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§1. Introduction

In this paper, all spaces are assumed to be simply connected.

The actions of the Steenrod operations over the cohomology of an
H-space have been studied from various view points. In particular,
Thomas [8] determined the action of the squaring operations over
the mod 2 cohomology of a finite H-space with primitively generated
mod 2 cohomology. Lin [5] also proved the similar result by using
a different method. The result of Lin is stated as follows:

(1.1) (Lin [5;Th.1]) Let X be an H-space. Suppose that the
mod 2 cohomology Hopf algebra H*(X;Z/2) is finite and primitively
generated. Then for any primitive class x of dimension 2°n—1 with n=%0
mod 2 and n>2, we have that

S¢¥x=0 and x=8¢%y for some yc H*(X;Z/2),

where Sq' is the i-th squaring operation.

On the other hand, we can not get the corresponding result to
(1.1) for an odd prime p. In fact, any odd sphere §%;! localized
at an odd prime p is an H-space (cf.[1]). However, if X is a
homotopy associative H-space, then under some suitable conditions we
can get the similar result to (l.1) about the action of the mod 3
reduced power operation £ over H*(X;Z/3).
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Let X be a homotopy associative H-space, and let ¢: Y X—P.X
be the natural inclusion, where P;X is the projective 3-space of X
(Stasheff [7;Def. 13]). Then the classes in the image of ac*: H* (P, X;
Z/3) ->H*(3X;Z/3) =H*'(X;Z/3) are called As-primitive, where
o:H*(3X;Z/3) -H*'(X;Z/3) is the suspension isomorphism. If
H*(X;Z/3) is generated by A;-primitive classes as an algebra, we call
H*(X;Z/3) Asprimitively generated. Let P,H*(X;Z/3) be the
module of all As-primitive classes in H*(X;Z/3), i.e., P;H*(X;Z/3)
=Imoc*. Then the main theorem of this paper is stated as follows:

Theorem 1.2, Let X be a homotopy associative H-space. Suppose
that the mod 3 cohomology algebra H*(X;Z/3) is finite and Asprimitively
generated. Then for any positive integer n with n %0 mod 3 and n>3, if

(1.3) PH*"(X;Z/3) =0 for t>n—1,
then we have that
P3H2-3"n—1 (X;Z/3) = gaa"pst-a“(n—m—l (X:;Z/3).

The assumption (1.3) in the above theorem cannot be dropped.
In fact, we give an example in §7 to show that (l.3) is required.

Theorem 1.2 is deduced from a purely algebraic result.

Let B* be an augmented graded algebra over Z/3. Then we
denote the augmentation ideal of B* by B*, and we define D'B* for
i>1 inductively by

D'B*=PB* and D'B*=B* - D""'B* (i>2).

Let & be the mod 3 Steenrod algebra and let £* be the n-th
mod 3 reduced power operation. Then B* is called an unstable left
&/-algebra if B* is an augmented graded algebra over Z/3 with left
action of &, such that the Cartan formula and the following unstable
conditions hold:

Pr%=0 if dim x<2n, and Z*x=x® if dim x=2n.

Then we have the following
Theorem 1.4, Let

H*=A4%/D'A*, A*=Z/3[x,, ***, x;], dim x;: even.
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Suppose that H* is an unstable left of/-algebra. Then for any positive
integer n with n#0 mod 3 and n>3, if

(1.5) QH*=0 for t=>n—1,

then we have that
Q H¥¥n _ PYQ Hr o,
where Q H*=H*/DH*(DH*=D?H*) is the indecomposable module o f H*.

H* in the above theorem is called a truncated polynomial algebra
over {xy, -+, x;} of height 4, and it is denoted by T"[x,, ---, x,].
Theorem 1.2 is proved from Theorem 1.4 by using the following

Proposition 1.6. Let X be the one in Theorem 1.2. Then for the
natural inclusion ¢ : X CP3X to the projective 3-space P;X of X, there
are even dimensional classes { ;11 <i<k} and an ideal S in H*(P,X;Z/3)
so that

o (8) CS, e*(8) =0, H*(P;X; Z/3) /S=T*[ y1, -+, y4], and
H*(X;Z/3) = N\ (%, *++, %) with x,=ac*y;,

Thus, in  particular, H*=T*[ y,, ---, y,} is an unstable lefi of-algebra,
and oc*:Q H*—>P,H* Y (X;Z/3) is an isomorphism for any n>1.

We apply Theorem 1.4 for H*=T"[ y,, -, »,] in Proposition 1. 6.
Then, by Proposition 1.6, (1.3) implies (1.5), and hence Theorem
1.2 is proved from Theorem 1. 4.

In the rest of this paper, §§2-6 are devoted to prove Theorem 1.4
and Proposition 1.6, and we give some examples in §7 to show that
the condition (l.3) in Theorem 1.2 is required. To prove Theorem
1. 4, we give four propositions. Two of them are proved in §3. The
others are proved in §5 by using particular generators for H* which
are given in §4. Finally, in §6, we prove Proposition 1. 6.

§2. Reduction of Theorem 1.4

In the rest of this paper we assume that H* is the augmented
graded unstable left «/-algebra in Theorem 1. 4, where & is the mod
3 Steenrod algebra. Hereafter we use the following notation for any
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a=>0:

@.n d(a) =max {0, ¢|Q H***+#0, tc Z}.

Then we have the following
Lemma 2.2. d(a) =>3d(a+1) for all a>0.

Proof. This is clear if d(a+1)=0. While if d(a+1)>0, then

Q H¥¥ue = e lerd 0, and so d(a) 23d(a+1) by (2.1).
g.e. d.

Now consider the following statements S;(a,m) (1<i<4) for a>0
and m=>0:

S.(a, m) : For any positive integer n with n#0 mod 3 and n>3, if
n=>m, then

Q H*¥= ¥ H*¥ -2,
S,(a,m) : For any positive integer n with n#0 mod 3 and n+2, if
n>m, then
gp3aQ H2 gzz-a“Q H23 -2
Ss(a, m) : For any positive integer n with n=1 mod 3, if n=>m, then
Z¥Q H*¥»=0.

Sy(a, m) : For any positive integer n with n=1 mod 3 and n>9, if
n=>m, then

a .23, i .t (38 —1 _
gS HZSnC ZiSaya DH23(3 (n+2) 2).

Then we have the following

Lemma 2.3. If m<4, S;(a,m) is equivalent to S;(a,4) for 1<i<3.
If m<10, S,(a, m) is equivalent to S,(a, 10).

Proof. It is clear that S;(a,m) is equivalent to S;(a,4) for any
m<4, and S,(a, m) is equivalent to S,(a, 10) for any m<10. Further-

more, by the unstable condition, we have that 2%Q H?¥*=0. Thus
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S;(a,m) with m<4 is also equivalent to §;(a,4) for i=2,3.
q-e. d.

Now Theorem 1.4 is a consequence of the following propositions:

Proposition 2.4. Let a=>0. Suppose that if a>1 then there are m;
and n; for any 0<i<a—1 so that S;(i,m;) and S,(i,n;) are true. Then
S1(a,m) is true for any m with m>max {[d(0)/3°]+2, (m;+2)/3°",
(n;+2)/2-377,

Proposition 2.5. Let a>0. Suppose that S,(a,t) is true for some t.
Furthermore suppose that if a>1 then there are m; and n; for any 0<i
<a—1 so that S;(i,m;) and S,(i,n;) are irue. Then S,(a, m) is true for
any m with m>max {(¢+2)/3, (m;+2)/3*7 (n,+2)/2-3°"}.

Proposition 2.6. Let a>0. Suppose that S,(a,t) is true for some
t. Furthermore suppose that if a>1 then there are m; for any 0<i<a—1
so that S3(i,m;) are true. Then Ss(a,m) is true for any m with

m>max {t+2, (m;+2) /3" —2}.

Proposition 2.7. Let a>0. Suppose that S(a,t) and S,(a,s) are
true. Furthermore suppose that if a>1 then there are m; for any 0<i<a—1
so that S,(i,m;) are true. Then S,(a,m) is true for any m with

m>max {t, s+2, (m;+2) /37 —2}.
Then Theorem 1.4 is proved as follows.

Proof of Theorem 1.4 from Propositions 2.4-7. First we prove that
(2. 8) S (a, [d(0)/3°]+2) is true for all a>0.
Next we prove that
2.9 d(a) >[d(0)/3°] for any a=>0.

Then, by Lemma 2.2, we have d(a) =[d(0)/3°], and Theorem 1.4
follows since it is equivalent to S;(a,d(a) +2) for all a>0.

To prove (2.8) we put for a>0 that
m(a) =[d(0)/3°] +2, and
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n(a) =[(d(0) +3°*% /2.37].
Then, by simple calculations, we have the following inequalities:

n(a) > (m(a)+2)/3 for a=>0,

m(a) =max{(m@@) +2)/2-3°7% (m(@) +2)/3°"—2} for a>i=>0,
n(a) >max {(n () +4)/3°7, (m@) +2)/2-3°"1 for a>i=>0,
m(a) > (n(G) +4)/3°% for a>i=0 if m(a) =5,

4> (n(@@) +4) /3% for a>i=0 if m(a) <4,

m(a)>n(a) +2 for a=0 if m(a) =11, and

10=>n(a)+2 for a=>0 if m(a)<Ll0.

Thus Propositions 2. 4-7 give the following implications:

810, m (0)) ==+ —=S,(a— 1, m(a—1)) ==, (a, m(a))
8, (a, 7.(a)) —=S5(a, n(a) +2) —=S,(a, m(a)) —>--- .

Here we notice that if m(a) =5 (or >11) then we get §;(a, m(a)) by
Proposition 2.4 (or S,(a,m(a)) by Proposition 2.7, resp). While if
m(a) <4 (or <10) then we get S;(a,4) by Proposition 2.4 (or
S4(a, 10) by Proposition 2.7, resp.), and hence we get S;(a,m(a))
(or S,(a,m(a)), resp.) by Lemma 2.3.

Now (2.9) for a=0 is clear. So we assume (2.9) for all a<b—1
(b=1), and we prove it for a=b.

If d(b—1) <2, then d(b) >0=[d(b—1)/3]1>[d(0)/3"] by (2.9) for
a=b—1.

Next, if d(6—1)>2 and d(b—1) =0 mod 3, then by definition we
have 0£Q H*¥ "¢-v =0 H+¥@6-0A  Thus we have d(b) >d(b—1) /3>
[4(0)/3] by (2.1).

Finally suppose that d(6—1)>2 and d(b—1)#0 mod 3. Since
2d(b—1) #0 mod 3, 2d(b—1)>3,and 2d(b—1) >[d(0) /3*"*] +2 by (2.9)
for a=b—1, S;(b—1, [d(0)/3"]+2) implies that 0wQ H*¥ '46-b—
2?7'Q H+¥7'@0-b-1_ I particular, Q H*¥ ' @-v-b£0, Thus, if d(b—1)
=1 mod 3, then by (2.1), we have d(b)=>{d@®—1)—1)/3=[d(k—1)
/31=[d(0)/3*]. While if d(b—1)=2 mod 3, then 2(d(b—1) —1) 0
mod 3, 2(d(b—1) —1)>3, and 2(d(b—1) —1) >[d(0) /3*-']+2 by (2.9)
for a=b—1. (We note that d(b—1) =2 mod 3 implies that d(6—1) >
5.) Thus, also S;(6—1, [d(0)/3°71] +2) implies that O;&QH4'3b_1‘d‘b‘1"1’C
PPTQHITI0-0-2_S6 d(b) > (d(b—1) —2) /3=[d(b—1) /3] =[d(0) /3*].
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Thus we have (2.9) for all >0, and Theorem 1.4 is proved.
q. €. d.

§ 3. Proofs of Propositions 2.6 and 2.7

In this section we prove Propositions 2.6 and 2.7.

Proof of Proposition 2.6. Let n=1 mod 3 with n>m. Then, S,(a, t)
implies that
gzaaQ Hz¥n yz-saQ' H2¥ 0=
Here, for n=1 and 4, the unstable condition implies that #¥Q H*¥**=0
and 2¥Q H*'c #*¥Q H**=0. So we assume that n>7. Thus also
S,(a, t) implies that
gz“Q H2¥ 02— .@TaaQ H2¥ -

Now we use the following relations given from the Adem relation:

ghot= (—(¥ Dot s 197 (e,
3.1 for s=1,2, and
Pr=3" ., P¥B, (B.€ ) if m=0 mod 3+,

Then we have that
gﬁ“Q H23 gz-a“Q H23 -2
c (2% 0 HE¥ 0= ZiSa—lgS{Q, H2- ¥,
c g;s"gzz-a“Q H2¥ = ZiSa-—lng, H23n,
C ZiSa—lgjsiQ,Hz'si"" s
where n;,=3°"(n+2) —2. Then since §;(i,m,;) implies .@3iQH2'3i"i=O
for i<a—1, we have #¥Q H*¥*=0, and S,(a,m) is true. q.e.d.

Proof of Proposition 2.7. We use the similar method as above.
Let n=1 mod 3 with n>m and n>9. Then §;(a,¢) implies that
Q H2¥ = 93"Q Hz-s”(n—m_

Next we use S,(a, 5) to get that Q H*¥»= g¥Q H*¥ -2 gp2¥( [r3"a-0,
and hence
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Hz-a”nc _972-3“ H2-3"<n—4) +D Hz-a"n_

Thus, we have that

PEH e ¥ P2 HFE -0 | pF D
C TicornPS H?S "+ P DHY
by (8.1), where n;=3°"*(n+2) —2. Then since §,(i, m;) implies that
PYHPINC S, PYDH* for i<a—1, we have P¥H*¥"C3 . PYDH*,
and S,(a, m) is true. q.e. d.

§4. Particular Generators for H*

In this section we give particular generators for H*. First we
prove the following

Lemma 4.1. Let M* be a finite dimensional graded vector space over
Z/p, where p is a prime. Let f: M*—>M* be an endomorphism of degree
d with f'=0 for some q>>0, where f'= f---f (q fold) and f°=id. Then
there is a homogeneous basis % ={y(t,u; i) [:20, u=>0, t+u<g—1, 1<
<r(t+u)} for M* so that

FOGuwD))=y@+1,u—1;i) for u=1, and f(y(,0;7)) =0,

where r is a certain integer valued function of non-negative integers.

Proof. Put M*=M*/Ker f. Then f induces an endomorphism
F i M*—A* of degree d with f*'=0. So we can prove the lemma by
induction on ¢. The details are left to the reader. g.e.d.

By using the above lemma, we give particular generators for H*,

Lemma 4.2. Let H* be the algebra in Theorem 1.4. Then for any
r>0, there is a system of algebra generators % ={xy, -+, x} for H¥*
(i. e, H¥=T"xy,---, x;]), such that the following conditions hold:

If PYx;,&DH*, then P¥x,=x; for some x,€ %.
PVx,= PV, € X implies x,=x,€ &.

Proof. Put M*=QH* and f=2Y. Then M* together with f
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satisfies the conditions in Lemma 4.1 since Q H* is finite. Let # be
the basis for M* given in Lemma 4. 1. We choose any representatives
x(0,¢;0) €H* for y(0,t;9) €M. Put x(t,u3i) = (P¥)'%(0,t+u;i) for
t>1. Then x(t,u;i) is a representative for y(t,u;i), and £ = {x (¢, u;i)}
is a system of algebra generators for H*. Clearly, & satisfies the
desired properties. q.e. d.

§5. Proof of Propositions 2.4 and 2.5

In this section we prove Propositions 2.4 and 2.5. To prove them
we fix a system of algebra generators % for H* given in Lemma 4.2
for r=a, and express all element in H* as a polynomial of Z.
Then, for any u H* and for any monomial v of &, v is said to be
contained in # provided that the coeflicient of v in u is not zero. In
this case we denote that veu.

First we prove Proposition 2. 4.

Proof of Proposition 2. 4. First we note that if n is great enough
then Q H*¥"=0. Thus S,(a, m) is true for great m. So we prove
that §,(a, m) is true for m>max {[d(0)/3°1+2, (m;+2) /3%, (n;+2)/
2.3°7%1 under the inductive assumption that S;(a,m+1) is true.
Furthermore if m+1<4 then S;(¢, m) is equivalent to S;(a, m+1) by
Lemma 2.3. So we assume that m>3.

Let n be an integer with n#0 mod 3 and n>m, and let x& % be
a generator with dim x=2-3°n. (n>m implies n>>3.) Then by the
unstable condition and (3.1), we have that x*= g‘3a”x=Zig,,.@3ia,~x
for some a;=.47, and so

—i+l

5. 1) x*c 2%y, for some ,-EHZ'3£‘3¢ »=2 with i<a.
J J

First suppose that
x3€ P¥y, for some y,& H¥¥ G2,
Then S,(a, m+1) implies that y,=2%y,+d, for some y,&H>¥ G
and d,€DH*. Also S;(a,m-+1) implies that y,= 2%y, d’ for some
yZEH2'3a+1("'Z) and d,eDH*. Thus, by using (3.1), we have that

BE(P) Yo+ PV =3 10 P Byt P¥d,(B.EA,d,=d,+ P¥d,€DH*).
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Thus for any case in (5.1), we have that

e ¥y, + PYd,

for some y,EHz"’i“"a_iﬂ”‘” with i<a—1 and for some d,= DH*,
Next we use S,(i, n;) to get .@3"3),-6 Z,-S,-.?ajDH*. Thus we have
x3€ 2¥d, for some d,=DH* with i<a. This means that

3a-1'

5. 2) x2€ #%w, for some wiEH2‘3i‘2' »~2 (i<a), or

(5.3) xE .9”3iz,~ for some z,-EHz'e'i“"—i"‘z’ (i<La).

First consider the case of (5.2). If i<a—1 then P%w,e3
PYDH* by $.(i,n;). While if i=a then w,€ H*¥*V=pH*¥ &1 by
(2.1) since 3°(n—1)>3°(m—1) >3°([d(0)/3°]1+1) >d(0) +1. Thus
(5.2) implies x*€ Z,-S,,ﬂ3iDH*, and so (5.3) holds in any case.

Now S85(i, m;) implies that 93iz,EDH* for i<a—1. So we have

x€ P¥z, for some z,€H*¥, and hence x=2¥x’ for some x'EZ by
the definition of %. This proves that §;(a, m) is true since & gives
a basis for Q H*. g-e. d.

To prove Proposition 2.5, we prepare the following

Lemma 5.4. Let a and n be non-negative integers with n 0 mod 3.

Let xEZ be a generator with dim x=2.3n and P x=yc&. Then
under the assumption of Proposition 2.5, if n>m then x* is not contained

. a 3% (p—
in P u for any uc H*¥*b,

Proof. Suppose contrarily that
x*€ P¥u for some ue H*¥ @D,
Then, by using (3.1), we have that

'@2'3ax2=y2+22i<3°(gix) (gz-aﬂ_ix)
=] g2-3a'@3au= Zisa—l'@y’aiu (alEM)-

Now »2&23 ;5 (P'x) (Pr¥-ix) by dimensional reason. So we
have that
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3 1@ —1 . .
y2€ P¥u; for some u, & HZ¥ " 7 @+9-2 yith i<a—1.

Then S,G,n,) implies that #¥u,€3,.,#YDH*, and so we have that
ye P¥w, for some w,EH*¥ 70402 with i<a—1.

Then S;(i, m;) implies that 9’3iw,-EDH*, and this is a contradiction.

Thus x? is not contained in #¥u for any ue H*¥*D, g-e. d.
Now we prove Proposition 2. 5.

Proof of Proposition 2.5. By the same reason as in the proof of
Proposition 2.4, we have only to prove that §,(a,m) is true for m>
max {(¢t+2) /3, (m;+2) /3°7, (n;+2)/2-3°%, 4} under the inductive
assumption that S,(a, m+1) is true.

Let n be an integer with 70 mod 3 and n>m, and let x&€ & be
a generator with dim x=2.3. If #¥x&DH*, then #¥x=0€Im 2%

in Q H*. So we assume that

P¥x=yeX.

Now we use the same method as in the proof of Proposition 2.4
to get (5.2) or (5.3). Here we notice that we use §;(a,t) to show
that y,= 2¥y.+d, and S,(a,m+1) to show that 2#¥y,=P2¥y 14’
(d,e DH*) instead of S;(a,m+1). Then we use S,(7,n;) and Lemma
5.4 to get (5.3). Thus by using the same method as in the proof
of Proposition 2.4, we have x=2%¥x’ for some x'€ %, and hence
PEx= (P %' = P?¥ (2%') + Do P 7’ (rE L) by (3.1). Finally
we use S;(i,m,) to get that g’sir,x’EDH* (t<a—1) and hence
P¥Q H* " p2¥Q H*¥*»_ This proves that S,(a, m) is true since &
gives a basis for Q H*. g.e.d.

§6. Proof of Proposition 1.6

Let X be the homotopy associative H-space in Theorem 1.2, and
let P;H*(X;Z/3) be the module of all 4;-primitive classes in H*(X;
Z/3). Then we have the natural inclusion e : P;H*(X;Z/3) CPH*
(X;Z/3), where PH*(X;Z/3) is the module of all primitive classes
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in H*(X;Z/3). Let p: PH*(X;Z/3) >QH*(X;Z/3) be the natural
projection. Since H*(X;Z/3) is Asyprimitively generated, pe is an
epimorphism, and so is p. Thus the natural projection py: PH,(X;
Z/3) >Q H.(X; Z/3), which is the dual of p, is a monomorphism, and
so the Pontrjagin product on H,(X;Z/3) is commutative by [6;4.
20]. This implies by Zabrodsky [9;3.2 (d)] that H*(X;Z/3) is a
free algebra. But since H*(X;Z/3) is finite, it is an exterior algebra
generated by finitely many odd dimensional classes, and hence p is an
isomorphism by [6;4.21]. Thus ¢ is also an isomorphism, and we
have the following

Lemma 6.1. H*(X;Z/3) =A(xy, -+, %),
where x;(1<i<k) are As-primitive odd dimensional classes.

Now we can prove Proposition 1.6 by the same method as Iwase

[4].

Proof of Proposition 1.6. Let P,X be the projective ¢-space for
X(t=2,3), and let ¢,: XXCP,X and ¢ : P,XCP,X be the natural
inclusions. Then the composition ¢, is equal to the inclusion ¢: 2X
CP3;X in §l. Now we have the following diagram (see [4]):

B*(2X;Z/3) 2 (P,X;Z/3) B (P.X;Z/3)

"‘1/ '91\ "‘2/ ﬂz\ “3/
B%(X;Z/3) H*(X:Z/3)QH*(X;Z/3) H*(X:Z/3)QH*(X;Z/3)
RB*(X;Z/3),

where «; and B; are Z/3-module homomorphisms of degree i and
—i, respectively, with fia;(w)=—g*w) = —p* @) +1Qu+u®1 and
B, (u®@v) = — f* () Qv +u@p* (v). We notice that aj? is the suspen-
sion isomorphism ¢. Since x;€ H*(X;Z/3) are As;-primitive, we have
9, €EH*(P3X;Z/3) with dim y,=dim x;+1 so that

Koy — =Lk %,
aify,=ailfd y,=x;.

Put S=a,(DH*(X; Z/3) QH*(X; Z/3) QH*(X; Z/3) + AH*(X; Z/3) ®
DH*(X; Z/3) Q H*(X; Z/3) + H*(X; Z/3) ® H*(X; Z/3)  DH*(X;
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Z/3)). Then, clearly, &/ (§) €§ and ¢*(S) =0. Furthermore, by the
same reason as [4], we have H*(P,X;Z/3) /S=T[y, -=»:]. q.e.d.

§7. Example

In this section, we give an example to show that (1.3) in
Theorem 1.2 is required.

Consider the spinor group Spin(2k). Since Spin(2k) is a Lie
group, it is a homotopy associative H-space. Furthermore, H*(Spin
(2k); Z/3) =H* (SO (2k) ; Z/3) as s/-algebras. Thus, by [2; Prop.
10.2] and [3;Cor. 14.3], we have that

H* (Spln (2k> vZ/3) :A(xiiy X725 """y X4p—5, e)s and
e & of (H*(Spin(2k) 1 Z/3)),

for some universal transgressive elements x; and ¢ with dim x;=7 and
dim e=2k—1, where & is the augmentation ideal of .. Since
universal transgressive elements are Aj-primitive by definition, H*
(Spin(2k) ; Z/3) satisfies the conditions in Theorem 1.2. We consider
the case of £=3°n with n#0 mod 3 and n>3. Then 4-:3*(n—1) —1
<4k—5 and 4-3°n—1>4k—5. Thus, by Milnor-Moore [6; Prop.
4.217, we have that

(7.1

P,H*Y(Spin (2k) 3 £/3) = PH**""1(Spin (2k) ; Z/3) =0
if and only if t>n.

On the other hand, e Im 2* by (7.1). These show that (I.3)
is required.

We can also show that (1.5) in Theorem 1.4 is required by
considering H*=A4%/D*A*, where A*=H*(BSpin(2k);Z/3).
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