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Abstract

When the vertex is a regular point for reflected Brownian motion in a wedge, with a
constant direction of reflection on each side of the wedge, the law of the excursions from
the vertex is determined in the following sense. The nature of the local time at the vertex
and the Laplace transform of the entrance law at that point are explicitly given. In parti-
culai, it is shown that the inverse local time at the vertex is a stable subordinator of index
al2 where 0<a=(0,-+0,)/6<2. Here £ is the angle of the wedge (0<&<2x) and 6, 0,
are the angles of reflection on the two sides of the wedge measured from the inward normals,
with positive angles being toward the vertex (—=/2<8,, 0,<=/2). Excursions from the
vertex are shown to hit the boundary of the wedge immediately. As a bonus, the invariant
measure for the reflected Brownian motion is readily obtained from the Laplace transform
of the entrance law, thus verifying an earlier derivation of this result,
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§ 1. Introduction

Consider a strong Markov process with continuous sample paths that
loosely speaking has the following three properties.
(a) The state space is an infinite two-dimensional wedge, and the process
behaves in the interior of the wedge like ordinary Brownian motion.
(b) The process reflects instantaneously at the boundary of the wedge, the
direction of reflection being constant along each side.
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(c) The amount of the time that the process spends at the vertex of the wedge
has Lebesgue measure zero.

In [16], necessary and sufficient conditions for existence of such a pro-
cess were given and the process was characterized in law as the unique solu-
tion of a submartingale problem. In this paper, when the vertex is a regular
point, the nature of the set of times that the process is at the vertex and the
excursions of the process away from the vertex between these times is studied.
To facilitate the formal description of the process and of the main results ob-
tained here, the following notation is introduced.

The wedge state space is given in polar coordinates by

S = {(r, 0): 0<0<E, r=0}

where £&(0, 2z) is the angle of the wedge. The points (0, 8): 0O are
all identified as the origin {0} in R%. The two sides of the wedge are denoted
by

S, = {(r, 6): 6=0,r>0 and 8S,= {(r, 0): 60 =&, r=0}.

The directions of reflection on the two sides of the wedge are specified by con-
stant vectors v, and v, normalized such that for j=1, 2, v;-n;=1 where n;
is the unit normal to 85;\ {0} that points into S. For each j, define the angle
of reflection 6; to be the angle between n; and v; such that ; is positive if and
only if v; points towards the origin. Note that —z/2<6;<z/2. Define
a=(0,+6,)/¢.

Let Cs denote the space of continuous functions w: [0, c0)—S. For
each 1 >0, let H,=0{w(s): 0<s<t}, the g-algebra of subsets of Cs generated
by the coordinate maps w—w(s) for 0<{s<t. Similarly, let H=o{w(s):
0<s<oo}. For each non-negative integer n and FC R?, let C"(F) denote the
set of real-valued functions that are n-times continuously differentiable in
some domain containing F. Let Cj(F) denote the set of functions in C"(F)
that together with their partial derivatives up to and including those of order
n are bounded on F. Let C%F) denote those functions in C3(F) whose sup-
port is a compact subset of R If n=0, the superscript n will be omitted.
Define the differential operators

D;=v;sF for j=1,2,

and let 4 be the two-dimensional Laplacian.
A solution of the submartingale problem is a family of probability measures
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{P*, x&S} on (Cs, M) such that the following conditions (i)-(iii) hold for
each xe8S.

i) P w(0)=x)=l.

(ii) For each f&Ci(S),

a.n Sore)——- | aw(s)) ds

is a P*-submartingale on (Cs, M, {%,}) whenever f is constant in a neighbor-
hood of the origin and satisfies

(1.2) D;f>00ndS; for j=1,2.

(iii) p”[S: 1gw(®) dt] —o0.

Convention. Here P” is used to denote both probability and expectation
with respect to P*. This convention will be used for all measures and in-
tegrals with respect to those measures appearing in this paper.

The following results were proved in [16]. If @ <2, there is a unique solu-
tion {P*, x&S} of the submartingale problem. If @>2, there is no solution
of the submartingale problem. However, if condition (iii) is removed, then
there is a unique solution and the associated probability measures {P*, x& S}
are concentrated on those paths that reach the vertex and then remain there.
In either case (@<<2 or @>>2), the family {P*, x& S} has the strong Markov
property. Furthermore, for x==0, w(-) reaches the vertex of the wedge with
P”-probability zero if @ <0 and with P*-probability one if &> 0.

For each ¢t >0 and we C;, define

Z(t,w) = w(t).
Let 9B denote the Borel o-algebra on S. Let &F denote the usual completion

of M, and &F, the usual completion of ¥, in .5, with respect to {P'=
S #(dx) P*(+): p is a finite measure on (S, Bs)}. Then [17],
N

(1'3) (CS’ g) gta Z(t): 019 Px)

is a Hunt process with state space (S, Bs), where 6, is the usual shift operator.
For brevity, this Hunt process will often be simply denoted by Z. Since 8.5
is of zero potential for Z [17] and Z behaves like Brownian motion in S\a.5,
it follows that Lebesgue measure is a reference measure for Z. For more
details on Hunt processes and reference measures, see Blumenthal and Getoor [3].
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When @ <0, the set of times
(1.4) A={t>0: Z(¢) = 0}

for which Z is at the vertex of the wedge is either P*-a.s. empty (x==0) or P*-
a.s. consists of the time =0 (x=0). When a>2, since Z is absorbed at the
vertex in this case, the set 4 is P*-a.s. a semi-infinite interval [T, oo) where

(1.5) T, = inf {t>0: Z(t) = O} .

However, for 0<<a <2, it is shown in Section 2 that the (recurrent) vertex is
a regular point for itself relative to Z. This case will be the focus of atten-
tion for the remainder of this paper and so it is assumed henceforth that 0<C
a@<<2. Since the vertex {0} is regular for itself, there is a unique (up to a
scalar multiple) non-decreasing perfect continuous additive functional whose
support is {0} [3; Theorem V.3.13, p. 216]. The symbol L will be used to
denote this functional normalized to satisfy

(1.6) PO [g: et dL(t)] —1,

and L will be referred to as the local time of Z at {0}. Two representations
for this local time are given in Section 2. First, for ¢: S—R defined by

1.7) @(r, ) = r® cos (@0—0)), r >0, 0<I<LE,

it is shown that ¢(Z) is a local P*-submartingale for each x&S. Then L is
a constant (¢>0) multiple of the continuous, adapted, non-decreasing process
in the Doob-Meyer decomposition of ¢(Z). Secondly, it is shown that for each
xeS and >0,

t
(19) L@) = clim & | 14,6 Z(6) ¥ () ds
where the limit is in probability (with respect to P*), and

(1.9) w(r, 0) = “(Lz—"‘_) (cos (@f—B8))E2, 0<O<E, r>0.

The right continuous inverse = of L, defined by
(1.10) 7(¢8) = inf {s>0: L(s)>1¢}, 1 >0,

is a strictly increasing subordinator under P°. Using a Brownian-like scaling
property of Z, and the first characterization of L, it is proved that = is a stable
subordinator of index «/2 and rate 1 under P°, so that
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(1.11) P[] = ¢=#® 1>0,

where £(1)=21"2. It follows [2] that P’-a.s., the set of times A that Z is at
the vertex has Hausdorff dimension «/2 and its Hausdorff measure function
is known [15].

The complement of the closed set 4 in &, =[0, o) is a countable union
of disjoint open intervals and the pieces of the path of Z over these intervals
constitute the excursions of Z away {rom the vertex. The law of these ex-
cursions is determined by the entrance law at the vertex together with the tran-
sition probabilities for Z killed at the time 7. In Section 3, the Laplace trans-
form {7*, 2>0} of this entrance law is shown to be given by

(1.12) ) = IR poran fecys)
x(yrp)

where

(1.13) Rf@) = | e PUfz); 1<Ty d

is the resolvent for Z killed at the time T,, and

(1.14) Yi(x) = P*(e™0) = 1—R;1,
Ll
_ h) — h o) (r, 6) r dr 6,
(1.15) x(h) 516, JoJo (ho)(r, 0)rdr
for
(1.16) o(r, 8) = r~* cos (@8 —0,), r>0, 0<I<LE .

The expressions x(f—AR}f) and x(y) in (1.12) are well defined because [16,
Lemma 3.2], R}f(x) and yr(x) are O(e”#'#!) as | x|— oo for some f>0. From
(1.12) it is readily deduced that o(x)dx is an invariant measure for Z [6]. Final-
ly, in Section 3, it is shown that the excursions of Z from the vertex hit the
boundary of the wedge immediately. Thus they do not share the local prop-
erties of Brownian motion starting from the vertex and conditioned to stay
initially in the interior of the wedge.

In recent work, Le Gall [10] has independently obtained the Hausdorff
dimension of the set 4 for reflected Brownian motions in a wedge satisfying

01=62=6——;- and %<E<7r. To deduce this, Le Gall shows that such a

reflected Brownian motion can be represented as the process {W(¢)—V(z),
t >0} where W is a two-dimensional Brownian motion and V(¢) is the vertex
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of the smallest wedge with angle ¢ and fixed orientation that contains the path
of W up to time ¢.

§2. Local Time at the Vertex

Recall that in the sequel it is assumed that 0<<e<2. The following
Brownian-like scaling property of Z will be used several times in this paper.

Lemma 2.1. Let x&S and 2>0. Then for each AESF,
2.1 P*(4) = P 'w(a2-)€4).
In particular, for T, defined by (1.5) and t >0,
.2 PH(Ty(w)<t) = PM(T(A"W(22))<Kt) = PM(T(w)< %) .

Proof. The proof of this lemma is similar to that of Lemma 2.2 in [18],
but is included here for completeness. For each A€, let Q*(4) denote the right
member of (2.1). By the characterization of P*, to prove (2.1), it suffices to
verify that QF satisfies properties (i)—(iii) of the submartingale problem, with
QF in place of P~

Properties (i) and (iii) follow immediately from those for P**. For prop-
erty (ii), suppose f& C3(S) is constant in a neighborhood of the origin and
satisfies (1.2). Then f(27' -) also satisfies (1.2) and so by applying the sub-
martingale property of P** to this function, and performing a change of vari-
able in the time integration (from s to 27%s5), we conclude that

Y@ -1 [l @weesyds, S, 1>0)

is a PM-submartingale. By the definition of QF, this implies (1.1) is a Q*-
submartingale.
The result for T, follows immediately from (2.1). O

As an easy consequence of Lemma 2.1, we now conclude that the vertex
is a regular point for Z.

Lemma 2.2.
2.3) PT,=0)=1.

Proof. By setting x=0 in (2.2) and letting A—>oco and then ¢ 0, (2.3)
follows from the fact that PY(Ty(w)<<eo)=1. O

In the sequel, a generalization of the submartingale property of P* will
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be needed. A version of this was given as Theorem 3.5 in [16]. The follow-
ing local submartingale version of that theorem can easily be obtained by
standard approximation and stopping arguments.

Lemma 2.3. Suppose he C,(S\{0}) and f& C(S) N C¥(S\ {0} ) such that
% 4f=h in S\{0}
D;f>0 on 9S\{0} for j=1,2,
|f@—f0)] =o(8(z)) as |z]|—0.
Then for each x< S,
@4 FEO)-{ (svo h) () ds
is a local submartingale on (Cs, F, {<F}, P").

Lemma 2.4. For each xS, ¢(Z) is a local submartingale on (Cs, F, {F},
P).

Proof. Let #=(8,+0,)/¢ where 6, and 8, are angles in (—%, %) such that
6,>06, and 6,>6,. Then g>a and

(2.5) ¢%(r, 6)=r® cos (80 —0)), r=0,0<<E

is harmonic in S\ {0},
D; ¢ = prP~tsin (6;—0;)/cos 6;>0 on 8S\{0} for j=1,2,

and ¢°(z)=0(¢(z)) as |z|—0. It then follows from Lemma 2.3 that ¢*(Z(-))
is a local P*-submartingale for each x&S. Thus, for x&S§, R>0 and o=
inf {t>0: ¢(Z())=>R}, ¢*(Z(- A oy)) is a bounded P*-submartingale, where
the bound is uniform for all g (a, =/€). As 8| a, ¢*(Z(- A ag)) converges
pointwise to ¢(Z(+ A oz)) and so it follows from bounded convergence for
conditional expectations that ¢(Z(- A o3)) is also a P*-submartingale. Hence,
since R>0 was arbitrary, #(Z) is a local P*-submartingale. O

In the following, adapted means adapted to {&F}.
For each x& S, since ¢(Z) is a local submartingale on (Cs, &F, {F}, P"),
it can be uniquely decomposed:

2.6) HZ()—d(Z(0)) = M()+A(1), 1 >0

where M is a continuous local martingale, 4 is a continuous, adapted, non-
decreasing process and M(0)=A4(0)=0 P*-a.s. A priori, the processes M and
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A may depend upon x. However, Cinlar, Jacod, Protter and Sharpe [4,
Theorem 3.12] have shown that one may choose continuous, adapted processes
M and A4 (not depending on x) such that the above holds for all x.
Moreover, since ¢(Z(-))—¢(Z(0)) is an additive process, M and 4 may also
be chosen to be additive [4, Theorem 3.18]. It will be assumed in the sequel
that M and A are chosen in this way. In the next lemma it is shown that the
support of 4 is {0}, or in other words, “A increases only when Z is at the
origin™.
Lemma 2.5. Let x&S. Then

S: g (Z(s) dA(s) =0 P*-as.
Proof. 1t suffices to prove that for each ¢>0, P*-a.s.:
A1) = S: Ite o) (H(Z(s)) dA(s) =0 forall 30,
or equivalently,
2.7 re=inf {#>0: 4%(¢)>0}
is P*-a.s. infinite. On {r,<oo}, ¢(Z(z,)) =€ and
(2.8) A(t)—A(r>0 for z,<t<T;
where
To=inf {t>7,: Z(t) = 0} >1,.

On the other hand, since ¢ is harmonic in S\ {0} and D;¢=0 on 85\ {0}, j=
1, 2, it follows from a local version of the submartingale property of P* that

{#(Z@ AN T)—HZ(t N 7)) 1irecors 120}

defines a local P*-martingale. But this contradicts (2.8), unless P*(r,<<oo)

=0. O

Theorem 2.6. Let L denote the local time of Z at {0}, as defined in Sec-
tion 1. Then there is a constant ¢ (0, oo) such that for each x& S, P*-a.s.,

(2.9) L(t) = cA(t), t =0.
Moreover, for each 2>0, under P°,

(2.10) e [(20) £ L)
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d
where = denotes equality in distribution.

Proof. Since A is a continuous additive functional of Z, and by Lemma 2.5
the support of 4 is {0}, it follows from the definition [3, p. 216] of L that (2.9)
holds P*-a.s. for each xE S.

For the scaling property of L, recall from Lemma 2.1 that under P°,

iz L 70,
Hence, P’-a.s.:
H(Z() = $Q R Z@A ) = 1P $Z (2 -))
=22 (M@ <)+AQ ).

It follows from the uniqueness of the decomposition of ¢(Z(-)) that Pa.s.,

d
A(s) =272 42 ).
This, together with (2.9), yields (2.10). |

Corollary 2.7. Let © be the right continuous inverse of L, defined by (1.10).

Then under P°, v is a strictly increasing stable subordinator of index &2 and
rate 1, i.e., (1.11) holds.

Proof. It is well known that = is a strictly increasing subordinator [3,
pp. 217-219]. Now, for >0, under P°,

271 (A*21) = inf {47500 L(s)> 71}
=inf {s>0: 27%2 L(As)>t}
. inf {s>0: L(s)>1t}

where (2.10) has been used in the last line above. Hence 7z is a stable sub-
ordinator of index /2 [3, 14]. The fact that = has rate 1 comes from the nor-
malization (1.6) of L:

P"[r eT® dt] — P°[S: et dL(t)} =1. O

0

In the next lemma, an alternative representation is given for A4, hence for

Lemma 2.8. Let x&S. Then for each t >0,

@11 AW = lim &= [ 155 BZ(6) HZ() ds
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where the limit is in probability (with respect to P*) and + is defined by (1.9).

Remark. Since ¢(Z) is only known to be a local submartingale, a stronger
form of convergence in (2.11), such as convergence in L*Cs, &F, P*) as e—0,
was not obtained here. As pointed out by J.F. Le Gall (private communica-
tion), similar results to (2.11) can be obtained by applying knowledge of the
recurrence and invariant measure of Z [17], together with ergodic theorems
for additive functionals. One advantage of the computational proof given
here is that a precise representation (without undetermined constants) is ob-

tained for A(%).

Proof. First, observe that since Z spends zero time at the vertex, in the sense
of Lebesgue measure, we may replace Iy by l¢e in (2.11). The proof of
(2.11) is similar in spirit to that for the representation of the local time of a
one-dimensional reflected Brownian motion. In particular, we need to apply
the submartingale property of P* to a function whose Laplacian is of the
order of 1¢e(#(2)). Since ¢ satisfies the boundary condition D;=0 on
85\ {0} for j=1, 2, so will a {unction of the form f,(z)=g,(¢(2)), where g, is a
differentiable function of a real variable. Moreover, the function g, can be
chosen so that the Laplacian of f, has the aforementioned property (see (2.14)
below). The following functions g, were found in this way.

For each >0, let g,: [0, 00)—[0, o) be defined by

@ s for 0< y<e

(2.12) g(»)
((.V—E)-l-gzi) @™~ for e y<oo.

Then g, is once continuously differentiable on [0, oo) (differentiability being
from the right at 0) and twice continuously differentiable on (0, oo)\{e}.
Indeed, since 2/a>1, we have

yaI Tt for 0 y<e

’ —
g.(») {E(zm—l for e<y<oo

and

<~2———l)y‘2’°‘)‘2 for O<y<e,
P

g&'(») = {

0 for e<y<oo.

Then f,(z)= g.(#(2)) satisfies [16, Theorem 2.3]:
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(2.13) D; f{(2) = (v;*F$(2)) g.(8(2)) = 0, z£8S;\ {0},
and on {z€S: ¢(z)=+0 or ¢},
(2.14) Af(2) = g{'(8(2)) [P 6(2) |*+5:(8(2)) 48(2)

= 29(2) 1¢0,0(¢(2)) ,

since on S\ {0}, ¢ is harmonic and satisfies

2a

—a

2.15) 7o) = o= = 2 y(a) (32

Note also that since £> 1,
a

(2.16) fi(z) = o(8(2)) as |z|—0.

Thus, f, and —f, satisfy all of the hypotheses of Lemma 2.3, except that f,
is not twice continuously differentiable across {z&S: ¢(z)=¢}. However,
since Z spends zero time on this set (in the sense of Lebesgue measure), we
can apply Lemma 2.3 to suitable approximations to f, and then pass to the
limit to conclude that this lemma also applies to f, and —f; (cf. [17, p. 776]).
Hence,

217) &BEZON—{ 160 GEEN ¥(EZ() ds

is a local martingale on (Cs, &F, {F}, P®).

On the other hand, since ¢(Z) is a local submartingale under P* and
g. is a convex function, we can apply the generalized 1t6 formula [8, pp. 186-
188] to conclude that P*-a.s. for all £>0,

@18) £OGEZEO)—aBEZO)
[ sto@en dsze)+ | (oo st @6 a1 ),

where [M] denotes the quadratic variation of the local martingale part M of
#(Z). Since gi(0)=0 and A increases only when ¢(Z) is zero, it follows that
the first integral in (2.18) is really the local martingale

219) [ sw 6 ame).

Then, comparing (2.17) with (2.18) and invoking uniqueness of the Doob-
Meyer decomposition of the continuous local submartingale g, (¢(Z)), we
obtain P*-a.s.:
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2.20) 2L tovet) @@ a1 ©)

t
~ [ 1an6@©) ¥ () ds, 120.
Thus, (2.18) is equivalent to

@2)  fGE0)—8HZO)
~ [ sto @ ame)+{ 100 0@ ¥ () & -

The next step is to multiply (2.21) by e~®® and let e—0. For this, we
need to localize M, 4 and [M]. So let {r,} be a sequence of stopping times
(relative to {&F}) tending P*-a.s. to infinity such that for each n>¢(x), M"(+)
=M(- Ar,), A"(-)=A(- Az,) and [M"] (-)=|M] (- A<,) are all P*-a.s. bounded
by n. Now, for n>>¢(x),

ATy,
2.22) 5"‘2’"’50 gl (#(Z(s))) dM(s)

- S : (%) EDZ(8)) Lo, (B (Z(s)) dM(s)

+[, lm GO 6.

By the L*isometry for stochastic integrals and since (¢/e)¥*'<1 on {zES:
0<é(z)<e}, we have

P ()20 100 G@6) ey
<P[{ 1600 @M 1o

where the right member above tends to zero as e—0 by dominated convergence.
Thus, for each >0, the middle integral in (2.22) tends to zero in L¥Cs, &F, P¥)
as e—0. Similarly, the last integral in (2.22) is Cauchy and hence converges
in L¥Cs, F, P*) as e—0. The limit is the stochastic integral

5: Lo.0y (B(Z(5))) dM"(s) = S:A Loy (3(Z (5))) AM(s) .

Now, as ¢—0, &"@* g (¢4(z)) converges pointwise to ¢(z). Moreover,
=g (H( Z (- A1,))) is P*-a.s. bounded, uniformly in e, for each n>¢(x).
Thus, multiplying (2.21) by !~@*) and taking the L*limit as e—0 with tA7,
in place of ¢ there, we obtain P*-a.s. for each >0 and n>¢(x),
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@23 $ZEAT)—HZO) = [ 1om BZE) dM()

Llim et e S 10,0 (B(Z(5)) WAZ(s) ds

€0
where the limit as e—0 is in L¥Cs, &, P*).
But by the uniqueness of the Doob-Meyer decomposition of ¢(Z(- Az,))—
#(Z(0)), we have P*-a.s. for each ¢ >0 and n>¢(x),

EATr
(224) M(ene) = | 1o GZ(6) dM(o),
INT,

@25 AGAz) =lim & [, @EENHZ6) &,

g0 0
where the limit is in L¥C,, &F, P*). Since L? convergence implies convergence
in probability and r,—>co P*-a.s. as n—>oo, it follows from (2.25) that (2.11)
holds with the limit as e—0 in probability relative to P*. ]

§3. Excursions from the Vertex

First, the notions of excursion space and Poisson point process in the
context of this paper are reviewed. For further details, the reader is referred
to Itd [7] and Salisbury [12], where excursions of a strong Markov process
from a regular point are considered. Further properties and the general
theory of excursions from more than a single point are discussed in Getoor
[6] and Maisonneuve [111, for example.

Let (7, &) denote the measurable space of (Cs, H)-valued point func-
tions. That is, adjoin a point & to Cg and let II be the set of functions p:
(0, o0)—>Cs U {6} such that p(z)=a except for countably many ¢. The o-algebra
P is generated by the functions p—N(4, p) where N(4, p) is the number of
times ¢ such that (¢, p(¢)) € 4 where A€ B X M and B is the o-algabra of Borel
subsets of (0, o). For A€ B x .M, define the restriction of p& Il to 4 by

p(®) if (¢, p())EA
0 otherwise.

P[A(t)={

Special cases of this are the killing operators:
k{p) =ploaxc, 1=0.
The shift operators on I7 are defined by
04p) = p(-+1), 120

A Poisson point process on (Cs, F, P°) with values in (Cs, <) is a measurable
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function Y: (Cg, F)—(II, P) such that

(a) k,(Y)is independent of §,(Y) for all £>0,

(b) 04Y) has the same probability law as ¥ for every ¢ >0,

(c) for each #>0, there exists a sequence {U,=U,(¢)} of sets in .9 such that
U, 1 Cs and for each n,

N((©0, t)xU,, Y)<oo Pl-a.s.
Under conditions (a)-(c), there is a unique o-finite measure 7 on .9 such that
PIN((0, )X B)] = t-7(B) foreach B&. M and ¢>0.

This measure, called the characteristic measure of Y, determines the law of
the Poisson point process Y.

The excursion process Y of Z with respect to P° is defined as follows.
(For aesthetic reasons, the same symbol Y is used here as above, for it will
turn out that Y is a Poisson point process.) Recall that = is the right con-
tinuous inverse of the local time L of Z at {0}. Define r(0—)=0 and for
each >0, s>0, let

Z(x(@—)+s) if 0<<s<z(t)—z(t—)
Y(s) = 0 if s=>c@)—(@—)>0
7] if 7(¢)—r(@—)=0.

In [7], 1td proved that Y is a Poisson point process on (Cs, &, P°) and the char-
acteristic measure 7 of Y is concentrated on

(3.1) {weCs: 0<Ty<oo, w(t) =0 for t>Ty}
where T,=Ty(w) is the lifetime of the excursion w in S\ {0}, defined by
3.2) T, = inf {t>0: w(t) = 0} .

Although 7 is a o-finite measure, in the sequel, the expression 7-a.s. will be
used instead of 7-a.e., because of its intuitive value.

Let {P?, t>0} denote the semigroup of the process Z killed at the time
Ty, i.e., for each A€ B, x&S and t >0:

(3.3) Pix, A) = P(Z()EA4, t<Ty) .
For each >0, define a measure 7, on (S, B;) by
(3.4) ﬂt(A) = ﬂ(WECS: W(t)EA, t<T0), AEQS .

Each 7, is a finite measure on S and {»,, t>0} is an entrance law for the killed
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semigroup {P?, >0} [6, p. 247], that is,
(3.5) Nws =7, P2 forall >0 and s>0.

Conversely, this entrance law together with the killed semigroup determines
the finite-dimensional distributions of 7 (and hence determines 7) as follows.
For 0<t, <t,<<--»<t,<<oo and x, -+, x,E€ S\ {0},

(36) 77(W(l‘l)de19 *ts W(tn)dem I‘”<To)
= ﬂll(dxl) P?z—l‘l (xh dxz)'“P?,,—t,L_l (xn—la dxﬂ) .

Thus, viewing the killed semigroup as given, to determine the excursion law
7, it suffices to find its entrance law or equivalently the Laplace transform
in ¢ of this entrance law:

3.7) P(A) — Smew 1(A) dt, >0, A€ B, .
0
The latter is explicitly given in the following theorem.
Theorem 3.1. For each f& C/S), 77"(f)E§ f(x) 7Mdx) is given by (1.12).
S

Proof. The Laplace transform 7" is related to the resolvent R* of Z by
[6; (7.8), (7.20)]:

(3.8) 2™(f) = £Q) R* f(0), fECLS),
wherc
£(2) = 2%/

is the characteristic exponent (see (1.11)) for the stable subordinator z, and

RM(x) = p"“‘l-M Je40) dt] ., xES.
0
From the proof of Theorem 3.10 in [16] we have

A
3.9 RM £(0) = M, =C(S
(3.9) 10 = 2ER s e
where x is defined by (1.15). In fact, in [16], (3.9) was proved for f&C7(S)
that vanish in a neighborhood of the origin, but the extension to f& C/(S)
is easily obtained. From the scaling property (see Lemma 2.1) of P*, it fol-
lows that

1—A(R31) (x) = P[e™5] = P* 3 [e™T5] = y(v/2)
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where v, is defined by (1.14). By combining this with the scaling property
of p (the density appearing in the definition (1.15) of x), we obtain

(3.10) 2x(1—2R31) = 27 z(yry) .
Substituting this in (3.9) and that in turn in (3.8) yields the desired formula
(1.12) for 7*(f). O

Corollary 3.2. The measure with density p relative to Lebesgue measure
on S is an invariant measure for Z.

Remark. This is consistent with results obtained in [17] where it was
shown that, up to a scalar multiple, o(x)dx is the unique invariant for Z when
0<a<2.

Proof. By the definition (1.15) of y and Theorem 8.1 of Getoor [6], it
suffices to prove for each f& C(S), f >0, that

: A _x(f)
}\lgl ™f) = P

That is, by (1.12), we must prove that
3.11D) lim x(AR}f) =0.
Ad0

Fix feC/(S). Let ||f||=max,cs|f(x)] and let R>0 such that the support of
fin S is contained in {x&.S: 0<<4(x)<< R} where ¢ is defined by (1.7). Then,
for each x& S,

(312) RSO <IN P [ | e 1o 2@ dt ]
— AP [ [ e Lot B2

where the scaling properties of P* and ¢ have been used to obtain the last
line above. By letting K—co in Corollary 2.2 of [16], we obtain for each
x& S and r>0,

T
(3.13) P"[S 1o (B(Z (1)) dt:g<ar o/

0
where g is a constant not depending on r or x. For each r>0, let
(3.14) T,=inf {t>0: $(Z(1)<r} .

Then it follows from the proof of Lemma 3.2 in [16] that there are constants
A>0 and K>0 such that for all sufficiently small #,
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(3.15) Ple T < Ke B, xES.

By (3.12) and the scaling of p, we have
(3.16) [ 2 Raf) o)
<iistaen] P[[7 e 1 mers GO0 di o) i

Set R(2)==R2""2. By the strong Markov property and (3.13) and (3.15), for
all 2> 0 sufficiently small we have

L7 et N @z |

T,
= Pﬁ{e_TRcm PZ(TR()Q)[SOO e 1, meln (B(Z (1)) df]}
<Ke Pl#l g R¥*) .

Substituting this in (3.16) vields:
[ AR 0G0 d| <axilrl RO 2o | 2 oy

Since the right member above tends to zero as 2 |, 0, (3.11) follows. CJ

In principle, the nature of the excursions of Z from {0} is determined
by {7, 2>0} and the killed semigroup {P?, t>0}. However, it is not easy
to deduce the path properties of the excursions from this representation. In
particular, the answer to the following question is not obvious: “Does an
excursion of Z from {0} stay in the interior of the wedge for a positive amount
of time beflore reaching the boundary of the wedge or does it hit the boundary
of the wedge immediately?” In the following theorem it is shown that the
latter holds. An alternative phrasing of this result is that the excursions of
Z from {0} do not share the local properties of the excursions from {0} of
Brownian motion conditioned to initially stay in the interior of the wedge.

Theorem 3.3. Let

(3.17) Tys = inf {r>0: w(t)=dS} .
Then
(3.18) 7(Tys>0) = 0.

As a preliminary to the proof of this theorem, it is shown below that on
certain sub-c-algebras of .9, » can be weakly approximated by the measures
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P*(+)/#(x) as | x| | 0. Here Cyis endowed with the Skorohod topology which
is equivalent to the topology of uniform convergence on compact subsets of
[0, o0).

For each ¢>0 and xS\ {0}, let P? be the sub-probability measure
defined on (Cs, M) by

Py{B) = P*(w(- AT)EB; 0,<T), BE M
where o, is given by
(3.19 o, = inf {t>=0: g(Ww())=>¢} .
Lemma 3.4. For each >0, the family of measures
(3:20) {P(-)/8(x): 0<p(x)<e}
on (Cs, M) is bounded and tight.

Proof. Fix ¢>0. For each x&S\ {0} such that ¢(x)<<e, by Corollary
2.1 of [16] we have

(3.21) P(0,<Ty) = b(x)/e

and so each measure PZ(-)/#¢(x) has total mass e™'. Define a modulus of
continuity for we Cy by

@,(0) = sup {|w(t)—w(s)|: 0<s<t<<oo, t—s5<0}

for each 0>0. Then to prove the tightness, since the set of possible starting
points for the family (3.20) is contained in a compact subset of S, it suffices
to prove that for all #>0 sufficiently small,

(3.22) lim lim sup £&@uD>5) _ o
540 1210 &(x)

(cf. Billingsley [1, Theorem 8.2], Ethier-Kurtz [5, §3.7]). Now ¢(x)=>al|x|”

1y
where a=mir[1 cos (@0 —0,)>0 and so max {|x|: ¢(x)=4} ———<ﬁ) . Hence,
0el0,£1 a

for 0<g(x)<f<e,

. LAY
Piw,(0)>4 “( a > : < P (05 <Ty; PECP (0,(0)> B))
#(x) = #(x)
<p7! sup P(0,(8)>p).
dOO=8

(3.23)

To obtain the last inequality above, (3.21) has been used with 4 in place of e.
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Thus, to prove (3.22), it suffices to show the last expression above goes to zero
as & | 0 for each fixed #>0. For this, by the strong Markov property of
{P*, xe S}, it is enough to prove that

lim sup P*(T,(5)<d) =0
>0 xE8

where T,(f) is the first exit time of w(-) from a ball of radius A centered at
x [5, §3.8]. Fix >0 and choose y>>0 so small that y<8/4 and the ball of
radius 7 centered at any x& {z&S: |z| >34/4} intersects at most one side of
S. Then [16, Theorem 2.4],

sup P*(T.()<8)< sup PN(T(r)<?) =o(l) as 06-0
e 1>138/4
and the tightness of (3.20) follows. O

The next lemma characterizes any limit of (3.20) as |x|—0 on the sub-
o-algebra H° of .| generated by the sets of the form

(3.24) e Cs: wt)EA4,, -, w(t,)EA4,} ,

where A, -, A,C{xES: ¢(x)>¢}, 0<t, <o+ <f,<oo and k ranges over the
set of positive integers V.

Lemma 3.5. Let e>0 and M° be as described above. Suppose Q. is a
weak limit point of the family (3.20) as |x|—0. Then for each B€ M,

(3.25) Q(B) = x(yry) 7(B)
were x(yr,) is defined by (1.14)-(1.15).

Remark. Because 7 is a o-finite measure and the characterization we
have of 7 is in terms of the Laplace transforms {7*, >0}, a more direct weak
approximation to 7 (e.g., P*(w(+ A Ty)E -)/#(x) converges weakly to #(-)) has
not been obtained. However, Lemma 3.5 is sufficient for the purposes of
this paper, since the sets B, defined in (3.29) below are in ¥°.

Proof. By the definition of ¢, it suffices to prove

(3.26) (/1w (1) L(w (1 +1)) -+ [ (W (B, 1))
= 2(yr) 2(/10v (0) (W (B 1)) == fr(w (B, +1)))

for fi, =+, f in C7(S) having support in {x&S: #(x)>¢} and £,>0, 0<t,<
o <t,<oo, k&N. The reason for singling out the time #, is that the proof
uses the Markov property at the time 7, and then the shifted times #,, ---, ,
appear (see (3.28) below).
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Suppose {x,} is a sequence in S\ {0} such that as n—oo, |x,|—0 and
{Pi(+)/o(x,)} converges weakly to Q.. Then for fi, -+, f, and ¢, -+, ¢, as
described above,

(3.27) lim Pi(fi(w(@) LWt +1)) - fu (W (B +1))
noren B(x,)
= Q(fi(w(t) L(w (i +1)) - fr(w (B +1)) -

Since P*(+)/¢(x,) has total mass ¢! for all n, we have bounded convergence
in (3.27). Moreover, using the fact that f; has support in {x&S: ¢(x)> e}
and the strong Markov property of P*, we see that the limit in (3.27) may be
rewritten as

i PRV (A T))
nes é(x,)
where f& C(S) is defined by
(3.28) F(x) = fi(x) P(fow(t A T))) =+ fillw (6. A Tp))

and has support in {x&S: ¢(x)>¢}. Thus, taking the Laplace transform of
(3.27) in ¢,, we obtain for each 2>0,

m R (x,) _ Sm e~ lim Phu f(w(t, A Ty)) dt,
S BT e

- S: e Q(fiw(t) fo(w (t,415)) -+« folw(t,4-1,))) dt; .

But by (3.82) of [16], the limit on the left above is equal to x(f—ARyf)=
2()P(f) (see equation (1.12)). Thus, by the continuity in #, of the in-
tegrands and uniqueness of the Laplace transform, it follows that x(yr) 7,,(f)
is equal to the right member of (3.27) for all #>0. But, by the Markov
property of 7 (3.6) and P?, this is equivalent to (3.26). |

Proof of Theorem 3.3.
For each e=(0, 1) and 0<<é<e, let o, be defined by (3.19) and T; be de-
fined by (3.14) with r=0 and define

Ts =inf {t>0,: 6 (Ww(#)) <8} =0, +T;00,, .

Now, 7-a.s., o, is a left continuous, increasing function of e=(0, o) and so
the set of points of discontinuity of e—o, is at most countable. Hence by
Fubini’s theorem, for almost every >0,

70 opkoe or i opt o) =0
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Thus, we can choose a sequence of ¢’s converging monotonically to zero such
that o, is »-a.s. a continuous functional on Cg (cf. Kurtz [9, pp. 13-14]). Fix
an ¢>0 in such a sequence and let t>0. Since z-a.s., T is right continuous
and decreasing as a function of 8, by similar reasoning to that above, there
is a sequence of 0's (possibly depending on ¢) tending monotonically to zero
for which Tj is n-a.s. a continuous functional on Cs. Then, by the continuity
properties of o, 0, and T; on Cs, and of

s (r, u, w) = (E:;{) {fw(s)): r<s<u}

on [0, o) X[0, o) x Cg when f=¢ A1 or fis a continuous function on S equal
to arg(+) (the polar angle) on {x&S: #(x)>06}, it follows that B, defined
below, is an open subset of Cs.

(3.29) By = {0,<<o0, (Tys A T5)o0,, >t}
= {o,<<co, min @(w(s))>0,

U'E<S<U'e+t
min (arg(w(s)): 0, <5< (6, +)AT5)>0,
max (arg(w(s)): o, <s<(o+1)AT5) <€} .
The set B, is in H® and so by Lemma 3.5, for any weak limit point Oy of
3(=)/e(x) as | x|—0, we have

Os(Bes) = ¢, 1(Bes)

where ¢;=x(y~). Then letting lim denote the limit along the sequence of d's
. 840
chosen above, we obtain

(3.30) WTos>0,+1) = lim 7(B) = lim 7" Qx(Byy) .

Since B, is open in Cg [5, Theorem 3.1, p. 108],

(3.31) 0, (B, <lim inf £8Bes) |
x>0

$(x)
where the limit as x tends to zero is along any sequence of x’s such that
Pi(+)/#(x) converges weakly to Q5. By the definitions of P§ and B, and the
strong Markov property of P*, the right member of (3.31) is equal to

(3.32) lim inf £ ©@e<Ty; P*“ (T A T;>1))
x>0 ¢(x)

<lim inf 27C<T0) g pr7, 0> 1)
220 ¢(x) byy=¢

In [13], Shimura obtained asymptotic properties of the transition probabilities
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for Brownian motion in a wedge with absorption at the boundary. In par-
ticular, formula (4.2) of his paper yields the following estimate. There is a
constant ¢,>0, depending on ¢, but not on ¢>0, such that

(3.33) sup P(Ths>1)<c, "
=t
where v="and so 2 =— " . The fact that ¢(y)~|y|* has been used
3 a 0,46,

here. Substituting (3.33) and (3.21) in (3.32) yields
1(Tps> 0,+1) < 5 £ 01702/0176)
where c;=ci' ¢, and 6,+0,<<z. Letting ¢ | 0 yields
7(Tos>1) =0.

Since >0 was arbitrary, the desired result (3.18) follows. O
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