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Remarks on the Space-Time Behavior of Scattering
Solutions to the Schrodinger Equations
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Tohru OzAWA*

Abstract
We consider the space-time behavior of scattering solutions to the Schrédinger equa-
tion
10 u=Hu on (x,t)eR"XR (nzl),
u(x,0) =¢(x), x& R",

where H denotes a self-adjoint operator in the Hilbert space 4 :=L*(R™). We prove the
fact that every scattering solution which has the estimate

[ (e tHg) (x) | Clt|~2A+[x1)"F  (|t]z1,xER")

for some a, fE K with a+ f>n/2 vanishes identically.
Furthermore, we show, every non-trivial scattering solution has the estimate

lim inf R_lgrfe | (et ) (x) |2dxdt>0,

where

Ti={(x,) ER"XR; R<(|t|2+|x]|?)2<2R, t>0}
and

Pp={(x,t) ER"XR; R<(|t|24|x|®)/2<2R, t<0}.

§0. Introduction and Main Results

In this article we consider the space-time behavior of scattering soultions
to the Schrodinger equation

10,u=Hu on (x,t)eR"XR (n=1),

u(x, 0)=¢(x), x€R",

where H is a self-adjoint operator in the Hilbert space #/=L?*R™). A scatter-
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ing solution means a solution of the form e *#¢ with ¢E K con;=IH coni(H) (the
continuous spectral subspace of H).
In the special case where H takes the form

0.1) H=H+V,
where H, is the self-adjoint realization of —A in % and
(0.2) I+ x132V e L=(R™) with s>1,

the following theorem is well-known (see [8], [9] and [12]):

If e7"#¢ has the estimate, for some £>0 and for every compact set KCR".
0.3) le 2| 1oy <Cx, .07, t=0,
then ¢ vanishes identically, i.e., ¢=0 in L*(R").

The purpose of this paper is to provide new criteria for scattering solution
to vanish identically.

Our first result is:
Theorem 1. Suppose that a self-adjoint operator H in 4 satisfies the follow-
ing hypotheses (HO) and (H1).:

(HO)  H has no singular spectrum.
(H1), The wave operator

W,.=s-lim e #g~iHo
t—too

exists and 1s complete.

Let ¢€ IHone- If e “# @ has the estimate
0.4) [(e~®H@)(x)| <Ct-e(1+4|x])~*#

for any t=1 and almost all xeR™, where a, B R with a+B>n/2 and C>0,
then @ vanishes identically.

Note that (0.1) with (0.2) imply (HO) and (H1). (see, e. g., [5], [14] and [16]).
Furthermore, our hypotheses are satisfied even when V has some singularities
(see [1] and [14]).

We also remark that if, for simplicity, ¢=C3(R™), then

(0.5) [(e#Heg) ()| <Clt] L+ 2P (It =1, xeR™)
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holds for any a, R with a+pB=n/2 and 8=0 (see [4]-[7], [17] and [18];
see also [3] and [167]). It is clear that H, satisfies our assumptions and that
j[conL(Ho):L2<Rn)-

Therefore, the theorem above clarifies the reason why (0.5) is optimal.
(0.5) is one of the essential estimates in the scattering theory, especially in the
proof of the existence of wave operators by the Cook-Kuroda method. (Con-
cerning this method, see also [15].)

We shall prove Theorem 1 in §2. The proof uses i:ne-dependent method
and some simple calculus. This method is based on the lower-bound estimates
developed by the author in [13].

Our second result gives lower bounds of decay order in space-time of scat-
tering solutions to the Schrédinger equations:

Theorem 2. Suppose that a self-adjoint operator H :n ¥ satisfies (HO) and
(H1),. Then for any ¢ Heon\{0}, e has the estima::

(0.6) lim in R—lgﬁz (e~ H ) (x) 2dx dt>0,

where I'={(x, H)ER"XR; R<(|t|>+|x!5)2<2R, t>0}.

In §3, we shall prove Theorem 2 by using a theorem of Rellich type due
to Hormander [2] and Murata [10]-[117.
A geometrical observation of the characteristic variety

EO+ ilsjzo 11’1 R7L+1
=
will explain the reason why a+g8=n/2 in (0.5) is critical and why appears the

order O(R™) in (0.6).

§1. Preliminaries

We recall two theorems in [13]:

Theorem A. Suppose that (HO) and (H1); hold. Let 2<p<-+oo and let
OE Hooni. Assume that there exists t,>0 such that

1.1) e Hde LE(R™)  for all t>t,.

Then, we have ¢=0 if e """ ¢ satisfies the following condition:

(A) For each k'>Ek>0,

(1.2) an inf znIzun/p“eﬂ”{?&||Lp<€kt<|z|<le‘m:O
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Theorem B. Suppose that (HO) and (H1)+ hold. Let 1< p<2 and let < I ¢on:.
Assume that there exists t,>0 such that
(1.3) e Hde Ly (R™) for all t>t,.
Then, we have ¢=0 if e “H¢ satisfies either of the following condition (B1)-(B2):
(Bl) For each k’>k>0,

(1.4) ?;ltp 12 e G| poog pi<izicrr 1y < F00
0
and
(1.5) 1i{§+i£f 1P e G 1P iz 01y =0

(B2) For each k'>k>0,

(1.6) %lzp 12 P o R H G 1Dtz gy < 400
0

and

1.7 liELiEf tnlzile—iLH¢]‘L“((kt<lz!<k’ an=0.

§2. Proof of Theorem 1

Let acR. It suffices to prove the theorem assuming that e *#¢ has the
estimate

2.1) [(e ") (x)| < Ct- (14| x|)*"/® (for any t=1 and a.e. x)

for some C, ¢>0.
We shall prove the theorem in the following cases:

1) a<n/2.
2) a=n/2.
3) a>n/2.

1) The case a<n/2.
Set p=2(n-+e)/(n—2a). We remark that

(2.2) p=242Qa-+¢e)/(n—2a)>2
and that
(2.3) —n—pla—n/2)=e>0.

Take k’>Fk>0 arbitrary. We have

(2.4) (Skt<|z]<k'3 |(e™ H ) (x)]| pdx)llpé Ct_a—5<5“<!z,<k'g(| x| a—n/Z)pdx)up

=Clwa(1/e)[(1/ k) —(1/ k) M P tmomemslp
where w,=2x"?/"(n/2).
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Noting that
—a—e/p=n/p—n/2,
we obtain

(2.5) lim inf t**=*% ™ G| LPcricizicarn =0-
From Theorem A, we conclude that ¢=0.
2) The case a=n/2.
In this case, we have
(2.6) e~ “H || pocgn, < Ct ™25 for all t=1.

Thus, (2.6) implies that the condition (A) in Theorem A holds. Consequently,
we have ¢=0.

3) The case a>n/2.

From (2.1), we see
(2.7) et Hpe Ly (R™) for all t=1.
Take k’>Fk>0 arbitrary. It follows from (2.1) that

(2.8) ”e-“HSbHL“‘((kKlz|<k'u>§Cf—a—s(l’f‘k’t)a-"/z for all t=1.

On the other hand, we find

(2.9 le ¥ @| L1icirecizic in = Cawn k™22t % /(n /24 ax) for all t=1.

Hence, e *#¢ satisfies both (Bl) and (B2). In view of Theorem B, we obtain
¢=0.

This completes the proof.
Remark 1. For the case of t<0, we have an analogous theorem as follows :

Theorem. Suppose that a self-adjoint operator H in I satisfies (HO) and (H1)- :
(H1)- The wave operator

W _=s-lim e*t¥ g-itHo

t——co

exists and is complete.
Let ¢€ Heonee If e *H ¢ has the estimate
[(e~ ) (x)| < Clt|~*(1+|x])#

for any |t|=1 and almost all x= R"™ where a, e R with a+5>n/2 and C>0,
then ¢ vanishes identically.
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§3. Lower Bounds of Decay Order in Space-Time for Scattering Solutions
to the Schrodinger Equations (Proof of Theorem 2)

We consider a partial differential operator P(—:d) in R™ (m=1) with con-

stant coefficients.
Hormander [2] and Murata [10]-[11] proved:

Assume that V(P):={§cR™; P(&)=0} is non-empty and of codimension k.
Let I" be an open cone in R™ such that for every real analytic manifold MCV (P)
and for every x°€M, I' contains some normal of M at x°. If ue ' (R™N
L% (R™) satisfies

P(—id)u=0
and
3.1) lin inf R_kSrR |1(x)|2dx =0,
where I'pg={xel"; R<|x|<2R}, then u=0.

Note that
(3.2) PGo & ) E) =6t B8, (G o, EsRM,
with m=n-+1, k=1 and
I={xeR"*; x,>0} or {xeR™'; x,<0}

satisfies the assumption of the theorem above. Therefore, if ¢ = L%(R") satisfies

(3.3) lim inf R‘lgpx [(e"*Hog)(x)|2dx dt=0,
R

R-+oo
then ¢=0.

We are now in a position to prove Theorem 2.

Proof of Theorem 2. Let ¢< H ;00 \{0}. From the assumptions, we have
that g¢=Range(W,), W¥¢+0 and that

(3.4) Jim [le™*Hg—e " oW iG] =0,
where W* denotes the adjoint of W,. Noting that

sup [le"" g —e W LG4 S]".
we easily obtain

(3.5) Ilifﬂ,oR'lng e~ 48 §— o= #H A |2dt=0.
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The preceding observation implies

(3.6) lim inf R“1§F+ (e~ oW ) (x) | 2dxdt>0.
R

R—+oo

From the following elementary relation in a normed space E:
1
||ui|27HUHLEIH—UHZ, u, vekE,
it follows that

(3.7) R"lgrgl(c“”*’q&)(x)l‘ldxdt

g(ZR)‘1SF+l(e““HOWftﬁ)(x)izdxdt—R‘ISF+|(e‘””gzi—e“””OWigb)(x)|2dxdt.
R R
The second term of the right side of (3.7) is estimated as follows:

(3.8) —R| e g —em e m W tg) () 2wt

rg
2R

g_R—lSo ”e—lLH¢_e-LtHow7i¢”2dt.
Combining (3.5)-(3.8), we conclude that

(3.9) lim inf R“Sr+\(e"‘f’¢)(x)12dxdt>0.
R

R-+oo

This completes the proof.

Remark 2. 1f we assume (HO) and (H1)_, we have an analogous result for
the case of [z

Remark 3. The proof of Theorem 2 can be applied to the case of non-
linear Schridinger equation with a single power interaction :

0u=—Au+|ul?u, on (x,)eR*XR (n=1),
(NLS)

u(x, 0)=¢(x), x€R",
where 1+2/n<p<a(n) with a(n):=+4co (n=1,2) and a(n):=(n+2)/(n—2)
(n=3). We easily obtain:

For any ¢= 9\{0} with V¢, x¢ H, the unique mild solution u of (NLS) has
the estimate

lim inf R“Sri \u(x, 1)|2dxdt>0.
R

R-+co

See also [13] for lower bounds of LP-decay in time for solutions tc (NLS).
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