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Type I Orbits in the Pure States of
a C*-Dynamical System. II

By

Akitaka KISHIMOTO*

Abstract

For a C*-algebra A with an action of a locally compact abelian group G, one con-
siders the pure states of A with the associated action. Type I orbits are defined and
studied in the previous paper [4]. We continue this study; in particular, we shall show
that if A is separable and simple and if there is a type I orbit through a pure state f
with trivial stabilizer {t&E€G: ayoa;~=xys} ={0}, then there is a type I orbit with stabilizer
equal to any given closed subgroup of G.

Let A be a separable C*-algebra and let a« be a continuous action of a
separable locally compact abelian group G on A. Let P(A) denote the set of
pure states of A and let fe P(A). We call the orbit o;={f-a,:teG} through
f in P(A) type 1 if the representation

]
‘OfES ﬂf““tdt
G

of A on L¥G, 4;) is of type L

We denote by & the extension of a to an action on p;(A)”; in other words,
Aops=psoa;, tG. Since @ is ergodic on the center Z of p,(A4)”, Sp(@|Z)
is a closed subgroup of G, which we denote by 4(x;) or 4(x,, a). Let G, be
the set of s€G such that m,ea, is equivalent to =, If o, is type I, then
Gy=d(x,)* (see 0.1 in [4]).

In this case there is a weakly continuous action 8 of G, on n(A)"=B(H,)
such that Biemw;=n;°a;, teGy, but in general =, may not be a|G,-covariant,
i.e., B may not be implemented by a unitary representation of G, If in
addition #, is a|G -covariant, we call the orbit o, regular type I.

For the system (A4, G, a) we defined I';(a), a subset of G, in [4] as follows:
pel'(a) if for any non-zero x€ A, any compact neighbourhood U of p, and
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any ¢>0, there is an a= A*(U) such that |a]|=1 and |xax*|=(1—e)||x|%. Let
us now define another technical spectrum [ 'y(a) as follows: pel(a) if for
any non-zero x< A, any compact neighbourhood U of p, and any >0, there is
an ac A*(U) such that |la]|=1 and |[x(a+a*)x*|=2(1—¢)|x|>

Now our results are as follows when the C*-algebra A is simple and unital.
If there is a regular type I orbit o, such that the Connes spectrum ['(a|Gy)
equals G, then for any closed subgroup H of G there is a regular type I orbit
oy with Gy,=H (Theorem 2). In particular if (4, G, a) is asymptotically abelian,
there is always a covariant irreducible representation (see 2.3 and 3.1 in [4]).
If there is a covariant irreducible representation, then /',(a)=1(«) (Theorem 7).
When G is a connected Lie group and a is not uniformly continuous, there is
always a non-type I orbit (Theorem 9).

We first prove the following properties of [ 'y(a).

1. Proposition. Let A be a separable C*-algebra and let a be a continuous
action of a separable locally compact abelian group G on A. Then the following
properties hold :

(i) For any faithful family F of irreducible representations of A, 'y (a)
includes Nrerd(n).

(ii) There exists a faithful family F of irreducible representations of A
such that I'y@)=Nzerd(x). In particular, Iya) is a closed subgroup of G.

(i) y@)CT(a), and if Ti(a)=G then I'ya)=G.

Proof. If ped(x), there is a sequence {x,} in A of spectrum p such that
lx.1=1 and limz(x,)=1 ([4]). Here {x,} is of spectrum p if for any neigh-
bourhood U of p there is an N such that x,€A%U) for any n=N. This
immediately implies (i).

To prove (ii) we adapt the proof of (3)=() in 3.1 in [4]. We take for {U,}
the subsequence of {U,} consisting of those which intersect I'y(a). Since we
are not assuming the primeness of A here, we simply take for {I,} a constant
sequence consisting of a non-zero ideal of A. By the same procedure as in [4]
in this setting we obtain a pure state f of A such that ||f|/]|=1, and for any
pel'y(a) and any unit vector £ 4, there is a Q<= JH(p) such that Q=1 and
RedQé, £>=1, or in fact |Q|=1=<QE&, &). (See Section 1 of [4] for the definition
of H(p).) Then by an argument given in the proof of 3.1 in [4] one can
conclude that SH(p)=1 for pel’(a), or equivalent A(x;)D[,(a). Taking for F
the set of m, for all non-zero ideals of A, one obtains that /'s(a)C(\:zer(r).
Hence the equality follows by (i). Since each 4(x) is a closed subgroup of G,
so is Iy(a).

As for (iii), it is obvious that I'y(@)CIy(a). Suppose I'(a)=G. Then since
the same procedure as above applies, one can conclude that I'y(@)=G {(see 3.1
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in [4].

Now we state our first main result:

2. Theorem. Let A be a separable prime C*-algebra and lei a be a conti-
nuous action of a separable locally compact abelian group G on A. Let H be an
arbitrary closed subgroup of G. Then the following conditions are equivalent :

(i) I(@)=G and there exists an a-covariant irreducible representation of A
such that the corresponding representation of the crossed product AX ,G is faithful.

(i") Ta)=G and there exists a family F of irreducible representations of A
such that (\zerker t=(0) and = is a-covariant for nEF

(ii) Ia)=G and I'y(a)=G.

(il) I'ya)=G.

(iv) I'(a|H ):ﬁ and there exists an a|H-covariant irreducible representation
n of A such that the corresponding representation of AX, gH is faithful and
Az)=H".

(iv) I'e|H)=H and there exists a family F of irreducible representations
of A such that N\zerker r=(0), and n is a|H-covariant and A(x)=H* for =< F.

Moreover, if G is discrete the above conditions are equivalent to

(V) a,; is properly outer for each t< GN{0}.

Proof. 1t is trivial that (i) implies (i") and (iv) does (iv’). Let F be as in
(i") and for each w=F let u be the unitary representation of G which imple-
ments «, so that #=zxXu is the corresponding representation of AX,G.
Since w(A)"=#(AX,G)” and the spectrum of the action on the quotient
Ax,G/ker )X G induced by & is G, 1.3 in [4] implies that 4(%, a)=G (note
that the faithfulness assumption in 1.3 in [4] was needed only for p instead of
m; in this case this amounts to the property that (\,cgker Fea,=(ker z) X ,G).
Hence (i’) implies (ii) by 1(i).

To prove (ii)=(iii) we first give the following result:

3. Proposition. Let A be a separable prime C*-algebra and let a be a
continuous action of a separable locally compact abelian group G on A. Suppose
that I'y(@)=G. Then there exists an a-covariant irreducible representation of A
such that the corresponding representation of AX .G is faithful.

Proof. To prove this it suffices to show that I'(a)=G and I',(a)=G.
Because, if this is the case, AX,G is separable and prime ([5]), and hence due
to 3.1 in [4] and the lemma below there exists a faithful irreducible represen-
tation = of AX.G such that 7(AX,G)"=7{A)”, where 7 is the extension of =
to the multiplier algebra M(AX,G). Thus #|A has the desired properties.
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4. Lemma. If =n is a representation of AX.G such that 4(rx, @)=G, then
T(AY'=n(AX.G)".

Proof. Define a representation p of AX,G by
@
P:Sé”"&pdp

on L¥G, 4.)=L*G)RI. and let B be the extension of & to an action on
TN=p(AX,G)". It suffices to prove that 1P =5(A)” (see 1.1 in [4]). It is obvious
that 91D5(A)”. For fe LG)NL¥G) it is known ([5]) that 5A(F)QBA)*)
is B-integrable for Q&7 and

Sﬁp(ﬁ(l(f))Qﬁ(l(f)*))dpe o(A)".
By a limiting procedure in f one can conclude that Qe p(A)” for Q& TP,

Going back to the proof of the proposition, it is obvious that I(a)=G. To
prove [,(&)=G we first note

5. Lemma. Under the assumption of the above proposition let H be a closed
subgroup of G and suppose that there exists a faithful irreducible representation
7 of A such that wm is a|H-covariant and Ad(m)=H*. Then there exists an
irreducible representation @ of AX .G such that @ is a|H*-covariant, 4(®, a)=H,
and Npecker @ea,=(0). In particular, I's(&)DH.

Proof. Let ¢ be a measurable function of G/H into G such that ¢(t)+ H=t,
teG/H, and let v be a continuous unitary representation of H such that rea;
=Adv()sw. Define a representation ® of AX,G on L*G/H, %,) by

(Z_i(a):g 17r°a¢(t)(a)dt, ac A,

2]
G/ H

— )
o=, ve+ee—pls+)ds)us, g=GC,

where @ is the extension of @ to M(AX.G), A is the canonical unitary
representation of G in M(AX,G), g=g+H<G/H, and u is the unitary rep-
resentation of G/H defined by

(u)O)=E@+s), §€LG/H, 4s).

As is easily shown, @ is in fact well defined, and since @(A)"=L>(G/H)QB(I )
and u,c®(AX,G)", ® is irreducible. Define a unitary representation w of
(G/H»=H* on L¥G/H, %) by



Type I OrBITS IN A C*-DYNAMICAL SYSTEM 521

&)
w],:SwH@, prds.

Then since @-a,=Adw,-®, pc H*, @ is a| H*-covariant. Since &(4(g)) B(A)”
for ge H, one obtains that @(AA(g))"*=1, for geH, i.e., 4@, a)=H. Since
Nypecker @-a,=(0) as « is faithful, this implies that /',(a)DH.

6. Lemma. Under the assumption of the above proposition let H be a com-
pact subgroup of G. Then there exists an a|H-covariant irreducible represen-
tation © of A such that the corresponding representation of AXq gH s faithful
and A(m)=H".

Proof. Let B=a|H. Then I'y(8)=H=I(8), and so AXzH is prime. By
the proof of 3.3 in [4], it suffices to show that the following two conditions
are satisfied: For any neighbourhood U of any peH*, and any xe AX3H,

sup{[x(a+a®)x*|; ac A*Uh}=2|x[*,

where A%(U), denotes the unit ball of A*(U); for any neighbourhood U of any
s€H, and any x€ AXgH,

sup{||x(a+a*)x*|; as(AXHAU)}=2|x|?

or equivalently [ 2(B):H. The former can be proved as in 3.3, [4], and the
latter can be proved by using the fact that there is a p-covariant faithful
irreducible representation of A (see [1], [4]).

To complete the proof of Proposition 3, we have to show that I,(a)=G.
By the previous two lemmas and 3.3 in [4], it follows that I',(@)DH for any
compact or discrete closed subgroup H of G. Since any compactly generated
subgroup of G is of the form AXZ'XR™ (where K is a compact group and
/, m are non-negative integers) and /(@) is a closed subgroup of G, it easily
follows that I ,(a)=G.

Proof of Theorem 2. To prove (ii)=(ii) we apply Proposition 3 to
(AX,G, G, &) to yield an a-covariant faithful irreducible representation of
AX,G, which in turn gives a faithful irreducible representation = of A with
A(z)=G. This implies that [y(a)=G.

The proof of (iii)=(iv) goes in exactly the same way as the proof of
Lemma 6 or 3.3 in [4] as we know by Proposition 3 that there is an a-covariant
faithful irreducible representation of A.

Supnose that (iv’) holds. Then applying (i)=(iii) for f=a|H one obtains
that I'y(8)=H=G/H*. One also knows that I'y(@)DH* Using these two
properties, as in the proof of 3.3 in [4], one obtains a faithful irreducible
representation 7 of A such that d(x, B)=G/H* and 4(x, @) DH*. From this
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follows that 4(z, a)=G or (iii) I'y(@)=G. (By considering the representation p
of A defined by

® 3] (3]
p:S noatdtzg S Tot, resdtds
G G/HJH

with f a measurable section of G/H into H, one can conclude that both the
integrals are central and so the center of p(A)” equals L*(G)®1.) Then by
taking G for H in the implication (iii)=(iv), one obtains (i).

In general (i) implies (v) via (iv) with H=(0). If G is discrete, (v)=(i)
follows from 3.4 in [4] by using [1]. This completes the proof of Theorem 2.

7. Theorem. Let A be a separable prime C*-algebra and let a be a conti-
nuous action of a separable locally compact abelian group G on A. If there is a
faithful family of a-covariant irreducible representations of A, then for any
closed subgroup H of G with HDI(a)*, there exists a faithful irreducible rep-
resentation m© of A such that m is a|H-covariant and A(x, a)=H*. In particular,

Iy(a)=I"(a).

Proof. Let F be the family of irreducible representations in the theorem.
For #=F let u be the implementing unitary representation of G and let 7=nXu
be the corresponding representation of AX,G. Then 4(%-&,, @)=G for each
reF and peG, and the set F, of #ea,, r=F, peG, is a faithful family of
irreducible representations of AX,G. Thus ['y(a)=G, by 1(i).

Let f=a|H*. Since H*CI['(«), one has that INB,(I)+(0) for any te H*
and for any non-zero ideal I of AX,G. We assert:

8. Lemma. For each p=F,, there is a primitive ideal P of AX,G such
that P is B-invariant, PCkerp and ['y(f/P)=(H*Y"=G/H, where B/P denotes
the action on the quotient AX,G/P induced by B.

Proof. Let @ be the set of primitive ideals P of AX,G such that PCkerp
and there is an irreducible representation = of AX,G satisfying kerz=P and
A(z, @)=G. We define an order on @ by inclusion.

For a totally ordered set {P,} in ¢ we claim that there is a P, in @ such
that P.C(\pex+By(P) for all v. Once this is proved, we simply take a minimal
one in & for P in the lemma.

Let {F,} be as above and let P,=/\,P,. Since AX,G is separable we may
assume that the index set {v} is the positive integers. (For example, let {x,}
be a dense sequence in AX,G and let v, be such that |x,+P, [|=]x.+Pl/2
and v,2v,-;, and set P,=F, .) For each n let {I,,} be a decreasing sequence
of ideals such that /,, is not contained in P, and for any non-zero ideal J not
contained in P, there is an I,, with JOI,,. (For example, for the primitive
ideal P=P, of AX,G, let {x,} be a dense sequence in AX,G\P and let J, be
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the smallest ideal of AX,G such that [x,+/.|<|x.+Pl/2, and set I,,=
TN )

Let {p;} be a dense sequence in H*. We consider the set S={8p,(Is):
n, k, [=1, 2, ---}.

We want to prove that if J;e8, i=1, ---, m, then (N\,/]; is essential in J,.
First, if /;=I,, and J,=I,,, then we may assume that J;CJ, or /;DJ, and if
JiDJe, s is essential in J; because P, is primitive and J;DJ,¢"P,.. Second, if
Ji=I,, and J,=8p,(I5x), and if JCJ; is an ideal orthogonal to ;N\ J,, one must
have that /N, (/)=(0) which contradicts that I'(@)DH* unless J=(0). Thus
JiNJ. is essential in J,. Since if J;CJ, and J; is essential in J,, then JiN\J is
essential in [,/ for any ideal /, combining these two cases we get the assertion.

Let {J,} be an enumeration of S; we may assume that {/,} is decreasing,
replacing [, by JiN---NJ.. From what we have proved above it follows that
Jm is essential in J, for m>=n.

Now we use the procedure in the proof of 3.3 in [4] for (AX .G, G, &) with
{J.} instead of {I,}. Then we obtain an irreducible representation = of AX,.G
such that A4(z, @)=G and =x|/J,+#(0) for any =n. If ker n B, (F), then
ker n(C 8p,(P,) for large n and then ker xD85,(/;) for large %, a contradiction.
Thus ker #C 8p,(F,) for any / and so ker tCN{B,(F): pe H*}.

Now we resume the proof of Theorem 7. Let @ be the set of primitive
ideals P of AX,G such that P is f-invariant and [',(8/P)=G/H. For each
Pe®, Theorem 2 is applicable to the system (AX,G/P, H*, B). Thus
P=Px pH* is a primitive ideal of AX,GXgH*, and for the quotient system
(AX.GXH*/B, G/H, §/P), T,(8/P)=H* follows. Since N{P, Pe®}=(0), this
implies that I'y(B)=H".

On the other hand, by using 4(z, @)=G for n<F, as in the begining of
the proof, we obtain that for any t=H, any neighbourhood U of ¢, and any
xe AX a GX ﬁHl,

sup{[[x(a+a®)x*| : ac(AX . G)EU)}=2|x|?2.

By using this with I 2(,[§)=Hl we obtain an irreducible representation p of
AX,GXgH* such that p(AX.G)" =p(AX.,GXsH*)" and A(zx, a)=H for ==
0l AX,G. Moreover we can easily assume that 7| A is faithful. By Lemma 5
or its proof we obtain an irreducible representation @ of AX,GX;G=ARK,
where K is the compact operators on L2%G), such that @ is &]H—covariant,
A(@, &)=H*, and @|A is faithful. This completes the proof by the duality for
crossed products.

For a C*-algebra A we denote by P;(A) the set of pure states ¢ of A with
ker 7 ,=(0).
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9. Theorem. Let A be a separable prime C*-algebra and let a be a conti-
nuous action of an abelian Lie group G on A. Then the following conditions are
equivalent :

(i) a* on Py(A) is strongly continuous.

(ii) For each p=P;(A), a|G, extends to a oc-weakly continuous action on
(A =B(H,), where G, is the connected component of the identity in G.

(ili) For each o= P(A), p,(A)" is of type I with atomic center, where p, is

defined by pq,:rn:q,oa,dt.

(iv) Every orbit in ps(A) is of type I
(V) a; is not properly outer for any t<G,, where G, is defined in (ii).

10. Remark. In the above theorem if in addition A is simple and unital,
a is uniformly continuous (cf. [3]).

Proof. Suppose that (i) holds. Then for ¢ = P;(A) there is an open neigh-
bourhood U of 0G such that

”99°at—§0“<2, tEU’

which implies that a, is weakly inner in 7, for t€U. Since G, is generated
by G,NU, it follows that a, is weakly inner in =, for any t€G, Hence there
is an action 8 on 7,(A4)” such that B,°w,=7,°a, t€G, Since f is automati-
cally o-weakly continuous (e.g. [4]), B is the desired action on z,(A)” in (ii).

Suppose that (ii) holds. For p&P/(A)
3]
plzg%ﬂwoa;dt
is quasi-equivalent to =z, and so p,(A)” is a type I factor. Since G/G, is
discrete, (iii) follows immediately.
(iii)=(iv) is trivial.
Suppose that (iv) holds and set

H={seG: a, is not properly outer}.

If H is not closed, let s H|H. Then there is a @& P;(A) such that 7 ea,é 7,
(cf. [2]). Then the orbit o, through ¢ cannot be of type I. Because if o,
were of type I, then G,={teG:n °a,~m,} would be closed, but G,DH and
G,DH. Hence H must be closed.

If H does not include G, then G/H has a closed subgroup which is
isomorphic to 7T or R. By using this fact one can easily find subgroups D,, D,
of G/H such that D,=ZPZ=D,, D,N\D,=(0), and D,=D., and then subgroups
Di, D; of G such that DINH=(0)=DjNH, q(D,)=D,, i=1, 2. where ¢ is the
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quotient map of G onto G/H. By Theorem 2 applied to the discrete subgroup
Di+D;, there is a o= P(A) such that w,ca,~x, for te D], and 7 -a,¢ 7, for
teD;. Thus G,Dg XD, and G,Dg D,). Since D,=D,, it follows that
g Y(Dy)=q *(D,). This implies that G, is not closed and hence the orbit o, is
not type L

Suppose that (v) holds. Then for o= P;(4), a, is weakly inner in =, for
te G, Then as in the proof of (i)=(ii), one can show that the action 8 of G,

defined by Bi°w,=m,°a, is continuous. Hence ¢t—af¢p is norm continuous.

Let P be a primitive ideal of A. Then a pure state of the quotient
C*-algebra A/P is naturally regarded as a pure state of A. Thus P(A) is
regarded as the disjoint union of P;(A/P) with P running over the primitive
ideals of A.

11. Corollary. Let A be a separable C*-algebra and let a be a continuous
action of an abelian Lie group G on A. Then the following conditions are equiva-
lent :

(i) Every orbit in P(A) is of type I.
(ii) For any primitive ideal P of A the induced action (a|GpY* on P;(A/P)
is strongly continuous, where Gp={t€G : a,(P)=P}.

Proof. Suppose that (ii) holds. Let p=P(A). With P=kerm,, ¢ belongs
to P;(A/P). By the previous theorem

® +
plszPﬂwatd',
is of type I. Let f be a measurable function of G/Gp intc G such that
f(s)+Gp=s, s€G/Gp. Then p, is equivalent to
]
SG,GPploaf(x,ds
and we assert that

0 (A" =LG/CARp:(AY,

which implies (i). To prove this it suffices to show that N=Spla|Z)DGh
where @ is the extension of a to an action on p,(A4)” and Z is the center of
p,(A)". If seN*, then it follows that for any neighbourhood U of 0=G

® ®
SUn'q,oatdt and Svnwoasﬂdr

are mutually quasi-equivalent. In particular the kernels of these represzniat.cns
are equal:
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ﬂ a_(P)= N a_s-(P).
ter teU

Since this is true for any neighbourhood U of 0= G, one obtains that P=a_4(P),
i.e., s€Gp. Hence N*CGp.

Suppose that (ii) does not hold. Then there is a primitive ideal P of A
such that (a|Gp)* on P;(A/P) is not strongly continuous. Then by Theorem 9
there is a 9= P;(A/P) such that the orbit through ¢ under (@|Gp)* is non-type
L. Then as in the proof of (i)=(ii), p,(A)"=L(G/Gp)Qpi(A)” and hence the
orbit through ¢ under a* is non-type L
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