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Introduction

In this article we shall present a sufficient condition for well-posedness in
Gevrey classes of some Fuchsian hyperbolic Cauchy problems. Namely we
show that we can determine a {unction space in which the Cauchy problem for
a given Fuchsian hyperbolic operator is well-posed.

In the case that the initial surface is non-characteristic, there are many
results.

The results independent of the lower order terms were obtained by Ohya [12],
Leray-Ohya [8], Steinberg [13], Ivrii [5], Trepreau [15], Bronstein [2], Kajitani [7]
and Nishitani [11], which show that the multiplicity of the characteristic roots
determines the well-posed class.

On the other hand, it is an interesting problem to study how the lower
order terms have an effect on the well-posed class. Ivrii showed the following
in [6].

(I) Let P=8;—t*8%4-at’d,, where / and s are non-negative integers and a
is a non-zero constant. When 0=<s</—1, the Cauchy problem for P is r{J.-
well-posed if and only if 1<r<(2/—s)/({—s—1).

(II) Let P=08?—x*0%1ax"0,, where « and v are non-negative integers
and a is a non-zero constant. When 0=» <y, the Cauchy problem for P is
719 -well-posed if and only if 1 <&<2u—v)/(—v).
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These examples are extended for more general operators by Igari [3], Uryu
[17] and Tahara [14] concerning (I) and Uryu-Itoh [18] and Itoh [4] concerning
an.

Furthermore we propose the following operator.

(Il) P=0?—t%x*9%-+-at’x*d,, where /, #, s and v are non-negative in-
tegers and a is a non-zero constant.

In this paper we consider the Cauchy problem for the operators which are
the most general extension of (III), noting that Fuchsian partial differetial op-
erators introduced by Baouendi-Goulaouic [1] are the natural extension of non-
characteristic operators.

§1. Main Result and Remarks

Let (x, )eR" [0, T] and (D,, D)=(D.,, ***, D, , D))=(—~/—108/0x,, --,
—\/—=10/0x,, —\/ —10/8t). Let us denote by (£, v) the dual variable of
(x, ).

Now we shall define the Gevrey classes.

Definition 1.1. ({2, 79; £=1) f(x)Er{y, implies that f(x)eC=(R") nad
for any compact set K C R”, there exist constants ¢, R>0 such that

(L.1) |D:f(x)| <cR™|al|l*, x&K, foranyea.
f(x)e7r® implies that f(x)e C=(R") and (1.1) holds for any xER".

Next we shall define Fuchsian partial differential operators according to
Baouendi-Goulaouic [1].
Let

L = L(x, t, D,, Dy
= tk-Dzn—{"Ll(xa z Dx)tk—lD;n—l"i_”"l"Lk(x: z Dx)D;”—k
+Lk+1(x= Z, Dx)D;n_k—l'i""'_{'Lm(xg t, D:c) .

Then L is said to be of Fuchsian type with weight m—k with respect to ¢ when
it has the following properties:

(A-1) keZ,0=k=m,
(A-2) ord Li(x, 1, D)< ],
(A-3) ord Lix,0,D,) =0 for 1=<j<k.

From (A-3), we can set L,(x, 0, D,)=a,(x) for 1= j=<k.
A characteristic polynomial associated with L is
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(1.2)  CQ, x) = 2A—1)@Q@—m+1)+/—1a(x)AQ—1)--(A—m—+2)
ooV T HAA—D) e (A —m kD)

It’s roots, called characteristic exponents, are denoted by O, 1, :--, m—k—1,
24(), ===, Au(x).

(A-4) there exists a constant ¢>0 such that
|(A—2,(x))---(A—2,(x)) | = c/AHA—1)>-(A—m~+k+1) for A€Z, i=m—k.

In this paper we deal with the following Fuchsian partial differential op-

erator. Let
tm—kL:i(x, t: -Dm Dt) :zo(x: t: Dxa D2)+Z’1(x9 ta Dm D!):
where
(1.3) Lyx, t, D,, D)) = t”‘Dz”+m;jl:mt‘“‘“"a(x)""“‘aw.,-(x, £)D3D}
jSm-1
and
(1'4) z“1(x5 t’ Dm Dt) = 2 tS(w,j)-l—ja(x)V(w'j)aw,j(xa t)Dt;D% °
le|+j<m—1

We assume the following conditions on L.

(A-5) 2-roots of 2"+ >3 a, j(x, 1)6*2=0 are real and distinct.
‘@ +j=m
jSm—1

(A-6) a, (x,)eB(0, T], r").

(A-7) o(x)er® and is a real-valued function.

(A-8) /is a positive rational number and g, s(e,j) and »(a,j) are integers
such that u=1, s(a, j)=0 and v(e, j)=0.

We define p as follows:

(1.5) o= max {(m—j—s(e, )/(m—j—lal),

@l +jSm—1
(m—j—v(a, ) w)(m—j—|al), 1} .
Then we have

Theorem 1.1. Under (A-1)~(A-8), if 1=&<p/(0o—1), the Cauchy prob-
lem for L:

L6 {Lu(x, H=flx,t) in R"X(0,T]

Diu(x, t)] ;oo = vi(x), 0=Zi<m—k—1 on R"

is 7$0.-well-posed, i.e. for any f(x, )€ B(0, T, r{) and any W(x)Erf), 0<i<
m—k—1, there exists a unique solution u(x,t )& B([0, T, i) of (1.6).
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Remark 1.1. From the definition of p, we may only consider the case
that s(e, j)< |a|{ and v(a, j) < [a]|u.

Remark 1.2. From (A-3), s(a,j)>0if |a|>0.

Remark 1.3. In the case that k=0, o(x) is a polynomial and q, ;(x,t)E
B0, T, r®), Ivrii showed in [6] that if (1.6) is locally 7{.-well-posed, then
1=e=p/(p—1).

§2. Proof of Theorem 1.1
In this section we shall reduce Theorem 1.1 to Theorem 2.1.

Definition 2.1. We say that f(x)& H=(R") belongs to I' if there exist
constants ¢, R>0 such that

2.1) DS cR™ |a|!* for any «,
where ||+ || denotes L2-norm with respect to x.

Theerem 2.1. Under (A-1)~(A-8), if 1=r<p/(0o—1), then the assertions
(1°) and (2°) hold.
1% (1.6) is I'"-well-posed.
2% Ifsupp ¥ (x)C K, 0=<i<m—k—1 and supp f(x, t)C CK) for any compact
set KCR", then suppu(x, t)C C/(K). Here

CUK) = {(x, NER"X[0, T]; min|x—y| Amaxl t1%/4} ,
YEK

where 2,,, = max sup [o(x)"2;(x, t, §)| and 2i(x, t, &) are 2-
1<j<m (Z,0)ER"X[0.T1,1E1=1

roots in (A-5).
Lemma 2.1, Theorem 1.1 follows from Theorem 2.1.

Proof. (I;the case that £>1) First we shall show the existence of a solution
of (1.6). Let {¢,(x)} be a partition of unity. Namely ¢,(x) are compactly sup-
ported r®-functions satisfying the following three conditions: (i) 0=¢,(x)=1,
(i) ¢,(x) is locally finite and (iii) 31¢,(x) =1 on R". For any ' (x)Er{,
0<i<m—k—1 and any f(x, )EB(0, T1, ), we set uj(x)=¢, () (x)cI'®
and f,(x, 1)=¢,(x)f(x, ) €B(0, T], I'). Then from (1°) in Theorem 2.1, there
exists a unique solution u,(x, 1) PB([0, T], I'*?) of the Cauchy problem:

{Lup(x: r) :fp(x’ t)

Diuy(x, 1)] ;.0 = up(x) , 0<i<m—k—1.
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We note that I'C 7™ by Sobolev’s lemma. Therefore u,(x, 1) B([0, T, 7).
Furthermore since the summation >3u,(x, ¢) is locally finite, then u(x,t)=
>l u,(x, 1) belongs to B([0, T1. 7{2.) and is a solution of (1.6).

Next we shall show the uniqueness of solutions. For any (x,, £) ER" (0, T],
we set

Dyxo, 1) = {(x, NER" X [0, T]; | x—xo| <Amax(t§—19)/{}  and
K = Dyx,, t)) N {(x, 0); x=R"}.

Let ¢(x) be a compactly supported 7®-function such that ¢(x)=1 on K. Let
us assume that u(x, 1Y€ B([0, T}, rf.) satisfies the following equation:

{Lu(x, =0 in R"x(0, T]
Diu(x, )|,y =0, 0=Zi<m—k—1 on R".

Since L(pu)=¢Lu-+[L, plu=[L, lu= f(x, t) and L is a differential operator,
we get that supp f(x, 1)C C,(K°). Here [-, -] is the commutator. Therefore
from (2°) in Theorem 2.1, we find that supp ¢uC C,(K°). Then u=0 on
Dy(xq, o). Hence u(x,, 1,)=0.

(II; the case that £==1) In (I), we have already showed that if 1<z<C
0/(p—1), there exists a unique solution u(x, )& B0, T1, r.) of (1.6). There-
fore it is sufficient to show the analyticity of cthe solution. If we refer to the
method of Mizohata [9] and § 5 in this paper, we can easily see this fact. Q.E.D.

We shall prove Theorem 2.1 by the method of successive approximations.
Therefore we decompose L as follows and consider the following scheme.

(2'2) z‘ = QO(X> tﬂ Dxa Dt)+Q1(x: ta —st Dt) M
For a, j such that s(e, j)=|a|{and v(a, j)=|a|x, we set
(23) QO(x3 t; Dm Dt) = ZO(X~ fa Dm Dt)

E ts(w.i)+ig(x)\‘('”,j>a“,j(x, t)D'_ﬁD{

l@| Fj<m—1
and for a, j such that s(a, j)<|a|{or v(e, j)<<|a]|u, we set

2.4 Oy(x, t, Dy, DY) = ) D Vo(x)"a, (x, 1)DID] .
@|+-j<m-1
o

{ Qui(x, 1) = t"*f(x, 1) in R"X(0, T]

(25)0 i ; . #
Diug(x, t)| =0 = ¥'(x), 0=iZm—k—1 on R

and for j =1
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@5) { Quui(x, t) = —Qw;_y(x, 1) in R"X(0, T]
! Diufx, )|, =0, 0<i<m—k—1 on R".
The following proposition will be proved in § 3.

Propositien 2.1.  Under (A-1)~(A-8), (1°) and (2°) hold.
(1°) The Cauchy problem for Q:

26 {Qov(x, =, 1) in B'X(O, T]

Div(x, )|, = V(x), O=Zi<m—k—1 on R’

is H=-well-posed.
(2°) If supp vi(x)CK, 0=Zi<m—k—1 and supp f(x,t)CC(K) for any
compact set K CR", then supp u(x, t)C C,(K).

Corollary 2.1. When p=1, (1.6) is C™-well-posed.

If we note that Q, is a differential operator and I"'® C H* and use Proposi-
tion 2.1, then we find that u;(x, 1)eB([0, T], H*) for any j=0. Therefore
our aim is to show the formal solution

2.7 ux, t) = f‘. uj(x, 1)

converges in B([0, T], I').

QOur plan is as follows. In §4, we shall get an energy inequality for Q,.
In §5, we shall estimate derivatives of a solution of the Cauchy problem:

{ Qov(x, 1) = g(x, 1)

238) ; .
;V(X, t)|i=0:05 0§l§m—k—15

where g(x, )€ B([0, T], I') such that for any sufficiently large fixed integer
s, Dig(x,1)|,2=0, 0=<i=s—1. And in §6, we shall obtain an estimate of
Ov(x, t). Using the consequence in §5 and §6, we shall prove Theorem 2.1
in §7.
§3. Proof of Propesition 2.1
Let us note that

Lyx, 1, €, ) =TI (tr—tbo()"2y(x, 1, £))

where 2;(x, ¢, £) are 2-roots in (A-5). And modifying 2,(x, t, £) near £=0, we
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may assume that if i = j, there exists a constant 6> 0 such that | (2; —24;)(x, ¢, §) |
=84E>, where 2,(x, t, £)€B([0, T], S*) and <E>=(1+ |£|#¥2  Here for real k,
S* is the symbol class of classical pseudo-differential operators.

We shall define the modules W,, 0=<k=m—1, over the ring of pseudo-
differential operators in x of order zero.

Let 8;=tD,—t%(x)"2,(x, t, D,) and 11,,=d,---8,,. Let W,_, be the module
generated by the monomial operators II,,/0;=8,:--8;_,0;,,-+-0,, of order m—1

and let W,,_, be the module generated by the operators I1,,/8,0;, i == j, of order
m—2 and so on.

Lemma 3.1. For any i,j, there exist pseudo-differential operators A;;, B;;
and C;;€ H([0, T, 8°) such that

ij7i
where [+, -] is the commutator.
Proof. Let 04([0;, 8,]) be the principal symbol of [9;, d;]. Then by the
product formula of pseudo-differential operators, we get
0[0;, 8,]) = B.(tr —t40(x)"2;) D (tx —1t4a(x)"2;)
—8(tr —1t*o(x)"2;)D(tt —t*a(x)"2;)
+ kg {8, (tr —1*0(x)"2,)D, (7 —t%a(x)"2))
—08¢ (17—t 64 (x)"2,)D, (tr —to(x)"2,)}
= 1*o(x)"D;j(x, t, §), where D;;€B(0,T],S").
If we Set A;‘j :.D”/(lj—/z‘) a.nd B”:D“/(A,—l]), lhen Aij5 B”E

B0, T1, S° and A;i(x, t, €) (tr — r*o(x)";) + B;j(x, t, &) (tr —tfo(x)"2;) =
t*o(x)"D;(x,1,€). Q.E.D.

Lemma 3.2. For any monomial oy W,, 0<k<m—1, there exist 8; and
@, E Wy such that

k1
(3.2) aiQ’c/: = CUIEH"{‘ 21 g C'Yj(‘)l-u—j 5
=

where Cy;€ B([0, T, S°).

Proof. For any wf=0;+-0;,1=j,<--<j,<m, there exists some
i€E {jy, ->,jx} with 1=<i=<m. Hence if we use Lemma 3.1, we easily obtain (3.2).

Q.E.D.
Lemma 3.3. Let
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m—1
v =5 5 [lofull,
then there exists a constant ¢,>0 such that
d
(3.3) t;tq’(t)écl {1l [+ (@}

Sfor u(x, t)eB([0, T, H~).

Proof. From Lemma 3.2 and Lemma A.2 in Appendix, we get that for
any k with 0k=<m—1,

k+1
4 ol = 2Re(v/ —1rta(ef Lot ot 3 3 Cryoln_u, o)

k+1
S o||full+llwf |+ 213 ks 1—sul Dl |wful] -
<
Therefore we obtain (3.3). Q.E.D.
Lemma 3.4. Let I;=08;-8;,1<i,<---<i,;<m. Theno (IL), the symbol
of 11, is expressed in the form:

G4 o(IL,) = 111 (tr—t*0(x)"2; )+ Ryy++++ Ry,

where R,_;j= 31 1"%0(x)?*b,;(x, t, £)* for some b,;€ B(0, T], S?).

prd=s—j

Proof. We carry out the proof by induction on s. When s=1, (3.4) is
trivial. Suppose (3.4) holds for s. Since II . ,=I10;

is+1?

Ps+1

0(ILyyy) = o(TL) (tr —t*a(x)*2;, )+ X 8% .0(TL)DS, (tr—1tta(x)"%; , ) -
1@]50
Substituting the right hand side of (3.4) for o(II,), we have (3.4) with s-1.
Q.E.D.

Lemma 3.5. There exist Ajx,t, &) B([0, T1, S°) such that for i'+j' =
m—k, 1<k<m,

(3.5 176 () by (x, 1, E)ed

=345, 1,8 L (tr—to()3(x, 1, €),

i ik
where b;;€ B([0, T1, S%).

Proof. Substituting r%o(x)"2,(x, 1, €) for ¢z, then we obtain
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1Bl (x)m DK (x, 1, €) = Ay(x, 1, Y Plo(r)mBE T (3;—2),

it ik
where Kj(x, t, ) B([0, T], S*~%). Therefore if we set A;(x, 1, &)=K,(x, t, )
X{ 31 (3;—2)}r 7, (3.5) is realized. Q.E.D.

idj,i=k

Corollary 3.1. There exist pseudo-differential operators Cy(x, t, D,)E
B0, T, S° such that

m=—1

(36) QO_Hm = 2 Eﬂ; Ck(xa f Dz)mwk .

k=

Proof. From (3.4) with s=m,

0(Qo—TL,) =31 31 tH#+ia(x)tb, (x, 1, £)c°,

j=1 p+g=m—j

where b,;(x, t, )€ B([0, T], S?). Using Lemma 3.5, the principal symbol of
0,—1I1,, is

Y A(x, 1, €) TT (tr—t4o(x)“A(x, 1, €)),
i=1 i
where 4,(x, t, ) B([0, T], S°). Applying (3.4) for s=m—1,

o(Qo—Tl,— 31 4; 110) = SO et (x, 4, E),
=1 " kg

j=1 p+rq=m—-1-j

where b,;(x, t, £)€B([0, T, S?). Repeating these steps, (3.6) is verified.
Q.E.D.

Lemma 3.6. There exists a constant ¢s>>0 such that
d
3.7 b TO)=cs{l|Qul|+Z ()} -
Proof. Using Lemma 3.3 and Corollary 3.1, we obtain that

’c}it () < I+ T (@)}

= {1Qaul |+ 1I(Qo—TL)ull +-Z (1)} S c3{l|Qoul | +Z (1)} .
Q.E.D.
For a sufficiently large integer N, we put

m+ I t! .
uy(x, t) = u(x, t)— ,go ﬁaiu(x, 0).

Then uy(x, t) satisfies the equation:
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m+ IV tj .
Quun(x, 1) = f(x, 1)—Q0( 25 Ohulx, )= fy(x, 1)
Here we note that from (A-4), for any i=0, Dju(x,0) is represented
by f(x, t) and #i(x), 0=<i<m—k—1 (cf. Baouendi-Goulaouic [1]).

Lemma 3.7. For sufficiently large N, the following energy estimate holds.
m+ N 1] . t
68 I, Dllsconst {5 TlIoiuC-, Ol [ DI, st

where ||+ ||, denotes H’-norm with respect to x.

Proof. If we redefine %(¢) replacing u(x, ) by uy(x, t), then from Lemma
3.6,

c%(rfsw:))gczt-fa-lnfw(e, Ol

We can choose N such that t~%%'(¢)|,.,=0. Then

t

vOSers | Al Dlids
0
On the other hand, since Dj fy(x, 0)=0 for 0=Zi<N,

fulor, 1) = L (t=eyr0 113, )
Thus
iy, DI comst. ¥ [/ D371, 2lde

t
0
Similarly we get that for real s,

t
lianCs DIl const. | IIDFf-, Dl
0
Therefore we can obtain the desired estimate. Q.E.D.

Proof of Proposition 2.1. For any i with m—k=<i<m—1, we calculate
Div(x, 0) and let them v(x), m—k<i<m—1. Next we define the d-translation

Qg(x’ t9 Dx’ Dt) Of QO by
3.9 Q¥(x, t, D,, D;) = Qyx, t+96, D,, D, for 0=Z0<1.
Now we consider the following non-characteristic Cauchy problem:

{Qévs(x, 1) =t""*f(x,t) in R"X(0, T]

(3.10) ) . n
Divg(x, t)| 1= = Vi(x), 0=i=Z<m—1 on R".
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For 6>0, (3.10) is H=-well-posed (cf. Uryu [16]). Further from Lemma 3.7,
the following energy estimate holds uniformly in d:

m+ N tJ' . t ) B
I, Ol const. (35 1o, Ol [ IDY (e, )
7= .

Therefore there exists a subsequence {v;} which converges weakly in
B(0, T1, H%) as 0;—0. This limit function v is a unique solution of (2.6).
Hence (1°) has proved.

In order to prove (2°), we note the following fact. For 0>0, initial surface
{t=0} is non-characteristic with respect to Qf and Q3 is invariant under the
Holmgren transformation:

x' =x
{ v =1+|x|2.

Thus by the well-known method (for example, see Mizohata [10]), we find that
the domain of dependence is finite, i.e. for any (x,, t))ER" x(0, T, if f(x, 1)=0
in Dyand v(x)=0 on D;N {(x,0); x&€R"}, then vyx,7)=0 in D;, where
Dy=A(x, NER"X[0, T1; | x—o| <Amax {(to-+0)* —(1+-0) /2}.

Then the following fact holds for limit function v(x,?). If f{x,#)=0 in
D and v'(x)=0 on DN {(x, 0); x€R"}, then v(x, )=0 in D, where D= N D;.
Since we can easily see that D=D,, (2°) is verified. >

This completes the proof. Q.E.D.

84. Energy Imequality for @,
The aim of this section is to show the following lemma.

Lemma 4.1. Let
m—1
7)) =22 || 4o,
k=0 @

where A is the pseudo-differential operator with symbol {§>. Then there exist
constants c,, R>0 such that

7" A %
@y v osaliaoul ot S RG] 0
rEo1 AL ¥ A,
+S R ]!K( ; ) w,_ (- Rrrw o) .

Proof. For r>0, operating 4" on both sides of (3.2), we get that
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0,40l = [0y, ANofu+ A0t 335 (Coyd s+, Cylokansu) .
Similar to the proof of Lemma 3.3, we have that for any k with 0<k<m—1,
t%tll/l'cv’i:ullécs{llA’w‘Zull+ll[A', 8;]wiul|+ || 4" wf,1u|
+ S S0l LA oot} -
It follows from Lemma A.3 in Appendix that

AL * i A
I, adotull <t 5 R (7] )14+ toful| e R r o
and
r¥—1 A, ES . A /\r <
LA, Coleok—sull < SR (" ) Ity su+ER 0t au]
j=1
Therefore we obtain that
L0, ATl 2,04 35 RG] ) i)
j=1

r¥

rE-1 AL A
+ SR o+ o)
If we use Corollary 3.1 and refer to the proof of Lemma 3.6, then we get (4.1).

Q.E.D.

Here r!=I'(r+1) and r* is the lowest integer greater than or equal to 7,
where I'(-) is the gamma function.

§5. Estimate of Av(x,¢)

We assume the existence of solutions of the following Cauchy problem:

{ Ouv(x, 1) = g(x, 1)

Div(x, )40 =0, O=sism—k—1,

where g(x, 1)eB([0, T], I'*) such that for any sufficiently large fixed integer
s, Dig(x, 1)],20=0, 0<i<s—1.

Therefore we may assume that for any r =0, there exist constants ¢, R, M>0
such that

(5.1) |4 g(x, D||<cRr!t° exp (Mr*tt).

For simplification we use the notation
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w,(s, t, R) = R'r!"t° exp (Mr*t?) .

Lemma 5.1. For any r=0, there exists a constant A’>0 such that for suf-
ficiently large R, M, s,

(5.2) T ()<cA's"w(s, 1, R).

Proof. We carry out the proof by induction on r.
When r=0, it follows from Lemma 3.6 and (5.1) that

d
t"?two(f)écs{cwo(sa t, R)+Z)} .
From this inequality,
d,.- eyl
Et(t ¥ (1)) =cest "5 (s, 1, R) .
If we note that s is sufficiently large,
13
on(r)gt”3§ cest* T = cogt®s(s—cy) T cA s Twy(s, 8, R),
0

if we choose A’ such that 4'=2c,.
We assume (5.2) is valid for any » such that 0=r=n. Let us show that
(5.2) is valid for n<r=<n-+1. It follows from Lemma 4.1 that

% {t7eexp (—er* () (O St~ exp (—er*t40){]| 4 Q|

[l r* izl AL r¥ A,
63 RG] )20+ S R () o+ Rerrgn )

1= i=

Hence we get that
t
¥ ()=t exp (cr*ill) S e exp (—cg ¥t ) || 4" Q|
0

AN * -1 AL * A
o153 RG-S R (T ) o Rrtew e

ji=2 j=1

¢
Segtvexp (cr* i) S e~ L exp (—er*th) {on, (s, 7, R)
0

[ £
+o¢ 53 RG] ) ed's s 7 B)

i=2

[A TN * A
+ EIR’j!“ (r]. >cA sT'w,_i(s, T, R\ +Rrl"cA's 'w(s, =, R)}dz
j=1 .

i
Zct1exp (er¥ttfl) S r~ " exp (—cr¥t)l)
0
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x {ew, (s, 7, R)+7° 5_,‘2 (ﬁ/R)"*(j:l) (’j*) cA's™w,(s, 7, R)

—i—’:Z;}i(ﬁ/R)" <;>—K(rj*> cA's™w,(s, , R)—I—(}/é/R)’cA’s"w,(s, 7, R)}dr .
Let R=2R, then
V() =yt exp (cr*t/d) S: 4"l exp (—er*7tld)
X {ew,(s, 7, R)-F7r*cA's w,(s, 7, R)+cA's™w,(s, r, R)}dr
<ccgt’ exp (cr*t )R r " exp {(M—c,/l)r*tt} g: 7574 dr
+r¥*cA’s™ et exp (e *tHL)RTr 1 t5 ¢ §: " lexp {(M—c/l)r*c*}dr
+cA’s et exp (e * )R r " exp {(M—cs/l)r*tt} §t 757"
<cA's7'w/(s, ¢, R), 0

if we choose 4’ such that A4’=3c;'c, and note that s and M are sufficiently
large. Q.E.D.

Lemma 5.2, Let
0,0 = 31 1|4 {o (A Div} ],
then -
,(H)<cy{ gﬁfﬁ*(; f") ,_ () Rrrw o)} .
Proof. From Lemma 3.4 and Lemma 3.5, we get that
{4 4 {o (Y ADIH | =14 {3 5 A, 1, DYoo} |
¢, 3] 3 (I 0P|+ 4, 4Dl
Using Lemma A.3 in Appendix, we have
I, Adovll= Sy ey ) ar~toipl|+erjopo].

Thus we can obtain the desired inequality. Q.E.D.

Corollary 5.1. For any r=0, there exists a constant A>0 such that for
sufficiently large R, M, s,
(5.3) O()=cAs™'w,(s, ¢, R).
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Proof. Applying Lemma 5.1 to Lemma 5.2, we find that

[kt BN * A
D () =cy{ EIRJJ'!K (rJ )cA's“w,_j(s, t, )+ KR'ricA's wy(s, t, R)}
j=o
rf— A S - * A
=cdZARRI(T) (77)ed's s, &, R+RIRYcA's (s, 1, R}
i=0
<cds'w,s, t, R),
if we make R=2R and choose 4 such that 4=3c,A4". Q.E.D.

Lemma 5.3. For any r=0 and i+j<m—1, there exists a constant A>0
such that for sufficiently large R, M, s,

5.9 14| A {o(x)* A Div} || S cAs~ i Dw (s, 1, R) .
Proof. 1t follows from Corollary 5.1 that
[| A" {o(x)* A Di+m=i=i=Dy} | < c As~w(s—il—m-+i+1, t, R) .
Hence we get that if we put g=m—i—j—1,
14 (oG D [ 14 oG A D} ey,
<cAsT'R'r!“ exp (Mr*t%) g:g:z LI N L
<c('A)s~ @ w,(s—il—j, t, R) .
If we set A=24, we get (5.4). Q.E.D.
Lemma 5.4. For anv r =0 and i, j such that i4+j=0, «--, m—1,
(5.5) 44| (x)* A Div|| Z c1pcAW,1i(s, 1, R)
X ;,Zi:os_<m"i'j+k’ {0 (rH kA D} G 4K+ (D
Proof. We carry out the proof by induction on i. When i=0, (5.5) is

trivial from (5.4). Using (5.4) and Lemma A.3 in Appendix and noting
u=1, we obtain that

tu+j“a(x)iﬂ-/1r+iD{v”
St A {o(x)y* A Div} ||+ 14 ||[ 47, o(x)*]4°Div]]

L. =1 LS . . . . .
ZcAs™ @i Dy (s, t, R)+ S0 eRHE I (rk >t("k)“"{Ia(x)("k)”A”""kD{vII
k=1

r¥=1 A * R . . A . . .
s éR’“k!"(rk)tJHA””‘”D{vlI—i—éR’r!“t’]]/I'D{vH
k=i
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.. A ES
<cds~®=i=Dy (s, t, R)+ 21 ¢ ”k!"(rk )cAw,+,-_,,(s, t, R)

x,,gs-<m—:-,-+k+kf> {G+i=k)---(r+k'+ D} {G+£)-- -+ D}

—I—'Z_léﬁkk!" (i)cAs'(""”w,ﬂ-_k(s, t, R+&R 1 cAs~ ™= Dw(s, t, R)
k=i
éCAS_(m—i_j) {(r+i)"°(r+ 1)} _KW,._H-(S, t’ -R)+CIICAWV+1'(S’ t9 R)
X S} SV s i I ) {(p f)e (b Ktk D} G o) (r+ D
k=1 k/=0

Leds ™y (s, 1, R) ,,E R/R) (’J,; ")H
L &RIRY (rjri>'“cAs-<m-f>w,+i(s, t, R)
<cAs~ ™D (r+i)e - (r-+ D} ~*w, 445, t, R)
tencAw, (s, 1, R) ,,E s L4 ) R+ D} (K (e D

1-k

FecAs™ D {(ri)-+ (- D Wy, 1, R>',,*§_.1<1/2>”k“""’<kii>
+écAs™ ™D {(r+i)---(r+ 1)} ~W,1i(s, 1, B)
=AW, (s, t, R) kz; s L)oo (r A+ D} T{(r K)o (r 1}

Q.E.D.
§6. Estimate of A'Qu(x, t)
Lemma 6.1. If o(x)E B(R") and 0=v<u, then
(6.1) oGy ul | = [[ual {0 Ge ual [ .
Proof. By Holder’s inequality,
oot = 1 oGeyulax = [ ]2 a(aypu e
< ([ ulanp=rm(] 1 oGoruasy e
= [|u|FO o () ul P Q.E.D.

Lemma 6.2. Let
e, D/lale if e, j)<us(e,))
s(e, N(|a|+0) if e, = ws(a, j)

with respect to 0<0=1, then for any r =0,

62) ox@ ) = {
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(6.3)  15®NH||g(x)* D) A1 Diy|
= cpcAW,p 1, (s+¢y, 1, R) ﬁos‘[”’“""(i”"")"o(“"'))
XA+ @]y (ke D 50D e (r-+ D} =D,
where e,=min{s(e, j)—4/(a, j)/ 2, s0/(| a|{+6)} >0.

Proof. First we consider the case that {v(a, j)<us(e,j). If we use Lemma
5.4 and Lemma 6.1, we get

15D H| ()Y @D A Dy |
< {FOPe® || A7H1%1 D] y||1-Pe® D}
X {15 Hi0 )| g (x) VB P T 1% Diy||Pe™ D}
Loyt @D | Ar+1%1 D y| [} 1=Pe(*)
X {1116+ |g () 1#1- A7H® Dy [} Pa(®)
S cucAw, 1, (s+s(@, )=, j)a, 1, R)s™ =000

X33 57D (G |@ )R DGR (o D

lav] . .
S cycAw,pi(st+s(@ ,j)—w(e, j)u, t, R) 35 s~ in=7=1%179%(%00
k=0
X {(F+ | a | )(r+k+ 1)} —KPy(®,7) {(r_l_k)(r+ 1)} —(k=1)Pp(%.5)

Next in the case that &(e, j)= us(e, j), we have

ts(“'j)”l[o(x)"('”'f’ AF1*1 Dy
< {000 | A% Diy| 1P}
X {ts(“,i)+iP9(“.i)]]G(X)V(“,iwe(“,i)‘l/lr+|°‘1D{v!lﬂg(“.i)}
oyt S/ UH1EH0) L13|| Ar+1%1 DIy |} 1= Pe(% D)
X {114 o (x) 11 AT+ Diy|[} ™)

= cigCAW, 114i(s+50/(| 2| /4-6), 1), R) :Zw}: 57 I UBIm(% )
XA+ @)+ (k- 1D} =5 {(r k)= (r 1)} ~ D%
Setting e; =min{s(e, j)—2(a, j)/u, s6/(|«|/+0)}, then we obtain (6.3).
Q.E.D.
We note that for any e, j such that |a]| =0,

(6.4) y(e, j)=O0 or there exists a non-negative integer p(a,j) such that p(a, j) X £
<ua, )=(p(a, j)+1)u. And there exists a non-negative integer g{e, j)
such that g(e, j){<<s(e, j)=(q(a, j)+ 1)L
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Lemma 6.3. For any r=0 and |a|>0,

(6.5) DY, o(x)"Da, i(x, £)DFIDV]]

e, jd+1 iR 14k
§CJ7CAWr+IuI(S+€25 ta R) g) § (m=i=h(%9) )

XA+ a|)(r+|a| —h(e, j)+k)} ™
X A{(r+|e| —=h(a, j)+k—1)--(r+ |a| —h(a, )} ~“P,
pla.j) if e, j)<wus(e,))

where B J) = { and  &,=s(e, j)—Lh(@, j)>O0.

Proof. First we consider the case that 4/(a, j)<<ws(e,j). Since

o([4', o(x)"™Pa, i(x ,)D5])

:’*Zﬁ_llg—l‘ %agQ’}’Dﬁ{a(x)”(“’j’a,,j(x, OFE r(x, 1, €) |
= = )

if we note that
wa, )—k = (p(e, j)+1—k)u+-(e, j)—ple, la—1)+Ek—1)(«—1),
then we obtain that

L(e, =047, o(x)" Dy, ;(x, )DIID|

(@, ) *
<" @@ r1-ne (’k > £ B 1Ry
k=1
X ||o(x) @ DFI=RE gr+i®1=k ply||

Lo r ) £1]| A+1# 4 Dy

% (
k=pl@,j)+2 k

r* A *\ . R
teren 31 R a)r(7 ) dllanp)

E=®]+1

A et T P 1545)| fr+1®1—k )i
R AN X Rk —a )| | 4 Div||

R=r¥+

5™ DR 1545 D] .

Using Lemma 5.4 and noting Remark 1.2,

. e . H&DT1 Hadri-k (pk
I(a, ) St (

k
XA(r+1e| —k)--(r+|a| —pla, j)+k)}
X {(r+ |al _p(a’j)"!_k,_l)"'(r"{_ lal —p(as]))}' I_Kwr+|w|—k(sa Z R)

|| ¥ s
2 <k) cAs™m ])Wr+|u|—k(s= Z R)

k=p(@,j)+2

> CcAs—m=i=p(® H=1+h+k)
k=1 k=0
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- 3 R a7 ) eds (1, B)

k=@ +1

rralal-1 o .
4+ 2] Rk—lal(k"—|aI)!KCAS—(m—J)Wr+|w|—k(Sa 1, R)
k=r¥+1
A .
+ R'rlcAs™ ™ Dw(s, t, R)]
(@, 3+1 pr,j)+1—k_( (@ Lk
S 1AW, 141(5+65 1, R s m=i=p(%0) )

k=0

XAr+la ) (r+ | —ple, )+-k+kD;
XA(r+la| —pla, j)+k+k'—1)(r+|a| —p(a, jP™"

_{_S—(m—i) % 2{(r+[a|)...(r+|a,_k+1)}1—x

k=p(@, i)+

o 33 ARRE( ) () e e

k=|@|+1

oot SRR g) e D 0p

k=rk+1

5~ =D(RIRY {(r+ |@|) - (r+ 1)}

pa,7)+1
—(m—j—p(®,5)—1+k
§C17CAW,+|¢|(S+ €25 ta R) g} s (n==p =1k

XA+ lal)--(r+le| —ple, )+k)}
X {(r+ |O£l —p(a!j)_%"k_l)“'(r”‘_ I(Z[ —p(aa.]’)}lﬂ( .
The calculation of the case that /e, j)=us(e,j) is quite similar to the

first case. Q.E.D.

From A"Q,=[4", 0,1+ 0,4, Lemma 6.2 and Lemma 6.3, we obtain

Lemma 6.4.

(66) ”ArQ]v” _S_ch4| 2 I<£;(S9 I')WH_M](S-I-E, t: R) 3

@l +j<m-1

eizk0

where >0, e=min {e;, &,} >0 and

la]
K';(S, l‘) — 2 g~ im=i= (1% =k)Py(®, )}
k=0

XA+ a]) - (r-+k+ D} 0D {(r-F) oo (r- 1)} ~C DR
o, j)+1 A )
4 DY gTmm i) 14
=0

XA @)+ e —ha, )+~
XA+ || =@, j)-+Hk—1)-+G+ | —h(a, )} ¢,
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§7. Proof of Theorem 2.1

In order to prove Theorem 2.1, we prepare several lemmas.

Lemma 7.1. For any f(x, )€ B(0, T1, ') and v'(x)eI'™, 0<i<m—k—
1, there exists a unique solution u(x, t)EB([0, T, I') of the equation:

{ Quu(x, 1) = t"*f(x, 1)

(7.1) . .
Diu(x, t)] 4o = ti(x), 0=ism—k—1.

And especially, if u'(x)=0, 0<i<m—k—1 and Dj f(x,1)] ;4=0, 0=<i <§—1,
then we obtain that Diu(x,t)|,-o=0, 0<i<m—k—1+38, where § is a positive
integer.

Proof. It follows from Proposition 2.1 that there exists a unique solution
u(x, )EB([0, T], H*) of (7.1). Therefore let us show that u(x, 1)eB(0, T],
p(K))_

From (A-4), we note that we can calculate the derivatives of u(x, z) at
t=0 and each derivatives belongs to I"®.

For any fixed integer s=1, let

ul\x, 1) = u(x, t)— jg: JL: du(x, 0),

then u,(x, t) satisfies the equation
s=1 t! .
Qous(xa t) :f(xs t)—QO( ]go}_' a't,u(x: 0))Ef;(xs t) °

Thus we get that £.(x, 1) € B([0, T], I'®) such that D} f(x,t)]|,-,=0, 0=Zi=<s—1.
From the consequence of §3, it is easily seen that u/(x, t)eB([0, T1, I').
Hence u(x, ) B([0, T], I'*).

The second assertion is clear from (A-4). Q.E.D.

Lemma 7.2. Let u;(x, t) be the solution of (2.5);, then u;(x,t)€B([0, T],
) for j=0. Moreover there exists an integer 5=1 such that for j=1,
Diuj(x, t)]120=0, 0=i <m—k—1+5(j—1).

Proof. Tt follows from the first assertion of Lemma 7.1 that uyx,t)e
B0, T], ). If we remember (2.2)~(2.4), then we find that

—Quug(x, 1) = t"Ffi(x, 1)

such that fi(x, )€ B0, T], I'™?). Using Lemma 7.1 once more, we can get
that u(x, 1)€B([0, T], I'*). Therefore repeating these steps, we have u;(x, 1)
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H([0, T], I'™) for j =0.
Let us consider the second assertion. From (2.5);,, Diuy(x, t)],;-=0,
0=iz<m—k—1. Put
s= min {s(e,j)}=1.
@]+ j=m-1

@10

Thus from (2.4) and the second assertion of Lemma 7.1, we obtain that
Diuy(x, t)],-0=0, 0=<i<m—k—1-5. Similarly we conclude the second asser-
tion of Lemma 7.2. Q.E.D.

From Lemma 7.2, for any fixed integer s=1, there exists N=N(s)EN
such that for any j=N—1, Diuy(x, t)| ;=q=0, 0=<i<s—1.

Therefore we may assume that for any » =0, there exist positive constants
¢ and R such that

(72) HArQLUN—IH éCW,(S, t’ R) .

Lemma 7.3. Under (1.2), if 1=<£<p[(0o—1), there exist constants A, B, q
>0 which are independent of r such that

(7.3) Aty | S cAB'n™"w (s, t, 2°R)
Jor n=0,1,2, +--.
Proof. From (7.2) and Lemma 5.3, we get that
A uyl| S cAs™™w,(s, t, R) .
1t follows from Lemma 6.4 that

HArQluNH éECA’ 2 K?%(S, r)“'r+la1|(s+es t’ R) .

mll +j1§m -1
Iy (=50

If we use Lemma 5.3, we have that

AUy l|SécA? 3] (s+e)"K5L(s, I)Wyiigi(5+€, 1, R).

|w1] +j1§im-l
lay13:0

Applying Lemma 6.4 again, we obtain that

14 Quyl| S’ X 21 K5, NKGH(st-e, r+ ey ])
|w1[—11§m—1 [@g] +jp=m—1
l@y] =0 lg(30

X Wytlgyl+1ag (5126, 1, R)

Using Lemma 5.3 again, we get that
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”A’uN+2”_S_.éZCA3 E 2 (s+2€)-mK‘;:(s: r)K‘;i:?g(sa r)wr+|wll+1¢2|(s+2ea t, R) ’

where K71:52(s, r)=K52(s+¢, r+ |y ]).

J1:J2

Setting
Kﬁ;i:‘;:(sa r) = K‘;:(S—I—(l“l)f, r+ lall +“'+ Iai—ll) s
inductively we obtain that for any n=0,
1Aty 0l | S cA@A)" 3++-33 K53(s, 1) K5L15%(s, 1)
pr+la1|+-~+lw,,l(s+ne7 t, R) .
By the way,
K5i(s, I')"'K?i,’::::?;‘(s, r)
= Ve S s 1) e ([ @y )
X (s €) 72+ | ey |+ 1) | ey |+ [ ] ) 57
X(s (=)&)t || Hove e [y | H D)7 [ @] ot |, )7,
where
a, € {m—j,—(lay| —k)oe(@s jo), m—jo—h(ey, j)—1+k,}
and
bﬁ'E {roo(ay, jo), (t—1)pe(ay, jo), £, £ —1, 0} .
We note the following.
(74) If a, = m—jd—(ladl _kd)pe(ad3jd)a thefl b}a °°%y bgd - (’C—l)po(ad,jd)
a'nd b£d+15 RS bt‘imdl = "Cpo(adajd) .
(1.5 If a; = m—j;~h(ey, j)—1+k,, then by, -+, b *Cain=1 = 0
b,‘,‘”d""(”d”'d), e, bliwdl—h(ﬂd.id)+kd—l =5—1,
and biFal P @eidthy .. ploal — g
Let s=¢ and a=min{a,;} and if we use Lemma A.4 in Appendix, then we have
that
§T%eee (s (n—1)e) < e %o (ne) "%

— 5—(al+-~-+an)1—al_,,n—a”__<_e—anAlRizn—(al+---+a”) .
Let =0 and using Lemma A.4 again,
(1) 8 (- L@y )8 X ee X ([ @] oo @y | 1) e
X (rF || 4o, )7

<ARi(|a;|+-+ e, [)—(b%+---+b',,wnl)éAIRYn—(bT.}_..._*_bL“,,I)
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Further we estimate w,.4),,14..+14,1(5--7¢, 1, R) as follows:
Rr+|°‘1|+...+1w,,l gR’R(m—l)n ,

by Lemma A.5 in Appendix,
(r |y | e e, IS 20 I ([ @y [ 400 - @, )"
< 28 m=Dynp [ g RERQS %6
P T
and
exp {M@F*+|a, |+ +|a, )t} < exp (Mr*tt) exp {M(m—1)T*n} .

Hence we find that

N A Uyl S cAAF A {EARIRe™ R IT 20D  exp (M(m—1)T)} 'w,(s, ¢, 2°R)

5 STewe S (1% 119, = (@t ka,) = G blal)

Let i be the number of {m—j,—(|a,| —k)oe(es, j)t s in {a,}1<4<q. I we
recall (7.4) and (7.5), then

T (@4 )+ Bl P —( ey oo |, e

={m—j,—(la,| —kDog(ay, j} + -+ {m—j;— (| a;| —k)ogla;, ji)}
HAm i — M@y, i) — LKt o e — ke, j)— Lk}
(& —D)og(ay, jky+ ooy, j1) (1 ey | —ky)
oot (e —Dogla, jki+-mog(as, ji) (1 | —k;)
(e =Dk @, i) =i+ 1} + - (e — Dk, 45 {h(e,, j,) —k,+1}
—(loy| 4+ a,)e

= {m—j— || ogley, j)+ | @y £oeey, j) — | @y | £}
et Am—ji— ;| ooy, ji)+ | @; | kog(ay, ji) — | ;| £}
HAm—Ji—h( @, i) =1 ER(0 g, Jip )+ — | @y | £}
et {m—j,—h(a,, j)—1+eh(a,, j,)+e—|a,| 5} .

Now recalling (6.2) and (6.4), then
{m—j—n(e, j)—1+rh(a, j)+r—|a|cf — {m—j—|alog(a, j)+||cog(a, j)—|alc}
= (/c—l){h(a,])—H—!a]pe(a,J)}
pla, j)+1—va, j)le if e, j)<use,j)

=(e—1)Xx . .
ql@, +1—la|s(@ pi(la|+0) if e, j)zes@,j)

=0.

Let us set
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0y = max {(m—j—|a|oya, j))/(m—j—|a|)}.

@]+ j<m-1
If 1=k <pg/(0g—1), then we find that

Iz {m—ji— || ooy, i)+ | @ | og(ey, 1) — | @y | 5}
+ot{m—1,— |, | po(@y, j)+ | @y | £04(ay, ju)— | @y | £}

= (m—j— ey Dl(m—jr— | @] og(ay, j))/(m—j1— | @4 ])
—A{m—i—|a;| po(@y, j))/(m—j— |, |)—1} £]
+eetm—j— @, )m—j,— | a, | 0g(@y, j))(m—j,— | @, )
—A(m—j,—a,| 0@y, j))/(m—j,— | a,|)—1} ]

=n{og—(0g—1)e}>qn, where ¢>0.

If we note that for fixed £ such that 1=<#<<p/(0o—1), we can choose 0<<6 =<1 such
that 1 =< £ <<0y/(0g—1)=<p/(0—1), then this completes the proof. Q.E.D.

Corollary 7.1. If 1=k <<p/(0—1), the formal solution

u(x, t) = i u;(x, 1)
j=0
converges in B0, T], I'™).
Proof. 1If we devide u(x, t) as
N-1 o
u(x, t) = 2 uj(x: t)+ 2 uj(x’ t) s

j=o i=x

then this corollary immidiately follows from Lemma 7.2 and Lemma 7.3.

Q.E.D.

Therefore we get the existence of solutions.
Next we shall show the uniqueness of solutions.

Lemma 7.4. If u(x, 1)€B([0, T],I'™) is a solution of the Cauchy problem:

{Lu(x, )=0
Diu(x,t)]|;—o =0, 0=i=m—k—1,

where 1=« <p/(0—1), then u(x, t)=0.

Proof. We may assume that for sufficiently large s, there exist constants
¢, R>0 such that

A ul|Zcew,(s, t, R) for any r=0.

therefore similar to the proof of Lemma 7.3, we can obtain that
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[|Au|| < cAB"n~w,(s, 1, R) for some constant R.
Let n—c0, then we find that u(x, 71)=0. Q.E.D.
Finally we shall prove assertion (2°).

Lemma 7.5. If supp ¥(x)CK, 0=Zi<m—k—1 and suppf(x, 1)C C(K) for
compact set K CR", then supp u(x, {)C C/K), where u(x, )€ B(0, T], ') is a
solution of (1.6).

Proof. From (2°) in Proposition 2.1 and (2.5)y, suppuy(x, 1) CCuK).
any Next if we note how to make @, and that Q, is a differential operator, then

_Qluo(x! Z) = tm~k.f‘1(xs t) 9

where fi(x, )€B([0, T], I'') and suppf,(x.t)C CyK). Hence using (2°) in
Proposition 2.1 again, supp u(x, ) C Cy(K). Repeating these steps, we obtain
that suppu;(x, 1) CCyK) for any j=0. Thus from the convergence of the
formal solution, we find that supp u(x,r) C C(K). Q.E.D.

This completes the proof of Theorem 2.1.

Appendix

Following Igari [3] and Uryu [17], we introduce a certain class of pseudo-
differential operators.

Definition A.I. (1) For any meR and £>1, we denote by $"(x) the set
of functions A(x, §)eC*(R" x R") satisfying the property that for any a, g,
there exist constants ¢, and R such that

|0%DBh(x, £)| < c RF| B 1KEM™ 1™ for (x,E)eR"XE" .

(2) For any h(x, §)eS"(x), we shall define a semi-norm of h(x, &) such that
for any integer /=0,

|h(x, )] ,= max  sup nlaoé'Dﬁk(x, &) [KE>~mHIel

le+Bl<L (B, 0)ER"X R

Now we can define a pseudo-differential operator with a symbol A(x, &)=
S™(x) as follows:

H(x, D,)u(x) — (2x)"" § exp (ix+ E)h(x, EYME)E .

Lemma A.1. (see Igari [3]). Let h(x, §)eS"(x) and r=0. Then



240 SHIGEHARU ITOH AND HiTosHi URYU

N-1
o(AH) =33 33 L OKE DI(x, +ran, €).

where N=r*+m. And for any integer {=0, there exist constants ¢;,, R>0
such that
| DEh(x, EXED ™| = c,RI™"(|a| —m)!"
and
|7 5(x, )| =S R0r1" .

The following lemma is well-known.

Lemma A.2. For any h(x, §)ES°, there exist a constant ¢ and non-negative
integer { dependent only on dimension n such that

1H(x, Doyull S el h(x, €) ] lull -

Lemma A.3. (see Uryu [17] and Igari [3]). Under the assumptions of Lemma
A.1, if we denote hi(x, £) by

hix, €) = 3 - OKEY DUh(x, €),

then there exist &, R>0 such that
A * R
[|H;(x, Du|| < ¢RI™™(j —m) !,‘<rj >I|A’"+'“’u|] for 1Zj=<r*,

| H (%, Dul| S ERI™(j—m) 1| A+ =iu||  for r*+1<j<N—I,
and
[[Ry(x, DJul| SERF!|[ul] .

Lemma A.4. Let {i}, -+, i,} be a subset of non-negative numbers a,, -, a,,
then there exist constants A,, R,>>0 such that

n"1+"'+"n§A1R§’1"12"2---n"ﬂ .
Proof. Set S=n17"*tu/1i1...px, Then

S = (1/1)!1-++(n/n)'»
= (/1) (n/n)*

= (n/n!)“, where a = max{a, -, a,}.
Using Stirling’s formula, we can get the desired inequality. Q.E.D.

Lemma A.5. Let {ij, -, i,} C{l, -, m—1}, then there exist constants
Ay Ry>0 such that
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(oo Fi ) S A, Riniat |
Proof. By Stirling’s formula, there exists &,>0 such that

(it oo IV S AR Hoa(f - eoo 7 Yt Hin
é Az {R3(7?L — 1))’1}' ity
< A (R — D} - QED.
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