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On a Stability Theorem for Local
Uniformization in Characteristic p*

By

T. T. Mou**

Abstract

A 2nd numerical d is bounded under blow-ups.

Introduction

In [H, p.123] Prof. H.Hironaka pointed out: “The point is that
the associated Tschirnhausen polynomial undergoes the same law of
transformation as the original polynomial under permissible blow-ups”.
For the notion of Tschirnhausen polynomials, or equivalently the
approximate roots, the reader is referred to [A-M 1 & 2], [M] or
[H]. As established by Prof. H.Hironaka the local uniformization
problem in characteristic p=>0 is to use monoidal transformations to
resolve the singularity of an algebroid equation of the following form

over k[[xl) e ey xn]]
p!
AT [y, %) 2 1=0 with ord (f) >i.
i=1

A specially important case is the following purely inseparable equation
which is the topic of this article,

z’e—l—fpe(xl, v, x) =0

where fpg(xx, ceey %) €KXy, . .0, 1] andfp,(O, ..., 0)=0. After some
monoidal transformation the above equation will be transformed to

F+ (T F(xy. .., %) =0
i=1
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satisfying the characteristic p condition that the leading form of
(fI x7%) F(xy,..., %, is not contained in k[[x%,..., x#']]. The follow-
1111=g1 proposition has been established by us and will be published
elsewhere.

Proposition A, If ord F(xy,...,x,) =0 then after finitely many
blow-ups, the above singularity at the origin will have a smaller multiplicity.

However, it can be shown that ord F(xy,...,x,) may increase in
general. This is a serious blow to the hope that ord F(xy...,x,) wil
eventually drop to zero after monoidal transformations, and even open up
the possibility that ord F(xy,...,x,) may increase indefinitely and thus a
counter example to resolution may be constructed! It is the purpose of this
article to establish the following theorem :

The Stability Theorem. Let d=ord F(xy,...,x,). After a per-
missible blowup, along a residually rational valuation v of the function field,
say factor out x,, and let F=x7°F. Then ord F<d+p*' and successive
permissible blow-ups will not increase ord F beyond the bound d+p*=' (in
Sact, d+p7, see below) until it drops to d or less.

We wish to express our deep thanks to Prof H.Hironaka for his
kindness and enlightening guidances on this important problem of
mathematics.

§1. A Proof of the Stability Theorem

Let k£ be an algebraically closed field of characteristic p and R=
k[[*1,..., x,]1], the power series ring of n variables over k. Let

(I %) F(xy, ..., x,) =0

be a purely inseparable equation to be resolved with F(xy,..., x,) ER,
Let d=ord F(x;,...,x, and

F(xy..oyx,) =Fs(xy,...,%,) +higher terms,

If m;>p* then we may replace z by z/x; and cut down m; by p-.
Moreover, a translation of the form z—z-+g will remove or change
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the p°-th power part of (ILx!*)F,(x),...,x,). We shall keep these
two operations in mind.

Our basic assumption is (I1x[) F;& R and 0<m,<p°. Letvbe any
residually rational valuation given. We shall make the following
definition and convention.

Definition. An ideal P is said to be a permissible center if there is
a system of parameters {yy, ..., y,} such that (1) all x’s with m;#0 are
among them, (2) a part of them generate P, (3) f&P* where d=ord F.
Note that if P= ()1, ..., y,) then the leading form F; of F is a homoge-
neous polynomial of degree d in the leading form of {y,..., y}. We
assume that {yy, ..., y} is {x,..., %},

Convention. After making a choice of the order of n variables
as xi,..., %, then in the monoidal transformation we always factor
out the x; satisfying the following conditions: (1) x; is in the center
P of the permissible monoidal transformation ; (2) v(x,) =min {v(a):
a&P}; (3) the integer ¢ is the minimal integer satisfying condition
(2). With such an x, the monoidal transformation will be of the
following form :

X =Z;
X;=I;%; Vj<i, x;,€P
x,=Z; (T, +a,) Vk>i, x,€P
X =T Vx, &P

where a,k.
To simplify our notation we may assume that :=1, namely, x,&P
and
v(xy) <v(x;) Vx,EP.

Moreover we shall use the subdivision of the set of variables {x...,
% = {x} UXUYUZ where

X={x;:x;€P, ;#1, m;=0 or v(x;) >v(x)}

Y={x;:x;€P, ;#1, m;#0 and v(x;) =v(x)}

Z= {xl . x;@P}.
Note that for x;€X, if v(x;) =v(x,), then we may let x¥=x;,+a,x; with
v(x¥)>v(x). Since the corresponding m;=0 then such a translation
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will not change the form of x]F(xy,...,%,) i.e., it will not affect
the basic condition that IIx«F,(x,...,x,) €R’. So we may assume
v(x;) >v(x,) for all x;&X. Note that Fy(xy,...,x,) is independent
of x, Vx,&Z because P is a permissible center.

Thus the monoidal transformation will be of the following form

X =
X, =4 X; Vx.eX
x;=4(z;+a;) Vx,EY
X, = Vx,eZ

where 0#a,;€k. For the following discussions we will introduce Hasse

derivations {d} as

Definition. Let S be a commutative ring, f(») in S[[y]] and f(y+1t) €
SCLy, ¢11. In the expansion

FO+D=FO) +E 2O
the operation d(f(p)) is defined to be ().
The following proposition is easy.

Proposition 1. We have
(1) d¥ is the usual derivation and d® is linear over S.

2 fOESIINSID 1] & &P (f()) =...=dFf P (f(5)) =0
and  d¥"(f()) #0.
(3) d¥" is a nonzero derivation on S[[y*1].

Proof : We only prove (2), the rest being easy. Note that d’ ()
=C,,;»*"’ where C,; is a binomial coeflicient. For the part =, it
follows from binomial expansion that DL (f()) =...=d¥ (f() =0.
Let s be the minimal integer such that a,»* appears in f(») where
a,#0 and pts. Then d¥”(a,y*¥) =sa,y* ¥ #0 and other terms are
either zero or with exponents>(s—1)p". Thus d;"r’(f(y))#-o. On
the other hand, for the part &, let

F) eSIL INSIL* 11

for some r;. It is easy to see r;=r by what we just proved.
Q.E.D.
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Proposition 2. Let k be a field of characteristic p, y™eo(y) €k[y*]\
r+1

k[y* ] and 0#a€k. Let deg ¢(») =d*, +a)"p(y+a) =3 a,;y’, c=
min{i:a;=0, p™ yi}. Then ¢<d*+p".

Proof : Let ¢(») =y"¢*(p) with ¢*(0)+#0. Then we have p"|
(m+n). Without losing gernality we may assume n=0, p"|m, and
() €k[»']. It follows from our Proposition 1 that d*" is a deriva-
tion on k[y*]. Thus we get

4y =dgh on k[ 5]
and
+a)™, y T dP ((y+a) "o (+e)).
Moreover, the right hand side is a polynomial of degree<d*+m—p".
Since a#0, (y+a)™?* and ¥ and are coprime. Then we have
m—p H+c—p'<d*+m—p
or
c<d* 4+,

Q.E.D.

The blow-up with a permissible center P of f(x,...,x,) will
transform (IIx]%) F(x,...,x,) to the following

VI 2 Hy(j,-+a,-)'"" Hzaz}"’(Fd(l, ey By Bt L) FE)
xj-E xlE

xeX

where My =m;+ 3 m;+> m; and g&l=the ideal generated by {z;, £;:

xieX xiEY

x,€Z}. Suppose M Z0(p?). Then in the product

Hy(.i,-—l-oz,.)m". (Fa(l,.eey &y, Zitay,...) +8)

we consider the terms which do not involve # and #, for all x,&Z.
They will not be cancelled by terms in g and have order<d in z’s
and J’s.
Hence we may rewrite the transform of ILx[*F(x,,...,x,) after
throwing away p°-th power terms as
i{ﬁlxil;lxirixll;lz.f;"’(ﬁz (&4 ..., &, +higher terms).

Naturally we have d<d. Thus our stability theorem is proved in
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the case that m;#0(p°). For our convenience we shall call this case
Possibility (I).

From now on, let us assume 7,=0(p?). Due to our basic assump-
tion that

ILx["Fs(xy, . . . %) €RY=k[[F, ..., x2']]
and 7, =0(p®) it follows that

_m, _ m; _m _ -
Hx,-‘].—.[ (x,-—{-a’,-) jHlele(l,...,x,‘,...,xj+dj,...)
xlE

*€X xiEY
_pe _ e _pe
GEk[...,x‘,-’,...,(xj-i—a,-)’,...,x‘?,...,]
_ _ae s s _p°
=k[zf,...,2%,..., 20, ..., 245, .. ]

So there is an %, such that

Mz T (z2;+a;) " TI2 " Fy(l, ooy Ziy oo ey Zitay, . .0)
231 I S S | .
If z,=2%, for some x,€Z, i.e. m;%0(p*) then clearly the leading form
of I1£ Il (z,+ea,) ™ IL4'F, coincides with IIz‘IIz" times the leading
form of (II(z;+a,)™F,), which is not in k[z,..., x¥,...] and ord
II(z,4+a)™F;(1,..., %, ..., &+a;...)<d. Thus our theorem is
proved in this case. We shall call this case Possibility (II). Hence-
forth we may assume that m;=0(p®) for all x,&Z.

Let r be the nonnegative integer such that IxFy(%y, ..., %,) €
R”'\r"m. Then clearly its transformation belongs to (k[Zy,..., Z,1)¥\
(k[ 2y, ..., 2D 7™

Note that IIx[F,(xy, ..., x,) €k[x¥,...,x8]. If p"fm, then we
may factor out more x; from F,(xy,...,x,). So, if necessary, we
may assume that

prld=ord F;(xy,...,x,).

Remark: In other words, ord F,(xi,...,x,) may be taken to be
less than or equal to [d/p"]p” in the numerical discussions below.
We shall assume that for a particular z,
H'f:n’H (-i‘j_l_aj)ijj;and(ls ] -Tz, R ] ji+ai, o -)
3 S S S | - i

For the remainder of the proof we will consider two possibilities ;
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(IID) z,eX or (IV) zZ. &Y.
Possibility (III): Note that

Hx:"in:-""Fd(xl, o9 XigeonygXjyao .)
ek[xh ey 'x"sa cee s Xy -][xxs’H_l] < H-f:ntn(ij_i_ai) ijd(l, ey

Ty Ty ) Eh[Zgy e ey By ey Ty L2
Let
Iz (h({2}))
be a term in the expansion of Iz *F,(l,...,Z,...,Z;+a,...) with

Z;€X as variables and k[{z;;x,€Y}] as coefficients. Note p"*'}
(m;+n;). Then clearly we have
ord h Il (z;4+a;)"<d—3 n..
Thus we have established the non-increase of the order of FF. Note
that in all previous discussions the order of F will not increase.
Now let us recall Proposition 2 for the discussion of Possibility
(IV). In the following expression let y,=z,+a..
(js+aa)mst(1, R o .i'j+aj, . .)
25):"st(1) s ey j:ia ce ey ji+aja ys’ .o -)
= Z y?sgl (5’:) Hi#sj:?j
where /= (ny,...,n;...) and g(9,) is a polynomial in §. We have
at least one / such that
57 g (9) €I TR 1.
Say, $.°g:(55) Ek[y"’]\k[y""ﬂ]. Moreover we have
deg g;(9) +11|<d (in fact, [d/p"]p". See Remark)

where [I| =23 n;, Now make the substitution y,=z%,+a, and expand
the polynomial. It follows from Proposition 2 that in the expansion
there is a term ¢ such that

P b e, c<deg g(9) +p<d— 1| +p".
Moreover, it is easy to see that

(1) the total degree of zi-I1z} is at most d+p" (in fact, [d/p’]-
p"+p". See Remark.)
(2) 6211', pr+1 * c.
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Now we shall collect the polynomial in terms of %, as follows :

(‘is-}-as)mst(ls ceey ‘fi+ai9 L -)
=Zhg(...,.i';,...,.fj,...)-fi.

Then we have by (1) that
(3) ord hzi<d+p" (in fact, [d/p"]p"+p". See Remark).
Now multiplying it with the remaining (£;+,)™, we conclude easily
that
ord IT (z;+a;) " ha<d+p".
j#*s

Hence we have the following statement.

Statement: In the possibility (IV) after we blow-up the permissible

center P, let ord F=d,, then F has a term 4 with
(i) ord A<d+p" (in fact, [d/p"]-p"+p’. See Remark)
(i) ord; A=c¢=p" and p"' f¢

(iii) dy<ord A<d+p" (in fact, [d/p"]p"+p". See Remark).

The interesting thing is that now £, is an X-kind of variable due
to the fact that m, becomes zero. Furthermore, we shall use our
Convention and call #, the last variable,

Let us assume that d,=ord A=d+p". We may request that ¢ is
the largest one satisfying conditions (i), (ii) and (iii) in the leading
form of F. Let us examine the further blow-ups. There are two
cases: (1) v(&,) is the only minimal. (2) »(&,) is not the only minimal.
In the first case, we have to factor out Z, and do it without any
translation. Due to the existence of the term 4, the order of F will
drop at least by ¢ which is >p’. Hence the order of £ will drop to
d’<d. Our proposition is proved in this case.

In the second case, we simply note that if by factoring out %
(which is not #,) and then translating (i. e., replace z, by & (x,+a,))
the order of F' will not increase (c.f. Possibilities (I), (II) or (III)).
If the order of F drops by further blow-ups, we may assume that
dy=ord F<[d/p"]-p"+p" from the very beginning.

Let us assume d<d;. Then the following inequality

d<di<Ld/p1p"+ 1"

implies
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prtd.
Let 7, be defined by

pd

prl+1/{’d1.
Then r,<r. We conclude easily that the new bound for ord F after
blow-ups will be

dy+p<d +pr.

Repeating the above argument, we establish that d+p” is the upper
bound for orders for all successive blow-ups until the order becomes
less than or equal to d. Q,E.D.
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