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§0. Introduction

0.1. The Hecke algebra H(W) of a Coxeter system (W, S) is an
algebra over the Laurent polynomial ring Z[q, ¢ '] which has a free basis
{Twlwe W} and satisfies the following relations :

(Ts+1)(Ts—q)=0 (seS)
TwviTw=Tw, Tw, (1(w1)+l(wZ)=l(W1U)2)),

where [ is the length function.

When W is a Weyl group, this algebra appeared in connection with
finite Chevalley groups ([I]) as we formulate in the following. Let G be a
connected reductive algebraic group with Weyl group W defined and split
over a finite field Fy, and X the flag variety of G. We denote by H the C-
vector space consisting of C-valued functions on X (Fy,) X X (F,) which are
invariant under the action of G(F,). H is endowed with an algebra
structure via the convolution product :

(hl'hz)(l‘, y)zzex%‘qn)hl(x’ Z>h2(zy v) ,

and it is isomorphic to the C-algebra obtained by tensoring C to H(W)

over Z[q, ¢”'] via the ring homomorphism Z[g, ¢']- C (g~ qo).
Replacing functions on X(Fg,) X X(F,) by @-sheaves on X X X, we

have a more sophisticated realization of the Hecke algebra (due to Beilin-
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son, Brylinski and Lusztig-Vogan [LV]). Let C be the category consisting
of constructible @;-sheaves on X X X, whose restrictions to each G-orbit Y
have composition factors of the type @, v(n) (nEZ), where (n) is the Tate
twist. The Grothendieck group K(C) is a Z[q, ¢”']-module via ¢"[K]=
[K(—n)]. Wedefine pis: XXXXX->XXXandr: XX XXX->XXXX
XXX by puila, b, c)=(a, c) and »(a, b, c) =(a, b, b, c). By the product :

[K1]~[Kz]=§}(—1)j[R"plaz(7*(KxKz))] ,

K(C) is endowed with a Z[q, ¢ ']-algebra structure and it is isomorphic to
H(W).

0.2. It has been conjectured that there exists a theory in char=0,
which corresponds to the theory of the weights for @:-sheaves in char>0
(Deligne’s philosophy, [Br] etc.). This was realized by M. Saito as a
theory of Hodge modules quite recently ([Sal~5]). He has defined, for a
non-singular algebraic variety Y over C, a certain abelian category
MHM(Y), which is a full subcategory of the category consisting of quartets
(M, F,K, W), where M is a regular holonomic Dy-module, F is a good
filtration of M, K is a perverse sheaf over @ on Y such that DR(M)=
C %K and W is a filtration of (M, F, K). This category corresponds to

the category of mixed perverse sheaves in char >0, philosophically.

Using this theory we can give a realization of H(W) in char=0. Let
G be a connected reductive algebraic group over C whose Weyl group is
W and let X be the flag variety of G. Then there exists a certain abelian
category A, which is a subcategory of the category consisting of the
objects of MHM(X X X) with G-actions, so that its Grothendieck group
K(A) has two free bases {{Mu]lweE W} and {{LullwE W} over Z[q, 7]
(see Section 3). Here M, and L, are certain specified objects of A and
the Z[q, ¢”']-module structure is given by ¢"[V]=[V(—#x)], where () is
the counterpart of the Tate twist (see Section 1). Define pis and » similar-
ly to the case of char>0. We can show that (J{7pia)( I ~9mXy*)(CV[XICV ;)
€ for YV, Ve and a Z|[q, ¢ ']-algebra structure on K(A) is defined
by :

[SV1]-[Va]= g( — 1Y [(Hpra) (I~ * WV XIV)]

Theorem A. K(A) is isomorphic to H(W) as a Z|q, ¢ *]-algebra.
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The isomorphism is given by -

[Holr(— D' Ty and [Lo)(~1D" 5 Al Ty,

where Py.u(q) are the Kazhdan-Lusztig polynomials (see [KL1]).

0.3. Recently Kazhdan-Lusztig [KL4] and Ginsburg [G2] have given a
classification of the irreducible representations of the Hecke algebra of the
affine Weyl group W. using equivariant K-theory (conjecture of Deligne-
Langlands-Lusztig). The first step of their work was to define an (H( W.),
H(W,))-bimodule structure on the equivariant XK-homology group
K% (Z) of the variety

Z={(x, v, A)e X x X xLie(G)|A is nilpotent, A&Lie(Bx)NLie(By)}

and to show that this coincides with the two-sided regular representation of
H(W,). Here By is the Borel subgroup of G corresponding to x&X. We
review this briefly following the formulation of Ginsburg. Let p: 7*X -
X be the cotangent bundle. Regarding Z as a subvariety of TH(X X X)=
T*X XT*X, we can view K¢*“*(Z) as the Grothendieck group of the
abelian category consisting of coherent Or-xxr:x-modules with G X C*-
actions supported in Z. Note that K*(Z) is a Z[g, ¢ ']-module since
the representation ring of C* is identified with Z[q, ¢7']. Lzt p,: T*X X
T*XXT*X->T*XXT*X and p.: T*XXT*XXT*X—-T*X be the
obvious projections. It is easily seen that a Z[g, ¢ ~']-algebra structure on
K% (Z) is defined by :

(M) [Ma]= (= D LI Bprsnra* M@ s Mo s 5 2))]

where Qx is the sheaf of the differential forms of the highest degree on X.
The result is that this algebra is isomorphic to Z{(W,), especially isomor-
phic to the two-sided regular representation as an (H(W.), H(W.))-
bimodule (see Section 4.2 for the explicit description of the isomorphism).

0.4. Let V=(M,F,K, W) be an object of A. Then Gr'H is a
coherent module over the Oxxx-algebra GriDxxx=(pXp)s«(Orsxxr=x).
Hence

gr V=0rxxrx ) (px ) (Gr" M)

(Pxp)-HGrf Dxxx)

is a coherent Or:xxr-x-module with G X C*-action. It is easily seen that
the support of gr ¢V is contained in the union A of the conormal bundles of
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the G-orbits on X X X. We define an involution @ on T*X X T*X by a(z,
v, & n)=(x, y, & —7), where (x, y) is a coordinate of X X X and (&, 7) is a
coordinate of fibers. Since a(A)=Z, we have a Z[gq, ¢ ']-module
homomorphism :

y=q""*(a*ogr) : K(A)-»K*(Z).

Theorem B. 7 is a homomorphism of Z[q, q7']-algebra, and when we
identify K(A) and K°*°(Z) with H(W) and H(W.) respectively, v coin-
cides with the natural inclusion.

The main difficulty in proving K> (Z)=~H(W.,) is to show that the
action of H(W) is well-defined. Ginsburg and Kazhdan-Lusztig used the
localization theorem in equivariant K-theory and reduced the problem to
the case of K¢*“*(X X X). Then the problem turned out to be a com-
binatorial one, which had been already solved in [Lu] (see also Kato’s
simpler solution given in [KL4]). In a sence Theorem B gives a different
proof of this fact. Although our proof relies on the deep theory of Hodge
modules, it seems that it gives a more natural explanation of the fact that
the Hecke algebra appears in the context of equivariant K-theory.

0.5. The contents of this paper are as follows. In Section 1 we give
a brief summary of the theory of Hodge modules and state some facts
concerning the Hodge modules with group actions. In Section 2 we review
the definition of the equivariant K-homology groups and give some relation
between Hodge modules with group actions and equivariant K-theory. In
Sections 3 and 4 Theorem A and Theorem B are proved, respectively. In
Section 5 we treat some problems concerning good filtrations of the
modules over the enveloping algebra of the Lie algebra of G associated to
Hodge modules.

In Sections 1 and 2 the letters G and X will be used for a general
algebraic group and a general algebraic variety, respectively, while in
Sections 3 to 5 they will be used for a connected reductive algebraic group
and its flag variety, respectively. The letter W is used for both of the
Weyl group and the weight filtration. We hope that readers will distin-
guish them from the context.

0.6. The author would like to express his deep gratitude to M. Saito
for explaining to him the theory of Hodge modules including results which
are not yet written down and answering (sometimes trivial) questions
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concerning them. He would also like to thank R. Hotta and M. Kashiwara
for useful conversation.

Although the author had to wait for the theory of Hodge modules, he
got the main idea of this paper while he was staying at Harvard University
in 1984. He would like to thank for its hospitality. He also thanks the
comitee on Educational Project for Japanese Mathematical Scientists for
supporting the stay.

§1. Hodge Modules

1.1. Hodge structures (see [D2])
We recall basic notions concerning Hodge structures.

Let H be a finite dimensional vector space over @ and F' a decreasing
filtration of Hc¢= C%H. Hence F?(H¢) is a C-subspace of H ¢ for each

PEZ, FP(H ¢)NF?**(H ¢), F?(H ¢)=0 for a sufficiently large p and
F?(H c¢)=H ¢ for a sufficiently small p. (H, F) is called a Hodge structure
of weight n if Hc=F?@F"?*! for any p. Here barring denotes the
complex conjugate. Setting H”?=F?”N F? we have the Hodge decomposi-
tion Hc=6;)H""‘“". When (H, F) and (H’, F’) are Hodge structures of

weight #, a linear map f : H — H’ is called a morphism (of Hodge structures
of weight ») if /(F?)CF’? for any p. We denote the category of Hodge
structures of weight # by SH(#).

A polarization of (H, F)€SH(») is a bilinear form S on H, which is
symmetric (resp. skew symmetric) if % is even (resp. odd) and satisfies the
following condition :

S(H?" % H?*?)=0 unless p+p=mn,
(V=1)"?S(v, 7)>0 for vEH”"? v=+0.

(H, F)e SH(n) is said to be polarizable if there exists a polarization of (4,
F). We denote the full subcategory of SH (%) consisting of polarizable
Hodge structures by SH(%)?. It is a semisimple abelian category.

Let H be a finite dimensional @-vector space, F' a decreasing filtration
of C@H and W={Wa,} an increasing filtration of (4, F). Then(H, F, W)

is called a mixed Hodge structure if Gr." (H, F)(= W.(H, F)/W,-.(H, F))
€SH(n) for any n. The category SHM of mixed Hodge structures is
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defined similarly. We denote by SHM? the full subcategory of SHM
consisting of (H, F, W) with Gr."(H, F)eSH(n)? for any =.

Let X be a non-singular algebraic variety over €. We denote the
sheaf of algebraic differential operators on X by Dx. Let H be a @-local
system on X. Hence H is a sheaf of @-vector spaces on the associated
complex manifold Xz (in the classical topology) which is locally constant
and has finite dimensional stalks. By the Riemann-Hilbert correspondence
for local systems due to Deligne [D1] there exists a unique regular
holonomic Dx-module JM(H) which is locally free as an Ox-module and

satisfies M(H )an“—'Ox,,,.%)H . Here Ox is the structure sheaf of X, Ox., is
the sheaf of holomorphic functions on Xax, Dxan=0xan0®Dx and M(H)an=
0x,,,.0®ﬂ4(H )=Dx,,,,D®ﬂ4(H ). Let F be a decreasing filtration of M(H) by

Ox-submodules such that F?(M(H))/F?*(M(H)) is locally free for any p.
Then (H, F) is called a variation of Hodge structures of weight # if (Hx,
F(x))eSH(n) for any x€X and 9-F?(M(H))CF*Y(M(H)) for any
vector field @ and any p. Note that the fiber of M(H) at zEX is C %)Hx

and F induces a filtration F(x) of C(?Hx. The category of variations of
Hodge structures of weight # is denoted by VSH (X, n). A polarization of
(H, F) e VSH(X, n) is a @x-linear map H0®H—> @x which gives a polar-

ization of (H:, F(x)) for any x&£X. The full subcategory of VSH(X, n)
consisting (H, F)e VSH(X, n) which are polarizable is denoted by
VSH(X, n)?. Categories VSHM(X) and VSHM(X)? are defined similarly
to SHM and SHM?, respectively.

If f: X— Y is a morphism of non-singular varieties, we have natural
functors VSH(Y, n)- VSH(X, n), VSH(Y, n)’-> VSH(X, n)?, VSHM(Y)
- VSHM(X) and VSHM(Y)?- VSHM(X)?. All of them are denoted by
f*.

1.2. Filtered D-modules and functors (see [Be], [Sa2; Section 2])

For a non-singular algebraic variety X over C let Mm(Dx) be the
category of regular holonomic Dx-modules. Since we are working in the
algebraic category, the regularity here includes the regularity at infinity
(see [Be)).

For Me M(Dx) we set D(M)= € xt5r* (M, Dx)@.@r", where Qx is
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the sheaf of differential forms of degree dim X. It is known that Exth, (M,
Dx)=0 for i+dimX and D(M) is a regular holonomic Dx-module. More
generally, for a bounded complex M of Dx-modules such that K (M)e
M(Dx) for each 7, we set:

D(M)=RI omp (M, Dx)g@.Qx_l[dimX] )
Let f: X~ Y be a morphism of non-singular varieties. An (f'Dy,
Dx)-bimodule Dy<x and a (Dx, f 'Dy)-bimodule Dx-y are defined by :
Dyex=F"'"(Dy@2v™") & 2%, Dx-yr=0x ® f'Dy.
Oy f-10y f-loy

Then for each j€Z additive functors:
Ify and Hf: Mrh(Dx)_’Mrh(DY) ,
'ﬂ(jf' and j[Jf* . Mrh(DY)_’Mrh(DX)

are defined as the j-th cohomologies of the functors fx, 7, /', /* between
derived categories given by :

S H)=Rf(Drr@H) , f(H)=D (D)),

S =Dy & 1 Hldim X—dim Y], f*H)=D(F (DAH).

We have a natural increasing filtration F of Dx given by the orders of
differential operators. If an increasing filtration 7 of a Dx-module M by
Ox-submodules satisfies the conditions:

Fo(Dx)Fo(M)C Fpio(M) for any p, qEZ ,
ﬂ: L’)FP(‘%) ’

Fp(M)=0 for a sufficiently small p,

then (M, F) is called a filtered Dx-module. When Gr” is a coherent
Gr"Dx-module, F is called a good filtration. Let MEF+(Dx) be the category
consisting of filtered Dx-module (M, F) such that M is regular holonomic
and F is a good filtration. This is not an abelian category but an exact
category.

For a projective morphism 7 : X~ Y and (M, F)&E MF.(Dx), an object
F+(M, F) of the derived category consisting of complexes of filtered Dy-
modules is defined (see [Sa2: Section 2]). Forgetting the filtration this
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L
coincides with Rf*(qugwn). When f+(M, F) is strict, that is,

I(F ol H, F))) > I (R w(Dyx®H)) (= I o(H))

is injective for any 7 and p, a good filtration of H F«(M) is given by
Fo(Hf (M) =H(Fp(f«(M, F))). This object of MF.(Dy) is denoted by
Hf (M, F).

When f is a closed immersion, H7f«(M)=0 for j#0 and f«(HM, F) is
always strict. f«(M;, F) (=Hf (M, F)=(f«(Dy-x@M), F)) is given by :

FP(f*(DIN—X®ﬂ))=f*(§Fq(DY‘—X)®Fp—q+dimX—dimY(J'Z)) y

where the filtration of Dy«x is induced from that of Dy.
When X=Y XZ and f: X- Y is the projection (Z is a projective

L
non-singular variety with dimension m), Dy<—xb®jn is quasi-isomorphic to
X

the relative de Rham complex :
DRX/Y(“%):[-QJOI/Y@%_’Q}(/YO@XW_) "'—’.Q}"/Y@um] ,

where 2%,y is the sheaf of relative differential forms of degree 7 and the last
term 2% y@M has the complex degree 0. With the filtration :

FP(DRX/Y(ﬂ))z [Q)(}/yg?Fp(ﬂ)“’ g -Q;‘/YO®XFp+m(~m)] ,

DRx;y(M, F)=(DRx;v(M), F) is a complex of filtered 7 'Dy-modules.
Then f«(M, F) is strict if and only if the homomorphism
j[j(Rf*(FP(DRX/Y(ﬂ))))‘*ﬂj(Rf*(DRX/Y(ﬂ))) (:j[if*(j]{)) is injective
for any j and p, and in this case H'f«(M, F) is given by Fp(H'f«(M))=
Y (Rf «(Fp(DRxv(M)))).

Example. Let f: X— Y be a P'-bundle. We define a good filtra-
tion of Ox and Oy by Gr/"Ox=0 and Gr;"Oy=0 for j#0. Then it is easily
seen that f+(Ox, F) is strict and H7f«(Ox, F)=0 for j+*1, 4 'f+«(Ox, F)
=(0y, F) and H'f+«(Ox, F)=(Oy, F[—1]). For an increasing filtration F/
and nEZ, F[#] is a new filtration given by F[#],=Fp_n.

1.3. Pure Hodge modules

Let X be a non-singular algebraic variety over C. We denote by
Perv(Cx) (resp. Perv(@x)) the abelian category of perverse sheaves over C
(resp. @) on X([BBD]). For a regular holonomic Dx-module M
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DRx(am) = Rﬂ[ Omea,,( OXan, Dxa,,gbgm)[dimX]

belongs to Perv(Cx) and the functor :
DRx : Mw(Dx)— Perv(Cx)

gives an equivalence of abelian categories (the Riemann-Hilbert correspon-
dence, [K], [Mel, 2], see also [Be] for the algebraic version stated above).
It is known that the functor DRx is compatible with direct images and
inverse images, that is, we have:

DRY°(ﬂjf*)=(pﬂ[jf*)°DRx , DRY"(ﬂ[jfg):(pﬂ[’fg)"DRx y
DRxo(Hf)=(H'f)> DRy, DRxo(IH'f*)=(IH'f*)°DRy,

where 4’ is the perverse cohomology.

Let MF.+(Dx, @) be the fiber product of the categories MF(Dx) and
Perv(@x) over Perv(Cx). An object of MFw(Dx, @) is a triple (M, F, K),
where M is a regular holonomic Dx-module, F is a good filtration of M
and K is a perverse sheaf over @ with a given isomorphism DR(M)=~C

@K . A fully faithful functor:

¢x" . VSH(X, n)-"MFrh(Dx, Q)
is defined by :
L(H, F)=(MH), F, H[dimX]) with F,=F"*

(see Section 1.1).

In [Sal, 2] certain full subcategories MH(X, £)* and MH:(X, k)? of
MF..(Dx, @) are defined. Here £ is an integer and Z is an irreducible
closed subvariety of X. We do not reproduce their definitions but list
some properties which will be used later.

(pl) MH(X, k)? and MH.(X, k) are abelian categories whose mor-
phisms are always strict with respect to F.
(p2) MH(X, k)"=(—129MHz(X, k)?. That is, any object of MH(X, k)?

is decomposed uniquely into the direct sum of the objects of MH:(X, k)?,
and if V. MH; (X, k)? (i=1, 2) with Z1% Z,, then Hom(V,, CV/5)=0.

(p3) Let X be the union of open subsets U, and let V& MF..(Dx, @).
Then Ve MH (X, k)? if and only if V|U,& MH(U,, k)? for any A.

(p4) If V=(M, F, KYe MH(X, k), then
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V(m=(HDQ(w), Fln], KQQ(n)EMH(X, k=2n),

where @(#n)=Qxv—1)"QC C and Flz]p=Fp-n.
(p5) ¢x"(H, F) belongs to MHx(X, n+dimX)? for (H, F)e VSH(X,
n)?. Especially

Lx=(0x, F, Qx[dimX]) with GrfOx=0 for i+0

is an object of MH(X, dimX)*.

(p6) For an object (M, F, K) of MH.(X, k)?, there exist a non-
singular open subset U of Z (Y=Z—-U,i: ZSX, io: USX—Y) and (H,
F)eVSH(U, k—dimZ)”? such that K=ixJC(H) and (M, F,K)|X—Y =
(tox(M(H), F), toxH[dimZ]). Here JC (H) is the DGM -extension of H(see
[GM], [BBD]).

(p7) Let (M,F,K) and (M, F,K’) be objects of MH,(X, k)’.
Choose a non-singular open subset U of Z and (H, F), (H’, F")e VSH(U,
k—dimZ)? so that U and (H, F) (resp. (H’, F’)) satisfy the conclusion of
(pb6) for (M, F, K) (resp. (M, F’, K’)). Then any morphism from (H, F)
to (H', F’) in VSH(U, k—dimZ)” extends uniquely to a morphism from
(M, F,K) to (M, F',K’) in MHz(X, k)*. Especially (M, F, K) in (p6) is
uniquely determined by U and (H, F).

(p8) For a projective morphism f: X— Y of non-singular varieties
Fx(M, F) is strict for V=(M, F, K)e MH(X, k)* and

Hf (V) :=(If (M, F), " Hf(K)EMH(Y, j+ k)" .

(p9) Let f: X~ Y and g: Y—Z be projective morphisms of non-
singular varieties. Then ﬂj(gof)*(q/)=(—kB(ﬂ("g*)(ﬂ[j""f*)(CV) for Ve
MH(X, n)*.

Definition. Let Z be an irreducible closed subvariety of a non-
singular variety X with singular locus Zsme and natural inclusion 7:
Z — Zsing=> X — Zsing. It follows from (p2), (p6), (p7) and the desingulariza-

tion theorem of Hironaka that there exists a unique object <V of MH (X,
dimZ)? such that V| X — Zsng=ix-Lz-z00s. We denote this &V by L(Z, X).

Example. If f: X~ Y is a P'-bundle of non-singular varieties, we
have H'f«(Lx)=0 for j+=*1, H ' fu(Lx)=Ly and K f(Lx)=Lv(—1).

1.4. Mixed Hodge modules
For a non-singular variety X let MHW(X)” be the category consisting
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of quartets (M, F, K, W) where (M}, F, K) is an object of MEF(Dx, @) and
W is a finite increasing filtration of (M, F, K) in MF.«(Dx, @) such that
Gr."(M, F, K) is an object of MH(X, k)? for any k. In view of (pb) we
have a natural functor :

¢x: VSHM(X)? > MHW(X)? .

Saito has defined a certain full subcategory MHM(X) of MHW(X)?
and additive functors:

IHf . MHM(X)-»MHM(Y), /% MHM(Y)~ MHM(X)

for a morphism f : X = Y of non-singular varieties (¥7f« and H’f' are also
defined. But we do not use them.). We list some of their properties in the
following ([Sa3~5]).

(ml) MHM(X) is an abelian category whose morphisms are always
strict for both F and W.

(m2) MHM(X) is closed under subquotients in MHW(X)?.

(m3) If HA(MF, K, W)=(M,F',K', W), then M =9"f(M) and
K'=*9f(K).

(md) H M F, K, W)=(M,F’,K’, W), then M = f*(M) and
K =*30F%(K).

(mb) I V=(M, F, K, Wye MHM(X), then we have:

V(n): =(ﬂ(?@(n), Fln], K@Q(n), W(—2n))E MHM(X) .

(m6) For a short exact sequence 0V ,—V,—» V30 in MHM(X) we
have a long exact sequence :

o IA(V) - I (Vo) » IHf(Vs) > I A(CV) - -

in MHM(Y) which coincides with the usual long exact sequence caused by
Hf (resp. *H’f) on the level of Mm(Dy) (resp. Perv(@v)).

(m7) For a short exact sequence 0—V, =V, >V, -0 in MHM(Y) we
have a long exact sequence :

2 HHV) > IS HV ) I H V) S0P V)

in MHM (X)) which coincides with the usual long exact sequence caused by
JF* (resp. PH7F*) on the level of Mm(Dx) (resp. Perv(@x)).

(m8) Let f: X~—Y be a smooth morphism with relative dimension .
(Hence H’f*=0 for j+m.) Set (H™"f*M F, K, W)=(M,F' K, W)
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for (M, F, K, W)eMHM(Y). Then we have:
ﬂ’=0xf® M, K'=PH"HK), Fp(M)=0xQf (Fp(HM)),

Wo( M, F', K")=(M", F",K") with
M= Ox@f (Wa-n(M)), K'=PH"f*(We-n(K)),
Fy (M) = 0xQ®f " (Wa-n(TH) N Fp(HM)) .

(m9) Let f: X— Y be a projective morphism. For an object V=
(M, F,K, W) of MHM(X) with Gr." &V =0 for i+k, we have Gr.”
(H7A(CV))=0 for i==j+ k£ and Gri(I7f(V)) coincides with Hf«(M, F,
K) in the sence of Section 1.3.

(m10) For V=(M, F, K, W) eMHM(X) and V'=(M', F', K, W)E
MHM(X’) we have :

WXV =(MXIM, F”, KIXIK', W)e MHM(X X X'),
Wlth F£= ;FqFﬁ—q and W”:g Wq Wp’-—q.

(m11) Let f:X—Y be a morphism of non-singular varieties and 7T a
non-singular variety. For a natural morphism fX1: XXT->YXT we
have :

JO(f X DAV XV ) =(H [V )XV,
IO (f X DX (VXY ) = (HIF*V)XICV,

(m12) For a closed immersion f: X~ Y, fi(=JY(°f) gives a category
equivalence between MHM(X) and the full subcategory of MHM(Y) whose
objects are supported in X. Its quasi-inverse is J(°f*,

(m13) Let :: Y- X be a closed immersion of non-singular varieties
with codim Y=1. Setj: U=X—-YSX. For Ve MHM(X) we have an
exact sequence :

0 i(H1*V) = (HOj)*V) > V> i(H* V)~ 0

(Note that H*i*=0 for £+0, —1 and H*;,=0 for £+0.)

(m14) (Lx, W) with Gr"(Lx)=0 (k+dim X) belongs to MHM(X).
Hence (L(Z, X), W) with Gr."(L(Z, X))=0 (k+ dim Z) belongs to
MHM(X). (Lx, W) and (L(Z, X), W) will be denoted by -Lx and -L(Z,
X) in the following.

(m15) If f: X~ Y is a morphism of non-singular varieties and ¢v(H)
eMHM(Y) for HE VSHM(Y)?, then H ‘f*(¢v(H))=0 for j+ dim X
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—dim Y and K49 f* (¢, (H))=¢x(f*(H)). Especially we have
j[dlmX—dlef*(Iy)z‘:[’X.
.9 f L9 .

(m16) Let X——X——Y and X— Y —— Y be morphisms of
non-singular varieties which form a cartesian diagram.

(a) Assume that f is projective and Ve MHM(X). If Hig™*(CV)=0
(k) and (H'g*NHf)(V)=0 (i*#k) for any j, then (H*g*)(IH/f) (V)=
(JANH*g*)(CV) for any J.

(b) If g is smooth with relative dimension m, then (H™g*)(H’f)=
(JfNIH™g™).

(m17) Let f: X—-Y and ¢g: Y—~Z be morphisms of non-singular
varieties.

(a) If W eMHM(X) satisfies (H f)(V)=0 for i+ £k, then
H(go )H(V)=(IH*g)(I*F)V).

(b) If g is a closed immersion, H’(g°f)i=gio(H’f).

(m18) Let f: XY and g: Y—Z be morphisms of non-singular
varieties.

(a) If Ve MHM(Z) satisfies (H1g*)(V)=0 for i+ k, then H’(gof)*(V)
=(HHNIHPg*N(D).

(b) If f is smooth with relative dimension m, % ’(gef)*=(J9 ™f*)
(I7~mg*).

Using the terminology of the derived category the properties (m16~18)
above can be formulated without assuming vanishing of cohomologies ([Sa
4]). Here we formulate them in a weaker form.

We denote the Grothendieck group of MHM(X) by KH(X). For a
morphism f: X - Y of non-singular varieties, Z-linear maps f: KH(X)~
KH(Y) and f*: KH(Y)-» KH(X) are defined by f|([CV])=§}(—1)J

[SCA(V)] and FH(VD=2(=1Y[IFH(D)].

(ml16") If g is smooth or f is projective in the cartesian diagram of
(m16), then the two maps g*°f and fiog’* from KH(X) to KH(Y’) coin-
cide.

(m17) Let f: XY and g: Y—Z be morphisms of non-singular
varieties. Then the two maps g°f and (g°f) from KH(X) to KH(Z)
coincide.

(ml18) Let f: X-Y and g: Y—Z be morphisms of non-singular
varieties. Then the two maps f*°g* and (g°f)* from KH(Z) to KH(X)
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coincide.

Let pt be the algebraic variety consisting of a single point. Set R=
KH(pt). R is endowed with a ring structure via the tensor product [X]
(commutative with unit [-£:]) and the Laurent polynomial ring Z[q, ¢7"] is
a subring of R (¢g'<[L ».(—7)]). We have an R-module structure on
KH(X) via the tensor product X] and f/* and /. are R-homomorphisms.

1.5. Hodge modules with group actions

Let G be an algebraic group over C acting on a non-singular algebraic
variety X. Let m: GXG-G and 0: GX X~ X be the product in G and
the action of G on X, respectively.

Definition. A Hodge module on X with G-action is a pair (V, ¢),
where €V is an object of MHM(X) and ¢ : (H4™Ca*) (V) - (H¥™mCp,*) (V) is
an isomorphism in MHM(G X X) such that the two morphisms
((HUmCpye*) p)o (I AME(1e X 0)* @) and (HU™C(m X 1x)* @) from HZmE(go(1c
X 0))* (V)= K> (go(mX1x))*(V) to H*™(pao pas)* (V)= I > (peo(m
X1x)*(V) in MHM(G X G %X X) coincide. Here p.: GX X~ X and pus: G
X GX X—-GX X are projections.

The above formalism is due to Mumford. We define a category
MHM(X, G) as follows. An object is a Hodge module with G-action. A
morphism from (V, ¢) to (V’, ¢’) is a morphism u : V-V’ in MHM(X)
satisfying ((H9™Cp,*)u) cp=¢’o ((H4™C6*)y). It is easily seen that
MHM(X, G) is an abelian category. We denote the Grothendieck group of
MHM(X, G) by KH(X).

For a G-equivariant morphism f: X Y of non-singular varieties we
have additive functors:

Hof MHM(X, G)-» MHM(Y, G), J4f*: MHM(Y, G)-» MHM(X, G),
which induce Z-linear maps :
it KHY(X)»KHE(Y), f*:KHY(Y)>KHX).

When X; (=1, 2) are non-singular G;-varieties, we have a bi-exact fun-
ctor:

: MHM (X, Gi) X MHM (X3, G2) > MHM (X1 X X3, Gi X G2)

which induces a Z-linear map :
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s KH(X0)QKH °(X,)~» KH (X1 X Xa) .
z

Especially KH(X) is an R (=KH(pt))-module. It is seen that f and f*
are R-homomorphisms and [X] is R-bilinear.

For a @-local system S on a non-singular variety X we define Hs=(S,
F, W)e VSHM(X) by :

(S,F) (p=0)
0 (p<0).

_[MS) (p=0)

p
= >0

and W, =(

If the monodromy representation of S factors through a finite group, then
Hse VSHM(X)*.

For a homogeneous space X of G we denote by Loc(X, G) the catego-
ry of @-local systems on X with G-actions. This category is equivalent to
the category of finite dimensional representations over & of the finite group
G*/(G*), where x is a point of X, G* is its stabilizer in G and (G*) is the
connected component of G* containing the identity. For S&€Loc(X, G),
Hs belongs to VSHM(X)? and is naturally endowed with a G-action.

Lemma 1.1. Let X be a homogeneous space of G. We assume that
irveducible representations of G*/(G*)° over @ ave absolutely irveducible for
some (and hence for any) point x of X.

(i) For S€ELoc(X, G) ¢x(Hs) belongs to MHM(X) and is naturally
endowed with an action of G.

(1) If S and H are simple objects of Loc(X, G) and MHM (pt)
respectively, then ¢x(Hs)XIH is a simple object of MHM(X, G).

(iii) If V is an object of MHM(X, G) such that Gr."V=0 for i=+#,
then <V is a dirvect sum of the simple objects of the type given in (ii) with
Gr.,"H=0 (i#=k—dim X).

(iv) KHC(X) is a free R-module with basis {¢x(Hs)|S is a simple
object of Loc(X, G)}.

We prepare a lemma in order to prove Lemma 1.1.

Lemma 1.2. Let X be a homogeneous space of G. Choose a point x
of X and set pt={x}, i: ptSX and q: X~ pt. We assume that G* is
connected. Then I "™ * gives an equivalence of abelian categories
MHM (X, G) and MHM (pt). Its quasi inverse is given by H ™ *g*.

Proof. 1t follows from (p6) that any object of MHM (X, G) lies in the
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image of @x. Let VSHM(X, G)? be the category of objects of VSHM(X)?
with G-actions. We have exact fully faithful functors Fx : MHM (X, G)-
VSHM(X, G)* and Fp: : MHM(pt)-» SHM?. Since G* is connected, it is
easily seen that *: VSHM(X, G)” - SHM? gives an equivalence of catego-
ries with quasi-inverse ¢*. By (ml5) we see that 7*o Fx=Fp.o(J[~4m¥;¥)
and g*o Fp;=Fxo(H%™*g*). Hence the lemma.

Proof of Lemma 1.1.

Let f : Xo=G/(G*)°> X =G/G* be the natural map and S, the @-local
system on X with G-action corresponding to the regular representation of
GI/(G.Z‘)o.

(i) Since Lx.& MHM(Xo, G), we have Ox(Hs,)=(H °fi)(Lx,) €
MHM(X, G). Since any representation (over @) of a finite group is a
direct sum of irreducible representations and since any irreducible
representation is a direct summand of the regular representation, @x(Hs)E
MHM(X, G) for any S&€Loc(X, G) by (m2), and (i) is proved.

(i) Let SHM(G*/(G*)*)? be the category of polarizable mixed Hodge
structures with G*/(G®)*-actions. As in the proof of Lemma 1.2 we have
fully faithful functors:

MHM(X, G)~ VSHM (X, G)*> SHM(G*/(G*)")".

Hence it is enough to show that H®V is a simple object of SHM(G*/
(G*)°)? if H is a simple object of SHM? and V is an irreducible G*/(G*)*-
module over @. This follows from our assumption on G*/(G*)".

(iii) By Lemma 1.2 there exists an object H of MHM(pt) such that
(Jf*)NV)=LxXIH with Gr:?H=0 (i+k.—dim X). Since SH(n)” is a
semisimple category, H is a direct sum of simple objects by (m2). There-
fore the assertion follows from the fact that €V is a direct summand of
(HfIIFNV)= Ox(Hso)XIH .

(iv) This follows from (ii) and (iii).

Proposition 1.3. Let X be a non-singular G-variety and Y a G-orbit
containing xEX. Set Y=Y —Y and i : YSX—0Y. We assume that
any irreducible representation of G*/(G*)° over @ is absolutely irreducible.
For simple objects H and S of MHM((pt) and Loc(Y, G) respectively, there
exists a unique simple object &V of MHM(X, G) such that V|X—9Y =
Z'!(fﬁy(Hs)H).

Proof. Since H is simple, we have Gr;"H =0 (j#£k) for some k. If
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such ¢V exists, the underlying object <V, of MHM (X)) satisfies the following
condition :

(P) V| X —0Y =i(@y(Hs)XIH), Gr;*(V))=0 (j#+n=Fk+dim Y) and
Gr."(€V,) is an object of MH7(X, n)?’.

If there exists V& MHM(X) satisfying (P), the action of G on @v(Hs)
(X]H uniquely extends to that of G on <V, by (p7) and the resulting object
of MHM(X, G) is simple by (ml2). Hence it is enough to prove the
existence of &V,& MHM(X) satisfying (P). This follows from the desin-
gularization theorem of Hironaka and the arguments as in the proof of
Lemma 1.1.

Notation. We denote & in Proposition 1.3 by L(Y, X, S, H). Set
I(Yy Xy S):I()_/’ X) Sy '[’Pt)-

Lemama 1.4. We have L(Y, X, S, H)=L(Y, X, S)XH.

Proof. ltis easy to see that L(Y, X, S)X|H satisfies the condition (P)
in the proof of Proposition 1.3.

Proposition 1.5. Let X be a non-singular G-variety with finitely many
orbits. We assume that irreducible representations of G*/(G*)° over @ arve
absolutely irreducible for any point x of X.

(1) If XV is an object of MHM(X, G) such that Gr,*<V=0 for i+k,
then SV is a dirvect sum of the simple objects of the type L(Y, X, S, H),
where Y is a G-orbit, S and H are simple objects of Loc(Y,G) and
MHM((pt) respectively with Gr,"H=0 (i#=k—dim Y).

(i) KHCS(X) is a free R-module with basis {{L(Y, X, S)I(Y, S)},
where (Y, S) is running through pairs of a G-orbit Y and a simple object
S of Loc(Y, G).

Proof. (1) Since Gr.”(V) is an object of MH(X, kE)?, we have a
direct sum decomposition GrkW(CV)zeyBCV y (Y is a G-orbit and ¢Vy is an

object of MHv7(X, £)?) in MH(X, k£)”. Then each <Vy (with Gr,"Vy=0
for j=£) is an object of MHM(X, G). Hence we may assume that
Gr” (V) belongs to MH#(X, k)*. Set Y=Y —Y and i: YSX—09Y.
By (m12) there exists an object &V, of MHM(Y, G) such that V| X —3Y =
#(V1) and Gr.”(V,)=0 (i #£). Hence the assertion follows from Lemma
1.1, Proposition 1.3 and (p7).

(ii)) This follows from (i) and Lemma 1.4.
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§2. Equivariant K-theory and Hodge Modules with Group Actions

2.1. Equivariant K-theory (see [Th])

Let G be an algebraic group and 7: XSY a G-equivariant closed
immersion of G-varieties (not necessarily irreducible nor non-singular).
We denote the abelian category consisting of coherent Oy-modules with G-
actions supported in X by C%(X, Y). Let K%(X, Y) be its Grothendieck
group. When M is a bounded complex of Oy-modules with G-action so
that each 4 ‘(M) belongs to C°(X, Y), we set [M]=Z(—1)"[J{ (M)]e
KX, Y). Since the exact functor ix: C°(X,X)- C%X, Y) induces an
isomorphism 7% : K°(X, X)»K°(X, Y), K°(X, Y) does not depend on the
choice of the ambient space Y. When we do not have to specify Y we
denote it by K°(X). The abelian group Rc=K(pt) is endowed with a
ring structure and K°(X) is an Rs-module via the tensor product (R is
called the representation ring of G.).

Let Y: (=1, 2) be G-varieties, X; G-stable closed subvarieties of Y;
and f: Y1~ Y; be a G-equivariant morphism. When 7(X)) is contained in
X; and X, X; is proper, an R¢-linear map :

fe: K(X, Y1) K%(Xz, Y2)
is defined by f«((M])=[Rf«(M)]. When 7 '(Xz) is contained in X, and Y-

is non-singular, an R¢-linear map:

f*: KX, Y2)» K6(X, Y1)

is defined by f*([(M])=[Lf*(M)]. Let X: (:=1,2,3) be G-stable closed
subvarieties of a non-singular G-variety Y so that XiN X.C Xs;. Then

®Z KG(XI, Y)@Kc(Xz, Y)—’KG(Xa, Y)

L
is defined by [M1]®[Mz]=[M1§<>Mz]. Note that 7« does not depend on the

choice of the ambient space while /* and ® do.
The following well-known facts will be used frequently later.

Lemma 2.1. (projection formula). Let f: Y1— Y be a G-equivariant
morphism of non-singular G-varieties. When M; (i=1,2) are coherent
Oy,-modules with G-actions so that Supp(M)— Y. is proper, we have :
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Rf*(MlgL@Lf*(Mz))ZRf*(Ml)gI?Mz .

Lemma 2.2. (smooth base change theorem). Let f: Yi=Y: and gz :
Yy = Y2 be G-equivariant morphisms of non-singular G-varieties. Set Yi'=
Y11>/< Yy and let g: Yi'~ Y1 and f: YV~ Y: be natural maps. We assume

that g» is smooth. When M is a coherent Cy,-module with G-action so that
SuppM — Y, is proper, we have :
ng*°Rf*(M):Rf*'°L91*(M) .

2.2. Coherent sheaves on the cotangent bundles associated to
filtered D-modules

For a non-singular variety X over C, we denote the cotangent bundle
by p: T*X~-X. The Ox-algebra Gr’Dx is naturally identified with
pxOrx. For an object (M, F) of MF~(Dx) we have a coherent Or.x-
module :

gr(M, F):=0rx & p~(Gr" ).

The group C* acts on T*X by z:(x, £)=(x, z£) (x is a coordinate of X
and £ is a coordinate of fibres.). We have a natural C*-action on gr(H, F)
by :

z:(f(z, O)@m.)=f(x, 2 'E)R®z 'm.
(ZE C*, f(l', S)E Or+x , WLIEGI‘IFJM) .

For a morphism f: X—- Y of non-singular varieties, set Qx/,v=
ng@ F*¥(82y7"). Consider the following commutative diagram :

Tyl x Y>§X—'O—f> T*X

by Dxiy Dx

Y X

Here morphisms are the natural ones.

Lemma 2.3. Let f: X> Y be a projective morbhism of non-singular
varieties and (M, F) an object of MFwm(Dx). If f«(M, F) is strict, we
have :
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gr(ﬂif*(ﬂ, F))Z‘g{i(R(l—)f*(Lpf*(gr(jn; F)o®. Dx*-Qxxy)))@C) Vaimx -aimy ,

as a coherent Or-x-module with C*-action, where V; denotes the one-
dimensional C*-module such that the action of zEC* is given by the
multiplication of z'.

Proof. We first consider the case when f is a projection. By the
assumption ' (Rf «(Fp(DRx;v(M))))—> I (Rf «(DRx,v(M))) is injective for
each 7 and p and we have H fx(M, F)=(H (Rf+(DRx,v(M))), F) with
Fo(H (Rf «(DRx;v(M)))= H (Rf s(Fp(DRx;v(M)))) (see Section 1.2).
Apply Rf« to the distinguished triangle :

Fp—x(DRX/Y(ﬂ)) - FP(DRX/ Y(jm) - GrPF(DRX/ y(ju)) - Fp—l(DRX/ Y(ﬂ))[l]

and consider the long exact sequence of cohomologies. Then we have a
short exact sequence:

0o IR Fp s DR () > IR s(FoDR 1 (H)))
K (Rf «(Grp"DRx;v(M))—0

for each 7 and . Hence Gri(Hif+(M, F))=H (Rf+(Gr*DRx,;v(M))).

It is easily seen that the natural actions of Ox and f~'Gr Dy on
Grf(DRx,v(M)) induce an f*GrDy-module structure on Grf(DRx,v(M)).
By definition we have:

L L
GI‘F(DRx/y(m))ZGI'FDy-—XGéD GrF'ﬂH=f*GrDyGrQ<g GI'F’:]MO®.QX/Y ,

where F'=F[dim Y —dim X]. Set V=T*Y >§X and p=px,v for simplic-
ity. Then we have:

gr(Hf«(M, F))

=0r+y @ py ' H(Rf«Gr"DRx;y M)

Py 'orDy

zﬂi(OT*Y ® pY—lRf*GrFDRX/yﬂ)

Py 16rDy

=H(Orsvy ® Rvsxp 'Gr'DRx ;v M)

Py-LrDy

=j[i(RCl—)f*(OV ® D_lGrFDRx/yj”)
p~' f*GrDy
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=ﬂ[l(Rajf*(0V é P_I(GI‘F'W@QX/Y)))

P 16rDy

L

L
=9 (Rw;+(Ov & 05 N Orex @ px 'Gr¥ MR px~'2xiv)))

Cf_IOT*X

Py GrDy

=Y (Rws«Los*(gr(M, F’)O® Dx*Qxiv)) .

Since gr(M, Fli])=gr(HM, F )QC<) V_,, the assertion is proved when f is a

projection. When f is a closed immersion, our claim is shown by the
similar arguments as above. Since any projective morphism is a composit
of morphisms of these two types (a closed immersion followed by a
projection), our assertion follows from the above two cases.

Remark. Saito informed us that the above Lemma follows directly
from [Sa2; Section 2.3].

2.3. For a non-singular G-variety X with finitely many G-orbits let /
(= Ax.c)) be the union of the conormal bundles 7.*X of G-orbits O. It is
a G X C*-stable closed subvariety of 7*X. For an object V=(M, F, K,
W) of MHM (X, G) we have an object gr®V : =gr(M, F) of C*“ (A, T*X).
This induces a Z-linear map :

gr: KHO(X) > K (A) =K (A, T*X).

K®*(AN) is an Rexc-module, hence an R¢-module. We identify R¢- with
Zlq, q7'] via [V.]<¢'. On the other hand KH°(X) is an R(=KH(pt))-
module, hence a Z[q, ¢7']-module (see Section 1.3). It is easily seen from
the definition that gr is a homomorphism of Z[¢, ¢ ']-module. The follow-
ing lemma is clear from Lemma 2.3 (compare with [Lal).

Lemma 2.4. Let f: XY be a projective G-equivariant morphism of
non-singular G-varieties with finitely many G-orbits. Then for uc
KH®(X) we have :

gr(fiu)= g™ "™ @ (0, *(gr(u)Q@px*[2x/¥])) .
The following is also clear from the definition.

Lemma 2.5. Let f: X~ Y be a smooth G-equivariant morphism of

non-singular G-varieties with finitely many G-orbits. Then for ue
KHCS(Y) we have:
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gr(f*u)=(—=1)"* "o . (@,*(gr(w))) .

§3. A Realization of Hecke Algebras of Weyl Groups

In Sections 3 to 5 G is a connected reductive algebraic group over C
and X is the flag variety of G.

3.1. It is well-known that the set of G-orbits on X X X is parametr-
ized by the Weyl group W. In fact if we identify X with the quotient G/B
for a fixed Borel subgroup B, X X X is the disjoint union of the G-orbits Y.
containing (B, wB), where w is running through the elements of W.
Moreover we have dimY,=N+[(w) and Y,DY, if and only if w=y,
where N=dimX, /(w) is the length of w and = is the Bruhat ordering on
W. These facts are direct consequences of the corresponding facts con-
cerning B-orbits on X.

Let i»: Y»—> X X X be the natural inclusion. We set:

Iwzf(Yw,XXX) and ﬂw='ﬂ[0iw!(-[yw).
They are objects of MHM(X X X, G). Note that H?7u(Ly,)=0 for j+0
since 7» is an affine morphism. By Proposition 1.5 the R-module KH (X

X X) has a free basis {{Lu]lwE W}. Since [HM,] belongs to [Lu]
+y§wR[.[y], {[My]lwe W} is also a free basis of KH (X X X).

We define p1a: X XXXX->XXXand r: X XXXX->XXXXXXX
by pis(a, b, c)=(a, ¢) and 7(a, b, c)=(a, b, b, ¢). For u, vE KH (XX X)
set

w-v=(—1)"par*(uXjv)EKH (X X X).

It follows from (m16’) that this product satisfies the associativity. For s&€
S={simple reflection of W} let X° be the generalized flag variety consist-
ing of parabolic subgroups with semisimple rank 1 corresponding to s and
7s : X~ X*® the natural morphism.

Lemma 3.1. For u€KHS(X X X), sES and wE W we have :
i)  [LeJu=u-[L]=u,
(i)  [Lo]ru=—(mx1)*(ms X (),
(1) w[Lo]=—AXm)* (I X 7)),
(iii)  [Ms]=[Ls]+[Le] and [Ls]=[Ms]—[M],
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L] [Ls]=—(g+DI[Ls],
(VIM]- [(Mp]=[Msw] if sw>w,
(wa]{ﬂs]:[mws] Z:f ws>w .

Proof. First note that ¥s is non-singular and hence £s= 7 (L 7°) with
1s: Ys©&XXX. Thus (i), (i), (ii"), (v) (v') follow from (m16’), and (iii)
follows from (m13). (iv) is a consequence of (ii), (m16") and Example in
1.3.

We see from Lemma 1.1 that KH°(Y,) is a free R-module of rank one
generated by [Lv,]. We define an R-linear map:

h: KHS (XX X)»R & H(W)
Z1q,q71]

by :
Mu)= 3 (=1)'ho(u) T with  2*()=ha(u)[Lr.] .

Proposition 3.2. & is an isomorphism of R-algebras.

Proof. We see easily from (m3), (m4), (ml2) that A([HM.])=
(—1){* Tw. Hence the assertion follows from Lemma 3.1.

Lemma 3.3. Let Vi and V., be objects of MHM(X X X, G).
(1) IHr*(VIXV)=0 for j+—N.

Hence [V1]-[Va] =21 [(Ipra) (K" NVIIV)].
(ii) Wp(ﬂ‘NV*(qjlWz)):(ﬂw7*)(2q WV )X wp-q4n(V2)).
Proof. Fix z0€X and let U be the unipotent radical of a Borel

subgroup which is opposite to the Borel subgroup corresponding to xo. We
define

01 XXU-XXX, @2: UXX>XXX, ¢: XXUXX->XXXXX,
ki: XoXXX, kb: X>XXX

by

o, w)=(u-x,u-x0), @rt, y)=C(uu- 20, uy),

o(x, u, )=(u-x, u x0, u*y),

k(x)=(z, z0), kAy)=(x0,¥).

@1, @2, ¢ are open immersions and ki, k: are closed immersions. Consider
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the commutative diagram :
XXX
1

k
XX U—— GX(XXX)

ﬁll Jﬁz

k
X — XXX |

where k(x, u)=(u, x, xo) and o(g, x, y)=(g-x, g-y). For an object &V of
MHM(X X X, G) we have:

S H(EV) = (I Hm =) S ¥)(V)
(SRS (V)
SATRNCY
(S DS ND)
(V)L

in MHM(X X U). Since ¢: is an open immersion, H*¢:*(<V)=0 for i+0.
Hence Hk*(V)=0 for i+ —N, A k* is an exact functor from MHM (X
XX, G) to MHM(X) and ¢:*(V) >~ (I Vke*(V))X]-Ly. Under this identi-
fication we have :

(AR N W VNXIL v = o (Wp(V))
= Wp(g:*(V))
=~ Wo((H VR * (V)KL y)
=Wo-n(L "X (V)X Ly,
and hence Wo(H "ki*(V))=H ""ki*(Wp+n(V)). In consequence we have :
e (V) =(H e (V)X Ly,
Wol Kl (CV1) =K~ k(W n (V1)) .
Similarly we have:
92" (Vo) = LyX(H "k (V2))
Wol Kl ( V)=~ ko™ (W n(V2)) .
Let 4: U~- U X U be the diagonal embedding. Since 7°¢=_(¢1X ¢z)o(1X 4
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X 1), it is easily seen that:
PHIPH(VIXIV2))=0 for i+—N,
PHI V¥ ( VRV ,) = (I R M (V)KL o[ XN I VR (V)
PRI (W VIV)) = X (AN Wo VX W-an(V2)).

Hence the lemma.

3.2. Kazhdan-Lusztig Polynomials and £,
For each w& W there exists a unique element C.” of H(W) of the
form :

Co’=(— l)l(mygwpy-"'@) Ty=(— q)t(w)ygwpy,w(q~l) Tyoi?

such that Pu,»(g)=1 and P,,.(q) is a polynomial in ¢ with degree=(I(w)
—1(y)—1)/2 for y< w([KL1]). For y<w with /(w)—/(y) odd, we denote
the coefficient of g ~*=Y2 in P, .(q) by u(y, w). The following two
lemmas are known.

Lemma 3.4 (KL1]). Let s€S and we W.
(1) If sw>w, we have:

Cs"Cw”= Csw”"‘zﬂ(Z, W)q([(w)_l(2)+l)/2Czl/ ,
r4
where z is running through elements of W so that z<w, sz<z and I(w)

—1(z) is odd.
G)If sw<w, we have :

Cs"Cu"=—(g+1)Cu" .

Lemma 3.5 ((KL2], [Sp]). Let s€S and w, yE W.
1) If j+1(w)—I(v) is odd, then *H7i,*( L (Y.,))=0.
(1) If sw>w, we have:

PN (s X )P I (s X 1)L (V)

[ ~ (7%0)
T\ L (Yo)®@L (V)= (j=0),

where z is running through elements of W so that z<w, sz<z and [(w)
—1(2) is odd.
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(iii) If sw<w, we have :

0 (G+=+1)

PY N s X D) H (s X D( L (Yw))= L(V.) (G==1)

Lemma 3.6. Assume sw>w for s€ES and weEW.

(1) HYmsx1)*H(msx1)(Lw)=0 for j=+0.

() Gra”(I (e X V)* Kt X (L) =0 for k+N+1(w)+1.
(i) Lsw is a divect summand of H'(ms X1)*H(ms X1)(Lw).

Proof. (i) is clear from Lemma 3.5. (ii) follows from the fact that
s X1 is projective and smooth with relative dimension 1.

(iii) It follows from (ml16) that -Ls» and H'(7s X 1)*H (s X 1)(L W)
coincide on (X X X)—(Ysw— Ysw). Hence the assertion follows from (ii).

For a non-singular G-variety V we denote by KH(V)* (resp. R*) the
set of the elements in KH (V) (resp. R) represented by objects of MHM(V,
G) (resp. MHM(pt)). Let {H,(i)lyETI, i€ Z)} be the set of isomorphism
classes of simple objects of MHM(pt). For each yEI an integer =, is
determined by Gr."(H,)=0 for i#+#n,. We may assume that Hy,=Lp:.
Then we have:

R+=7(—EDFZ§0[H7'(Z')]=7@FZEO[Q, q_l][H7] 3

KHAXXX)'= @ R*[La],

KH(Y,)"=R"[Ly,].

Proposition 3.7. Let s€S and y, weEW.
() B(LDE(-1)! ™ Z0[q, ¢7*].
(i) If sw>w, we have:

I (s X 1)* I (s X 1)1(L )
=Isw®(@-fz(—(l(w)— [(2)+1)/2)@r=w))
where z is running through elements of W so that z<w, sz<z and [(w)

—1(2) is odd.
(i) If sw<w, we have :
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ﬂl(ﬂsxl)*ﬂj(ﬂsxl)!(«fw)z —['w (;:1)
0 (G+=x1).

(iv) a(L.D)=Cu".

Proof. We first prove (i) and (ii). Assume sw >w for wE W and s&
S. By induction we have only to show the statement :

(%) hy([Lsw)e(=1) 7 [q, ¢7'] for any yE W and
I (e X FIH (s X DL w)= L D@L (= (1w) = 1(2) +1)/2)® #=®),

where z is running through elements of W so that z<w, sz2<z and /(w)
—1(2) is odd,

assuming :

(%) h([LDE(-1)PZ.0(q, ¢7'] for any vy, zE W with /(z)<
[(w).

Set V=" (s} 1)*H(7sx1) (L ). It follows from Lemma 3.6 (ii),
(iii) that we have V=L sw@((z @EJ(Hy(z')(@’”Z-”)I z) for some integers
Mz, where J={(z, 7, 1))EW XTI X Z|z<w, sz<z, [(w)—I(z)=1(mod 2),
n,=1(w)—=1(2)+2i+1}. Since h([Lsw])=(=1)"""" 3 f(q)[H,] for

some f,(q)E Z=olg, ¢'] by Lemma 3.5(i), we have:
(=D h (V)= Z ka)l H]
with
k(@) =)+ B marg (1)@ ([La])) .

On the other hand we have A((V])=h([Ls][Lw])=r{[L))A[LH])
€ H(W) and hence %,(q)=0 for y+7y. Since f;(g), (—1)**~*p([L.])E
Z=olq, ¢7'] and mz,,,:E Z=0, we have f,(q)=0 for ¥+ yo and m.,,,.=0 for (z,
7, 1)&] with y# 7. Thus our assertion follows from Lemma 3.5(ii) and
Lemma 3.6(i1).

(iv) This is easily proved by induction on /(w) in view of (ii) and
Lemma 3.4(i).

(i11)) Since Gr " (I N zasx1)* H (s x1) (Lw)) =0 for k+=N+I{w)+J
+1, the assertion follows from (iv) and Lemma 3.5 (ii).
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Definition. Let A be the full subcategory of MHM (X X X, G) consist-
ing of Ve MHM(X X X, G) so that Gr:"<V is a direct sum of the simple
objects of the form L.,(%) with /{(w)+N—2n="F.

It is easily seen that A is an abelian category.

Lemma 3.8. For VeMHM(X X X, G), ([VNEH(W) if and only
if Ve, Especially, we have M= for any weW.

Proof. 1f [Cv]zrgfr,w(Q)[Hr-Ew] (fr(@)E Zz0lq, ¢7']) for an

wew

object V of MHM(X X X, G), then A([V])= Erfy,w(q)[H,]Cw”. Thus

wew

r([V])e H(W) if and only if composition factors of €V are of the form £
»(n) with wE W and EZ. Hence the lemma.

Proposition 3.9. (Ipa (K "r*)(WVIXIV)EA for any j and V),
V,e .

Proof. By Lemma 3.3(1)) we may assume that Gr.”"<V,;=0 for k+n; (:
=1,2). Then by Lemma 3.3 (ii) we have Grs" ((H7p1ai)(I V7 *)(VXIV,))
=0 for k#+n+; with n=un1+n.—N. Hence we have:

(Spa) (SN PRV = 3 i LdRH)

= 2> m-,’;,',,iqi[H7] w”

(w,7,i)e];

where J;={(w,7,))E WXIT'XZ|IN+I(w)+n,+2i=n+;} and mi.,.:E Z=o.
On the other hand we have:

SV U ( AP NV IV =[ V] [Veo]E H(W)

by Lemma 3.8. Hence m,,,;=0 for y# 7 and the assertion is proved.
In consequence we have the following.

Theorem A. (i) The Grothendieck group K(A) of the abelian
category A is endowed with a Z[q, ¢ '-algebra structure by :

(V] [V.]= ?( =1V (I pra) (I r*(VIXIV,)]

and

g"[V]=[V(—n)].
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(i1) K(A) is isomorphic to H(W) as a Z|q, q']-algebra via the corre-
spondence :

[My]>(=1)"" Ty  and [Iw}H(_l)l(w)yngy,w(Q)Ty.

3.3. Let K be a closed subgroup of G which is either

(a) a Borel subgroup of G,
or

(b) a subgroup of G’ containing (G’)°, where § is an involutive
automorphism of G.

Then it is known that the number of K-orbits on X is finite and for any
€ X the component gvoup K*/(K*)" of the stabilizer K* is isomovphic to
(Z/2Z)" for some N=0 (see [Ma],[LV]).

For a K-orbit O on X and a simple object S of Loc(O, K), we set:

L(0,8)=L(0,X,S) and MO, S)=H"i(D.(Hs)),

where 7: O— X is the natural inclusion (see Section 1.5). Let A* be the
full subcategory of MHM(X, K) consisting of V& MHM (X, K) such that
for any k€ Z Gr.” (V) is a direct sum of the objects of the form -L(0, S)(#)
with £4=dimO—2xn. We define pi: XXX~->X and ¢: XX X->XXXXX
by p(a, b)=a and q(a, b)=(a, b, b).

Theorem A’. (i) M(O, S)e A .

(ii) Both of {[-L(0, SO, S)} and {{HM(O, S)IO, S)} are bases of
K(A") over Z[q, q7'].

(ili)) For Ve and TN A* we have (K g*)(CVIXIN)=0 for j+—N
and (Kpo)(H Vg VXN)EAX for any .

(iv) Aun action of the Z|q, ¢ ']-algebra K(A) on K(AX) is defined by

[V [N =Z2=1Y LI )(H ") VKT

Hence K(A¥) is an H(W)-module.
(v) When K is of type (a) (hence a Borel subgroup B), K(A®) is
isomorphic to K(A) as a left H(W)-module via the correspondence :

[L(Xw, ][ Ly] and  [HM(Xw, @)J=[Mu-1].

Heve X is the Schubert cell BwB/B.
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(vi) When K is of type (b), let M be the H(W)-module constructed in
[LV]. It has two free bases {8|10€ D} and {Cs|6€ D} over Z[q, g7 '], where
D is the set of the pairs (O, S) of K-orbits O and simple objects S of Loc(O,
K). Then K(A¥) is isomorphic to M as an H(W)-module via the corre-
spondence :

[H(O, $)]=(=1)*"6 and [L(O, S)]=(~1)""°Cs
with 6=(0, S).

The proof is similar to that of Theorem A.

§4. Equivariant K-Theory and Hecke Algebras of Affine Weyl Groups

4.1. Hecke algebras of affine Weyl groups

Let B be a Borel subgroup of G and 7" a maximal torus of G contained
in B. We choose an ordering on the root system so that the weights of
Lie(G)/Lie(B) are positive roots. The Weyl group W (=Nc(T)/T) acts
naturally on the weight lattice P (=Hom(B, C*)=Hom(T, C*)). We
denote the semidirect product WocP by W, and call it the affine Weyl
group of G.

When G is an adjoint group, W, is a Coxeter group and the Hecke
algebra H(W,) is defined. Besides the usual Iwahori-Matsumoto relation
([IM]), there is another presentation of H(W.,) due to Bernstein. Let us
recall Bernstein’s description of H(W,). (It is also defined for general G.)
Let a@s be the simple root corresponding to s&€S. The Hecke algebra
H(W.,) is a Z[q, ¢"']-algebra which satisfies the following conditions (%1)
~(h3).

(k1) H(Wa)=H(W)Ztgﬂ‘]Z[q,q“][P] asa Zlq, ¢"']-module.

(h2) H(W)-H(W.) (h-h®1) and Zlgq, ¢ '][P]->H(W.)(u~
1&®u) are algebra homomorphisms.

We view H(W) and Z[q, ¢ '][P] as subalgebras of H(W,). The
element of Z[q, ¢ '][P] corresponding to A€ P is denoted by 9, when it is
regarded as an element of H(W,).

Fas(9a

(h3) Tsh=08swmyTs+(g— 1)—(95‘“)) for s€S and AEP.
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4.2. A result of Ginsburg and Kazhdan-Lusztig

For x€ X let B: be the corresponding Borel subgroup and n. the Lie
algebra of the unipotent radical of B:. We consider the equivariant K-
homology group K°*“(Z) of the variety

Z={(z,y, A)EX X X XLie G|AEn.Nn,},
where the action of GX C* is given by :
(9,2)(x,y, A)=(g-x, gy, 2Ad(g)A) .

Since the representation ring R¢" of C* is identified with Z[q, ¢7'] via
[z-z']eq!, K*(Z) is a Zlq, g ']-module. Ginsburg and Kazhdan-
Lusztig have defined an (H(W.), H(W,))-bimodule structure on K°*¢(Z)
and shown that it is isomorphic to the two-sided regular representation
([KL4], [Gi2]). We explain this slightly modifying the formulation of
Ginsburg.

Since the dual space of Lie(G)/Lie(B.) is naturally identified with n.
via the Killing form, the cotangent bundle 7*X of X is identified with the
variety {(x, A)€ X xLie(G)|A€n,}. Hence we can view Z as a GX C*-
stable closed subvariety of T*X X T*X={(x, y, A, A)|AEn,, A’En,} by
(x,y, A)eo(x, v, A, A). Let p,: T*XXT*XXT*X->T*XXT*X and
p.: T*XXT*XXT*X—-T*X be the projections and p: T*X—=X the
cotangent bundle. It is easily seen from Lemma 2.1 and 2.2 that a
Z[q, ¢ ']-module structure on K*(Z) (=K (Z, T*X X T*X)) is given
by:

1 M2 = Prax(Pr2* M1 Q) pas* ma@ p2* p*[ 2x ]) .

For A€ p let O(A) be the invertible Ox-module consisting of sections of
the line bundle on X with G-action such that the action of B: on the fiber
at r€ X is given by A. For s€S we denote the closure of {(x,y, A)EZ|
(x,y)€ Y} by Zs. It is a G-equivariant vector bundle over Y, via the
natural projection ps: Zs— Ys. Letj: T*X - T*X X T*X be the diagonal
embedding and js: Zs— T*X X T*X the natural inclusion. We set:

e(D)=7xp*[0ONR®L2x7']) and as=jsxds* ([ Q27 1xxx])

for A€p and s€S. They are elements of K> “(Z)=K®* “(Z, T*X X
T*X).
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Theorem 4.1.([Gi, 2]). K®*°(Z) is isomorphic to H(W,) as a
Zlq, g ']-algebra via the correspondence :

gas——(Ts+1)(s€S) and e(—A)ed (A€)).

4.3. Let a be the involution on T*X X T*X given by a(x, y, A, A")=
(z,v, A, —A"). Since Axxx,c)={(x,y, A, —A)ET*X X T*X|AEn.N ny},
we have a(Z)=Axxx.c). We set:

y=q"(a*egr): K(A)-» K (Z).

Theorem B. 7 is a homomorphism of Z[q, q ']-algebras. If we iden-
tify K(A) and K€*°(Z) with H(W) and H(W.), respectively, then y
coincides with the natuval inclusion.

Let K be a closed subgroup of G which is either of type (a) or (b) in
Section 3.3. Let g:: T*X X T*X - T*X be the obvious projections (;=1
2). It is easily seen that an action of K*¢(Z) on K**“(Ax.x)) is defined
by :

m*n=qx(mPg*n®q*p*[2x]) (MEK*(Z), nEK**“(Aix.x))) .
Especially, K**(Ax,x)) is an H(W)-module.

Theorem B'. gr: K(A*)-> K**“(Aw«x.x)) is a homomorphism of
H(W)-modules.

We give the proof of Theorem B. Theorem B’ is proved similarly.

Proof of Theorem B. Let o: Y.~ T*Y. be the zero section. Since
Le=1ex(Lv.) and gr(Ly,)=0x(0y.), we see from Lemma 2.5 that y([-L.])=
e(0). Similarly we have y([-Ls])=gas for s€S. Hence it is sufficient to
show y([Ls]-m)=gqas-y(m) for mEK(A). We set u;=g:°js for i=1, 2.
It is easily seen from Lemma 2.1 and Lemma 2.2 that :

as* n=(u1 X 1)x(0a X 1) (n& (5 X p)*([ 2 1xX]Ox]))

for n€K“(Z). On the other hand we have [L ] m=—(msX1)*(ms X
1)x(m). Thus we can see easily from Lemma 2.4 and 2.5 that:

7([Ls]-m)=q(ur X )5 2 X 1)*(7 (m)R(p X p)*([2x:xX]Ox])) .
Hence the assertion is proved.

Remark. Theorem B and Theorem B’ are generalization of the results
in [KT] and [Tal.
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§ 5. Good Filtrations of U(g)-Modules Associated to Hodge Modules

5.1. We denote the enveloping algebra of g=Lie(G) by U(q).

By [BeB] the category of coherent Dx-modules is equivalent to the
category of finitely generated U(g)-modules with trivial central character.
The U(g)-module corresponding to a coherent Dx-module M is I'(X, M),
the space of its global sections. Note that H*(X, M)=0 for :>0([BeB]).
When a good filtration F of a coherent Dx-module M is given (for example
when M is an underlying Dx-module of a Hodge module), the correspond-
ing U(g)-module M =I"(X, M) is equipped with a good filtration via Fp(M)
=I'(X, FpM). A good filtration of a finitely generated U(a)-module is
defined similarly to the case of a coherent D-module using the order
filtration of U(g). Let MF(g) be the category consisting of pairs (M, F) of
finitely generated U(g)-modules M with trivial central character and their
good filtrations F. By the above arguments we have a functor :

I'F: MHM(X)—- MF(g) .

The category MF(g) is not an abelian category but an exact category.
A sequence :

['.._—)(Mi“la F)_’(Mly F)__)(Ml"“l) F)_).”]
in MF(g) is exact if and only if the associated graded sequence :
["'—’GI'FMi—l—’GI‘FMz""GrFMiH—’"']

is exact in the abelian category of GrU(g) (= S(g))-modules.
It is natural to ask whether I'F is an exact functor. Hence we are led
to the following :

Question. Is it true that
(B) H(X,FoM)=0 (i>0,pE2)
for V=(M, F, K, W)e MHM(X)?

Similar problems are treated in [BoB].
By the exact sequence [0- Fp_1 M- FpM—Grp," M—0] we see easily
that (B) is equivalent to :



874 TOSHIYUKI TANISAKI

(B) HY(X,Gr*M)=0 (i>0),

and if this is true, then we have Gr'fM =I'(X, Gr* M) for (M, F) =TI'F(V)
and the functor I'F is exact.

Remark. Kashiwara has proved (B) for X =P" using Saito’s Kodaira
vanishing theorem ([Sa3]).

5.2. Identifying the cotangent bundle T*X with {(x, /)€ X Xga*|
f(Lie(B:))=0} we define r: T*X-g* by r(x, f)=f (the moment map).
We fix a Borel subgroup B of G. It is easily seen that Awx,sn=r"'(6")
where b is the Lie algebra of B and b*={f&g*|f(b)=0}. b* can be
identified with [b, b] via the Killing form. Consider the maps:

K(AP)-E5 K2 (A sy, T*X)

*
_L)stc.(bJ_)zKBxc:(B_L, g*) .
K*®*¢'(b*) can be identified with the representation ring Rsxc-=Z[q, ¢7'][P]
=ﬂ@pZ[q, g ']e* via the Thom isomorphism 7*: Raxc:(=K"*“(pt))—~» K**
“(bt), where 7 : bt- pt.

Lemma 5.1. ([Lu], see also Kato’s proof given in [KL4]).
An action of the Hecke algebra H(W.) on Z|[q, q '1[P] is given by :

_xz—s(x)e* z—s(x)e”
Ts X = 1_1 ea_l (SES))

dirz=e*z  (AED),
where a is the simple voot corresponding to sES.
Proposition 5.2. For we W we have :
rilgr([L (X, X)))=q""Cu"- &

in KB(bY)=Z[q, q '1[P), where o is the half of the sum of the positive
r001s.

Although p is not necessarily an element of P, 20 and wo+p for we&
W are elements of P.
The proof of Proposition 5.2 will be given in Section 5.3.
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Let (Ly, F)=T'F(L(Xw, X)). It is known that L, is the irreducible
lowest weight module with lowest weight wo+ o ([BK], [BeB]). Note that
we have chosen the ordering on the root system so that the set of positive
roots 4" coincides with the weights in g/b.

Definition. For a finitely generated U(g)-module # with B-action
and a B-stable good filtration F of M we define the ‘g-character’ cho(M, F)
of (M, F) by:

che(M, F)=j§zch(GrfM)q"'€Z[P]((q"‘)) :

Here ch(Gr,M)E Z[P] is the character of the B-module Gr,”M.
Corollary 5.3. If the condition (B) holds for V=_L(Xu, X), then we

have :

q—N(:w”,eZP

IHA—q e

asd+

Chq(Lw, F)=

Proof. In general for V=(M, F, K, W)e MHM(X) we have
RI'(X, Gr" M)=RI'(X, Rp+(gr(<V)))
=RI(T*X, gr(¢V))
=RI'(g*, Br«(gr(V))) .
Hence when the condition (B) holds for V, we have:
Gr'M=I(X,Gr" M) (=RI(X, Gr' M))
=I'(g*, r+(gr(V))) (=RI'(g*, Rrx(gr(<V))))
for (M, F)=TIF(V). Therefore

__xlgr((V])
chq(M, F)—:ﬁw,

and the assertion follows from Proposition 5.2. Here ( II (1-¢""'¢")™'=

IT (3 g *e**) appears as the character of the BX C*-module I"(b*, Os-).

a4t k20

5.3. Proof of Proposition 5.2

The arguments below are inspired by [BoB].

We first give some relations of A and A®. Let xo&X be the point
corresponding to B. We define 2: X > X XX by k(x)=(x, o).
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Lemma 5.4. (i) (HE*)(V)=0 for VeEeMHM(XXX,G) and
jF—N.

(ii) (A VE*NLw)=L(Xu-1, X) for wEW.

(ii)) I NE* induces exact functors :

MHM(X XX, G)»MHM(X, B) and A->JA*.

Proof. (i) is shown in the proof of Lemma 3.3. Choose a Borel
subgroup which is opposit to B and denote its unipotent radical by U. We
define ¢: XX U->XXX by ¢(x, u)=(u-x, u-x0). It is an open immer-
esion. By the proof of Lemma 3.3 we have ¢*V=>~(IH"E*)(V)X|Ly for
VeMHM(X XX, G). Since ¢ (Yw)=Xw1X U, we have :

L( X, X)X Ly =L( X X U, XX U)
=¢* L,
=(H "N L)X Ly,
and (ii) is proved. (iii) is a consequence of (i) and (ii).

We identify (7*X)x., the fiber of T*X at xo, with n=[bxo, bxo]. Let
@: T*XXn (=T*XX(T*X)z)» THXXX)N=T*XXT*X) be the in-
clusion and p: T*X Xn— T*X the projection. Identifying T*X with {(z,
A)E X Xg|AEn,} we have:

Avexx,e={(z, y, A, —A)EX X X XgXglA€En:Nny},
Ax,p={(z, A)EX XglA€EnNn}.
We define subvarieties A" and A~ of T*X Xn by :
A*={((z, A), £ A)|A€n.Nn}.

Since o induces an isomorphism A~ Ax.n, and since @ (Axxx,c))=A",
we have the natural maps:

w* 1 K (Axxx,6), TH(X X X))-» K5 (A, T*X Xn)

ox 1 KBC(A™, T*X Xn)-> K¥*(Awx.;, T*X) .

Lemma 5.5. For Ve MHM(X X X, G) we have :
oxw*(gr((V]) =gr([(H*HV)]) .

This follows from the fact that ¢*CV = (HVE*)(V)X]Ly for V&
MHM(X X X, G) in the notation of the proof of Lemma 5.4. Details are
left to the readers.
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Consider the following commutative diagram.

KMHM(X X X, G))

j[_Nk*
K(MHM(X, B))

gr

gr

w
KO Ao, THX X X))mr KP*CHA, T*X X 1) KB C*(Nix iy, ToX)

ax
K C¥(Z, THX X X))
q2x

Kexex(T*

4

KS*C*(X, X)

X, T*X)

#)

)=

d* /

K2 AT, T*X Xn)

Tx

Tx

1%

K®C*(n,n)

K" C*(n, g)

|

KBXC*( 1‘0

\

Here u, @, », 7 are natural inclusions and
a(z, vy, A A)=(x,y, A —A),
a((z, A), A)=((z, A), —A),
v((z, A), A)=(x, A),
T((x, A), A)=A".

Note that ¢2|Z and 7|A* are projective morphisms. The commutativity of
(#) follows easily from Lemma 2.1 and Lemma 2.2 since # is a closed
immersion and ¢: is smooth.

By Lemma 5.4 we have rx(gr([L(Xw, X)]))=qzx(ax(gr(L
w-)))qiax(gr((-L]))) in Z[q, ¢7'][P]. The last equality follows from an
easy calculation involving the G-equivariant automorphism of X X X given
by (x,y)—(y, z). By Theorem 4.1 K®*¢(Z) is identified with H(W,).

Define F: H(W.)- Z|q, ¢ '][P] by the commutativity of :
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K&~ C‘(Z)L KSxC(T*X)

! )

H(W.) ———Z[q, ¢ '1[P].

By Theorem A and Theorem B we have r+(gr([-L(Xw, X)]))=¢"F(C.").
Hence Proposition 5.2 is a consequence of the following :

Lemma 5.6. (i) F is a homomorphism of H(Wa)-modules. Heve the
H(W.)-module structure of H(Wa) is given by the left multiplication and
that of Z|q, q'1[P] is the one given in Lemma 5.1.

(1) FQ)=e*.

Proof. It is easily seen that a K¢*“(Z)-module structure on K*¢
(T*X) is defined by :

h=m=ql*(h®02*(m®l>*([9x])))
(heK®(Z, TH( XX X)), meK™>*(T*X, T*X)).

By a standard argument we see that gix is a homomorphism of K°*“(Z)-
modules and that the K* ¢(Z) (=H(W,))-module structure on K¢* ¢
(T*X) (=Zl[q, ¢ '1[P]) coincides with the one given in Lemma 5.1. (i) is
proved. (ii) is a consequence of gix(e(0))=p*([L2x]).
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