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The Scattering Theory for the Nonlinear
Wave Equation with Small Data, II

By

Kiyoshi MOCHIZUKI* and Takahiro MOTAT**

§0. Introduction

In a previous paper with the same title [7], we studied a scattering
problem for the nonlinear wave equation

0.1) olw(t)=dw(t)+f(w(t))=0 in (x,t)ER"XE.

Here #>2 and 4=2X}-10%. For purposes of illustration, let f(w)=
AlwlP'w (A€R, p>1). It was then proved that the scattering operator
exists on a dense set of a neighborhood of 0 in the energy space if p is
restricted to satisfy

(0.2) 0=2 and
_ 2 +3n—2+V(n*+3n—20—8n(n—1) n+3
(0.3) r(n)= 2n(n—1) <=1

The lower bound y(#z) of o is smaller than those obtained in Strauss
[10] and Klainerman [6], and it is expected to give a critical power. On the
other hand, (0.2) is too restrictive. For it contradicts (0.3) in case of high
space dimension (#>5). The main purpose of the present paper is to
eliminate this restriction. Namely, in this paper we shall extend our
previous results to all o satisfying (0.3).
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For the existence of the scattering operator, it is necessary to solve the
Cauchy problem for (0.1) with —oo initial time. Let wo™(#) be a solution of
the free wave equation

(0.4)  w(t)—dw(t)=0 in (z,t)ER"XR.

Then the integral version of this problem is given by
(0.5) w(t)=w ()~ [ H'sin{H(t—0)}f(w())dr,

where H=4y—4 in L}(R"), or more generally, we define functions {(H) of
H as follows: Let ~denote the Fourier transformation and ' be its
inverse. Then

EH)u=F"¢(€la(€)} in S’ (tempered distribution) .
Let | [l be the energy norm defined by

(0.6) IIu(t)||e=71—§{||Hu(t)llzz+Ilatu(t)llzz}”z ,

where |ull, (#=>1) is the usual L?-norm. Let H*? (s€ER, p=>1) [resp. H**
(s>—m, p>1)] be the Sobolev spaces which are the completion of Co*(R")
with norms

(0.7) lelso=0(1+H?)*ul, [resp. lul's,=IH"uls],

and let

08)  V=Vir={u()EC(R; H*); |ulv=sup(1+[t)*|e(t)lls.a <0},

where

and d=(n—1)<%—%) .

_ 2Anp—1) _nt+tl n—1
(0.9) =201 ST 5

We consider the integral equation (0.5) in this space V. Then a
contraction mapping principle is applicable, and we have a unique solution
w(t)E V, which also satisfies

(0.10) lw(t)—wo (#)ls,e—0 as t—>—oo.

For the purpose of the scattering theory, however, (0.10) is insufficient.
What we like to show is

(0.11) lw(t)—wo (#)]e~0 as - —o,

In [7] we treated (0.5) in the space Vi%, where ¢ and 4 are given above.
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In this case (0.11) directly follows from (0.5) since we have the embedding
H" o, [*. However, to construct solutions in V%, we require (0.2) which
guarantees a Lipschitz continuity of f/"(w).

In the present case, the embedding H L% is no longer expected to
hold, instead we shall follow the method of Strauss [10], where (0.11) results
from the energy inequality

(0.12) IIW(t)Ile“rﬁllu/(t)llpiT‘é lwo=(0)* .

Our main problem thus turns out to show this inequality. It does not come
directly from the integral equation (0.5). So, we return to the differential
equation (0.1) and apply an approximate energy method. The double
convolution mollifier due to Ginibre-Velo [2] will give a convenient approx-
imation of f(w).

The paper is organized as follows : In § 1 we summarize our results in
Theorem. A proof of Theorem is given through the following three
sections. In § 2 is shown the existence of solutions. Energy estimates of
solutions are obtained in § 3. Finally, in § 4 the proof is completed.

§1. Assumptions and Theorem

Throughout the paper, the nonlinearity f(w) is real-valued and is
required to satisfy

(A1) f(w)eC(R) and £(0)=0.
(A2) lF(w)<Clwl”? with o satisfying (0.3).

Under these conditions, our results are summarized in the following
Theorem.

Theorem. Let {¢~, ¢ }EH*XL? and
(1.1) wo (t)=cos{Ht}¢~+ H 'sin{Ht} ¢~ .

Then there exists a 6 >0 with the following properties.
@ If wo(t)eV=Vl and |wo|v<9, then there exists a unique
solution w(t)E of (0.5) which also satisfies

(1.2) lawlly <37l

(b) w(t) satisfies the energy inequality
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L3) lw e+ [ Foz, Ddz<luw Ol for tER,

where F(w)='/0‘wf(u)du, and

(1.4) lew(2)—wo (t)e=0 as t——o0.
(c) There exists {¢*, $*}EH*X L* such that

1.5) wot(t)=cos{Ht}¢*+ H 'sin{Ht}¢*

belongs to V and satisfies

(1.6) lwo* (e=llwo™()le for t<R

and

(L.7) lw()—wo*()le~>0 as t-+oo.

The correspondence S : {¢~, ¢~} >{d*, ¢*} defines the scattering opera-
tor.

Remark 1.1. If {¢~, ¢ Y{H"** X HS}N{H"9*X L¥*}, we have {¢~,
¢ YEHXL? and wo (¢)€ V.

Remark 1.2. The conditions {¢~, ¢ }EH"*X L? and wo ()€ V imply
{¢7, ¢ }eHS* X H* "% In fact, we have ¢ =wo (0)< H*? and ¢ €L
H*"7 (cf., Proposition 2.3 (i) of § 2).

§ 2. Existence and Uniqueness of Solutions

We begin with well known results for the elementary solution H ' sin
{Ht} of the free wave equation (0.4).

Proposition 2.1 (L?—L” estimates). (1) Let 2<q<c0 and 1/q+1/q’
=1. Then we have for ¢< Co*(R™),

(2.1) IH 'exp{iHt}¢lle< Clt Sl -5,

where s and d arve given in (0.9).
(ii) Let 2<q<2(n+1)/(n—1). Then

(2.2) IH *exp{iHt}glla< Clt|=*l4llo .
where —b=—n+1+2n/q.
See Pecher [8], Theorem 2.2 for a proof.
Proposition 2.2 (L?—L? estimates). Let 1<g<co. If |1/g—1/2|<
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1/(n—1), we have
(2.3) |H *sin{Ht}gll. < Cltll¢le,
(2.4) lcos{Ht}¢lla< CA+EDIlhq -

See Peral [9], Theorems 1 and 2 for a proof.
Our main tools will be the following Sobolev embedding theorem :

Proposition 2.3. (i) Let 1<p<g<o and s, tER. If 1/p—s/n<1/
q—t/n, then we have

(2.5) HSPSHYY |

(i) If 1/p—s/n=1/qg—t/n, then we have
(2.6) HSPSH

(iii) If 1<p<co and s=0, then we have
2.7 HPSLPNHSPGHS?

Here AS B means that A is continuously embedded in B.

Proof. (i) and (ii) are well known. See e.g., Tribel [11] § 2.8, Bergh-
Lofstrom [1] Chapter 6 and Hérmander [4] Theorem 4.5.3 for a proof. On
the other hand, (iii) is proved by use of the Mihlin multiplier theorem. For
details, see Bergh-Lofstrom [1] Theorem 6.1.6. [J

Let #(x)e Co~(R™) be a non-negative, even function satisfying
fmh(x)dz=1. Put

_|/"h(z) JEN

where 8(x) is the Dirac function. For u&€L” (p=1), we denote by %; * u
the convolution of %; and u :

(h; * u)(x)=fm hi(z—y)u(y)dy .

For each —co<g<co and jEN U{oo} we consider the integral equa-
tion

(2.9) w()=hs  w()— [ H'sinH(t — o)} fi(w (),

where
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(2.10) wo(t)=cos{Ht} ¢+ H 'sin{Ht}¢
and
(2.11) fw)=h; * f(h; * w).

Note that (2.9) coincides with (0.5) if wo(¢)=wo"(¢), 6=—00 and j=00,
In this section we treat the solvability of (2.9) in the space V= Vg,
with ¢ satisfying the following conditions :

(2.12) 1l s 1 1
g n pg' g

(2.13) 1 s 1.1
qa n Oq q

(2.14) %<d<1,

where s=n+1/g—n—1/2, d=(n—1)<1/2—1/q), 1/¢=1—1/q and

(2.15) .

~7/ ’

q q n
Lemma 2.4. (i) Conditions (2.12)~(2.14) are equivalent to

2(np—1) ( _n—1 ) 0 2(n—1)p
(2.16) qs—-—~——n+1 , (1 ———znpqzl n and q>———(n—1)p—2’

and are satisfied by the pair (q, o) given in (0.3) and (0.9).
(ii) (2.15), (2.12) and (2.13) imply the embeddings

(2.17) LYGH 7,
(2.18) H*C,LPYN LAY,

Proof. (i) As is easily seen, (2.12)~(2.14) are reduced to the follow-
ing three inequalities :

(2.19) _1._3_1_ _1_____3.<*L

0@ a’ g n oq

and —1-<d ,
o

from which (2.16) follows. The lower bound (%) of (0.3) comes from the
first and third inequalities of (2.16). On the other hand, the upper bound
(n+3)/(n—1) of (0.3) is obtained by the first and second inequalities of

(2.16). The rest of assertion (i) is obvious.
(i1) (2.17) and (2.18) follow from (2.5) and (2.6), respectively. [J

Remark 2.5. The second inequality of (2.13) and the first inequality of
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(2.14) yield the condition

nt+1+/n*+10n—7
2(n—1) ’

0> o(n)=

The number o(#%) is known to be the critical power for global existence of
solutions of (0.1) (see John [5] and Glassey [3]). Of course we have (7)<
7(n).

Lemma 2.6. For any p=1 and u, vE L, we have

(2.20) 1/i(2e) = Fi(0)ls < Clluellop ™ +lwllob™Mee— vlles |
where C>0 is independent of jEN U{o}. Moreover,
(2.21) 1/i(u)— f(@)p~>0 as j—ooo.

Proof. By (A2), the Young inequality and the Holder inequality we
have

1/:(2e) = F(Mo<If (h; = )= f(h; = V)llo
< C(lhs * wlos™ s = vl s * (u—v)llep
< Clllullos™ +lvllet™Moe— vlles
proving (2.20). Similarly, we have
1iCee) — F ()l < Clluelloh™ s * 26— wallop+ 115 = £ () — F(20)l
from which (2.21) follows. ]
Combining (2.1) and (2.20), we can prove the
Lemma 2.7. Under conditions (2.12) and (2.13) we have
(2.22) |H 'exp{iHt}{fi(u) — fi(v)Hs.a < CltI*(laclsd + 10lEDN e — vls.q
where C>0 is independent of jEN U{oo}.
Proof. Since s=0, we can apply (2.1) and (2.17) to obtain
(2.23) |H 'exp{iHt}¢lls.< C(I1H 'exp{iHt}$llo+|H 'exp{iHt}¢|'s.0)
< CltI ¢l -5+ 14 lla)
< Clell¢lla+1¢lle) .

We put ¢=7;(u)—f;(v) in this inequality. It then follows from (2.20) and
(2.18) that

I¢lla+Nglle=I11i(2) — (& +11() = (D)o
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< Clluelod +lvllog Moe — vllog+ Clllello +0llos Mee — vlloer
< C("u"sﬁz_l‘l‘ "U"sfp_])"u_ U"s,q .-
Thus, we have (2.22). O

We are now ready to prove the following

Proposition 2.8. Let {¢, $}EH"*X L? and wo(t) be defined by (2.10).
There exists a 6,:>0 independent of —0<o<co and jEN U{o} with the
following properties: Let wo(t)EV and |wilv<38:/4, where V is the
Banach space (0.8) defined for q satisfying (2.16). Then there exists a unique
solution w;°(t)EV of (2.9), which also satisfies

(2.24) llw,-"lIVS%llwollv .
Proof. For u(t)€V put
(2.25) 0,7u(t)=h; * wo(t)— f ‘Hsin{H (¢ — ) f(u(0)dr |

We then have from (2.22)
10,°%(t) — @v(¢t)s.qa

<C [ 1=l —lehdellul >+ ol Mu—oly .
By (2.14)
[l +lehdr< [Tt Q-+l *dr < CO+IE) .

Hence it follows that
(2.26) 10,74~ @,%llv < Clluel ™+l Dllu— vl .
Noting (Al) and |4, * wolls,e<llwolls,s, we have similarly
(2.27) 1@,7uly <llwolly + Cllull .
Now choose 81 >0 very small to satisfy 2C8:*"'=1/2 and put B(681)={u
€V ; |lulv<é). Then for u, v€B(d:) we have from (2.26) and (2.27)

(228) 10— 070l < lu—ol,

(2.29) ||G)j"ullvs||wo||v+—41—||ullvé £y
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if wo is chosen to satisfy |wolv<38:/4. These show that each ¢, gives a
contraction mapping on B(d1). Hence there exists a unique fixed point
w;°(¢)€B(6:), which solves (2.9).

(2.24) is obvious from (2.29). O

§3. Energy Inequalities

In this section we use Proposition 2.2 and Proposition 2.1 (ii) to obtain
energy inequalities corresponding to (0.12) of each solution w,°(¢#)€ V of
(2.9). To this end we require the condition 1< p<(%+3)/(z—1). So, in
the following the pair (g, o) is restricted to satisfy (0.3) and (0.9).

Lemma 3.1. (i) For any £=0, ;€N and ¢=L* (p=1),
(3.1) |H R, * glla<IH |4l

if =1 is chosen to satisfy 1/g=1/r+1/p—1.
(ii) For any £>0, jJEN and u, vEH*>?,

(3.2) IHfi(u)— HEf(0)llo < CUH bl (luells a7 + lolls &M — vlis.q
if p=1 and r=1 are chosen to satisfy 1/g=1/r +1/q’'—1.

Proof. (i) is the so called Young inequality.
(i1) By (i) and (2.20) we have

1H ¢ fi(w)— Hef(o)lo < CIH Rl f(hs # w)— £ (B = v)llor
< CIH Rk = wulloe + 1k, » vlloe ks + e — ki * vlloar
< ClH Rl (aello& " +vllee Mo — vllog: .
Thus, the embedding (2.18) yilds (3.2). d

Lemma 3.2.. Let {¢, $}€(H*NLY)X L2 Then we have for any j
EN,

(3.3) h* wo(t)=cos{Ht}h; » ¢+ H 'sin{Ht}h; = ¢
and
(3.4) O:{h; * wo(t)}=—Hsin{Ht}h; * ¢ +cos{Ht}h;* ¢ in L7.

Proof. (3.3) is obvious if we note {¢, ¢}&L?*x L? in (2.10). To show
(3.4), let us first put
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]1(77)=[C°S{H(t+ ”3}_C°S{Ht} +Hsin{Ht}]h,- ..

Then by the mean value theorem
1 1
Jin)= [ [[*onk*cos(H(t + 66 n)}h, » $d8'd8 .
Thus, from (2.4) of Proposition 2.2 and (3.1) with p=gq it follows that

Il [ [ heos(H (e + 66/ 7)) Hhs + Blod’d6

<lol [ ["cQ-+1t+ 667D ds'de

X(\H* i+ HRADI Sl ~0 as -0
Next put

Ju(n)= [ H 'sin{H(t+ 77;} — H 'sin{ Ht}

Then from (2.3) of Proposition 2.2 and (3.1) with p=2 it follows that

——cos{Ht}]h,- x ¢

1 1
I7le<lal [ [ Cle+ 66'71d6 ablE* kA N9l~0 as 7-0.

Hence, we see that (3.4) holds true. O

Lemma 3.3. Let 6=R and jN. Then for w°(t)EV of Proposition
2.8 we have

(3.5) wl(t)ECHR: L),

(3.6) dw;°(t), Hw(t)ECNR: LYNCAR: HY) .

Further, we have the differential equation

(3.7) 0w (1) — Aw, (1) + f(w(£))=0 n L>.
Proof. We put

F=] [ Hsin{H 1+ 7= D) fw (D)de
77 o
- f ‘H-sin{H(t — 1)) f,-(w,-"(r))dr]— f “cos{H(t — D)} filw(2))dr .

Applying (3.2) with p=¢, u=w,’ and v=0, we have

IsCle< -2l [ Cle+ 7= el (e)ladte
|l /e
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1 1 t
+al [ 1 cle =+ 00 9l E £ w2 (DDl edel o’ dB

< Clal{l#slarz+ (1t — ol + [N H Bsll a2} w5 °
-0 as 7-0.
Since w,’(¢) satisfies (2.9), this and (3.4) show
(3.8) ow,°(t)=—Hsin{Ht}h; * p+cos{Ht}h; » ¢
— [costH(t = D) fiw()dr in L.
from which (3.5) follows.
Next choose p=2 and 1/r=1/¢+1/2 in (3.2). Then
17w, (£)) = fiws” (¢ Dlle.2
< ClAslle N7 (s = w?(8))— £ (s * w(E D]
< Clale (lw Olsfs +lws” (st WM, (8) = w,( Ms.a
and it follows that
(3.9 Hw’(t)eC(R: H*®) for any £=0.

Applying this and Lemma 3.2 to (2.9), we obtain (3.6).
Finally, (3.7) follows from (3.6) and (3.9). O

Lemma 3.4. (i) We have the embedding
(3.10) Hc, P!

(ii)) For each —co< o< and jENU{o} we have
@1 1f  F s w0, 0)dzl< CA+ ol £+

(iii) Let cER and jEN. Then

(3.12) A Bk wx, £))dz=(8a0(2), Fw? (),
dt/ R

where ( , )2 denotes the inner product of L2

Note that the double convolution mollifier (2.11) is usefull in obtaining
relation (3.12) (see Ginibre-Velo [2]).

Proof. (i) The first inequality of (2.12) and the second inequality of
(2.13) are reduced to the condition
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1 s 1 1
] E NN N S
(3 13) g n pt+l ¢

This gives the above embedding.

(ii) (3.11) directly follows from (3.10) and (2.24) if we note the Young
inequality |, * w7 ()1 < Allllw;7($)]lo+1.
(iii) Let us consider

TAm) =1 [ (P s+ w070+ )= Flhy = w (1)

—(3ew,°(8), fi(ws* (1))

By the mean value theorem

F(h;*» wi(t+7)—F(h; * w(¢))

— [ £y w7+ )+ A= )y + w,7(0)d

X by * {w(t+7)—w(1)} .

h being even, this implies that
1 ! [ o o [
Jn==x["d6 [, (0wt +7)+ 1= O)w () w (¢t +7)— w (D) ds
nJo R

— [L2aw () fi s (D)

Applying the Holder inequality, we then have

Il [ do{lfows(t+m)+0 - Ow (DMl
x|t} - dan),

+1(6ws* (¢ +7)+(1— 0w, (#)) — fiw,*( t))lqullatwj’(t)llq} :

Hence, noting (3.5) and (3.2) with p=¢’, we can let 7—0 to obtain (3.12).0J
We can now prove the

Proposition 3.5. Let 0€ER and jEN. The following relation holds
for any tER.

@14 O+ [ Fhs+ wf(z, D)dz
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—lhs » wio+ [, Flhy» by » wilz, 0))dz .
Proof. By Lemmas 3.3 and 3.4 (iii) we can show
_i o 2 Cx o O }:
L O+ [, Flh» w7z, D)dz}=0,

which proves (3.14) since we have w,%(c)=%; * wo(0). O
Next we let j—»o0 in (3.14).

Lemma 3.6. For j=00 and —0<g<00 we denote w(t)=w.?(t).
Then w°(t)eCHR: S’) and

(315)  Huw°(t)=cos{Ht}H¢+sin{Ht}¢y— Ltsin{H(t — )} f(w’(r))dr

(316)  aw°(t)= —sin{Ht) Ho+cos{Ht) ¢ — ﬁ cos{H (¢ — )} f(w(D))dr .

Proof. (3.15) is obvious. To show (3.16) we consider the functional
(wo(t), £)2in £E S. Since Hp, ¢ L? it follows that

(1), £0e=(8, — Hsin{Ht} e+ (9, cos(HE})a

=(—sin{Ht}H¢+cos{Ht}¢, &) .
Next put

K(p)=1 [ f T Hsin{H (¢t + 7— O} F(w(2), O)edr
77 g
— [ sin{H (= )£ (07(2)), O ]|

~ [[(CostH(t ~ DN £(w(2)), Ehudr

Then by an argument similar to Lemma 3.3, we have

K< 7| [ I e Cle+ 7~ el elace
7| 1/:

1 1 t
Hal [ | L1 @)l Clt = o+ 00 a1V H €l e| doae’

where ¢’ (=g¢/p) is given by (2.15). Since
I/ (w (Dl < CA+Izl)*|w |l
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this shows that

%(./:H “'sin{H (¢t — o)} f(w(r))dr, g)z

=( [ costH(t~ D) f(w (e, £, .

Summarizing these results, we obtain (3.16). O
Lemma 3.7. Let c€ER. We have for each tER,
(3.17) lw?(£)—w(t)os1~0 as jooo.

Proof. By (2.9)
wi(t)—w’(t)=h; * w(t)—w:(t)

— [ Hsin{H (¢ = D) Ui (2) ~ fiw"(D))dr

— [y Hsin(H (¢ = D) Ui(w(2) ~ f(w (D)) e

=In(#)+La(t)+ Lis(t) .
Since wo(t)€ H*S L by (3.10), it is obvious that
1i($)los120 as j—oo,

To estimate I;3(¢) we use (2.2) of Proposition 2.1 with g=p+1. Then
t
s Dllwr<| [ Cle = el () = £ Dliwsrrode],

and (2.21) with p=(p+1)/o and the Lebesque dominated convergence
theorem show

1s(t)o+1—0 as jooo,
For I;:(t) we have from (2.2) and (2.20)

MaOlows= €| [[ 1t = -2l et + " (et
X " w;*(r)—w( r)um dr

< Cllwollv

t
L= @+ 1) (2) = wDlasde|

Here in the last inequality we have used (3.10) and (2.24).
Summarizing the argument, we see the following : For any €>0 there
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exists a jo>0 such that
" wjd(t) - wo—(t)"P-H

t
< Cluwol?™!| [[ 1t = 2 -10,°(2) = w0 (Dlprdie] +-¢

for any 7=j. Hence, by the Gronwall inequality we have

[

(3.17) is thus proved. O

l10°(8) = w(D)lan < € exp Clluoll™

Proposition 3.8. Let cER. The total energy of w°(t) is estimated as
Sfollows :

(318)  lw (Dl [ Fw(z, D)dx

<lwo)l*+ [ Fluwoz, dz for tER.
Proof. The Holder inequality, (3.10) and (2.24) show that
| [, (s = w0260~ FGo (D) dz|< O+l launl?

X A2 = {w;?(£) = w () os1+ 145 * w(#) = w(£)or1} =0
as j— o0 and
. (s + B+ w0o(0) ~ Fun( o))tz
< Cllwo(o)s.all 22 * ks * wo(6) — wo()lo+1~0

as j—co. Thus, we can let j~ <0 in (3.14) to obtain

(3.19) 1J_Lrgl|wj‘(t)llez+ f o F(w(z, 1))dz

—lwo e+ [ Flunz, 0))dz .
On the other hand, we have from Lemmas 3.6 and 3.7
(3.20) Hw/(¢t)»Hw’(¢) in S’.
Further, we have from Lemmas 2.6 and 2.7
(3.21) daw’(¢)~ dw’(¢) in S’

In fact
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19ehs * wo(#) = dewo( )<l h; + Hp— Hllo+ ks * ¢— ¢l

and for any {ES.

(5 [ Frsintzte — D) (o)~ (M, £
< ’./o"‘“ﬁ(wjﬂ( ) — F(wo(t))o+1yollcos{ H(t — 7)} §"9+1d1'l

<[ Ellco+1y0

[5G @)= @ D lorode]
(3.19)~(3.21) show that as j—o> oo
(3.22) w®(t)>w’(t) weakly in the energy norm.
Combining (3.19) and (3.22), we obtain (3.18). O
Finally, we let 6— £ oo in (3.18).
Lemma 3.9. We have for any tER,
(3.23) lw?()—w*()s.s>0 as o-too.
Proof. Using the argument of Proposition 3.6 of [7], we have
lw() = w*=()ls.e< CA+D N0l +lw* ¥ Hw —w*=lv
+ Ce(1+ o)1+t~ lw*=l”

for e satisfying 0< e<dpo—1 (C being the constant given in the proof of
Proposition 2.8). Since C{|lw°|" ' +|w*=],»"'}<1/2, this implies (3.21).[]

Proposition 3.10. The total energy of w*=(t) is estimated as follows :
B20. =l [, Fw*(z, )dz<luO for tER.
Proof. As in the proof of Proposition 3.8, we have
|, (Fo%(e) = Fawr=(0)dz|< Ca-+1e)*hual () w=(0)les
and
| P (wno)dz|< Cluno)lti< CQ+lol) el
Thus, letting 6~ £ in (3.18), we obtain

(3.25) lim supllw?(£)]*+ j; . F(w*=(2))dz <|ws(0)*.
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With this inequality, the rest of proof of (3.24). is same to the above
Proposition 3.8. O

§4. Proof of Theorem

Let Ud(t), tER, be the unitary group in the energy space H"“*X L?
defined by

(4.1) Us(t){u1, uz}={cos{Ht}u,+ H 'sin{Ht}u,,
— Hsin{Ht}u:+cos{Ht}us} .

This Us(t) gives the solution of the free equation (0.4). Namely for wo(?)
of (2.10) we have

(4.2) {wo(2), dewo(t)}=Uds(t){d, ¢} .

Lemma 4. 1. (1) Ud(¢) (¢%0) is continuously extended to the map
HYX LY HS*XH* " and we have

(4.3) | Uo(){20r, ulllmsaxns-1a< C(1¢]7¢ +1¢]72){2er, wa}lirroxee .

(i) Ud(t), tER, is continuously extended to the map HSI X H* 19—
HS Y IX H % gnd we have for {u, uz) € H" X LY,

(4.4) Uo(2) Uo(t' )W wr, w2} = Uo(t + t"){wr, 142} (#'+0, t+t'+0) .

Proof. (i) (4.3) easily follows from (2.1) and (2.2).
(ii) By Proposition 2.2 we have similarly

1 Uo(t) w1, ullms-raxms-2a< CQA+ 1) {lalls.a + l2ezlls-1-4}

which implies the first assertion. (4.4) is proved as follows: For any {u,,
uEH I X LY {h; * ws, by * ud €{H"" X LYYN{H"*X L?} and converges as
700 to {wu1, uz} in H" X LY. Then by (i) and the first assertion of (ii)

Uo(t)Uo(t/){ul—hj * Uy, Us— h;* uz}-*() in HSYIxHs 29 y
Uo(t+ f’){h, * U, hj * uz}"’ Uo(t+ L"){u;, uz} in Hs'qus-l’q .
and we have (4.4). O

Now we note {@, ¢}EHI X H*? and {0, f(w*™(t))}€H*" X LY (see
Remark 1.2 and Lemma 2.4). Then by means of the above lemma, we have
from (2.9) and (3.16)

45 (w=(0), da0*=(e) = U@, 9}~ [ Ut =00, fw=(0)}de
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(¢20) in H* %X H*">? and further
(46) U= w*=(t), daw*=(1)={$, #}— [ U~ D0, f(w*(e))}dr

(t20) in S’X S’ since we have Us(—t) Us(t){, ¢}=(, ¢} in H"*X L2
Proposition 4. 2. We have

(4.7)+ lw*=(t)—wo(t)e=0 as t-+oo.
Proof By (4.6) and (2.22)
(4.8) | Uo(— t){w*=(2), d:w*=(¢)} —{, P} nsaxns-1a

t
SCU; |T|"d”df’llwt°°||v”—*0 as t—-too,
+o0

Note that
" UO(_' t){wtm(t), atw*'”( f), }ll%’ll,le_z
=[Hw*>()l:*+ [ dcw*=(¢)[*=2[lw*=(¢)l*

and
(4.9) [ Fw*=z, )dz~0 as t-=co

by (3.11). Then the energy estimates (3.24). and (4.8) imply
(4.10) Uo(—t){w*=(2), daw*=(¢)} > {4, ¢} weakly in H"X L

as t - too, and we have using again (3.24). and (4.9)

Jaon(< 3 lim infl{(w*=(6), dav==(t)}fraxc

—tim inf{ w7+ [, Fw*=(6)dz}< w0l

Combining this and (4.10), we conclude the strong convergence (4.7)..0]

Proof of Theorem. (a) We put
(4.11) 5=%@h

where &, is given in Proposition 2.8. Since {¢~, ¢ }JEH"*X L? and |wo |lv
<§<368:/4, (0.5), ie., (2.9) with wo(¢)=wo (t), 60=—0c0 and j=o0, has a
unique solution w(¢)=w "=(¢)€ V. (1.2) is also proved in Proposition 2.8.

(b) The energy estimate (1.3) is proved in (3.24)- of Proposition 3.10,
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and (1.4) is known in (4.7)- of Proposition 4.2.
(c) We put

(4-12) (67, 0*1=1¢7, )= [ U= D0, Fwl(e}a,
where w(t)=w""(¢) given above. We then have from (4.6)
(413)  {#%, ¢7)=Un(— )w(D), dau(t)) — [ U~ )0, (w2}

By the argument of the proof of Proposition 4.2 we see that {¢*, ¢*}E H"?
X L?. Moreover, we have

() =wo (D~ [ H 'sin{H(t— ) f(w()dr€ V.,

and hence by (2.27)

IWJMQWJM+QWMS%&+%&=%&,

where wo*(#) is given by (1.5). Thus, w(#) in (4.13) coincides with the
solution w**(¢)EV of (2.9) with we(¢)=woe*(¢), o=+ and j= con-
structed in Proposition 2.8. In this sence, (1.7) is already known in (4.7).

Finally, if we let > —o0 in (3.24). with wo(#)=wo"(¢), then it follows
from (1.4) and (4.9) that

lewo™(0)lle*<llawo™ (Ol .

On the other hand, if we let £— +0 in (1.3), then it follows from (4.7). and
(4.9) that

lewo* (0)lle* < awo™ (01l .

These prove (1.6), and the proof of Theorem is completed. O
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