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Undecidability of Free Pseudo-Complemented
Semilattices
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Abstract

Decision problem for the first order theory of free objects in equational classes of
algebras was investigated for groups (Malcev [10]), semigroups (Quine [12]), commuta-
tive semigroups (Mostowski [117]), distributive lattices (Ershov [6]) and several varieties
of rings (Lavrov [9]). Recently this question was solved for all varieties of Hilbert
algebras and distributive pseudo-complemented lattices (see [7], [8]). In this paper we
prove that the theory of all finitely generated free pseudo-complemented semilattices is
undecidable.

By a pseudo-complemented semilattice (pcs for short) we mean an algebra A=
{A; N, —, 0> of type <2, 1, 0> such that <A; A, 0> is a meet semilattice with
the smallest element 0 and the unary operation — is defined by

aNx=0 iff x<—a.

The class PCS of all pcs form a variety whose only non-trivial subvariety B
(of Boolean algebras) is definable, relatively to PCS, by the identity

X=X

An element a of a pcs is regular if m—a=a. It is known that regular ele-
ments are exactly of the form —b.

These facts and the basic arithmetic of pcs can be found in [2]. For the
main concepts in universal algebra the reader is referred to [5].

Now we recall Balbes’ [1] description of finitely generated free pcs.

Let n={0, ---, n—1} be an arbitrary natural number. For SCn let By
denote the pcs obtained from the lattice 25 of all subsets of S by adjoining a
new smallest element 0g. By ¥(n) we mean the direct product Sl;[n%s.

For every subset AU{:i} of n let us define two elements of ¥(n) by putting
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S—{i} if €8,
(1) a.(S)= for all SCn,
0s otherwise,
and
(2) ,BA:”"‘(L,@M/\J/&”‘“;)-
From [1] we know that
S if S#A,
(3) Ba(S)=
Og if S=A.

The following Theorem due to R. Balbes [1] describes finitely generated
free pcs’.

Theorem 1. The n-freely generated pseudo-complemented semilattice is iso-
morphic to a subalgebra Ba(n) of {(n), (freely) generated by the set {a;:i<n}.
Every element v of PBa(n) can be represented in the form

(4) =M anyT,
for some CCn and some regular element y* of Pa(n).

Using this Theorem we can give the first order characterization of free
generators in Pa(n). An element a of a pcs U is said to be preregular if a is
not regular but every b>a is regular.

Corollary 2. The only preregular elements in free pseudo-complemented semilat-
tice are its free generaiors,

Proof. First we prove that all a; are preregular. Of course they are not
regular, as PCS+B. Now, let T:./Xé, a;\7" be essentially larger than a,. Then
e

a,=a; for all 7€ C, which is impossible for 7+ as {a;:7<n} freely generates
PBan). Thus Cc{j}. If C={j} then y=a;Ay", which leads to the contradic-
tion a,<y=<ea,. Thus C=¢@, and consequently y=y" is regular.

Conversely, assume that y= ifé\cai/\f is a preregular element of PRa(n).

Then C is non-empty. Moreover, C has not more than one element. Indeed,
if 7, j are two different elements of C, then y<ea, as well as y<a; But neither
a; nor a; is regular, which implies that a,=y=a,. Therefore C has exactly
one element, as claimed, and y=a,A7"<ea; for some j<n. However the strong
inequality y<ea; is impossible, as «, is not regular. Finally y=a;, and we can
finish the proof.

The proof of our undecidability result is based on the method of interpreta-
tion due to A. Tarski [14]. However we will need some modified version
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called by S. Burris and R. McKenzie [3] interpretation by parameters and defina-
ble factor relations. For details of this method (which will not be given here)
the reader is referred to [3] or [13]. Now, we only recall that in a special
case this method can be expressed as follows (see also [5]).

A class @ of some partially ordered sets is said to be interpretable into a
class 4 of some algebraic structures of type z, if there are first order formulas:

\

o(x), e(x,3), px, ),
of type 7, such that for every poset P=<P, <) from &, there is a structure
A= A for which, if we let

As={acsA: U=d(a)},
(5) O={<a, by A;x As: Uk=ela, b)},
R={a, by Asx As: Uk=pla, b)},
then © is an equivalence relation on A;s;, such that the quotient-set A;/©
together with the relation
R/@=0@-R-6
form a poset isomorphic to .

The power of the method of interpretation lies in the following Theorem,
proof of which can be found in [3].

Theorem 3. If a class @ with hereditarily undecidable firsi order theory (. e.
cvery subtheory of Th(P) is undecidable) is interpretable in A then A has
(hereditarily) undecidable first orvder theory as well.

By a partition lattice =, we mean a lattice of all equivalence relations on
arbitrary n-elements set. Ju. L. Ershov [6] and later S. Burris and H.P.
Sankappanavar [4] proved the following

Theorem 4. The class {mn:n=1} of finite partition laitices has hereditarily
undecidable first order theory.

Using above theorems we are able to prove the main result of this paper:

Theorem 5. The first order theory of all finitely generated free pseudo-
complemented semilattices is hereditarily undecidable.

Proof. We will interpret {mz,:n=1} into the class {$3(n):n<w} of all
finitely generated pseudo-complemented semilattices. Actually we will show
that , is isomorphic to some quotient of whole Ba(n), and that such quotients
can be obtained in an uniform way.
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From Corollary 2 we know that the formula
cu)=u+——u & Vx(xANu=u=x=——x or x=u),

characterizes free generators in all nontrivial 8(n). Denote by D, the set of
these generators, i.e. D,={a;:7<n} in the convention of Theorem 1. Now we

can see that for every fixed y=Ps(n),
F={Ka, B>EDyXDy: maNy="1"8A7}

is an equivalence relation on the set D,. However it can happen that 7,=7,
for some y,#7.. Using the formula

e(x, y)=VYuVvo(u) & o)
= (T uAx=—"wAx & " uAy=""vAYy)

we can identify the elements of Ps(n) which give the same equivalence relation
on D,. It is clear that & determines, in the sense of (5), the equivalence rela-
tion @ on Ps(n) and that Ps(n)/6 can be treated as a poset of some equivalences
on D, with order given by

olx, =YuVovlo(u) & o) & m—uAx=—""wAXx)
= U Ay="TwAYy.

i.e. 7'1/@§7’2/@ iff Ba(n)k=p(r1, 712)-

Now we show that every equivalence relation on D, can be expressed in
the form 7 for some y=Ps(n). Let X be an equivalence relation on D, with
the corresponding partition ® of n. From (2) we know that the element y=
_'(A/é\gz B.4) belongs to Ba(n), and by (3) we obtain

S if Sew,
(6) T(S)={

0s otherwise.

By (1) we have
S if €8,
(m7a)(S)= )
0s otherwise,
which together with (6) gives

S if reSeg,
(==, AYXS)= )
0s otherwise.
In particular (——a, Ay)(S)=(——a,A7)S) for all SER, and 7, j<n.
To see that 7=2 let us write the following sequence of equivalent condi-
tions :
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<ai’ aj>E77 )

(—m=a AYS)=(——a,A7)S), for all SeR,

S iff je8§, for all SeR,
€S and jeS, for some SR
{ai, ape,

From the above considerations we know that for every n=1 the posets =,
and Ps(n)/@ are isomorphic.
We have just shown that the formulas

ox)=x=x,
e(x, ¥),
o(x, ¥)

define the required interpretation, and therefore our Theorem follows from
Theorems 3 and 4.
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