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Introdvction

T . . . . .
Let X—— B be a differentiable family of cownplex raani
a ooint of B and lei X be the special fibre 77'(0). For cny tangent

<

L
at o, the infinitesima! variation of the complex stractve of X is d=fined by
e

Kodaira and Spencer [18] as an elment of FY(J, 9}, wheoe @ denot

sheaf of the germs of holomerphic tangent veciors of X. In cose X i3

~

compact and H'(X, ®)=0, it follows thai one can £.d 2 neghbourhooce U

S0 such that 7 (p)= X for any p€ U ; in other words 37 is (locally) rigid
(cf. [18]). In this spirit, Calabi aud Vesentiai [10] has shown that ¥ is rig’c
if X is compact and its universal covering spaze is biholororphic to an

irreducible bounded symmetric domain of dimension >2, zpplying vhe
harmonic theory develoned by Bochner [6], Kodaira [17] 2nd Nakano [20].

The purpose of the present article is tc extend Calabi-Vesentini's
theorem to noncompaci ritanifolds which arise in the theoiy of generalized
automorphic functions (cf Siegel[24] aad Baily-Rorzl [4]). Qur main
result is as follows.

Theorem. Le: X be a complex manifold whose wniversal covering
space 1s bitholomorphic to an irreducible bounded symmetric domain. I lhe
covering transformation groxp of thai covering is arithmelic in the sense of
Porel, then H'(X, ©)=0 except for the cases where the universel covering is
either of type (Dmm, m+m' <4, (I)zs, (I)s2, (I)m, m<4, (III)n, m<4,
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(IINm, m<3, or (IV)n, m<A.

Corollary. Let X be as above (with the same exceptions). Then X is
analytically rigid (see § 3 for the definition).

For the proof of the theorem we observe first of all that H(X, @)=
0, i.e. the vanishing of the L? cohomology with respect to the metric induced
by the invariant metric of the symmetric domain. Our next, of course
main, task is to prove the bijectivity of the natural homomorphism from
Hy(X, ©) to H(X, ©). By taking the duals, the “obstructions” to be
killed turn out to be I}icr:r}{H(és”“‘(X\l?, ©%*) for £=1, 2, whose vanishing can

be verified within the framework of Andreotti-Vesentini [2] and Horman-
der[15], once we know that X is hyper (z—2)-concave with respect to the
invariant metric. For the proof of the hyper (z—2)-concavity, we rely on
the compactification theory of Pyatetskii-Shapiro [22], Baily-Borel [4] and
Ash-Mumford-Rapoport-Tai [3]. The fact we need is the existence of an
ideal sheaf supported on the boundary which has a nice Fourier-Jacobi
series expansion at every point.

The author thanks to Professor J. Jost for sending him a very stimulat-
ing article [16] from which the present research started.

§ 1. Notations and Preliminaries

Let (X, ds?) be a Hermitian complex manifold of dimension #, and
(E, 1) a Hermitian holomorphic vector bundle over X. The following
notations shall be used throughout this paper.

C» (X, E): ={E-valued C> (p, g)-forms on X}
L>(X, E): ={E-valued square integrable (p, ¢)-forms on X}
L%4(X, E): ={E-valued, locally square integrable
(9, ¢)-forms on X}
X, E): ={feC*(X, E); supp fCC X}
LE(X, E): ={f€L%UX, E) ; suppf CC X}
H"(X,E): ={(fEC*(X, E); df=0}/{geC" (X, E)};
Iue C?Y(X, E) such that g= du}
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He(X, E): ={fEL"(X, E); df=0}/{ge L*(X, E);
3ye L”Y(X, E) such that g= du}
FUX,E): ={fECHU(X, E); of=0}/{gECH (X, E);
3ue CP¥ X, E) such that g= du} .

Let x be any point of X. Then, by a theorem of L. Hormander (cf.
[15], Theorem 4.2.2), liUmH(és"(U, E)=0 for ¢ >0, where U runs through the

neighbourhoods of .

Since a locally square integrable function f is holomorphic if and only
if df=0, vanishing of the local L? cohomology as above implies that there
exist canonical isomorphisms ;

H»(X,E)={fEL%XX,E); df=0}/{g€LEXX,E);
Jue L% (X, E) such that g= du}
H{(X, E)={feL(X, E); df=01/{¢gE Lt (X, E);
3ue L8 (X, E) such that g= du} .
Hence we have the following exact sequence :

(1) lmH&"(X\K, EY— H{(X, E)y— HE"(X, E)
— limH&(X\K, E) ,

where K runs through the compact subsets of X.
Therefore we have

Lemma 1.1, If lilr(nH&sq_l(X\K, E)=0 and li}r{nH&sq(X\K, E)=0, then
H" (X, E)=H&H(X, E).

We are going to state a sufficient condition for 1i£ﬂH<33"(X\K, E) to

vanish, which is to be verified for the quotients of bounded symmetric
domains.

For that purpose we need to fix several notations used in differential
geometry and present a fundamental inequality which includes a well
known inequality due to Nakano [20] and Calabi-Vesentini [10] as a special
case.

Let *: CPY(X,E)—C" %" ?(X,E) be Hodge’s star operator.
Then, the (formal) adjoints of the exterior differentiations &, @ and d
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acting on the scalar forms are expressed as — *d %, — % 3% and — % d %,

respectively, where we put *u=3%u%. We denote d*=—%d %, 0*=—%0

% and 0*=— % d *. Note that 9* operates on g—BC""’(X, E) aswell as 2,
»q

since 0*(fu)=f0*u for any holomorphic function f and C* differential form
u. We shall identify d* with its maximal closed extension to g—BqL”"’(X ,

E). The adjoints of the operators d and J* on QL”"’(X, E) will be

denoted by 9% and ds, respectively. The operator (3 + dx)? is known to be
function-linear (cf. Wells [25]). For any differential form & with values in
Hom(E, E), or values in the trivial bundle, let e(d) denote the wedge
multiplication by @ from the left hand side. The adjoint of e(8) will be
denoted by e(8)*. Let w be the fundamental form of the metric ds®. We
put A: =e(w)*. Since (d+ d»)* contains no differentiation, it is expressed
as e(@,), where @, C*" (X, Jom(E, E)). O, is called the curvature form
of (E, h).

Let S and T be two homogeneous linear operators on the space
@C""I(X, E). Weput[S, T]: =ST —(—1)"7TS, where s=degS and {=

degT. The complex Laplacian [ is defined as [ 9, 3.*]. Weput [.: =
[0*, 9rl.

Proposition 1.2 (Jacobi’s identity).
([S, 71, UI=[S, [T, Ull=(=D*[[S, U], T1,
where t=deg7 and u=deglU .
The proof is left to the reader.
From now on, we assume that (X, ds®) is a Kéhier manifold.

Proposition 1.3 (Kdhler identity).

[3, Al=y—10*

[0n, Al=—V—13:* .
For the proof, the reader is referred to [25].
Substituting S=3d, T=A and U=20, into Jacobi’s identity, we obtain

V=1([8% a: 13, 3*D=I[3, o], A] .

Since [ 3, d.]=(0 + 0»)?, the above equality is interpreted as
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(2) Oa—0a=[V/—1e(64), A] (Nakano’s equality[20]).

If we put U=e(0), 6 C>*( X, Hom(E, E)), instead of putting U = 0x,
we obtain

(3) /=1[6%, e(0)]-13,[4, e(0)]]=[e(30), A] .
If 4 is of type (1, 0), [e(8), A]=+—1e(B)*. Hence the equality (3) becomes
(4) (%, e(9)]+[3, e(8)*]=[—v—1e(30), A].

Let 7, g€ L4 X, E). We denote by </, g> the pointwise inner product
of £ and g. For any open set DC X we put (f, g)D=/;<f, g>dv, dv: the

volume element, whenever the right hand side converges, and |f|5: =

(, Ho.

Propesition 1.4. Let D be a domain in X with C* boundary and let
¢ be a C™ function on X with D={zx€ X ; ¢(x)>0}. Then,

G WeHIagF a*Ab+1Ve o1l
>([V~1e(¢@x—339), Alf, Ho—Ifl5,
for any f€ C(X, E) satisfying * fA d¢=0 on aD.
Proof. We have
de(¢) 3F+ dke(y) 3 — one($)d* — *e(¢)on
== +e(3¢) 35— e(39)* T — e(3¢)7* + e(34)* on
=[V/—1e(¢0n), Al+e(3¢) 3F—e( ) * ¢ —[V/—1e(33¢), A]
+0*e(3¢)+19, e(3¢)*]+e(3¢)*an ,

by(2) and (4).
Since ¢ =0 on dD, by Stokes’ theorem

((3e(9) 3%+ T e(d) 3 — dne(9)3*— 3*e($)n)f, Fb
=V ok 1o+ 19 afle— Ve o*Flo— Ve aurl5,

for any f€CPU X, E). If p=n, then d¢ Af=0 and d./=0. Hence, for
any feCri(X, E)

IV ¢ 3t Ao+ ¢ df0®— IV ¢ 3* £l o*— IV & 8af 12
=([V=1e($On), Alf, o+ (e(39) 35f, /)o—(e(3¢)* 3f, )b
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—([V—1e(33¢), Alf, Ho+(( 3, e(3P)*1f, Flb .
Moreover, if *fA d¢=0 on aD, then (de(d¢)*f, flo=(e(dP)*f, 3»*f)p.
Thus we obtain

V¢ 3% o>+ V¢ 710>
>([V—1e(¢@x—23¢), Alf, f)o+2Ree(3¢) IS, )b,

whence
IV +10gF 3% Alo*+1V ¢ 371l

>([V—1e(¢p@r—33¢), Alf, /)o—Ifllo?,
for any f€ CF(X, E) satisfying * fA d¢=0 on aD.

Remark. In case D=X, (5) was obtained in [21]. If we put ¢ =const.
and let ¢ —» o0, then we obtain Nakano-Calabi-Vesentini’s inequality on X.

By a theorem of Gaffney [12], Proposition 1.4 immediately implies the
following.

Theorem 1.5. Let (X, ds?) be a complete Kihler manifold of dimen-
sion n, (E, k) a holomorphic Hermitian vector bundle over X, and D an
open subset of X with C* smooth boundary. For a fixed integer q, suppose
that there exists a C* function ¢: X—> R with D={x=X; ¢(z)>0},
satisfying the following properties :

a) There exist A>1 such that

=1e(90n—33P)AS, F>= AL, f> on D,
for any fEC™(X,E).

b) ¢+|0¢)*<B on D, for some B>0.
Then H3(X, E)=0. Move presicely, for any fELY(X, E) with df=
0, one can find u= Ly (X, E) such that

Fu=rf and lulb<— B,

Definition. (E, %) is called g-positive if there exists A;>0 such that
<V =1e(On)AF, £>=ALS, > for any fEC™(X, E).
The notion of 1-positivity of (E, &) was first esiablished by S. Nakano

[20]. He showed that 1-positivity is equivalent to that @, naturally defines
a positive definite quadratic form along the fibers of Tx®E (the so called
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Nakano positivity).

Definition. A smoothly bounded open subset DC X is said to be
hyper g-convex at a boundary point p& dD if there exist a neighbourhood
U>p in X and a C* function ¢: U— R with UND={x€ U ; ¢(x)<0}
such that, for any C” (%, g¢) form f on U,

V=1e(00@)Af, f>=c<f, f> for some c>0.

D is said to be hyper g-convex if it is hyper g-convex at every boundary
point.

The notion of hyper g¢-convexity is first due to H. Grauert and O.
Riemenschneider [13]. It is easy to verify that the above definition is
equivalent to their definition except for the regularity of the boundary,
which is not so important for our purpose.

Theorem 1.5 is now paraphrased by using the above terminology.

Theorem 1.6. Let (X, ds*) be a complete Kihler manifold of dimen-
sion n, (E, h) a q-positive vector bundle over X, and DCX a hyper q-
convex open subset whose boundary is compact. Then HE(D, E)=0.

Definition. A complete Kédhler manifold (X, ds?) is called hyper g-
concave if X is exhausted by an increasing family of compact subsets
{K,}-1 such that X\K; is hyper g-convex for every j.

Combining Theorem 1.6 with Lemma 1.1, we obtain the following.

Theorem 1.7. Let (X, ds®) be a complete Kihler manifold of dimen-
sion n and (E, h) a Hermitian holomorphic vector bundle over X. Let k be
an integer such that (X, ds?) is hyper q-concave for q=k and (E, h) is g-
positive for q=k. Then H*?(X, E)=0 for g=k+1.

§2. Hyper g-concavity of the Quotients
of Bounded Symmetric Domains
Let M be a complex Hermitian manifold. M is called a Hermitian
symmetric space if for every point x&M there exists an involutive
automorphism (i.e. isometric, as well as holomorphic) sz which has x as an
isolated fixed point. If M is a Hermitian symmetric space, then the
Hermitian manifold M decomposes as

M:MoxMIX"'an,
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where Mo is the quotient of a complex vector space with a translation
invariant metric by a discrete group of translation (such a space is called
of euclidean type), and M: (i+0) is an irreducible and non-euclidean
Hermitian symmetric space (cf. Helgason [14] and Wolf [26]). A non-
compact factor M; (i#0) is called of noncompact type. The classification
of the irreducible Hermitian symmetric spaces D is found in [11]. They
are given as follows according to the notation of [5], and are simply
connected bounded domains in C” equipped with the Bergman metric. (cf.
[7] or [23]). In what follows we shall call them irreducible bounded
symmetric domains.

Type Inm: D=U"(m~+m")/U(m)* U(m’), the space of complex m X

m’ matrices Z such that Iinn—'ZZ is positive definite.

Type IIn: D=S0*(2m)/U(m), m=2, the space of complex, skew-

symmetric m X m matrices Z such that Im—?ZZ >0.

Type Il : D=Sp(m, R)/U(m), the space of complex, symmetric X

m matrices Z such that Iimy—ZZ >0.

Type IVm: D=SO™(m+2)/SO(m)*x SO(2), m=3, the space of mXx1

matrices Z, satisfying 1+|'ZZ?*—2!ZZ>0, 'ZZ<1.

TypeV : D= E¢*/Spin(10) X SO(2), dimD=16.

Type VI : D=E;*/EsXx SO(2), dimD=27.

The equalities D=U™(m~+m")/U(m) X U(m’), etc. should be read;
U™(m+m’) operates transitively on D as a group of automorphisms and
the stabilizer of some point x&D is U(m) X U(m'), etc.

Let D be an irreducible bounded symmetric domain. From the above,
D=G(R)/K, where G(R) is the group of real points of a connected alge-
braic matric group G defined over @, simple over @, such that the
topological identity component G(R)° is isomorphic to, and shall be
identified with the connected component of the group of holomorphic
automorphisms of D, and K is a maximal compact subgroup of G(R). A
subgroup I'C G(R)°N G(Q) is called arithmetic if I satisfies [I": 'NG(Z)]
<oo and [G(R)°'NG(Z) : I'NG(Z)]<co. An arithmetic subgroup I” is said
to be neat if the group W*C C\{0} generated by the eigenvalues of the
elements of I is torsion free. Note that such a I" is 3 fortiori torsion free.

Definition. A Siegel domain of the third kind is a domain S C C™*#**
of the form

{(z, u,t); Imz—ReL:(u, u)eV, teF}
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which is equivalent to a bounded domain. Here zEC™, ucC?, tC* V
is a nondegenerate cone in B™, F is a bounded domain in C*, and L: is a
vector-valued nondegenerate semihermitian form (i.e. L:=L.°+ L., where
L.°is a Hermitian form and L.' is a symmetric bilinear form) with domain
C™ and range C’ which depends differentiably on ¢.

By nr : S— F we denote the natural projection. A one-to-one trans-
formation of a Siegel domain of the third kind S having the form z—
z+a(u, t), u—> u+b(t), t—> t is called a parallel translation of S. The
group of parallel translations of S will be denoted by 4.

Let D be a bounded symmetric domain and I" an arithmetic subgroup
of the automorphism group D. Let S be a Siegel domain of the third kind
biholomorphic to D, and let ¢ : D— S be a biholomorphic map. We say
that the fibration mre@: D—— F is I'-rational if: (1) the factor space
e*(A)/I' N ¢*(4) is compact and (2) the subgroup of I" consisting of the
fibration preserving automorphisms induces a discrete subgroup I'(F) of
automorphisms of F. By an abuse of notation, we also regard /" as a
group of automorphisms of S via ¢, and identify e.g. 4/'N 4 with ¢*(4)/
I'Ng*(4). Let 4 be the set of parallel translations of the form z— z+a,
a€ER, u—u, t—¢t. Then 4NI is a commutative group with m
generators, more accurately 4 NI is a lattice for 4, since I is arithmetic
and the fibration is I"-rational. Let D* be the set-theoretic union of the
domain D and the domains F that appear as the bases of ['-rational
fibrations (D is also regarded as a base). The action of the group I" is
naturally defined on the space D* (see the following diagram).

p—2.5— F
lyE/F “ J yerl(F)

14

D—— S§——F

We denote by pr: F— F/I'(F) the natural projections. Clearly,
F/I(F)CD*/I" for any base F. The following is due to 1.I. Pyatetskii-
Shapiro [22] and Baily-Borel [4].

Theorem 2.1. D/I" has a compactification D/I" as an irreducible nor-
mal analytic space such that theve exists a one-to-one map ¢ : D* /[— D"
such that, (|F/I'(F) is an isomorphic embedding onto a locally closed
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analytic subset of DII. The topology of D|I satisfies the following prop-
erty: Let xS« F/['(F)). Then, for some compact subset WC CY, the
closures of the images of the sets {(z, u, t)€S ; Imz—ReL.(u, u)E V + v,
uEW, t& T} under ¢ constitute a system of neighbourhoods of x. Here vo
and T run through V and the neighbourhoods of pr'(x) in F, respectively.

In what follows we shall identify D*/I" with D/I" by the above theorem
whose proof we omitted because of its length. Let x&F/I['(F)C D*/I" be
any point. Then holomorphic function f around x are described by the
Fourier-Jacobi series

F=220,(u, t)exp2r/—1x, 2>
{x, 2>=§lszj,

where x runs through the lattice AC Hom(4, R) which is the dual lattice
of &NI'C4dyover Z. We note that 6, are nothing but the sections of a line
bundle L over a family of complex tori (cf. [3] p.318). A description of
L, is as follows.

The invariance of f under 4N I shows:

O(u+b(2), t)
= 0,(u, t)exp2ay/—1<7x,
—2V/=1L(u, b(£))—V/—1L(b(t), b(¢))— alu, t)>,

if the transformation z— z+a(w, t), u—> u+b(¢), t— ¢ belongs to I.
Note that a(u, t) is uniquely determined by #(¢#) modulo ZoNI". Hence the
right hand side of the above equality may well be expressed as
0,(u, t)erow(u). The action of ANT on C¢XF is well-defined and the
line bundle L, is defined on the family of complex tori C!X F/ANT— F
as CXC ¢ XF modulo the following action of 4NI : (s, u,
t)— (enow(u)s, u+b(t), t).

Proposition 2.2. If I' is neat, then there exist an ideal sheaf I
supported on FL*JDF/F(F) and a convex set CrC V*={o=Hom(s, R) ; o(v)

>0 on V\{0}} for each base F, such that
1) fe€EY ., =f= IECZ!M 0:(u, t)exp2ry —1<y, 2>

around xEF/T(F).
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(2) L) is very ample for any x€CrNA and tEF.
Proof. See [3] p.323 Proposition 5 (cf. also p.318).

Now we turn to the question of hyper g-concavity of the manifold D/I"
in case I' is torsion free. We may assume that [ is neat in virtue of Borel’s
theorem which states : every arithmetic subgroup of automorphisms of D
contains a neat subgroup of finite index (cf. [9]). Let F be any base, x&
F/I'(F) and UC S be an open subset of the form

{(z, u,t)eS ;Imz—ReL(u, u) €V +uvo, uc W, teT},

where vo, W and T are as above. It is easy to see that the Bergman metric
ds5 of S satisfies an estimate ;

(3) A, u)éldtpdfpgdsz

e m
e Ddudi, 3 dedz;
<AAT, u) E,dt"dt" + {Imz> + {Imz>*

on U. Here we put <{Imz): =ir;f!1mzr|+l and Ai(t, u), Ast, u) are posi-

tive continuous functions on WX T'.

Let f=(f, -+, fs) be a system of generators of J z around x. Then, for
a suitable choices of vo and T, f is defined on U. We put ¢-: =|f>. Then
00¢=0fAN'df. By (1) and (2), dd¢. dominates asymptotically ¢.ds<>
near x. Thus from (3) it follows that the eigenvalues Ai(y) =" = Apsms2(¥),
yE U, of the Levi form v —103¢. with respect to ds? satisfy :

(4) Ai(y)>0 for any J
and
: /L'(J’) _ .
(5) lylgl ¢I(y)—00 for 1<j<m+4¢,

since <Imz>—— 0 as U shrinks to .

From (3) one can find a C* partition of unity {0.} of the space D*/I"
such that |doa| are bounded on D/I".

Therefore, patching the functions ¢. and the constants, say 1, we
obtain a C* defining function ¢ of the boundary FL¢JDF /['(F) on D*/I" such

that the domain {yED/I" ; ¢(y)<e&} is hyper (¢+1)-convex for sufficiently



892 QUOTIENTS OF BOUNDED SYMMETRIC DOMAINS
small e. Here g=maxk.
F+D

According to the classification table of the bases in [23], p.114~p.118,
the maximal dimensions of F(# D) are as follows.

Inm(m<m’): (m—1)% if m=m’ or m=1, m? otherwise .

IIn :%(m—l)(m—Z).
1

I : —Z—m(m——l).

Vv 0 8.

|74 - 10.

Thus we obtain the following.

Proposition 2.3 Let D be an irreducible bounded symmetric domain
of dimension n. If D is one of the followings, then D|I" is hyper (n
—2)-concave for any torsion free avithmetic subgroup I' of automorphisms
of D.

Inm(m<m’): m=1 and m'=3, m=2 and m'=>4, or m=3.

1In Tm=4 .
IIn tm=3.
IVn Tm=4
Vv, VI.

§3. Proof of Theorem

Let X be a complex manifold of dimension # whose universal covering
D is biholomorphic to a bounded domain which appears in the list of
Proposition 2.3. Let ds® be the metric on X that is induced by the Bergman
metric of D. We know already that X is hyper (z—2)-concave. In order
to be able to apply Theorem 1.7 we need to know the (%—2)-positivity of
the tangent bundle of X which we denote by 7x. The curvaure of Tx has
been calculated in [8] and [10] to which we owe the following.

Proposition 3.1. Let (X, ds?) and D be as above. If we assume



TAKEO OHSAWA 893

moreover m+m' =4 in case D is of type Inm, then the dual of the bundle
(Tx, ds?) is (n—2)-positive.

Proof. See [10], Table 1 in p.499.

By Andreotti- Grauert’s theorem (cf. [1]), H*(X, ) is finite dimen-
sional for any locally free analytic sheaf § over X if £=0, 1. Hence,
dimHY(X, @)=dimH" (X, Tx*)=0 if X satisfies the condition of
Proposition 3.1.

Thus we have accomplished the proof of Theorem.

A consequence of Theorem is the rigidity of X.

Definition. A complex manifold X is said to be analytically rigid if,
for any complex analytic family 7 ; X— B with 7 '(0)= X for some o0&
B and a compact subset K C 77 '(0), there exists a neighbourhood U DK in
X and a biholomophic map UL r(U)X(UNx (o)) such that zop~' is
the projection to the first factor.

Similarly as in the compact case we have the following criterion for
the local rigidity.

Theorem 3.2. Let M be a complex manifold of dimension m. Suppose
that M is (m—1)-concave, i.e. there exists a C* function ¢ : M—— R such
that the subsets {xEM ; o(x)>c} are relatively compact for any ¢ >infe

and ¥ —10303¢ has at least 2 positive eigenvalues outside a compact subset of
M. Then M is analytically rigid in the above sense if H' (M, ©)=0.

Proof. Similar as in [19], Theorem 3.2.

Clearly every hyper (z—2)-concave manifold is (#—1)-concave. Thus
we obtain our corollary stated in the introduction.
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