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Curves in P® Whose Ideals Are Simple
in a Certain Numerical Sense

By

Mutsumi AMASAKT*

Introduction

For a curve X in P? (see Notation), we define the basic sequence
of X to be the sequence of positive integers (@;ny, ..., %, Ma41y + « 5 Naxs)
(b=0) which satisfies the three conditions described below, and denote

it by B(X) (see [2;§1]).

(L1 as<m<n,< oSy <,y Sy < - <nyps, where (7,49,
Ngts) 1 empty if 5=0.

s o0y

(I.2) Let £y denote the ideal sheaf of X and set

n! .
@ ={ G—my Ty i =m0
. .

m
0 otherwise

Then

B (S x(n)) :<n—g+3)++§<n—gi+2>++é<n~_n‘i”+1>+.

(I1.3) Let L be a generic line in P?® not meeting X. Then
dim, Im (H'(# () “5 H(#x ) 1) =(""{F1) +2("5™).,
+ 1= +

where rest denotes the restriction map.

The condition (I.3) may be exchanged for the following one;
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(I1.3)" Let xy, x5 x3, x, be the homogeneous coordinates of P? chosen
sufficiently generally. Then the deficiency module M (X):=@H'(# x(n))

has a minimal free resolution of the form

) 0—DS[n,,]—@S[ el —BS[ — ] —>M () —0

as an S-module, where S=#[x3 x,] and & (1<i<r, j=0,1) are
integers (see [2;§2]).

Generally, it is not easy to determine the basic sequence of an
arbitrary curve or to decide whether or not a given basic sequence
actually corresponds to a curve of some good nature (smooth, ir-
reducible etc.). In this paper we treat the second problem in the
case where B:=B(X) takes the simplest form, a<m < <n,<n, <
-+<n,p<a+1, and prove an existence theorem for smooth irreducible
curves with such basic sequences. When B fulfills this condition,
we say that B is neat.

Theorem (I.4). A neat basic sequence B is realised by a smooth
irreducible curve in P® such that the cohomology of its normal bundle vanishes
in degree one, if B satisfies one of the following conditions.

1) B=(a;a%a) with 0<b<p(a),

2) B=(a;(@+1)* (a+1)?) with 0<b<pla+1),

3) B=(a;a*; (a+1)?) with 0<b<p(a—1),

4) B=(a;a’, (a+1)° (a+1)?) with 1<c<a—1,0<b<a—2,

5) B=(a;a%;a, (a+1)"°) with 1<c<b—1<a—3,
where p(n) =[n/2](n—1[n/2]) and [x] denotes the iniegral part of x.

A curve with neat basic sequence is a curve of maximal rank (see
(1.11)), so it is natural to expect that the basic sequences of the
curves given by Ballico-Ellia in [5] are neat. This is verified
at least in two cases; in particular the cases (a;a®;a?) with

(a—3) (a+2) <b<(a—2) (2a+3)
3 - 6

and (a;(@a+1)% (a+1)?) with

(a—2) (a*+2a—6) (a—1) (2a*+5a—6)
3@—1) <b< 6a
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correspond to smooth irreducible curves (see (1.12)). On the other
hand, by the works on projectively Cohen-Macaulay curves [9] and
arithmetically Buchsbaum curves [1], [2], [3] and [7;§ 5], we know
a lot of smooth irreducible curves having neat basic sequences which
satisfly 0<b<a/2 (see (1.13)). In view of these facts the theorem
above has been worked out with the aim of widening the known
range of existence. The result, however, gives only a partial answer
and the problem still remains open.

In each case, the proof of the theorem consists of two steps. In
the first step, we construct a reduced singular curve which has a given
neat basic sequence and whose support is a connected union of lines,
starting with a projectively Cohen-Macaulay singular curve X, such
that B(X,) = (a; ¢®) and then removing suitable lines from it. In the
second step, with the help of the criterion for the smoothability of a
singular curve due to Hartshorne-Hirschowitz [10] and Sernesi [12],
it is shown that the curve obtained in the first step is flatly smoothable
in P In our case, we need cumbersome computations of polynomials
to verify the conditions in the criterion, for the geometric method as
in [10] or [12] cannot be applied.

Each singular curve appearing in the course of the proof has
only plane singularities, but their multiplicities are larger than two in
most cases, If we prefer only nodes as singular points, we can deform
the curve flatly in P?® over an irreducible parameter space so that
it becomes a union of lines, no three of which meet at a point, This
enables us to get new smoothable stick figures (see [10], (7.1) and
(7.2)).

In this paper we do not at all discuss the fundamental but subtle
problem whether or not integral curves with the same neat basic
sequence form an irreducible open subscheme of Hilb(P?), because
the answer is not obtained except in few simple cases where it is
known to be affirmative,

Notation

The ground field % is of characteristic zero and algebraically closed.
We mean by the word curve an equidimensional complete scheme
over k£ of dimension one without any embedded points. The
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polynomial rings k[x,, x,, x3, x,] and k[x;, x,] are denoted by R and
S respectively, where =x,, x,, x3, x, are the homogeneous coordinates
of P3. The ideal sheaf of a curve X in P?® is denoted by £,. We
set Ix=PH(Fym) R, MX)=PH(Fx®)) and M X)=
Hom, (M (X), k). The notations of [2] and [3] will be used freely.

§1. Numerical Properties and Known Examples

Let B=(ainy, ..., MaiMarrye-.s Narp) (@>1,0>0) be a sequence of
positive integers, We will call its three sections divided by semicolons
the head, the body and the tail in order and refer to the subsequence
(a;ny,...,n,) as the principal part of B, The head is denoted by
a(B) and the number b, which we call the size of the tail, by 6(B).
In the case b(B) =0, B consists of the principal part only. We put

deg(B) =3 ni— +a(a—1) —b
A 2
(.1 1 1o b
gen(B) =1—+a(a—1)(a—5) +5 2 ni(ni=3) =2 nas;+b
1=1 1=1
and call deg(B) and gen(B) the degree and the genus of B re-
spectively. When B is the basic sequence of a curve in P% they

coincide with its degree and arithmetic genus (cf. [2 ; Remark 1. 9]).

Lemma (1.2). With the notation above, put B'=(a;ny,...,n,,,
et 15y, ey o) and B =(asny, ..., Nyila415e ey Nays, M) fOr a
positive integer n. Then

1) deg(B’) =deg(B) +1, gen(B’) =gen(B) +n,—1.

2) deg(B") =deg(B) —1, gen(B") =gen(B) — (n—1).

Definition (1.3). We say that a sequence of positive integers
(@3Myy e ey Milggyy ooy faps) (@=1,62>0) 1s neat or is a neat basic
sequence if it satisfies the inequalities a<m <+ <n,<n, 11 <<y <
a+1.

We begin by establishing some numerical properties of neat basic
sequences, First, the formula (1.1) yields
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deg (a;a™, (a-+1)"") =—é—a(a+1) ta—m
(1. 4)

gen (asa™, (a+1)*™) =—é—(a—l) (a—2) (2a+3) + (a—1) (a—m)

for a>1, 0<m<a. Let g be a nonnegative integer. Since

gen(a;a™, (a+1)*™) =gen(a;a™?, (a+1)*""1) +a—1
(1.5) 0<m<a—1)
gen(a+1;(a+1)*") =gen(a; (a+1)?) +a—1

(cf. 1) of (1.2)), the function gen(a;a™, (a+1)* ™) (a=>2,0<m<a)
increases strictly according as m decreases or a increases, with
gen(2;2%) =0. There exist therefore integers a,m,n satisfying a>2,
0<m<a, 0<n<a—1 such that
(1.6) g=gen(a;a", (a+1)°™™) +n,
which are determined uniquely by this condition. With the use of
these integers, we define the neat basic sequence B, associated with
g to be

(a;a™, (a+1)°™™) if n=0,

(a;a™ e, (a+ D)% ™" (a+ 1) D) if n#£0, m+n>a,

(a+l ; (a+l)l+m+n+1, (a+2)a—l-—m-—n; (a+l)m—l+1, (a+2)a—m—-n—1)

if n#0, m+n<a,
where I=min(a—m—n, m+1). It can be verified directly that
gen(By,) =g .
0<b(By) <a—2

Note that
(1.7 deg (Bgyrm) =deg (Bep) +1

for all n, gy;=gen(a;a™, (a+1)*"") satisfying a>2, 0<m<a and 1<n
<a—1. Given a neat basic sequence B, we define next(B) by the
following rule;

1) in the case B=(a;a%;a™ (a+1)*"™) with 0<m<b, set next(B)
=(a;d, (a+1)*"a"?, (a+1)***"1), where [=min(a, m),

2) in the case B=(a;a™, (a+1)*™ (a+1)*) with 0<m<la, b>0,
set next(B) =(a+1;(a+1)"™*2 (a+2)*7'"" 1 (a+ 1)1 (a+2)° 1),
where [=min(b+m,a—m—1).
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Direct computations show that deg(next(B)) =deg(B) +1, gen (next
(B)) =gen(B).

Lemma (1.8). Let B, and B, be neat basic sequences.

1) B,=B, if and only if deg(B,) =deg(B,) and gen(By) =gen(B,).

2) If deg(B)>deg(B,), gen(B;) =gen(B,) and a(B,) =a(B,), then
b (B, >a(B,) —2.

Proof. 1) For a sequence B=(a;ny, ..., M5 Mat1,5 - - Nass) Of positive
integers, the polynomial

KB(x)::<x—g+3>+é<x—gi+2)+i(x——n,,lw—i-1)

i=1

coincides with <x—%—3>_ (deg(B) +x+1—gen(B)) (cf. [2;Remark 1. 9]),

where <;>=x(x—-l)---(x—m+l)/m! (m=0). Suppose B is neat.

Since (Z):(Z) for x>m>0, we find that Ks(a—1)=—#{j|n.,,=
+

a+1 (1<j<b)}, Kp(a) =1+4{i|n,=a (1<i<a+b)}, Kzg(n) >0 for n>a,
and in particular a=14max {x| Kz(n) <0,nZ}. The assertion follows
from this immediately.

2) If B, and B, satisfy the hypothesis, we can apply next( )
successively, starting with B, to get a neat basic sequence B such
that deg(B) =deg(B,) —1, gen(B)=gen(B,) and a(B)>a(B;). We
have By=next(B) by 1), so that a(B) =a(B,) =a(next(B)) and b(B,)
>a(B;) —2 by the definition of next(B).

Proposition (1.9). 1) For each pair of integers (d,g) (g0,
d>deg (Byy)) there exists a unique neat basic sequence with degree d and
genus 8.

2) A neat basic sequence B with nonnegative genus g satisfies the inequality
deg (B) >deg(By,) except in the case where ¢=0 and deg(B) <2.

Proof. 1) Apply next( ) successively, starting with B, and use
1) of (1.8).

2) Let g be a nonnegative integer which has the expression (1. 6)
and B a neat basic sequence such that gen(B) =g. Suppose a(B) a.
If a>3, we must have by (1.5) and 2) of (l.2) that gen(B)<g,
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while if a=2, then a(B) =1 and the condition 0<g=gen(B) implies
that g=n=0, m=2 and deg(B) <2. Therefore a(B) >a, in the case g>0
or deg(B)=>3. If deg(B)<ldeg(B) in this case, then B,=next(B’)
for some neat basic sequence B’ satisfying a<a(B’) <a(B,) <a+1.
Since 0<b(B,) <a—2, we find by (1. 8. 2) that a(B’) #a(B,), namely
a(B’)=a and a(B,) =a+1. But this leads to a contradiction in the
following way. We may write B'=(a;a™, (a+1)*"";(a+1)*) with
0<m’<a, b’ =0. Since g=gen(B’) =gen(a;a™, (a+1)*"™) —ab” and g
has the expression (1.6), we find m>m’ and (a—1) (m—m') —ab" =n
by (1.5). This implies a(m—m’—b") = (m—m’) +n with 0<(m—m") +
n<2a, therefore m=m’, n=b"=00r m—m’'—b=1, a=m+n—m’'<m+n.
Hence a(B,,) must coincide with a by the definition of By, We
thus have deg(B) >deg(B,,) except in the case where g=0 and
deg (B) <2.

Remark (1.10). With the use of (1.4) and (l.7), one can prove
the inequality

3a(a+1)
(1.10. 1) @=1 (a-9) (2a+3) g+12=>deg(B,)

for g=gen(a;a™, (a+1)*™) +n, a>3, 0<m<a, 0<n<a—1. The coef-
ficient of g is a strictly decreasing function of a (¢>3) and takes
the values 2, 10/11, 15/26, --- for a=3,4,5, ---. Therefore, if g>11
(or a=>4), we have g+3>deg(B,). This relation holds also for
smaller values of g as seen by the following table of deg(B,).

a 2 3 4
g 0/1/2/314,5(6,7/8,9|10|11/12,13,1415,16,17
deg(B) 314156/ 7 | 819 | 10 11 12
|

Now we pass on to a description of known examples of smooth
irreducible curves with neat basic sequences. Recall that a curve X
in P?®is said to be of maximal rank if it satisfies A°(F x(n)) X
h(F x(n)) =0 for all integers n (see [5]).

Lemma (1.11). 4 curve X in P3 has maximal rank if and only if
b=0 or b>1, a<n,;<a+l for all j (1< j<b), where a=a(B(X)),
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b=b(B(X)) and ngpyy...,n,4, denotes the tail of B(X).

Proof. If b=0, X is projectively Cohen-Macaulay and A'(S x(n))
=0 for all n (cf. [2;Remark 1.5] and [9]). Suppose 6=>1. Since
M’ (X) has the minimal free resolution

"1 b
DS[e; —2]1—DS[n,4;,—2]—> M (X) —0
i=1 i=1

as an S-module induced from (*) by duality (see Introduction), we
have

(I.11. 1) max {n|M(X),#0} =n,.5—2

and X is of maximal rank if and only if n,,;,—2<a—1, that is if and
only if a<n,.;<a+1 (1<;<b) by (1. 1).

Thus a curve with neat basic sequence is automatically a curve
of maximal rank. Let d,g be integers which satisfy d>deg(B,),
g>0 and let B be the unique neat basic sequence such that deg(B) =d,
gen(B) =g. Put a=a(B), b=b(B).

Example (1.12). Suppose d>g+3, g>0 (see (1.10)). By [5],
there is a smooth irreducible curve X of degree d and genus g
having maximal rank such that A'(0 x(1)) =0. Let Kz(x) and Kp, (x)
be the polynomials defined as in the proof of (1.8). We have
Ks(n) = Kpx, (1) =<”Jg3>—h°(@x(n)) for n>1. Since a—1=rmax
{n|Kz(n) <0,nsZ} and X is of maximal rank, we see a(B(X)) =a.

1) If all the entries of B coincide with a, then A'(Fyx(@a—2))=
—Kz(a—2)=b,h(Fx(n)) =0 for n>a—1 and A (Fx(@)) =Kz(a) =
a+b+1. This implies first that the tail of B(X) is a® by (1.11.1)
and then that B(X)=B. It follows from the inequalities d>g+3, g=>0
and the formula (1.1) that

+@-3 (a+2)£b_<_%(a—2) 22+3).

2) If all the entries of the body and the tail of B coincide with
a+1, then M (Fx(a—1))=—Kz(a—1)=b (L x(n))=0 for n>a,
R (F x(@)=Kz(a) =1 and A°(Fx(a+1)) =Kz(a+1) =a+b+4. In this
case the entries of the tail of B(X) must be a+1, therefore B(X)=B8.
The inequalities d>g+3, g>0 imply
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a—2) (a*+2a—6 a—1) (2a*+5a—6
( 3?((‘1—1) ) <b< ( ) ( e ) )
If Kz(a) =2, we find similarly that B(X) =B,

3) In the remaining cases, the size of the tail of B(X) cannot
be determined in an obvious manner. So far, we can only say that
B(X)=(a;a™, (a+1)*"";a", (a+1)""") with m’+n'+1=Kz(a), b'>b
and b’ —n’ =k (S x(a—1)), though it is natural to expect that B(X) =B.
For a generic X, this is perhaps true.

Example (1.13). If B satisfies one of the following conditions, it
is realised by smooth irreducible curves.

1) =0 [7;Théorém 2.5],

2) b=1 [1;Proposition 4.4] (cf. Appendix),

3) B=(a;a%;a") (0<2b<a) or B=(a;a (a+1)*"; (a+1)?) (0
26<a—m) [2; Theorem 4.4], [3; Corollary. 2.6], [7; pp. 125-126]
(cf. Appendix).

Remark (1.14). 1) In 3) of (1.12) we can show in fact that
m’>2 if n’>0, which means that B(X) is neat at least in the case
Kz(a) =3. The proof of this, however, requires subtle consideration
on the relation matrices 4,, 43 (cf. [2;§1] and [3;§1]), so we omit
the detail.

2) When d is small as compared with g, it may occur that there
are many kinds of curves of maximal rank with the same degree d
and genus g For instance, set

B,=(a;a"™, (a+ 1), (a+2)%a, (a+1)9)
for 0<r<(p+1)/6, 0<g<min(a—p-+r, (a—2p+4r)/6) and
B,,=(a;a®Y (a+ 1)1 (a42)7 a+35a7, (a+1)7
for 0<r<p/6, 0<g<min(a—p+r—1, (a—2p+4r—20)/6), where a
and p are sufficiently large fixed integers. They are all realized by
smooth, irreducible and arithmetically Buchsbaum curves with
d=a(a+1)/2+a—p, g=(a—1) (@—2) (2a+3)/6+ (a—1) (a—p),

which have maximal rank by (l.11) (for the proof see [4]). The
basic sequences B, and B, represent distinct irreducible components

H(B;o) and H, (Bj,) of Hilb(P? (see [3; pp. 776, 778] for notation)
and probably curves with B, (resp. B;,) belong to H(B:,0) (resp.



1026 MUTSUMI AMASAKI

H, 5 (Bo) (cf. [2;85]). There may be other possibilities of curves
of maximal rank with the above (d,g), but here we won’t go further
in this direction.

§2. Preliminary Results

Let (@;);»; and (B)»; be sequences of elements of k\{0} such

that a;#a;, B;+#p; for i#j and set
Pi=x—axs, 2 =X— B,

for all i>1. Denote by P! (resp.P?) the point of P3 defined by
Yi=x,=x,=0 (resp.z;=x,=x3=0) and by L, ; the line passing through
P! and P, i.e. L,;=ProjR/(v:, 2;). Let a be a positive integer.
We associate with a finite subset A of the double indexing set
{(G,/) I1<i<a, 1<j<a} the curve v L;; with reduced structure,
which we will denote by Z(4). There is a neighborhood of Z(A)
in P® covered by the open sets U} (1<i<a) and U? (1<j<a)
which are defined to be the complements of the divisors

x1<lf_11y,>/y‘-=o (1<i<a) and x2<11”:11z,)/z,-=0 (1<j<a)

respectively. Put A'={l| (G, 1) €4}, Ai={l|(,i)=A4} and let |4}
(I=1,2) denote the number of the elements. We set
Fi=y/x, F1=2z;/%

and
1 2,
t=(Oz) /%", G=(I1y)/x"
1ea} 1eA?
for 1<i<a,
where Gi=1 if Al=¢ (I=1,2). Then
2.1) fzm)luz,: (F%, Gf)@uz. (=1,2, 1<i<a).

Since Z(A4) is a local complete intersection, its normal sheaf
Nz ‘=-%mwzm) (L 2/ bws O zw)

is locally free with local trivializations

(2.2) NZ"”‘UQnZ(A)E @uﬁnzm) * (F) *C_Bmufnzw A

(I=1,2, 1<i<a), where (F)*, (GH* denotes the dual basis associated
naturally with F}, Gi.
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Proposition (2.3). Nz is the direct sum of the line subbundles Q %
and Q %, defined by the conditions

[ Q.%(A)‘Ullnzm)f—: @UfnZ(A) - (GH* (1<Ki<a)

Q2w |U'j’.nZ(A)E (ou';’nzm)  (FH* (1<j<ZLa)

[ Qi oz = Otz « FD* (1<i<a)

Q%w |U§.nZ(A); @t@nzm) - (GH* (1<y<a).

Proof. We have U'NUNZ(A4) =¢, UNU*NZ(A) =¢ for i#j and
UNnUNZ(A)#¢ if and only if (i,j) €4, in particular no three
distinct U'NZ(A)’s have nonempty intersection. Furthermore, if
(1,7) €A, then UINU?NZ(A) =L; \{P}, P%, je A} and i€ 4% therefore
both

2 v 4l
F/Gi= (" )/ I ) and FY/Gl=(Gm™ )/ (e 1 2)
leAf leA;

vanish nowhere on U'NU?NZ(A). It follows from this that (G})*
and (FH* (resp. (FY)* and (GH*) (1<i<a, 1<j<a) can be patched
together to form a line subbundle Q }4, (resp.Q %) of Nz and we
have Nz =0 %@ %w -

Let A’ be a subset of 4,
A1={l1 G, Ded}, 4%={l| ()4},
2

11 7
G'=(1I z) /5", G?= (1 y)/x"

1earl 1e4/?

and H'=G!/G'l (1=1,2)

for 1<i<a. The line bundles Q},, and Q 4., are connected to Q %,
and Q %, by the following exact sequences (cf. [12; (5. 1)]) ;

2.4) 0——>Q,é(A)®jZ(A’)/Z(A)—>Q,é(A)__>Q,é(A) | 2an—0,

¢l wl
(2.3) 0—0Q tun—Q |Z(Af)"—>E'Z(A/)/z<A>—>0,

where
a
Ebuanza :®1 Ebanza.is ElZ(A’)/Z(A).izlPI* k[UA/ (FL G, HY),
1= 13

tp Pl——Z7(A’) the inclusions (1<i<a), and ¢' is induced by
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the natural map S£zu/ Fin—F 200/ Foun ((=1,2). Note that ¢ is
an isomorphism on Z(4’)\{P!|1<i<a} and that it coincides with the
multiplication by H! at P}, The following is an easy

Lemma (2.6). Suppose that H(Q 5ny) =0 and that

1
®
H° (Qé(A) I Z(A’)) —H° (EIZ(A’)/Z(A))

is surjective. Then H(Q 54n) =0.

We will need the fundamental result on the smoothability of
singular curves observed by Hartshorne-Hirschowitz [10] and Sernesi
[12], under a slightly weaker condition. Let X be a reduced curve
in P? whose singular points are all plane singularities. Let Nx denote
the normal sheaf of X and 7% the T*-functor as in [10;p.100].

Proposition (2.7). ([10;Proposition 1. 1] and [12; (1. 6) Proposi-
tion]). Suppose that H'(Nyx) =0 and that for each singular point P of
X, the natural map H°(Nx) >H°(T%|p) is surjective. Then X is flatly
smoothable in P3,

Proof. Since the stalk of 7% at P is the local deformation space
of a plane singularity, a nonzero element of T%|, corresponds to a
deformation which strongly smooths P. Thus the proof of [10] works
well for our case, too,

Corollary (2.8). Suppose that H(Q tun) =0 (I=1,2) and that for
each point P! (1=1,2,1<i<a), the natural map H*(Q %) >H*(Q }ar) ()
is surjective. Then Z(A’) is flatly smoothable in P2,

Proof. Clear by Thunlu=0Q tunly and Nz =0 kun®Q fun.
1 1

Concerning the deformation of curves with neat basic sequences,
we have the following

Lemma (2.9). Let n:Z—T be a flat family of curves in P3 and
suppose that X:=%,(0€T) has a neat basic sequence. Then B(Z,) =B (X)
for all v in a neighborhood of o, where ¥ ,=n"'(v) @weT).
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Proof. Since X is of maximal rank, there is by upper semicontinuity
a neighborhood V’ of o such that g ;=n4(F4(n))|y are locally
free with

2.9.1) I, ®k@) =H (S (1),
(2.9.2) (I 5, (1)) =H(F x())

for all v€V’, n>0. Let (a;a™, (a+1)*™) (0<m<a) be the principal
part of B(X) and L a generic line in P?® not intersecting X. For each
n>0, it follows from (2.9.1) that

8(2, n)i=dim, Im (H'(S ¢ (0)) —H(F (1) | )

is a lower semicontinuous function of v&V’ which satisfies

s =(1757) 4n(15) 0o,

by (1.3), so d(v,a)=m+1, d(w,a+1)>a+2 for all v lying in a
neighborhood VCV’ of o. Since h°(.ﬂgu(a~l))=0 and h"(.fgu(a))
=m+1 by (2.9.2), we have d(v,a—1) =0, d(v,a) =m+1,0(v,a+1) =
a+2 and the principal part of B(%,) coincides with (a;a™, (a+1)*™).
Hence B(%,) =B(X) for all v&V by (2.9.2) and (1. 2).

In the proof of Theorem (I.4), the hypotheses of (2.6) and (2.8)
will be verified with the use of the lemmas below.

Let (7:;):21 be a sequence of elements of £ such that 7,#%y;, for
i#j, s and ¢ indeterminates over k£ and u;=s—7¢ (1=1). Given in-
tegers n, r satisfying 0<r<n, we set

(2. 10) g = w) <£Il Unier)s

where ﬁu, is understood to be 1 if p>q.
1=p

Lemma (2.11). 1) Fix n (n>1). Then the polynomials g" Vu,,_,_,
0<r<n—2), g"Ps and gVt are linearly independent over k.

2) Fix n (n=>0). Then the polynomials g™ (0<r<n) are linearly
independent over k.

Proof. 1) The case n=1 is trivial. Suppose that n>>1 and that
n—2

(n) (n—=1) -
Zo €8 Upy—yo1+Cpm1 G S + 0, 805Vt =0
=
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with ¢,€k (0<r<n). Then since u divides all g™ (1<r<n—1)
but not gf* ¥, we have ¢=0. Dividing the above relation by u, we
find that ¢,=0 for all 1<r<n by induction on =.

2) Similar to 1).

For each v>0 we denote by k[s,¢], the homogeneous part of
k[s, t] of degree v,

Corollary (2.12). Given integers m,n satisfying n>1, 0<m<n, let
Vo (resp. Vi) be the linear subspace of k[s,t] spanned over k by
{88 Pupy_ 1 Im<r<n—2} U {g&7Vs, g0t} (resp. {g® |m<r<n}). Then
Van=Vmn=8"k[s,t]-w (0<m<n) and V,, DV, ,=gPk (n=>1).

Proof. The inclusion V,,Dgk (n>1) is obvious. If 0<m<m,
the polynomial g” divides g for all m<r<n—1. Since n—m+1
homogeneous polynomials g Pu,,_,_ /g% (m<r<n—2), gr*7"s/g" and
gmPt/g of degree n—m in s,¢ are linearly independent over £ by
(2.11), we have V,,=g™k[s,t],-n. In the same way we get the
assertion for V, , (n>1, 0<m<n).

For each p (0<p<a), let V, (resp. V;) denote the linear sub-
space of k[s,t] spanned over k by {g"Puy_,;|r=0, 2n—r—1<a,

0<n—r—1<p} U\.a/{g,(,”_'ll"(/c—ksk—{-tk)} (resp. {g®|r=>0, 2n—r<a, 0L
n=1
n—r<p}) and put Vi=V;+sV;+itV;.

Corollary (2.13). 1) If 0<v<p+1, m>0, m+2v<a, then gk[s, t],
CcVs.
2) If 0<v<p, m>0, m+2v<a, then gk[s, t],CV;.

Progf. 1) Put n=m+v. The case n=0 is trivial. If n>>0, then
gmPs, gt and g Puy,_,, (m<r<n—2) are all contained in V, by
definition. Hence the assertion follows from (2.12).

2) Similar to 1).

Let m and n be positive integers and for each g (0<p<n) let 4,
denote a homogeneous polynomial in s,¢ of degree ¢ which is not

2

divisible by any »;, (1<I/<m). We set A;=1II u, (0<2<m) and consider
1=1

the ring E:=k[s,t]/(h,, h,) as a k-vector space (kCk[s,t]).
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Lemma (2.14). The polynomials hh, (0<2<m—1, 0<pu<n—1)
(mod (h,, h,)) form a basis of the mn-dimensional vector space E.

Proof. Since h, and A, are relatively prime, we have dim,(E) =
The assertion being obviously true for m=1, we proceed by induction
on m., Suppose that m>>1 and that

m—1 n—1
(2.14. 1) > X cahah,=hh, 4Rk,

A=0 p=0
with ¢; ,€k and h, k' €k[s,t]. Since h; (1<A<m) are divisible by u,
the relation (2.14.1) consists of the following two parts;

(2.14.2) Z o, h,=g'h, (mod u),
=

n—1

2.14.3) 5 5 ca /i) Ky =h Cha/ ) + b+ (& b= 3 0o, /1,

where A'=gu,+g’ with g’ €k[¢]. It follows from (2.14.2) that g’ =0,
6,,=0 (0<p<n—1) for reasons of degree, and hence from (2. 14. 3)
follows that ¢; ,=0 (1<A<m—1, 0<pu<n—1) by induction, This
proves our assertion,

Suppose a>2, Let t= {tin, ooy ipn), T={,... s Ja-p- g G<ap<loe
L1y 1yl <J g pe 1,0<p<a 2) be subsets of r,;={i|1<i<a} such

that z=7,\r, We set A5 ll'_[lul 0<L2Kp+1), b= Hu, 0<p<a—p-1)
and E*=k[s, t]/ (h5e1, ha_p_1). Let &% :k[s, t]——>ET denote the natural
map. Later we will have to consider three cases;

case 1) t={a—2p+2[—3| 1<I<p+1} with 0<p<[a/2],

case 2) t={a—2p} U {a—2p+21—1] 1<I<p} with 0<p<[(a—1)/2],

case 3) t={a—2l| 1<I<p+1} with 0<p<[(a—1)/2].

Lemma (2.15). We have R}, h3h, (0<A<p, 0<u<a—p—2) <V,
(resp. V,) and &7 o (resp. lc‘[VP) is surjective in the cases 1) and 2) (resp.
»

in the case 3)).

Progf. Clear by (2.13) and (2.14).
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§3. Curve with B= (a;a";a")

We will construct in this section a smoothable and connected
curve of the form Z(4) for each pair (a,b) satisfying a>0, 0<b<[a/2]
x (a—[a/2]), which has (a;a®;ab) as its basic sequence, where [a/2]
denotes the integral part of a/2, The notation of the previous
section will be used without change, unless otherwise specified.

Given a positive integer a, let f; denote the homogeneous polynomial

(fI z) ( 1 ) (0<i<a), J the ideal (fo, fi,..., f.) R and X, the curve
I=1 I=i+1
ProjR/J. One sees X,=Z(4) with A={(, j)|1<j<i<a}. Put
p(a) =[a/2](@—[a/2]). An integer & (1<b<p(a)) can be written
uniquely in the form p(a—p) +q (1<g<a—2p—1, 0<p<<[a/2]), since
[a/2]
p(a)=fi(a—2l+1)+lpz1 (a—20+1) for 0<p<[a/2]. With the help
=1 =p+
of this expression, we define A(b) to be the set
A{G+2—-1Ln|1<j<a—-21+1,1<I<p U {G+2p+1, ) |1<j<q})

for 1<b<p(a) and denote Z(4(b)) by X; and X, by Y, (0<p<
[a/2]). The curve X, is obtained practically by removing ¢ lines
Ljsypr; (1<j<g) from Y,.

)Y=a for 1<j<q and

j+2p+1,i

Lemma (3.1). We have h°(0x,q1
L;ipps1,; N Lyrygper, o =9 for j+#j'.

Proof. The latter is clear, To verify the first equality, consider
for each P! (resp. P?) the number of the lines passing through it and
contained in Y,, which we denote by d'(p) (resp.d?(p)). One sees
without difficulty that

[ d*(p) =i—min ([i/2], p)

B.1.D) : . . .
di(p) = (@—j+1) —min([(a—j+1) /2], p)

Since P! and P? are all plane singularities, we get

ho(@xan )= dhapn(p) — 1) + (d5(p) —1) =a (1<j<q).

it2p+l, i

This lemma enables us to compute the basic sequence of X, easily,
combined with the following
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Lemma (3. 2). ([2; Corollary A.3]). Let X be a curve in P* and
L a line which intersects X in a set of finite points. Suppose that B(XU L)=
(@31, ey Mgy Mgty e v ey Nass) and that h°(0 xar) =n with n>n,. Then
B(X)=(aiMy, ey Myiligiry ey Nags, 1) up to a permutation of the tail.

Proposition (3.3). B(Xy) =(a;a®;a’) and X, is connected if and
only if 0<b6<p(a).

Proof. Since Sk has the free resolution

(
3.3.1) 00— O (—a—1)"—> 0 (—a)*" I 0
—z
0
with p=| 1 TR, ,
)’20 G*Za
0 o

the basic sequence of X, is (a;a®). Apply (3. 2) successively, starting
with X,, and we get B(X;) = (a;a*;a’). For the connectedness, observe
first that

Xowy=Z(Appew) UZ(Asa) (disjoint union),

where A4,,.,= {(i,j) both ¢ and j are even} NA, A,u={(@J) |both 1
and j are odd} N4. The points P! and P? (1<i<ag, 1<j<a) with
subscripts in the same congruent class modulo 2 are contained together
in either Z(4,,,) or Z(A,:) and are connected by lines of the forms
Ly, Lips,. If 0<b<p(a), then X, contains a line L,, such that i#j
(mod 2), which joins the two points P! and P? not lying in a single
connected component of X,, therefore X, is connected.

Proposition (3.4). For each m (1<m<p(a)), write m=p(a—p) +q
1<g<a—2p—1, 0<p<<la/2]) and set

q-1 p+1 a
Sarm= (Ezz) (IE Datar-22q+21-1) ( . I ).

=q+2p+2
Then for each b (0<b<p(a)) the ideal Iy, is generated by the homogeneous
polynomials f, (0<n<a-+b) of degree a.

Proof. Since Ix =], it suffices to show that Ix, =Ix, | +fosnR for
all m (1<m<p(a)). In fact, the hyperplane f,,,=0 contains the lines



1034 MUTSUMI AMASAKI

L;; whose double indices (i,j) lie in A(m) =4\ {(j+2I—1,)) |1<5<q,
I<I<p+1 or g+1<j<a, 1<I<min(p, [(a—j+1)/2])}, but not
L,ispi1.4. Since X,,U Lyigp1,,=X,—1, this means that f,,, vanishes on X,
but not on X, ;. We see therefore by (3.3) that Iy =Ix  +finR.

The rest of this section is devoted to the proof for the smooth-
ability of X; (0<6<p(a)). Let us begin by describing a method to
construct global sectios of Ny, and NXOI x,- First set

HY(p) = (T 2iga) /22 (0<p<[i/2])
(3.5 ‘=;
Hf([l) = (IE)’sz—l) /xg (0 SPS [(a—i+ /2D

and
Gi(p) = (llil1 20/ (xiH (p)), GH(p) = (llil,-y‘) /(x5 HE(p))

for 1<i<a. By (2.1)

(FY, GH([Ei/2D) @u.l (A<i<2p+1)

Irlp={ FLGG+1) 0, @p+2<i<p+e+])
(FLGIP) 0, (2p+q+2<i<a)

(P, G p+1)) 0, (1<j<q)

Ixlp=| FLGEW) O,  (@+l1<j<a—2p-1)
S L@ G+ D /2D) 0, (a—2p<j<a)

where b=p(a—p) +q with 0<p<[a/2], 1<g<a—2p—1. Note that

. a 3 i—1
GHO) =i/ (eix TT 3, GO) =fia/ 7 x L 2)
(3.6) L . B
Fi=fo/ (X 11 p), Fi=f,/(x,x II z)
1=1,1%: I1=1,1%1
for 1<i<a. Since Jx has the free resolution (3.3.1), the sheaf
Nx)| x,Z s#om ( Pz, Ox,) coincides with the kernel of the map

t
0(b): Oy, (@) —2> Oy, (a+1)7,

and to obtain an element of H°(NX0|Xb), we have only to compute
the kernel of the map
t
O(B): (Ru/Ix, )" ——> (Rosr/Ix,011) "
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Let (F)*, (G}(0))* denote the local basis of Nx on U;NX, for 1 <i<a,
1=1,2 (see (2,2)) and Ei(p) the sheaf ¢, (K[U1/(F,Gi(p), Hi(p)))

on X; (I=1,0<p<[i/2] or |=2,0<p<[(a—i+1)/2]). We have the
exact sequence (2.5) with Z(4) =X, Z(4") =X, and

Byr=(® B/ OCS Bp+1)O(_O E®)

Byn=@B0+0)0CE BSOS El@a—i+1)/2D)

for 1<b<p(a). Through the identification of H°(Nx [x,) and
Ker (0 (b)) as above, a vector ‘v="(1,) o<v<. EKer (0 (b)) corresponds to a
global section (o4, 0,) (UIEHO(Q}(O IX,,) ,1=1,2) of NXD |X,,: (Q%{o@Qﬁo) lxb
which can be written in the form

c1(vo/x5) (FD)*+el(vi/x9) (G1(0))*  on UiNX,

¢t (va/x5) (FD* +et(v;1/x3) (GE(0))*  on UlN X,

with suitable ¢}, el€k\{0} ((=1,2, 1<i<a) (cf. (3.6)). Furthermore,
(01,0,) comes from a global section of Ny, by way of (¢! ¢%) if and

3.7

only if w!(e)) =0, w?(s,) =0.

In the argument below, we will use the following term.

Definition (3.8). Let X be a subscheme of X,. By a pre-normal
of X we mean a row vector v= (0,)0cv<, With 0,ER, (0<v<a) such that
all the components of ve lie in Iy,

Note that a pre-normal of Y, (0<p<[a/2]) is at the same time
a pre-normal of Y, for all p' (p<p’'<[a/2]). Set s=x,/x;,t=x,/x
and u;=z;/x;, (i=1). Denote Iyp,,ﬂy,,R by D,;(p) (0<p<[a/2], I=1])
and the linear subspace {f/y.xi™ (mod F})|feD,(p)} of k[s,t] by

W,(p). We have W,(p) cW,(p+1) and (x;/x)W,(p) CW,;,(p) for
1<i<4,

Lemma (3.9). Let p,r,n be integers satisfying r=>0, 2n—r<la and
0<n—r<p<la/2]. Then g”W,(p) (¢f. (2.10)).

Proof. In the case n=r the assertion is clear by f,€D,(p) (0<n<a).
If n>r, then since 0<n—r—1<p—1<[a/2], 1<r+1<a—2(n—r—1) —1
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and (T + 1) + 2 (ﬂ —r— 1) + 2 Sa, the polynomial fa+(n—r-—1) (a—n+r+1)+ (r+1)
defined in (8.4) belongs to D,(p), that is gPeW,(p).

Lemma (3.10). 1) Suppose 0<p<[a/2]). For each Ek[s,t], there
exists a pre-normal v (p, &) = W3(P, €))o<vca of Yy such that oi(p, &) =0
for 0<v<a—1 and v:(p, &) /xi=¢ (mod(FLGL(p+1), Hi(p+1))).

2) There exists, for each p (0<p<[a/2]), a pre-normal w'(p)=
(@i (P))o<v<e 0f Yy such that wi(p) =0 for 0<v<a—1 and wl(p)/x{=
Hi(p+1) (mod F?).

3) There exists a pre-normal w'*= (w'Y)ocv<a of Yo such that w'i=0
for 0<v<a—1 and w'l/x{=1 (mod F}).

Proof. 1) There is a polynomial f(p,&) of D,.;(p) such that
Jf,6) [yxi=¢& (mod(F;,Gi(p+1), Hi(p+1))) by (2.15) and (3.9).
Setting v(p, ) =0 (0<v<a—1) and di(p, &) =f(p,8)/y., we get a
desired pre-normal. 2), 3) Similar to 1).

Let
al: (R) M ——k[x,/ %y, %3/ %1, x/%1] (1 <i<0)
and
n?: (R,) T ——k[xy/ %y, X3/ %5, x4/%,] (1<i<0)
denote the maps defined by #!(v) =v;/x{ and =?(v) =v;_,/x3 respectively
for v= (%) o<v<a-
Proposition (3.11). Let £ be an element of k[x,/x1, x3/x1, x4/x.].

1) There exist for each pair (i, p) (1<i<a, 0<p<[i/2]), pre-normals
v, w of Y, satisfying n}(v) =0, nl(w) =0 (1<v<i—1) such that
[ E—m (@ =0 (mod(F},Gi(p+1), Hi(p+1)))
m (w) =Hi(p+1) (mod FY)
2) There exist for each pair (i, p) (1<i<a, 0<p<[i/2]) pre-normals
o, w of Y, satisfying wi(v') =0, nl(w’) =0 (1<v<i—1) such that
{ C—l(') =0 (mod(F},Gi(p), Hi(p)))
7 (w') =Hi(p) (mod F})

Proof. We will prove the assertions by induction on a. The case
a=1 is trivial. Assume that a>>1 and that the assertions are true
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for a—1. Replacing a by a—1 in the formulae which have been
described in this section, one obtains the curves, the polynomials and
the maps associated with the integer ¢—1 in the same manner, We
denote them by the same symbols with ~ attached on the heads.
Notice first that Y,C Y,U_&ijl L,;and thaty,,IyPClyp 0<p<fa—1)/2]).
This allows us to COl’lStrlJ,lCt pre-normals of Y, from those of ¥, in a
canonical way. In fact, for a given pre-normal %= (3,)ocscsy Of ¥, (0<
p<[(a—1)/2]), we can define a pre-normal 7= (9,)ocs<, of ¥, which
satisfies 7}(n)=#}(7) (mod F}) (0<v<a—1) up to constant multiplication,
by setting n,=#,9, (0<v<a—1), »,=7%,_12,. Besides, the polynomials
F%, G (p) and HY(p) coincide with F%, G1(p) and H(p) respectively for
each pair (5, p) (1<i<a—1, 0<p<[i/2]). The assertions 1) and 2)
therefore hold for 1<i<a—1 by the induction hypotheses and it
remains to deal with the case i=a. Now suppose i=a and let ! (p, &)
and w'(p) (0<p<[a/2]) be the pre-normals described in (3.10)
with §={ (mod F!). It suffices to set v=0v'(p, §) and w=w'(p). We
have thus proved 1) completely. Since a pre-normal of Y, is at the
same time a pre-normal of Y,,, (0<p<[a/2]), the proof above gives
also a proof of 2) for i=a, 0<p<[a/2]. When i=a and p=0, we
use the pre-normal w’* described in (3.10) to verify 2). In this case
H1(0) =1, hence the assertion is clear.

Let b=p(a—p)+q 0<p<[a/2],1<g<a—2p—1) be an integer
such that 1<6<p(a). The transposed vector of a pre-normal v of Y,
gives an element of Ker (0 (b)) corresponding to a global section (ay, 7,)
of NXOIXb=(Q}(0(-BQ,§(0) | x, as explained before. Locally, o,=xi(v)-
(GH(0))* (mod H'(

(1=1,2,1<i<a) (cf. (8.7)), therefore we get the following result.

b)) up to constant multiplication on U'N X,

Corollary (3.12). 1) The complex
1 a)l
0—H(Q k) ——>H(Q &, | ) 2—H' (Ek x) —> 0

is exact for [=1,2.
2) There exists for each pair (I,1) (I=1,2, 1<i<a) a global section
of Q%, vanishing on UiNX, (1<j<i if I=1, i<j<a if [=2), which

gives a generator of Q% | .=k.
i
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3) H'@Q%)=0 for I=1,2.

Proof. We first consider the case [=1. 1) Easy by (3.11).

2) Since ¢'is locally the multiplication by H}([/2]) (1<i<2p+1),
Hi(p+1) 2p+2<i<2p+q+1) or H (p) (2p+g+2<i<a) on Ui (1<
i<a) (cf. §1), the assertion follows from (3.11).

3) By the lemma below, we have H'(QY%)=0. Hence, it follows

from 1) and (2.6) that HI(Q}(b) =0.

As for the case [=2, the reasoning that we have carried out is
applicable to Q %, by exchanging the roles of (y:, z:, P}, P, Ui, U
and (Z,-i41,Ya-i+1, Pioirs Piis1, Uioiin, Usmiy)) (1<i<a). Consequently
analogous results hold for Q %, as well.

Lemma (3.13). (cf. [8;Proposition 2]). H!'(Nx) =0.

For each b (0<b<p(a)) the curve X, is therefore flatly smoothable
in P?® by (2.8). The resulting smooth curve C has the neat basic
sequence (a;a®;a’) (see (2.9) and (3.3)) and H'(Vy) =0. It is
irreducible if and only if 0<b<{p(a). This proves Theorem (I. 4) in
the case 1). The result is known well for X, (cf. [9]).

§4. Curve with B=(a;(a+1)*; (a+1)")

The method of the previous section can of course be applied to
the construction of curves with the other kinds of neat basic se-
quences, too. We will next consider curves having (a;(@a+1)“; (a+1)?)
as their basic sequences.

Notation being as before, suppose a>2 and let X, denote the
curve obtained by removing the lines Ljip; (1<j<g—1) and
Lyiopirer1 from Y, where b=p(a—p) +q (0<p<[a/2],1<q<a—2p—1).

Lemma (4.1). B(X)) =(a—1;a"1a"") for all b (1<6<p(a)).
Proof. We have X,,=X,UL,ipps1041 and B(Xy_y) = (a;a®;a>Y).

Recall that the number of the lines contained in X, ; and passing
through Pjis; (resp. Piy) is diigpn(p) (resp.diy(p)) (see (3.1.1)).
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. 0f 1 A
Since A°(0 XpNLgtop+1,q+1

the exact sequence

) = (dligpr (p) —1) + (d%41(p) —1) =a—1, we have

0 —SI%, (n)—I3,)—0 (n—a+1)—0

Lotopt1q+1

(see the proof of [2;Proposition A.1]). It follows from this that
hl(f;}b(n)) =0 for n>a—1, hl(.ﬁ,}b(a—Q)) =/11(JXb_l(a—2)) =b—1 (see
the proof of (1.11)), A(F,(a—1))=1 and A°(SFg,(a))=(a—1)+
(b—1) +4, whence the assertion.

Lemma (4.2). The curves X, (1<b<p(a)) are connected except for
the case a=b=4,

Proof. Write b=p(a—p) +q as above. When p>2, X, includes a
connected curve (C_/L,-,,-) U (QzLi+2.i) U Lgt2p+1., which contains all the
points P! (=1, 2, lt_SliSa). ’lt"—lierefore X, is connected. When p=0, X,
includes a connected curve (\f/L,;,) U(&Lq+1,i) (resp. (__\a/ L:H)uU
(__C/ L; 1)) which joins the poinlt=s1 P! (lgzl'éq—i—l) and P%_Hzgiéq)
(resp. P! (q+2<i<a) and P? (q+1<i<a)), as well as the line L.,
passing through P and P?. Hence X, is connected. In the case
where p=1 and a>5, a connected curve

(ULed U (ILiw) ULiiU LssU s,

is included in X, and joins P! (I=1,2, i=1,3, 5<i<a). Besides,
since a—2>3, it follows from the construction that L,,U L,,C X, and
that L,,UL,,CcX, or L,,UL,,CX,. The points P! (I=1,2, i=2,4)
therefore lie on the connected component of X, containing P}, which
implies the assertion. The remaining case is, in fact, the exceptional
one, i.e. a=b=4, and we see directly that X, (a=4) is the disjoint
union of L,, and L;;UL;3UL, ;UL ULy;.

Set

B (p+ 1) =H (P ziw/x1 0<p<[G—1)/2])

B (p+1) =HY(p)yias/x,  (0<p<[(a—1)/2]),

Gl (p+1) =G(0) /H! (p+1)
and B (p+1) =c,, (k[U/(F, Gi(p+1), Hi(p+1))) (=1,2) for 1<i
<a. Then l
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E} .= Bryx@Bhyeens 0+ 1) /Eiprona (p+1)
B}, = B x @F () BBy (p+ 1) / B3+ D @2 ()

We have the following result similar to 1) of (3.11) concerning

F, G:(p+1) and Hi(p+1).

Proposition (4.3). Let £ be an element of k[xy/xy, x3/%y, x4/ %1].
There exist, for each pair (i, p) (1<i<a, 0<p<[(i—1)/2], pre-normals
v,w of Y, satisfying mi(v) =nt(w) =0 (1<v<i—1) such that

[ - (@) =0 (mod(F, G (p+1), H:(p+1)))
m(w)=H}(p+1) (mod FY)

Proof. Entirely similar to the proof of (3.11). For i=a, use (3.9)
and (2, 15).

The assertions of (3.12) are therefore valid for X, also. Thus
the reasoning above gives a proof of Theorem (I.4) for the case 2),
unless a=b=3. Let X be the curve obtained by removing Lsj, L3
and L,; from Proj (R/ (920374, 2122930s 2122230ss 2122%3%4) ). One checks
easily that B(X) =(3;4%4% and that X is a connected union of six
lines, each of which meets the others in at most two points. Hence
by [10; Corollary 4, 2] the theorem holds for this case as well,

Remark (4.4). Let b=p(a—p) +¢=>2 be as in the beginning of
this section. Eliminate L;; from X,UL,,; and denote the resulting
curve by X;. One sees that B(X;)=(a—1;a"?;a"") and that X;
are connected. The curves X, are smoothable with HI(NX;)=0, )
they also serve for a proof of (I.4) in the case 2). We have adopted
X, to make the argument as parallel as possible with the one carried
out in the preceding section,

§5. Curve with B=(a;a"; (a+1)*)

In this and the next sections, the notation defined previously will
sometimes be altered.

Let a1, J=(fo, fi,..-, fo)R, 4 and X,=ProjR/J=Z(4) be as
in section 3. We define 4(b) and X; anew by
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A®) =A\{G+2,) 11<j<a—2L, 1<ISPU {(G+2p+2,) [ 1<j<q})
Xy=2Z(4())

for b=pla—p—1)+q (1<g<a—2p—2, 0<p<[(a—1)/2]), and for
each p (0<p<[(a—1)/2]) we set Y,=X,,_,_1,. Recall that p(a—p—1)
=p'(a—p' —1)+q¢ with p'=p—1, ¢ =a—-2p"—2 for p>0, Clearly
X, (1<b<p(a—1)) is connected and B(X;)=(a;a*; (a+1)?). For
an integer [, we denote by Y} the curve Y, defined as above with
a replaced by I. If a polynomial f of R is homogeneous in both
(%, x3) and (x,, x,) of degree m and m’ respectively, we will say that
it is homogeneous of bidegree (m,m’).

Lemma (5.1). Let m be a nonnegative integer. For each ¢ (0<¢<m),
there is a homogeneous polynomial of bidegree (m,m-+1) which vanishes on
Y24\ Lys1,0001 but not on Ly pesr.

Proof. We proceed by induction on m. Set e=(ﬁ)’zz€zz)z. For
1=1
m=0, put z=x,. If m>1, put z=2 or 2=2,4;. In the first case ¢
becomes zero on Yf,,"‘“\\mj Lyi1.2041 but not on Ly, ey, while in the
1=1
m—1
second case it vanishes on YZ*\\U Ly4; 54 but not on L,;. This
=0
gives a proof for m=1. If m>2, the curve Y:=YZ"N( v L)
3<i<i<2m—1
may be thought of as a copy of YZ;3 The induction hypothesis
therefore implies that for each ¢ (1<c¢<m—1) there is a homogeneous
polynomial of bidegree (m—2,m—1) which vanishes on Y\Lyij s
but not on Ly 4. Multiply it by 212, 92m Y2m+1, and we get a desired
polynomial for 1<¢<m—1. In the case ¢=0 or ¢=m, take a suitable
linear combination of ¢ and the polynomials thus obtained.

Corollary (5.2). Set ¢,= (lf{ Yoia) Zamsn (m=0). For each pair

(myn) (n=2m+1=1), there exists a homogeneous polynomial e, , of
bidegree (m+1,m+1) which vanishes on Y2*', such that

gm.nE (™ (mOdy2my2m+l .yn) °

m—1
Progf. One verifies directly that ¢,=0 on YZ*N\\U Ly, 4. If
1=1

m=0, 1, we are done. In the case m>2, since Y=Y>""In( v L,
3<i<i<2m-1
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is a copy of Y233 there are homogeneous polynomials ¢; (1<c<m—1)
of bidegree (m—2,m—1) such that ¢,=0 on Y\Lgij 2+ and e,#0
on Lyyi241 by (5.1). Besides, the bidegrees of ¢,, and z12:6; Y2m Yom+1Vu
(1<c¢<m—1) coincide, therefore e,, can be obtained as a linear
combination of them.

Proposition (5.3). For each triple (p,q,m) satisfying 0<m<p<
[(@—1)/2], 0<q<a—2m—1, there exists a homogeneous polynomial of
degree a+1 vanishing on Y, which is congruent to

q m .
(11;5 Zl).yq+1 (113 yq+21zq+21) Zq+2m+1 (I_ H _yl)

=q+2m+2

modulo y,( 11 ).
I=g+2m

Proof. Note that Y,DY,. Since Y=Y ,N \/ L;; is a copy

g+1<j<i<q+2m+1
of Y%+l there exists by (5.2) a homogeneous polynomial of degree

2m+2 vanishing on Y’ and congruent to yqﬂ(lI_Il YaruZera) Zeram+1 Modulo

YatomVatzmi1Ve. 1t 1s enough to multiply it by (fI z1) ( II 1) to get
=1 l=q+2m+2
a desired polynomial,

This time, put
Hi(p) = (20 /2t 0<p<[G—1)/2])
H(p) = (ML pia) /98 O<p<[(@a—i)/2D)

The definitions of D,(p), W,(p) (0<p<[(a—1)/2], [>1) and G.(p),
Ei(p) (I=1,0<p<[(i—1)/2] or [=2,0<p<[(a—i)/2]) are exactly

the same as in section 3. We have
Bryxy= (B E(LG-D/2D)OCE B+ 1D D B(p)
Bhyny= (D Ei(p+1)) @(';eza:E%(m)@( $, El@=/2)
where b=pa—p—1)+q (1<g<a—2p—2, 0<p<[(a—1)/2]).

Lemma (5.4). Let p,r,n be integers satisfying r>0, 2n—r<a,
0<n—r—1<p<[(a—1)/2]. Then g Pup_, ,EW, 0. (p).
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Proof. Apply (5.3) with g=r, m=n—r—1.

The rest of the proof for the smoothability of Xj is entirely similar
to the previous two cases, We have thus proved Theorem (I.4) in
the case 3).

§6. Curve with B=(a;a’, (&+1)*°;(e+1)")
or B=(a;a’;a’; (@a+1)""°)

To avoid too much complexity, we will restrict our consideration
to the case where 0<b6<a—2.

Let a,a’,b,b" be integers such that 0<6<a—2, 1<a’'<a—2, 1<’ <
b—1, A’ the set A\{(, a—a’)|a—a’<i<a} and J’' the ideal in R
generated by f,(0<i<a—a'—1) and f;/2,-.r (a—a’<i<a). Denote
the curve

ZANHGHLD IS U{G+2,0) 16 +1<5<8}))
by X, and if 0<b6<a—3, define X; by
ZAN{G+], D<) (0<b<a—a —2)
+1, N I1<j<a—a’ -2
Z(A,\({(I ' J).l jsa—a'- } | ))
U{G+2.) la—a' —1<j<b+1, j#a—a')
(a—d —1<b<a—-3)

Xi=

Note that X;=Z(A4’) =ProjR/J’ and B(Xp) =(a—1; (@a—1)%,a*"*).
Both X; and X are connected and B(X;) =(a—1; (a—1)%,a* %} %),
B(X)=(a;a*;d"(a+1)*"") by (3.2). The smoothability of X follows
from (3.11), (3.12) and the consequences of (5.4) similar to
them. As for X; we had better make some more points clear,
Assume a>4. Put Dj(p) =IX;.1 Ny.R and W;(p) ={f/y.xi"* (mod F?) |

fED(p)} Ck[s, t] for [>1, p=0,1.
Lemma (6.1). 1) IlIiu,EW,’,(O) for 0<i<a—d —1
1=
and

(ﬁ ) /e EW,_1(0)  for a—a' <i<a—1,
1=1
2) k[s,tlicw.(1).
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Proof. 1) Clear by f,€D,(0) (0<i<a—a'—1) and f/z,_0 €
D;1(0) (a—a'<i<Za—1).
2) We have u,;,€W,(0) by 1). When 3<a—a'<a—1, Ix{,a contains

ylzz(IaIy,), so u,€W,(1). On the other hand, if a—a’=2, we have
1=3
nrz(Ily) €1, and uz€W,(1). Hence s, teW,(1).
1=4 re

We set Hl=u, ju;_p, G=(1u)/H (a—a +1<i<a).
1=1

Lemma (6.2). Assume a’+#2. 1) There exists for each £€k[s,t] a
pre-normal 0*(&) of Xy such that v1(€) =0 (0<v<a—1) and 2L(§)/xi=¢§
(mod (F3, G™%, HY)).

2) There exists a pre-normal w' of Xi such that wi=0 (0<v<a—1)
and wl/xi=H! (mod FY),

Proof. Easy by (6.1) and (2. 14).

Since the stalk of E;;/XD at P} (I=1,2, 1<i<a) 1is isomorphic to
KUY/ (FLGYL HY (a—a’+1<i<a, i#a—d +2),
KLUN/ (B g, (AL ) /t,-0) (a—a' <i<a)

1=1

or one of the corresponding stalks of EY x which appeared in Sections
3 and 5, we find by (8.11), (4.3), (5.4), (6.1), (6.2) and their
consequences that X; is smoothable for 0<b<a—3. The result is

known well for Xj (cf. [9]). This completes the proof of Theorem
1.4).

Corollary (6.3). For each g>0 the neat basic sequence B, is realised
by a smooth irreducible curve such that the cohomology of its normal bundle
vanishes in degree one.

Progf. Obvious by (I. 4), since 0<b(B,) <a(By,) —2 (see Section
D).
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§ 7. Concluding Remarks

1. Stick Figures

The reduced singular curves which have been considered so far
can be deformed into smoothable stick figures (see [10;§6]) as we
will explain below. Given a positive integer a, let {i, iy, i3 60 (1<
i<a) be parameters and set

Ji=x—Ci3x3—Ciuxy, Zi=x,—&i3x3— Xy
for 1<i<a. Denote the parameter space Spec k[{;, Ci, €3, 603 1 <i<a]
by T. For each pair (i,j) (1<i<a, |<j<a) the scheme
L’.i‘:PrOj (RQukLT1/ (i, 29)) CP

is a flat family of lines over 7. Put

V= [vET} (Fiys Jigs Zipy Z3,) ROW (0) = (21, %5, %3, %) REik (0) ] ,

ifor all 1<64<G,<a, 1<j,<j,<a

V= [vE Vidimk(u)(j’il s Jipr T b (0) =dimyg, (2, 2,y 2:) k(@) ]
=3 for all 1<1,<i,<iz<a )
Given a subset 4 of {(i,j)|1<i<a, 1< j<a}, we consider the scheme-

theoretic union Z(A):=( v L. )NP% of L,NP% as a family of

Gonea
singular curves over V. Note that the fiber Z(A), over the point o
defined by {p=a,,{;=§:3=0, §,=8; (1<i<a) coincides with Z(4).
Since Z(A4) is contained in the surfaces ij),zO and ﬁz,=0, it
L I=1 1=1

follows from the definition of ¥V that Z(4) is given locally by a
system of equations of the form

Ji/x=0, zil'ziz‘“zir/x'=0
or

zi/x=0’ jil'jiz"'jir/xr‘:()a

where 1<i<a, 4,<6,<---<i§, (r=1) and x is a suitable linear form
of %, %;, X3, %,. The family Z(4) is therefore flat over ¥V and the
fibers over the points of V) are all stick figures,

Proposition (7.1). The neat basic sequences listed in (I.4) are
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realised by strongly smoothable stick figures such that the cohomologies of
their normal sheaves vanish in degree one,

Proof. Apply the above method to the singular curves appeared
in Sections 3,4,5 and 6. Since Hilb(P?) is locally irreducible at the
points corresponding to them, the resulting stick figures are also
smoothable.

Corollary (7.2) (cf. [10; Propositions 6.1, 6.2, 6.3 and 6.4]).
For each pair of integers (d, g) satisfying g0, d>deg(B,;), there is a
strongly smoothable stick figure with degree d and genus g.

Proof. Notice first that B, is included in the list of (I.4). Attach
lines successively to a strongly smoothable stick figure which has the
basic sequence B, with at most two intersection points at a time

(cf. [10; Corollary 4.2]).

It will be interesting if we can prove that every neat basic sequence
with positive degree and nonnegative genus is realised by a smoothable
stick figure.

2. Deficiency Modules

Next, let us look a little bit into the deficiency module of each
smooth irreducible curve C we have constructed. It is desirable that
the equality

(d=degree, g=genus) should hold for all n>0, but this cannot be
checked instantly, because unfortunately the singular curves used in
the proof of (I.4) do not necessarily satisfy the same equality be-
forehand. In the cases B=(a;a";a") (0<b<a—1), B=(a; (a+1)°;
(a+1)? (0<b<a),B=(a;a, (a+1)* 5 (a+1)®) (1<c<a—1, ¢ is small,
0<b<a—2), B=(aja%a, (a+1)"°) (1<c<b—1, b—c is small, 0<b
<a—2) and in the case 0<b<3, one can verify (7.3) by deforming
the free resolutions of the homogeneous ideals of the singular curves.
We will see this carefully especially in the first case. Let
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a, ﬁl= <n1, e eey na) and 71-2: (na+1, ceny Tl,+;,)

denote the head, the body and the tail of B:=B(C) respectively and
let X,,, denote the reduced singular curve such that B(X,,,) =5,
which we have considered. Then [ Xying has a minimal free resolution

of the form

R*
(7.4) 0——>R[—7?—2]——R[—#*—1, —#t—1, —#2—1]
3y ey
——>R[—a, —7, ——ﬁz]———JXmg———» 0
(cf. [2 ; Notation, p.802]). By Serre duality, M’ (X,,,) _, is isomorphic
to the cokernel of the map
tl*

.1 R[A—3, i2—3, i?—3]_,——R[#*—2]_,.
With the help of this, the case B=(a;a*;d’) (0<b<a—1) can be
treated as follows. We have

Us Usp 07
2f=(f:,ffa---af:sfa*+l,~-" a*+b)’ l;: U]’.k U;- st

0 U U?
Ut |
= -U¢ |, with fr=~IIg)(II ) (0<i<a),
1=1 I=i+1
Uz

Jj=1 a
= (11}1 275+ ( l};{_zyl) 1<5<8),

Ui;k::-D(}’z’ J3s e 's.yb+1)s U;‘=D(51,Z2, o =y5b),

[Ug‘l]_[() ..................... 0]_[D(Z1,z2,...,z,,)]
U{k D(}’l’ .y27"",ya) 0 .................. 0 ?
Us Dz 2 J T T 0
[ 12]____[ 25 235 + oy 2b41 ], Ut=—|D(1y Yase-ns I5) |5
U; 0
0
[ Lo 0 7
N Zs
U= v
T . Kb+l ’
0 D
L 0
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where D(¢,¢y,...,¢,) denotes a diagonal matrix with components
€1,€5y...,C, in its diagonal, Note that these matrices are not normalised
into the forms described in [2;§1]. For n=a—2, a—3, a—4, the
function — Kz (n) =1—g+dn—(n§3> (cf. (1.8)) takes the wvalues b,
2b—a, 3b—3a+1, so that the expected dimensions of H'( A (n)) are
b, max(2b—a,0), 0 in order. On the other hand, direct computations
of Im(y,) show that

b (n=a—-2)
(I x, ) =] b—1 (n=a—3) ,
0 (n<a—4, n=a—1)

therefore (7.3) is not true for all n>0, if 1<lb<la—1.

Lemma (7.5). With the notation above, suppose that ¥, is surjective
and that the rows of A5 lie in @ R[#'—3, a*—3, #2—3]_,, for some

ns<m

m>a—4. Then for any mairix 2 of the same size as 2F with components
in the set of homogeneous polynomials of R, which satisfies 4(2) =4(3F)
(¢f. [2;Notation]), the exact sequence (7.4) has a lifting

T ¥
0 —R[—#—2]—R[ 1, —#*—1, —2*—1]
rE iF
——’>R['—d, _ﬁla _ﬁZ]__,I__> 0 ’
such that 33 —2¥ =CA where € is a parameter, R=R®,k[[C]] and I
is an ideal in R.

Proof. Put 3 =23 +{A. Since the rows of Af lie in @R[ﬁl—?),
#?—3, 71*—3]_, by hypothesis, there is a matrix 4 of the s;_r;e size as
A7 whose components are homogeneous polynomials in x;, xj x; x4
over k[[{]] and which satisfies Af-15=0, 4(AF) =4(2}) and =i
(mod {R). Using 7, define 4 by the formula in [2;Remark I.8]
(cf. [6; Theorem 3.1 (a)]).

This lemma implies the existence of a flat family Projygm (R/1)
over Spec k[[€]]. In the present case, we conclude therefore that
(7.3) is true for all n>0, since Hilb(P?) is irreducible in a neigh-
borhood of the point corresponding to X,,. Furthermore, we may
assume by the above lemma that
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M (C)=R[a—2]*/ImE (W) (cf. [2 ; Notation])

with a generic b X (a+2b)-matrix W (1<b<a—1) whose components
are linear forms in x), x,, x3, x,. The remaining cases mentioned above
can be dealt with almost similarly. It seems, however, difficult to
apply this method to all the other cases and we have not checked
(7.3) fully yet.

Appendix. Basic Sequence and Deficiency Module

Let M be a graded R-module of finite length., If the structure
of M is thoroughly understood, it is rather easy to construct a curve
X which has a basic sequence given beforehand, such that M (X) =M
up to shift in grading. Suppose that M has a minimal free resolution
of the form
(A. 1) 0—S[ — 8] ——S[ —&]——S[ — "] —> M—> 0
as an S-module, where &= (¢, ..., s;") 1=0,1), &=(2,...,¢), 0<e
<.--<e} and x;, x,, x3, x, are chosen generically. Given a positive
integer a and a sequence of integers #'=(m,...,n,) such that
a<m<---<n, we set B=(a;n}e). We will assume that
(A.2) @+1, @42, 2+1, e+1) =(E+-2,m)

up to permutation with a suitable sequence of integers m= (my,...,

m,,+,0+,1). For an arbitrary graded R-module N=@N,, we denote
dimy (NV,) by (N ;n).

Lemma (A.3). With the notation above put
L(M)=R[—-—11*®R[ -]
L,(B, M) =R[—a, —#]PL(M)
Then,
(M ;n) —L(R[—%T5 n) +1(Ly (B, M);n) —L(R[—m]; n)

— a — 7. b 2
:__<n a+3> +Z<n n,—i—2> +Z<n s,—l—l) ‘
3 + i=1 2 + =1 1 +

Proof. Notice that (n;1>+—<:z>+:<m’il>+ for all integers n and

m=>1. The assertion follows from direct computations,
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Let # (M) denote the sheaf on P® associated with L (M) and let
€ (M) be the vector bundle of rank r,+r defined by the exact
sequence

A4 00— M)—ZL(M)——>0 [-F]—0
/4‘=(xllro—A15 lero—AZ’ H)

where for each i (i=1,2) A, is the matrix with components in .§ which
represents the action of x; on M arising from multiplication (cf. [2;
(2.5.3)1). Put

(A.5) F (B, M) =0 3(—a; —1)D & (M).

atrgtry

One sees by (A.2), (A.4) and (A.)5) that ¢ (F (B,M))=— —21: m;.

Given a global section §= (s,..., Sarrgrr) of F (B, M) RO (M), we

can therefore construct the complex
atrgtr)

. A ¢s
(A.6) 0—>0P3(—7T2)——>.37’(B, M) S 0

in the usual way, where S C 0 ,; and locally § is understood to be

an (a+ry+r+1) X (@+r,+r)-matrix,

Proposition (A.7) (cf.[2;82]). If # defines a curve X, then
B(X)=B.

Proof. Note first that (A.6) is exact by hypothesis. We have
MX)=@H(F (B, M) (n))=M
and '
R(SF () =k (F (B, M) (n)) —IL(R[—m] ;n)
=U1(L(B, M) ;n) —I(R[ =5 n) +1(M 5 n) —L(R[—]; n)
by (A.1), (A.4), (A.5) and (A.6). The assertion therefore follows

from (A.1), (A.3) and the characterization (I.1), (I.2), (I.3)’ of
a basic sequence.

Suppose that 7i = (7, M?), §= (&, %) with S€H"(F (B, M) R 0 3 ()
(i=1,2) and that
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51
@ :=Coker (0 l,3(—77_11) —F (B, M))
is locally free of rank 4. Then the complex (A.6) can be reduced to

2 ¢ty
s
7 I

(A.8) 0—0 4(—m?) 0,

which we call a reduction of (A.6). Let §,5,,...,5 be a basis of
H(g®0 1,3(7712)), £; (1<i<Le) parameters and §::§e1 €,5; a global section
of §®0P30P3T(7712) on P}, where T:=Spec k[{;;1<i<e]. As is well
known, if the scheme XCP3} defined locally by the maximal minors
of § is of relative dimension 1 over 7 and smooth over & outside a
subscheme of codimension larger than or equal to 4 in P}, there is

a Zariski open set UCT such that XX ,{u} is a smooth curve for
every uU. Here we present an interesting

Example (A.9). Let p be a primitive a-th root of unity (a>2)
and set

l 0 0 - 0 1
o
A= o . , C= 1 ° X ’
0 0
pa—l 1 0

Vi=xl,—x3d, Vy=x,1,—x4,
H1=x31a_x4C’ szxglau H= (HI,HZ), ﬂ=(V17 VZ, H),
M=R[— (a—2)1*/Im*(p).

Since M has the minimal free resolution
(%)

0——S[— (a+1)1—8[— (a—1)%, —a"]——S[ — (a—2)“]>M—0
as an S-module, we have &= (a—2)% &= ((a—1)%a*), &= (a+1)
Consider the basic sequence B=(a; (a+1)?; (a+1)%). Since m= (a%,
(a+1)*) and F(B,M)=0 ,3(—a, —(@+1))DE (M) (Adi=x:4, A,=
x4), (A.6) has a reduction with m'=(q, (a+1)%), M*=a*" and
% =& (M). We see that there is a smooth irreducible curve X with
B(X) =B and M(X)=M by the following facts. The details are left
to the interested readers.

1) The basis of H'(& (M) (a)) is given by the columns of the
matrix
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_7, —H, 0
_7, 0 _H,
o R N o R 2
0 CI4,C1  [4,C]

where [ , ] denotes the Lie bracket.

2) The divisor DCP? defined by the determinant of the 3a sections
of & (M) (a) above coincides with the Fermat surface x{—x5—x§+x5{=
and is smooth,

3) This implies that & (M) is generated over 0 3 by H(& (M) (a))
in the outside of D and that the dimension of the vector subspace
of & (M) |p,@k(pt) generated over k by H°(& (M) (a)) is 3a—1 for
each pteD. The scheme X therefore fulfills the required condition
(see the proof of [1l;Theorem (3.3)]).

Note that the resulting curve lies on D,
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