a unitary
representation of S,U(2) acting on V. Then v*v=IKI and
0= ({d®d) (v*v) = ([d®d) ™) v+v*(1dRd) (2)
=[v* (1dQRd) v]* +v* (1dXd) v
where in the last line we used (2.36). The star * standing just
after the square bracket denotes the hermitian conjugation in B(V)

tensored with the involution (2.33) in I'. Taking into account (5.7)
we get

2 2
(k;) A, Q) * = —ké) 4, o,
which means (cf. Table 4) that

The selfadjointness relation
for infinitesimal generators

Table 9

_’)A(;“:AZ’ Aik:Al
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Let V be a finite dimensional vector space. We say that (4o, 4;, 45)
is an infinitesimal representation of S,U(2) acting on V if A, 4;, 4,€
B(V) and if the relations of Table 8 hold. An infinitesimal rep-
resentation (Ao, 4;, 45) is called selfadjoint if the relations of Table 9
are satisfied. According to the results presented above the investigation
of (global) representations of S,U(2) can be reduced to study of
infinitesimal representations.

Theorem 5.4. Let (Ao, Ay, A;) be an infinitesimal representation of
S,U(2) acting on a finite dimensional vector space V. We assume that this
representation is irreducible (i.e. there is no non—trivial subspace of V
invariant under A, where k=0,1,2).

Then the eigenvalues of A, are real and denoting by ZAm.. the maximal
one we have the following possibilities:
v2

1—v

I- zmax = -

5 .

Then dim V=1 and there exists c&C such that

Ao=c 1 (5.10)
UZ
=121 (5.11)
4=L Y 7. (5.12)
¢c 1—v
¢ A WL
. max 1 Y
where n is a nonnegative integer or half-integer: n=0, é—, I, 1%, eev. Then

dim V=2n-+1 and there exists a basis
(E—m E—n+1’ °e ey Eﬂ) (5' 13)
in V such that for k=—n, —n+1,...,n we have

AoFy= —C41Epn (5. 14)
= v —4k =4

Al‘:’kz l—yz (l) —1)‘—’12 (5. 15)

AZEkzyckEk—l (5. 16)

where
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y
1 —»?

[(D—Zk__,ﬂn) (V—z,,__y—Z(k—l))]l/Z . (5. 17)

Cr =

If V is a Hilbert space and the infinitesimal representation (Ao, Ay, 42)
is selfadjoint then the case 1 cannot occur and in the case II the basis
(5.13) is orthonormal (more precisely (5,|5,) =cd where ¢ is a positive
constant) .

Remark. 1If v= 41 then the case I cannot occur and in the case
II the expression for 2,,, and the right hand sides of (5.15) and
(5.17) should be replaced by the suitable limits: 2,..,=2n, 4,5,=2k5,
a=v[(n+k) (n—k+1)]"

Proof. For v=1 the relations contained in Table 8 coincides with
the commutation relations in the Lie algebra su(2). One can check
that for v=—1 the relations of Table 8 are identical with the com-
mutation relations in suz(1,1). Since these two cases are covered by

many textbooks in the following we assume that |v|<{I.
Let

1 —?

B=1+1-2 4, (5. 18)
)
C=I+—(ﬁ_~§)7(v4AZAO—A0A2) . (5.19)

Then using Table 8 one can check that operators B and C commute
and

BAy=v"*4,B, CAy=v24,C (5.20)

BA,=1'4,B, CA,=224,C . (5.2D)
Moreover

Ao, =~(1_§})T[1+u23 — (1A C] (5.29)

A4, :Tl_y—vz)z_[vzl-!-B— a1+AC]. (5.23)

Let V'=(ker B) N (ker C). It follows immediately from (5.20)
and (5.21) and the first equation of Table 8 that V' is invariant
under A, 43, A. Therefore either V'=V or V’={0}. Assume that
V'=V. Then B=C=0 and (cf. (5.18)) formula (5.11) follows. More-
over in virtue of (5.22) and (5.23) operators 4, and 4, commute and
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using the irreducibility we get dim V=1 and all operators on V are
multiple of identity: Ay=c¢,/ and A;=c¢,. In virtue of (5.22) cpcr=
(1 —15) "% and setting ¢c=v""(1—1*¢, we obtain (5.10) and (5.12).

Now we consider case V’'={0}.

Assume that ker 4,=1{0}. Then using (5.20) we see that the
common spectrum of the pair of commuting operators (B, C) is in-
variant under the map (b,¢)—> (v, v7%). Clearly the orbit of any
point (b,¢) #(0,0) 1is infinite. The case (b,¢) =(0,0) is excluded
since V'={0}. Therefore we obtain contradiction with the assumption
that dim V is finite. It proves that ker A4, is non-trivial.

First of the equations (5.20) shows that ker 4, is B-invariant.
Let &,,, be an eigenvector of B belonging to ker Aq:

ADEmax =0

BE,. —b8, (5.24)
where b C. Then using (5.23) we obtain
CZ iz =0 s
where
¢ =4ﬁ:—v:2 . (5. 25)
Using k-times equations (5.21) we obtain
BAYE s =V D ARE o (5. 26)
CALE s =0 A} 5 o (5.27)

for k=0,1,2,... . Assume that 4%%,,.#0 for all £. Then we have
an infinite sequence of vectors (A4%Z,..)4-012.. being common eigen-
vectors of (B, () corresponding to different pairs of eigenvalues
(v*b, v**¢) which cannot happen for finite-dimensional V. Therefore
A:E,..=0 for some k.

Let N be the smallest integer such that 43*'5,,.=0. Then
A4¥5,,,#0 and applying both sides of (5.22) to A}%,,. and using
(5.26) and (5.27) we get

1+ v+ = (1 +5)v"¢ | (5.28)

Solving (5.25) and (5.28) with respect to 4 and ¢ we obtain

V—2N+1J2
12

b=y =
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Let n=%. We set
By =B (5.29)
and for k=n, n—1, n—2,..., —n+1
= 1 -
513—1 =y—(;kA2:’k (5. 30)

where ¢, is given by (5.17). This way we introduce subsequently
vectors &, 8,4, ..., 5 ., Z,€V. Clearly &, is proportional to
A*E, 0 Ey=c AFFE,,., with ¢, #0.
Using (5.26) and (5.27) with k£ replaced by n—£% and formulae
for b and ¢ we obtain
BE,=v %5,
ST LR (5.30D)
k —I‘__I__‘;z"_‘” =g .
Now formula (5.15) follows directly from (5.18).

For k=—n: ¢,=0 and the right hand side of (5.16) vanishes.
On the other hand &_, is proportional to 4%'%,,. and A4,5_, vanishes
(because A4,4%5,..=AY'5,,,,=0). Therefore (5.16) holds for k= —n.
For other values of £ it holds in virtue of (5. 30).

For k=n: ¢,;,;=0 and both sides of (5.14) vanish (cf. (5.24) and
(5.29)). To prove (5.14) for other values of £ we insert £+1 instead
of £ in (5.30) and compute using (5.22) and (5.31) with £ replaced
by k+1:

&Y

C

1 V2 _
A5, = A0A25k+1=ﬁ—[l+’“23_ 1+ C15, 4,
YCr+1 (1= %01
v -2 m—2k—2 __ | 2n—2k7
— vy, —4k— —2n—2k— n— =
- N2 [1+v -V - 1841
(1 =v%) %1
2
— Gz
i
Cr+1

and (5.14) follows.

It follows from (5.14)-(5.16) that the subspace of ¥ spanned
by vectors (5.13) is invariant under 4,, 4;, 4;; therefore in virtue of
irreducibility this subspace coincides with V. In other words (5.13)
is a basis in V and dim V=2n+1.

Assume that V' is a Hilbert space and that Af =4, and 4F = —vA,.
If A, and 4, are given by (5.10) and (5.12) then the last equality
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in the previous sentence leads to contradiction éc=—1. If A4y, 4, 4; are
given by (5.14)-(5.16) then vectors (5.13) are mutually orthogonal
(as eigenvectors of selfadjoint operator A; corresponding to different
eigenvalues) and

(Bp-1]85-) = (ve3) 7 (Eo1 | 425y) = (ver) 71 (A3 51 | 5y)

= —¢; ' (AoEy1 | 8p) = (5, | Ep)

for k=n,n—1,..., —n+1. Q.E.D.

Remark 5.5. One can easily check that operators 4,, 4;, 4, defined
by (5.10)-(5.12) satisfy the relations of Table 8. However they are
not infinitesimal generators of any representation of S,U/(2). Indeed
since any representation is equivalent to a unitary one, the infinitesimal
generators always satisfy the selfadjointness relations, which are not
fulfiled in the considered case.

Remark 5.6. If n is nonnegative integer or half-integer and V is
a (2n+1)-dimensional vector space with a basis (5.13) then elemen-
tary computations show that operators 4,, 4,, 4; introduced by (5. 14)-
(5.16) satisfy the relations of Table 8. In other words (4o, 4;, 4;) is
an infinitesimal representation of S,U(2). This representation will be
denoted by d*/. One can easily check that 4" is irreducible (V
contains no non-trivial subspace invariant under 4, £=0,1,2). If IV
is the Hilbert space and the basis (5.13) is orthonormal then the
selfadjointness relation hold.

Remark 5.7. Let d*f = (4, 4;, A3) be an infinitesimal representation
of S,U(2) acting on a vector space W. Assume that W contains a
non-zero vector &,,, such that A4,5,,,=0 and A4;5,,,=2,,:5 .., where
AnxEC. Then repeating the reasoning started with formulae (5.24)

we see that
2

— Y —dn __
R =g 07— 1)

for some nonnegative integer or half-integer n and 4™ contains a
subrepresentation equivalent to i/,

Theorem 5.8. Any infinitesimal representation d** (where n is a non-
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negative integer or half-integer corresponds to a (global) representation of
SU(2).

Proof. Let n be a nonnegative integer or half-integer and
T={—n, —n+1,...,n}.
For k€T we put
Xy = a""‘kr*""k,
It follows immediately from (l.13) that
D (xy) :EZ;‘xi@wik (3. 32)
where wuEe (i, k€T). According to Thm.l.2 elements (x;) are
linearly independent. Therefore elements w;, are uniquely determined.

Taking into account the commutativity of the diagram (1.15) we
have

é %,Q0 (wy) = (idQP) P (x)
= (0Qid) O (=) = X, 0 (x) Buw.y
= Txi®wis®wsk-
Therefore
0 (wy) =8§Twis®wsk o (5. 33)
Let w be the (2n+1) X (2n+1) matrix with matrix elements equal
to wy: w= (Wy) per. LThen weEM,;, Q< and (5.33) means that
(GdRP)w=wDw . (5. 34)

We shall prove that w is invertible. Indeed using (5.32) and
(2.10) we have

Zi x:e(wy) = (1dQe) D (x;) =x;, .
Therefore ¢(w;) =0; where d; is the Kronecker symbol. Using (2. 12)
we get
Zs‘, £ (w;) wa=m (£Qid) Zs] w;;Quwg
=m(£Qid) O (wy) =¢(wy) [=0;1 .
Similarly using (2.13) we obtain
Zsj w;k (wg) =031 .
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These relations show that (id@«)w is inverse of w and (5.33) shows
that w is a (global) representation of S,U(2).

Let d™ be the infinitesimal representation corresponding to w:
d"™ = (4o, 4y, 45), where (cf. (5.4)) A, are (2n+1) X (2n+1) matrices

4,= () (W) ) iger - (5. 35)
In virtue of (5.32)
thin(wik) = (id@yx) O (%) = pr*x3 . (5. 36)

It follows from Table 2 that ya=0. Using (2.20) we obtain
Yorx, = yoxa™=0 and the above equality shows that x(w;,)=0. It
means that the last (i. e. corresponding to £=n) column of 4, vanishes.
Therefore denoting by Z,,. the vector in C**! having all except the
last component equal to zero we have

AoZ paz=0 .

Moreover using formulae (5.35), (5.36) and (2.22) we see that
A; is a diagonal matrix with elements »?(1—1%) " [v™#*—1] on the
diagonal. In particular for £=n we get

AIEM(MZDZ(]_—UZ) —l[u_4n—1]5max .
Now using Remark 5.7 we see that 4"/ contain a subrepresentation

equivalent to di*/. Since the dimensions of the two representations

are equal to 2n+1 we conclude that ¢/ is equivalent to /.
Q.E.D.

The representation constructed in the above proof will be denoted
by d,. Clearly any irreducible representation of S§,U(2) is equivalent
to d, for some n. Any finite-dimensional representation of S,U(2) is
equivalent to a direct sum of representations d,.

Let I'} be a subalgebra in I'* (see Section 3) generated by I and
@, wy, @, Clearly I')' is a graded %-algebra and due to Cartan-Maurer
formulae (Table 6) I'? is closed under the external derivative d.
Therefore denoting by I'2" the subspace of all elements of grade r
we have the following cochain complex:

0 o M J Ny 0. (5. 37)

According to (3.13) d: I')*-I'/® vanishes. Moreover equation
dI=0 shows that d: I'’®—I'/ vanishes. On the other hand in virtue

d d
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of Cartan-Maurer formulae (Table 6) d: I'’'—I'2? is a linear isomor-
phism. Therefore denoting by H°, H', H?, H® the cohomology groups
of (5.37) we obtain

H'=C, H'=0, H*=0, H*=C. (5. 38)

Let v be a representation of S,U(2) acting on a vector space V,
4o, 4; and 4, be infinitesimal generators of ». We consider the tensor
product I'p=V@I'?. Clearly I'p is a graded vector space: the
subspace of all elements of grade r coincides with I'p"=VQI}".

For any xV and (&I we put

2
d,(xQ0) = X ApxQo N +2QdC (5.39)
This formula defines a linear map
dy: I'y—T) .,
Clearly d, increases the grade of any homogeneous element by one

4

d d d
0 Iy —— Ipt Iy —Tp—50. (5. 40)

Using (5.39), (3.7) and remembering that d%{=0 we obtain
2 2
dz (x®0) =_kZ=:OAiAkx®wi/\“’k/\C +k§0 A Qdw, /\C

and formula (5.9) shows that d2=0. It means that (5.40) is a
cochain complex. We shall prove

Theorem 5.9. Let q be the multiplicity of one dimensional trivial rep-
resentation in v. Then denoting by Ho, HY, H%H? the cohomology groups of
(5.40) we have

HY=C4, H1=0, H?=0, H3=C" (5.41)

Proof. It is known that any representation of S,U(2) can be
decomposed into a direct sum of irreducible representations. Therefore
one may assume that v is irreducible,

Let » be irreducible trivial representation: v=IQRIcB(V)XL,
where dim V=1. Then 4,=0 (»=0,1,2) and complex (5.40) coin-
cides with (5.37). In this case ¢g=1 and (5.41) follows from (5. 38).

Assume that v is a non-trivial representation of S,U(2). Then the
infinitesimal generators of v are given by formulae (5. 14)-(5.16) with
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some strictly positive n (the case n=0 corresponds to the trivial
representation). In this case ¢=0 and we have to show that the
sequence (5.40) is exact.

Let us notice that if n is half-integer then (cf. (5.15)) 4, is inver-
tible. If n is integer then Z; is the only basis vector killed by A4;.
Since Ay&y=—c,5;#0, we see that the intersection of kernels of
Ao, A1, 4; contains only zero. Thus

ker (d: ')’ —— I'pH) =0

and sequence (5.40) is exact at I'p°
Using formulae (5.39), (3.13) and Table 5 we get

d, (%R /\ @3+ 21K w3 /\ o+ %Ko /\ 1)
= (Aoxo+ 2 Arx1 +1P4px5) Qo N\ o1 N\, .

In virtue of (5.14)-(5.16) any vector of basis (5.13) belongs to the
range of at least one generator 4, (r=0,1,2). The above formula
shows that the mapping

d,: [p*——T'®

is surjective and sequence (5.40) is exact at I'})%
Let

2
x= kz—:o x,Qw,

be an element of I'p'=V®I?. Assume that d,x=0. It means that

vAyxo— v Agxs—x,=0 (5. 42)

VA 50— v 240, — (1 +17) x,=0 (5.43)

V2 Aoxs —v 2 A1, — (1 %) 2, =0 . (5. 44)
If n is half-integer then A4, is invertible and

xn=4y (3. 43)

where y=A7'x. If n is integer then in virtue of (5.15) the (+1)-
component of v*4;x— (1+1*)x, vanishes (the term “(s)-component of
a vector zE&V” means 2° if z=Zk:-z"Ek) and using (5.43) and (5.14)
we see that the (0)-component of x; vanishes. In this case x;&Range
4; and again we have (5.45) with some yeV. Let

x'=x—d,y . (5. 46)

Then d,x’=0 and writing
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x'= Zk x;@wk

we see that xp, x1, x; satisfy relations (5.42)-(5.44). However now
x1=x;—A; =0 and these relations take the following form

vAuxy— v Ax; =0 (5.47)
VA — A+ D %=0 (5.48)
24+ (L +A 1) x,=0 . (5.49)

If » is half-integer then operators ¥4, — (1+%) ] and v=24;,+ (1 +v*) 1
are invertible (cf. (5.15)) and we obtain xy=x3=0. Therefore x'=0
and

x=d,y.

Therefore in this case the sequence (5.40) is exact at I'p

If n is integer then equations (5.48) and (5.49) show that
xo=2E51 and x;=245_;, where 2, ,&C (cf. (5.15)). Now (5. 47) implies
equality

uzclzo+?12=0 ) (5. 50)

Using (5.17) one can easily check that ¢f=1%}. Therefore (5.50)
is equivalent to

Gy by
C1 VCy
Let
Ao Ay =
f=__ N5 —_%2 5
4 1 0 YCy 0

Then Aoy’ =251=x5 A1y’ =0, Asy'=25_1=x; It means that x’'=d,y’
and using (5.46) we get
x=d,(y+y).
Therefore also in this case the sequence (5.40) is exact at I'§%

Exactness at I')? follows now easily from simple dimension compu-
tations which we left to the reader. Q. E.D.

We are going to apply this theorem to the regular representation.
It is known that any irreducible representation enters into regular
representation with the multiplicity equal to the dimension of the
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representation. In particular the multiplicity of the trivial representa-
tion equals to 1. In this case the sequence (5.40) coincides with the
de Rham sequence

0 24

d d

r J AN UN: 0

and we obtain

Corollary 5.10. The de Rham cohomology groups of S,U(2) equal C
in dimensions 0 and 3 and equal 0 in dimensions 1 and 2.

The end of this section is devoted to some remarks concerning the
tensor product of representations.

Let vand w be representations of §,U(2) acting on finite-dimensional
vector spaces V and W resp. If

v=723 m;Qa;
w=Z n,~®b,—
J
where m;eB(V), n,eB(W), a;, b;E</, then the tensor product of

representations » and w is a representation of S,U(2) acting on

VQW introduced by (cf. (5.3))
QDw= iL:. m;@n;Qab;
and denoting by 42®* the infinitesimal generators of sQw we have
Aror = Zt; % (aib)) m@n; .
Using (2.7) we get
A% = A:QBE + IR AL (5.51)
where r=0,1, 2,
A=3 1,@)m
A7=2 % (b)) n;
are infinitesimal generators of » and w resp. and
By=2% f,(b)n;= (ldQf,) w.
In virtue of (2.4), 1(2. 5) and (5.6)
=B

1_2

v=J+ vz” Ay . (5.52)
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Moreover using (2.11) and (5.1) we obtain
(BY)*=Bz.

It turns out that for any representation w operator Bf has only
positive eigenvalues. This fact can be checked by direct computations
for irreducible w (then w is equivalent to d, with some n» and one
can use formulae obtained in the proof of Thm.5.4) and clearly
holds for any w (since w can be decomposed into a direct sum of
irreducible representations). Therefore

.2 172
- g=(1+1 ”1ﬂ> . (5.53)

”2
Formulae (5.51)-(5.53) express generators of tensor product of
two representations in terms of generators of these representations.
They correspond to the simple formula
A% = AR+ IR A%

known in the Lie group representation theory. The asymmetry between
first and the second factor in formulae (5.51) reflects the noncommu-
tativity of the tensor product mentioned at the beginning of this section.

Using formulae (5.14)-(5.16), (5.51)-(5.53) and Remark 5.7
one can prove the following

Theorem 5. 11. Let n, m be non-negative integer or half-integer. Then
the tensor product d,Dd, is equivalent to the direct sum

&1 Dy 11D -« Dbt
Theorems 5.4 and 5.11 show that the representation theory for

S,U(2) is similar to that of SU(2).

Appendices

Al. The Twisted Unimodularity Condition

Let K be a two-dimensional Hilbert space. We denote by £°K and
S?K the subspaces of KKK composed of antisymmetric and symmetric
elements resp. Then

KQK=~LKDSK
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and dim £K=1.

The determinant of an operator uB(K) can be introduced in the
following way: One has to consider u@u acting on KQK. Then £K
is an eigenspace of u®u and the corresponding eigenvalue coincides
with det . Therefore denoting by § a nonzero vector belonging to
AK we have

(u@u) = (det u)é&.

In particular unimodular operators u are distinguished by the
condition

(u®Qu)E=§ . (AL 1)

Replacing & by another non-zero vector §'€KEK we obtain the
following “twisted unimodularity condition”

u@u)&'=¢" . (Al.2)

The vector £’ can not be arbitrary. In order to have non-trivial
unitary solutions of (Al. 2), & should have the following property:
There exists a number complex number 7 such that

(x®E&’[§'Qy) =7 (x|y) (AL 3)
for any x, y€K. One can easily verify that (Al.3) is satisfied if
and only if &’ is of the form

&' =k (aQe:—ve;Qer) (Al. 4)
where (e;, ;) is an orthonormal basis in K, v is a real number in
the interval [—1,1], 4.€C and |k|=(1+®)"3|¢’|. Then 7=
—v(1+A 7Y€l If v=1 then &’&/AK and (Al.2) coincides with
the usual (non-twisted) condition (Al.1).

Even if (Al. 3) is satisfied, equation (Al.2) has no interesting
solutions if we are restricted to unitaries u belonging to B(K). In
order to find non-trivial unitary u satisfying (Al.2) one has to
consider elements of B(K)®A, where 4 is a G*-algebra which need
not be commutative. In this case (Al.2) should be rewritten in the
following more precise way

(uu) ('R =§'®I

where @ denotes the tensor product elements of B(K) combined
with the usual product in 4 (cf. def. (5. 3)) and I is the unity of 4.
In the following theorem we consider C? instead of K assuming
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that the basis entering to the formula (Al.4) coincides with the
canonical basis in C2 Then B(K)&®A can be identified with the
algebra M,(4) of all 2X2 matrices with entries belonging to 4.

Theorem Al.1. Let ve[—1,1] and &= e—veQer, where (eq, 3)
is the canonical basis in C®. Then for any 2X2 matrix u with entries
belonging to a C*-algebra A the following two conditions are equivalent:

L u is unitary and

wDu) (&R =6, . (AL.5)
IL. u is of the form

a, —yr¥
u=< ) (A1.6)

Ts a*

where a, y=A and (¢f. Table 0)

rr=rr*
a*atrir=1I

ay=vra (ALT7)

aa* +Vr¥r=1
ar*=vr¥a .

Proof. 111
Let

(]

where a, 8, 7,0 4. We use the unitarity to simplify (Al.5). Multiply-
ing both sides of (Al.5) by u*DI, (where I, denotes the unity of
M,(4)) we get
(I Du) (6QD = WL (D) . (AL 8)
We rewrite this equation in the matrix form using the basis in
C*QC? composed of the elements &®e, Ry Qe and 2,Qe,.  In
this basis I,Du and «*@1, are represented by the matrices:

a, B, 0, 0 a*, 0, 7%, 0
7, 6 0, 0 0, a* 0, r*
0, 0, a, 8 g*, 0, o*, 0
0, 0, 7 0 0, p* 0, o*

whereas £,X)/ is represented by the column
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0
I
—v]
0
Therefore we have
a B, 0, 0 0 a*, 0, r*, 0 0
* *
7, 0, 0, 0 1 _ 0, a* 0, 7 I (AL 9)
0, 0, a, B —v] B*, 0, 0%, 0 —vl
0, 0, 7, ¢ 0 0, pg* 0, o* 0

This relation is satisfied if and only if f=—vy* and d=a*. It
proves (Al. 6). To end this part of the proof we notice that (A l.6)
is unitary if and only if equations (Al. 7) hold.

111

Assume that u is given by (Al. 6), where a, €4 satisfy (Al. 7).
Then (see the remark at the end of the first part of the proof) u is
unitary and (Al. 5) is implied by (Al. 8). The latter is equivalent
to (Al. 9) with B and é replaced by —vy* and a* resp. and evidently
holds. Q. E.D.

Assume that a unitary ue M,(4) satisfies the twisted unimodularity
condition (Al.5). Let v=uQuesM,(AQA) (see page 1.7 for the
definition of @). Then v is unitary and using the obvious relation

(uQDu) @ (uu) = (u@u) O (uDu)

we see that v also satisfies the twisted unimodularity condition with
the same v. This explains why elements a’ and 7’ considered in the
proof of Thm. 1. 4 satisfy relations of Table 0.

A2, Structure of the Algebra A

We shall use the notions and results of [2].

For any Hilbert space H we denote by D,(H) the set of all pairs
of operators (a,7) acting on H and satisfying relations of Table 0.
Then D, is a measurable domain and for any H, D,(H) is a closed
subset of B(H)% Therefore D, is a compact domain.

One can easily verify that the algebra 4 introduced in Section 1
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coincides with the algebra % (D,) of all continuous operator functions
defined on D,.

At first we consider case |v|<l.

It is not difficult to prove the following

Lemma A2.1. Let |v|<<l. Then for any Hilbert space H and any
(a0, 1) belonging to D,(H) we have

Sp a*taC {0, 1 =% 1—14 125 ....,1}
Sp rrrc {1,245 .. .., 0}.

Let f, g be continuous functions on [0, 1] such that:

1 for t>1—12
t) =
J® {0 for t=0
= {O for <12
BP0 for t=1.

For any Hilbert space H and any (a,y) €D,(H) we set
Ty (a, 7) =af(a*a)
Ty (a, 1) =18(r*r) -

Obviously T', T?€ % (D,). Moreover using Lemma A2. 1 one can
easily check that (Ty(a, 1), T%(a, 7)) €Dy(H) for any (a,7) €D,(H).
Therefore T=(T", T?) is a morphism from D, into Dy:

T: D—D, . (A2. 1)

It turns out that this morphism is invertible. The inverse 7=

(1%, T?) is given by the formulae

Th(a, 1) =3 VTP (a*eDar —akrart)
n=1

=3 (1—v%) o knntl
ngl)\/l—pzﬂ"‘i’-_l_‘/l_vha @ (AQ. 2)
Th(o, ) =3 oty . (A2.3)

Clearly T‘, T % (D,) (the series (A2.2) and (A2.3) are uniformly
converging). Therefore (A2.1) is a homeomorphism and using [2]
we obtain



180 S. L. WORONOWICZ

Theorem A2.2. For any ve[—1, 1] the algebra A is isomorphic to
€ (Dy).

Remark. This result does not mean that the pseudogroups S,U(2)
are isomorphic for all v in the interval [—1,1]. It only means that
the underlying pseudospaces are homeomorphic.

For any Hilbert space H, S, will denote the set of all unitaries
acting on H. Clearly §' is a compact domain and the algebra % (S%)
coincides with the algebra of all continuous functions on the unit
circle.

Let us notice that any pair of the form (e, 7), where « is unitary
and y=0 satisfies the relation of Table 0. Therefore we have mor-
phism (injection)

R: §——D, (A2.4)

such that R(U) = (U, 0). By inverse image (A2. 4) defines C*-algebra
homomorphism (surjection):

Ry A=C(D,)—% (5H) .

The kernel of this homomorphism consists of all continuous operator
functions a defined on D, such that a5z (U, 0) =0 for any Hilbert space
H and any unitary U acting on H. One can prove that this kernel
is isomorphic to the tensor product CQ¥ (SY), where C denotes the
algebra of all compact operators acting on a separable Hilbert space
(at first one has to show that the representation = constructed in the
proof of Thm. 1.2 is faithful). Therefore we have

Theorem A2.3. The algebra A is a GCR algebra.

Remark. We considered only the case v&[—1, 1]. However for
v=1 the algebra 4 is commutative, whereas for v=—1 all irreducible
representations of 4 are two and one-dimensional. Therefore in these
cases 4 is a CCR algebra.
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