Publ. RIMS, Kyoto Univ.
23 (1987), 243-250

A Vanishing Theorem for Proper
Direct Images

By

Takeo OHSAWA*

Introduction

Let X be a complex analytic space and & a coherent analytic sheaf over X.
Jf X is g-complete, then H' (X, &F), the r-th cohomology of X with coefficients
in &, vanishes for r>g (cf. Andreotti-Grauert [1]). If moreover X is a
g-complete manifold of dimension r and & is locally free, then one has
Hi7'(X, 0xQ@F)=0 by Serre’s duality, where o, denotes the canonical sheaf
of X and Hj§™" denotes the cohomology with compact supports.

In [2], A. Andreotti and E. Vesentini established an L2-theory on non-
compact complex manifolds and showed that the vanishing of H§~ (X, xQ%F)
is a direct consequence of certain a priori estimate as well as the vanishing
of H'(X, &). Their approach is of inferest since the cohomology vanishing is
reduced to the solvability of a d-equation with uniform estimates related to
weighted I2norms of Carleman type.

The purpose of the present article is to give a relative version of their theory
in the following situation.

Let f/: X—S be a morphism between complex analytic spaces and &F a
coherent analytic sheaf over X. The g¢-th direct image sheaf RS is a sheaf
over S defined by (R“f*ﬂ"),,:zli;n HY(fY(U), &), where U runs through the

neighbourhoods of x. The g-th proper ditect image sheaf RS is defined
by (RAF),:=1lim Hy(f~Y(U), F), where &P denotes the family of supports
78

consisting of the subsets of X on which f'is proper.

A recent result of K. Takegoshi shows that Rfywy,=0 for ¢>0 in the
above situation, if X is a complex manifold which is bimeromorphically equiva-
lent to a Stein space.
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Similarly as above, Takegoshi’s vanishing theorem implies that R'f,Oy
=0 for g<dim X—dim S, by the duality theorem of Ramis and Ruget (cf. [9]).

Thus our task here shall be to give a direct proof to RY%;O5=0 in the spirit
of Andreotti-Vesentini. It will be reduced to finding two convex increasing
functions on & which compose the weight functions controling the supports
of the solutions of the d-equation.

The author expresses his sincere thanks to Professor T. Oda for the stimu-
lating discussion, and to Professor J. Kollar for drawing the author’s atten-
tion to Ramis-Ruget’s duality. Last but not least he thanks to the referee
for pityless criticisms.

§ 1. IL*>Cohomology Vanishing

Let (X, ds?) be a Hermutian manifold of dimension n and (E, &) a holo-
morphic Hermitian vector bundle over X. We denote by LE (E) the set of
locally square integrable differential forms on X with values in E, and by
L:YE), or by L&:4(X, E), the set of (p, g)-forms in LE(E). For any C*
function y: X— R we denote by L¥(E) the set of ue LE (E) with

g eV u|2dV<oo.
X
Here |u| denotes the length of u and dV the volume form. We put
llly: = | _evluzavye.
X

Then L*(E) is a Hilbert space with norm || |y We put LI(E)
(=L%YX, E)): =LLUE)NLE(E). Let <u, v> be the pointwise inner product
of uand v in L¥(E) with respect to the metrics ds? and h. Then the inner

loc

product of u and v is expressed as

@, v)y: = g e~ "u, vydv.

The complex differentiation 8: L¥ (E)—L{(E) is defined in the sense
of distribution. The domain of the restriction of 8 to L*(£) will be denoted
by Dj, shortly. Clearly 0 is a densely defined closed linear operator for any
Y. We denote by 8% the adjoint of & on L}(E). The dcmain of 8% is de-
noted by Dgﬁ. The following is a direct consequence of Hahn-Banach’s
theorem. For the proof, the reader is referred to Hormander’s book [6] (cf.
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Chap. IV).

Propesition 1.1 For any veEL¥(E) the following conditions (i) and (ii)
are equivalent.
() @, vy| <Cll6Fully, for any uE D3 with du=0.
(i There exists a we L¥(E) satisfying dw=v and ||w||y < C.
Here C is a positive number which depends on v.

To study geometric conditions which imply the condition (i) above, the
following lemma is helpful.

Lemma 1.2 (cf. [2]) Let (X, ds?) be a complete Hermitian manifold, (E, h)
a Hermitian vector bundle over X, A: L§(E)—L§(E) a bounded linear operator,
and (p, q) a pair of nonnegative integers. If the inequality ||Au|l}<||0ul|}+
l18%v|ls holds for any compactly supported E-valued C*= (p, q)-form u on X, then
the same inequality is valid for all u€ D3 ﬂDa:ﬁLﬂ\’};q(E). Moreover, for any
velm 4, (i) holds with C=||A""v||y.

Proof. For the first part, see [2]. The second assertion follows from
Cauchy-Schwartz inequality.

Before proceeding further, we explain the notion cf Nakano seminega-
tivity of the bundle (E, h).

By identifying the metric # with a C* section of Hom (%, E*), we define
the curvature of (E, h) by doh™lodoh, which is naturally identified with a C*
section, say ©,, of the bundle T¥QT*¥QHom(E, E) or equivalently, of the
bundle Hom (T, T¥)@Hom(E, E), where Ty denotes the holomorphic tan-
gent bundle of X. Thus hodoh lodoh is naturally identified with a section
of Hom(EQ® Ty, E*QT%), which defines a quadratic form along the fibers of
EQTy.

Definition. A Hermitian vector bundle (£, %) is said to be Nakano semi-
negative if hodoh™lodof is a negative semidefinite quadratic form on F @ Ty.

In what follows we shall regard @, as a (1, 1)-form with values in
Hom(E, E).

Lemma 1.3 Let (X, ds*) be a Kahler maiifold of dimension n, (E, h) a
Nakano seminegative vector bundle over X, and v a C* real valued function
on X. Lel r,>-->7, be the eigenvalues of 180y on X. Then, ||0ul[5+]||0%ulls
>(—(r1 4 Fra-u, u), for ony compactly supported E-valued C> (0, q)-form
uon X.
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Proof. By Bochner-Nakano’s inequality,

l10ullg+118%ull§ = (—i A(8)+80y) Aw), u)y ,

for any compactly supported C= (0, g)-form u. Here 4 denotes the adjoint
of the wedge multiplication by the fundamental form of ds®. Since (E, h) is
Nakano seminegative, (—iA(@, Au), u)=>0 (cf. [7] p. 197 (14)). The rest is a
straightforward computation.

Theorem 1.4 Let (E, h) be a Nakano seminegative Hermitian vector bundle
over a complex manifold X of dimension n, let @,, @, be two C* plurisubharmonic
functions on X and let r be an integer such that rank 000,<r everywhere. Sup-
pose that i03(®,+®,) is a positive (1, 1)-form associated to a complete Kahler
metric on X, say ds*.  Then, for any q<n—r and v& L%, 1yp,10,(E) with 3v=0,
where the metric on X is ds*, there exists a we LYo 4o, (E) such that ow=vy
and |W||-G1po40, <IV||-G+p0,40,- Here we use a convention that Ly*(E)=0
Jfor g<0.

Proof. Let I''>-.->T, be the eigenvalues of i99(—(r+1)0,+9,) with
respect to the metric ds? (=200(®,+®,)). By assumption, —(I";+-=-+1",_,)
>1 everywhere on X. Hence the assertion follows from Proposition 1.1,
Lemma 1.2 and Lemma 1.3.

In the following paragraph we shall prove the following.

Theorem Let X be a complex manifold of pure dimension n wkich is bi-
meromorphically equivalent to a Stein space, (E, h) a Nakono seminegative bun-
dle over X, S a complex space of dimension s, and [ a holomorphic map from
X to S. Then RYfiOx(E)=0 for g<n—s.

Since every holomorphic vector bundle admits a Nakano seminegative
Hermitian structure on Stein manifolds, we have the following corollary.

Corollary Let X be a Stein manifold of pure dimension n, S a complex
analytic space of dimension s, and f: X— S a holomorplic map. Then, for any
holomorphic vector bundle F over X, R, Ox(E)=0 for g<<n—s.

Proof of Theorem

1. The Stein case: First we shall give the proof when X is a Stein mani-
fold because it is completely independent of the other results which we need
in the proof of the general case. Assume that we are given a Stein manifold



VANISHING FOR PROPER DIRECT IMAGES 247

X of pure dimension n, a Nakano seminegative vector bundle (E, 4) over X,
a complex space S of dimension s and a holomorphic map f: X—S. Let g
be an integex with g<n—s and v& L{:%(E) a d-closed form such that f|supp v
is proper. Since the problem is local on S, we may assurne that S is a Stein
space and that there exists a C* strictly plurisubharmcnic function @, on X
such that supp vC X,:={xEX; 0,(x)<cq for some ¢, /R and the restriction
of fto X, is proper for all c€R. Let ¢. be a C* plurisubharmonic exhaustion
function on S and set ¢:=g¢.of. Evidently, there exists a C* convex increasing
furction 2: B—R such that the metric ds?:=200(®,--A(p)) is complete and
that v& L% 1 1yp, A (E) (With respect to ds?). Let x be a C™ convex increas-
ing function on A& such that x(:)=0 for r<c¢, and x'(¢)=1 for ¢>c,+1.
Cleatly |[Vl]_(stpo4at0-pxtop =Vl - s4p0y 4000 Tor any #>0.  Since 80x(9)=0
by Theorem 1.4 one can find a wu & L%%3 0,000 -nuop(E) satisfying owu=v
and |[wull- rnopra@ -px@) <Vl - crpotaw, for any #>0.

If #>v one has

”Wul | = (s+1) 03 +A(®) - % (01) = I IWM“— (s+1@3+A(@) = vx(Dy) -

Therefore one can choose a subsequence of {w} -, which converges weakly
to some we L);I"(E). Clearly dw=v and supp wCX,,, which implies that
v represents the O-class in H (X, Ox(E)) with P:={ACX; f|4 is proper}.

2. General case. To prove our theorem in full generality we rely upon

the desingularization theorem of Hironaka in the following form (cf [5]).

Theerem 2.1 Let Y be a Stein space of dimension n and let X be a complex
space with a proper holomorphic map n: X—Y such that =|X\zn"*(Sing Y) is
biholomorphic. Here Sing Y denotes the singular locus of Y. Then, for
any point yEY, there exist a neighbourhood Uy and a complex manifold
U with a proper holomorphic embedding ¢: UsUxPY jor some N such that
the composite of ¢ with the projection to the first component factors through
@ i.e., there exists a holomorphic map p: U—sz"YU) such that the diagram

N ¢
U —— UxPN
ol
U, — U
comniutes.

Similarly as in Proposition 4.1 in [8], we may apply Hironaka’s theorem
to obtain the following:
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Proposition 2.2 Let X be a complex manifold of pure dimension n bimero-
morphic to a Stei/r\z space and let ©w: X -—>A/’\ be its Remmert reduction. Then,
for any point xE X, there exist a neighbourhood U, an anulytic subset ACz™Y(U)
and a plurisubharmonic function  on z=Y (U} with A={x; y(x)=—oo} which
satisfies the following properties:

(i) +is C™ outside A and 200+ gives a complete Kahler metric on ©~"(U)\A.
(ii) For any open set Vexz Y (U) a holomorphic function h (resp. a holomor-
phic n-form @) on V\A is holomorphically extendable to V if and only if
he L2:(V\A) (resp. o = L,°(V\A)) with respect to the metric 200

(iii) For any Ver Y (U) and any holomorphic n-form o on V, the multi-
plication

o A LY%(V\A) — LyY(V\A)
is continuous for all g=>0.

We shall omit the proof, because the construction of v is quite similar
to that in [8] (cf. the function K¢?—log(1+p log+) in Proposition 4.1) and
the properties above are immediate from the definition of .

Our theorem is now contained in the following

Theorem 2.3 Let X be a complex manifold of pure dimension n, (E, h)
a Nakano seminegative vector bundle over X, ACX an analytic subset, and
a plurisubharmonic function satisfying (i), (ii) and (iii) in Proposition 2.2 for
X=z"YU). Let ¥ and ¢ be C= plurisubharmonic functions on X such that
¥ +o is exhausting. Assume that rank 00e*<s everywhere. Then, with respect
to the family of supports P.={U: supy ¥ << oo},

Hy(X, Ox(E)) =0, for g<n—s.

Proof. First we assert that it suffices to show that for any g<<n—s and
a C= (0, g)-form v on X with dv=0 and suppC {x; Z(x)<c}, there exists a
we L2 (X\4, E) with the following properties:

(1) ow=rv on X\4.

(2) suppwC {xeX\4; ¥(x)<c}.

(3) For any point x& X there exists a neighbourhood U such that
we L2~ (U\4, E) with respect to the metric 209+

To see the validity of this assertion, let U be a locally finite coverirg of
X by relatively compact polydiscs such that sup{|®9,(x)—®,(»)|; x, y€U} <1
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for any U= U. Let o be a Cech g-cocycle associated to 9 such that
supp 0 C {x; ¥(x)<c} forsome c. Then, in a canonical way one can associate to
o a d-closed C= (C, q)-form v on X such that v=0 and supp vC {x; (x)<c}.
Suppose that there exists a w satisfying (1), (2} and (3). Then, from (iii}) we
can regard w locally as an element of Zy~"(U\4, E) for each U, by
multiplying a holomorphic n-form w, with nc zero on U. Hence, applying
repeatedly the [2-vanishing thecrem on U\A (cf. Theorem 2.8 in [8]) we
arrive at a Cech (g—1)-cochain r associated to U’:={U\4} yoq; such that
0r=0|X\4, 7,..,05, ELY(U;N - N U\4, E) for any Uy, -, U,&9U and that
supp r C {xEX\4; ¥(x)<c+1}. Hence, by (ii) all 7., are holomorphically
extendable on UjN---NU,. Thus o represents the O-class in H(X, Ox(E)).
Now let v be as atove and apply Theorem 1.4 as before by letting

O, =yr+ux(¥), ®,=Ap) and ds?=288(yr+2{¢)), where 2 is chosen as before.
Letting #—o0 we obtain a we L)1 (X\ 4, E) satisfying (1}, (2) and (3) above.
g.e.d.

Remark Our proof of the cohomology vanishing is direct in the sense
it is independent of the coherency theovem for the direct image sheaves (cf.
Grauert [4] Siu [10] and Ermine [3]). Moreover it gives a slightly more gener-
al result. In fact, in Theorem 2.3, A need not be holomorphically convex.
For instance one may take as 4 a pseudoconvex neighbourhood of the zero

section of any topologically trivial line bundle over a compact Kahler mani-
fold.
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