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The Moduli Space of Kéhler Structures on
a Real Compact Symplectic Manifold

By

Akira FUJIKI* and Georg SCHUMACHER**

Introduction

Let (M, w) be a compact symplectic C*-manifold. We study in
this paper the moduli space .#, of C~ Kihler structures on (M, ).
These are precisely the complex structures J on M such that o is a
Kihler form on the complex manifold (M, ]).

First .#, can be naturally described as the quotient space %;./ 2,
of the space ¥;, of Kihler structures on (M, w) by the action of
the groups 2, of symplectic diffeomorphisms on (M, ®). In order
to treat this infinite dimensional object, we introduce the Sobolev
H*-completions ¥}, and 2} of ¥, and 9, respectively and consider
the quotient spaces A%:=%*,/ 2k for all sufficiently large k. There-
fore the spaces % are quotients of complex Hilbert analytic spaces
by topological groups which are real Hilbert manifolds. We prove
that these actions are proper (Theorem 3.3). We view .#, as the
inverse limit of .#% with the induced Hausdorff topology. It contains
the open subspace #, of Kihler structures which admit no non-
vanishing holomorphic vector fields. Our main result (Theorem 6. 9)
states that .,/{;=<l_i9./ﬂ£’ is naturally an ILH-V-space, i.e. 4, is
locally a quotient of an ILH-space by a finite group. Here an
ILH-space is essentially an ILH-manifold in the sense of Omori
[OM] with singularities.

The proof of the main theorem is mainly based upon the construc-
tion of slices in the ILH-category for the action of 2, on %,
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(Theorem 5.6). Namely we construct for each point ¢ of %;, a
locally closed subspace & passing through ¢ and an ILH-diffeomor-
phism of V' X& to a neighborhood of ¢ in ¥;,, where V is a neigh-
borhood of ¢ in its orbit under 2,. Moreover % is invariant under
the action of the isotropy group £, of ¢, and if p- S NF+ g for a
0E P, then pE2,. Note that D, is just the group of holomorphic
isometries of the corresponding Kéahler structure. The quotient maps
S —>F/2D, for various ¢ induce the local uniformizing systems for
our ILH-V-structure. The construction of the above slices requires
an infinitesimal slice theorem, which states the decomposition of the
space of (0,2)-tensors on (M, o) into the tangent space of 25" and
its orthogonal complement by means of a differential operator with
injective symbol (Theorem 4.3). The above slice theorem is an
analogue of a result of Ebin [EB], who constructs a slice for the
action of the diffeomorphism group of the space of Riemannian
metrics on a fixed compact C~ manifold (cf. also [KO]).

Let A€ H?(M,R) be the de Rham class of  and .#, the set of
isomorphism classes of polarized Kéahler manifolds whose underlying
differentiable structure is (M, 2) [FU, SCH]. Then we have a natural
map from 4, to .#;. We show that .#; is a disjoint union of the
images of .#,, where o runs through a set of representatives of the
space of connected components of the symplectic forms representing
2. In particular #; has countable topology.

The essential part of this work has been done, while the second
named author stayed at RIMS, Kyoto University. He would like to
express his gratitude for its kind hospitality and for support by DFG.
The first named author expresses his gratitude towards the Miinster
university for its kind hospitality.

1. Almost Complex Structures on a Symplectic Manifold

Let M be a fixed (connected) compact C~-manifold of even
dimension 2m, and T its tangent bundle. An almost complex structure
on M is by definition an endomorphism ¢ of 7 with ¢*=id,. If
0.:T¢—>TE, x&M, is the induced endomorphism on a fiber of the
complexified tangent bundle, then the eigenspaces S, , with eigenspace
—V—1 form a subbundle §,C7°¢ such that §,@S,=7° where the
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bar denotes the conjugation on C. Conversely such a subbundle
determines an almost complex structure.

If M is equipped with an arbitrary C=-metric, then H*(M) shall
denote the Sobolev space of real functions on M whose distributional
covariant derivatives exist up to order £ and are square-integrable.
For any coordinate covering of M and a subordinate partition of
unity {a;}, the space H*(M) consists of all functions f such that
a;-fe H*(R*")., Further given a (normed) vector bundle E on M
of class C~, we denote by H*(E) the space of all H*-sections. The
space of H*-sections of a vector bundle is well-defined provided its
transition functions can be chosen of class H* for m<k<oco. A sub-
bundle FCE is called of class H? if it can be spanned locally by
H*-sections. In this case we have a natural embedding H*(F) —H*(E)
as a closed subspace.

Definition 1.1. For any natural number £>m we set
Fk:={SCTC;S is an H* subbundle, S®S=T°}.
The elements of €% will be called almost complex structures of class H.
Two almost complex structures o, will be called of finite distance, if

the projection S,PS,~S,, restricted to S;, is an isomorphism of H*
vector bundles. If 6= %%, then

U(e):={rE%*%;06 and ¢ of finite distance}.

Proposition 1.2. Let m<k<loo. Then:

(1) The space €% carries the structure of a complex analytic Hilbert
manifold, which is Hausdorff (¢f. [DOU]).

(i) If o=%t, then there is a natural C-analytic isomorphism of
manifolds between U (o) and an open subset of the tangent space T,(€*%)
~H*(S*®S,), where S* denotes the dual of S,.

Proof of (i). We shall use the transition functions later and
therefore give a short argument.

Let t€U(s). Then S, is the graph of a map (ids,—4) 5,8, ,
where AEH"(S;“@S’,,) is uniquely determined. We use for this proof
the notation A=4,(zr) and claim that the natural bijection ¢ sending
4,(p) to A.(p), o€U(s) NU(r) is C-analytic, which can be reduced
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to the case t€U(s). We fix a point p of M and write S, and 4,(p)
for S, and A4.(0);. Any point of §, has unique representations
x—A,(0) (x) =y—A4.(p) (») in §,DS, and S.PDS,; furthermore

x'=x—A,(t) 4,(0) (x) ES,.

As

%' =y— (4:(0) () — 4o(p) () +4,(2) 45 (0) (x)) ES.PDS.
is a decomposition 4.(¢) () =4.(0) () —4s(p) (x) +4,(t) 4, (p) (x)
and x'=y—A4,.(0) () =x—A4,(t)4,(0) (x). Denote by I1,:5,-S5,DS,
etc. the canonical map. Then I1,—A,(z) 4,(p) :§,—S, is by the above
equation (pE M fixed) injective, and (I,—4,(7) 4,(p)) TEH(S*DS,).
The C-analyticity of ¢ follows from:
(1.1 4. (o) =1.— (= 4,(0)) U, — 4:(®) 4,(0)) . — 4. (0)).
Given two different H* sections of S*®SJS,, their values are different at

some point of M. Since the evaluation map is continuous, the Hausdorff
property follows immediately.

Definition 1.3. We set ¥%*={s=%%; ¢ is an integrable almost
complex structure}. A complex analytic subspace of a complex analytic
Hilbert manifold is by definition a subspace which is locally the zero-
locus of a holomorphic map to a Hilbert space.

Proposition 1.4. The set €* is a closed complex analytic subspace
of €t of infinite dimension.

Proof. Let %% Let T =S, be the bundle of tangent (0, 1)-
vectors with respect to ¢. Then one assigns to any p&U(o) the
tensor A€ H*(S*®S,) as in 1.2, which induces a (0,1)-form ¢ with
values in 7%%, The integrability condition is

(1.2) 3¢— 514, $1=0.

The corresponding map H*(S¥®S,) - H*1(L(S¥)R®S,)) is a quadratic
polynomial with necessary estimates. So ¥*NU(e) is C-analytic in
U(o).

For the closedness of €% in ¥}, we pick a sequence of integrable
structures g, converging to tE%%. Now there exists an n, such that
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all o, are of finite distance of o, n=n,, which yields the closedness.

Let w be a (real) symplectic form of class C~ on A{; i. e. a nowhere
degenerate real d-closed 2-form on M.

Definition 1.5. We set

¢t s={0E¥} wis o-invariant and induces a positive definite
Hermitian form on S,}
and
Cro=FL.NTE.
(We identify @ with its C linear extension to 7°€.)
Any element 6€%%, (resp. ¥*,) is called an almost Kéihler (resp.
Kéhler) structure on the real symplectic manifold (M, w).

For all =%}, the symplectic form o furnishes a canonical iso-
morphism between S¥ and S, and an isomorphism ¢:H*(S*®S,)—
H*(S,®S,).

Proposition 1.6. () Let c€%:,. Then €%, is contained in the
coordinate neighborhood U (¢) C €%, and €%, is a locally closed submani-
fold of U(o).

(i1) The natural open embedding of U (o) into its tangent space T,(€*)
induces an open embedding of €%, into iis iangent space T,(%%,).
Moreover with respect to T,(€%) ~H*($,®3,) (via¢) T,(¥*%.,) corresponds
to H*(S*(S,)).

(iii) &%, is contractible.

We prove (1) and (ii): Let (vy,...,9,) be a local m-frame of class
H* that spans §,, Take any r€%%, such that S, is spanned by a
local m-frame (w,,...,w,) of class H*. Let

w; =A%, — Al;
with complex H* coefficients. Since ® induces a positive definite
Hermitian form on S, and t€U(s), (4% :4-1.... is invertible and
therefore by passing to another local frame (w,,...,w,) we may
assume A'=0%. By an elementary calculation one can see that
v;—Al; defines an H*-section 4 of S*®S, which corresponds to 7 in
the sense of 1.2. By the isomorphism $§;®S,—S,®S, induced by o,
4 is mapped to a symmetric tensor. The image of %%, in U(s) is
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characterized by symmetricity and by the condition that Idsq—A_oA is
positive definite with respect to the Hermitian structure induced by ¢

and @. (iii) is a consequence from the above description of elements
of €%, by sections A€ H*(S*®S,).

Remark 1.7. One can show that #* , is diffeomorphic to a Hilbert
space.

Remark 1.8. Let »—>M be the C~ fiber bundle whose fibers consist
of the GraBmann manifolds of m-planes in T¢ for xEM.
We denote by &= \Jd C %« the open subspace given by &,=

{S EDr;S5.NS, —-(0)} and by #—M the fiber bundle with fibers
= {S,E4,;0, induces a positive definite Hermitian structure on S}.

(Note that the fibers %, are canonically isomorphic to Siegel upper
half spaces of dimension m(m+1)/2.)

Then €% and €%, resp. are the spaces of H*-sections of &/—M
and #—M resp. in the sense of Palais [PA].

We shall construct distinguished Sobolev norms on the tangent
spaces of €% ,.

Let ce%%,. Denote by g, the Riemannian metric on A under-
lying the Hermitian structure induced by ¢ and ®; more precisely

(1.3) & (& 7)) =—w(§ a7)

for any real vector fields £ and 7. In particular g, is of class H*
The symmetric tensor g, turns $2(S,) into a Hermitian vector bundle.
On the space of H*-sections of $?(S,) i.e. on T,(¥%,) a weak (i.e.
non-complete) inner product is defined by

(1.4 & oo=| &€ om.

Observe that by means of the natural isomorphism (cf. I.6)
T, (%% .)—>H(S*®S,) we have g, (&, 7) =trace (#+€). In 1.7 the fibers
%, are realized as bounded symmetric domains which we equip with
the Bergman metric m,. If r€¥%%, and §,7€7,.(¥%,), then for any
x the vectors £(x), »(x) are tangent vectors of &, .at 7(x), whose
Hermitian product is m,(§(x), 9(x)) .. In fact this is related with g,.

Lemma 1.9.

(1.5) g.(&, ) (x) =m, (§(x), n(x)) e for any TELE,, xEM.
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Proof. We consider any two tangent vectors &, 5 at = as elements
of H*(S*®S,) with respect to the embedding ¥%,——U(s). A
differentiation of the map x:4,(p) =4,(p) (cf.(1. 1)) at p=7 immediately
yields as derivative

(Dr) (o) : H (S ®S.) —H* (S: ®S)
§—— (I, ~4.(0) E,— 4, ()

SO

(1.6) g.(§, ) (x) =trace (D& (x) (1) (D) ' (z) (£))
=trace (7([,~4,(®)) (L= 4.(0)) 6 U, ~ 4,()) " (/. — 4 (0)) !
=trace () (Lo~ A, (t) A, (0)) 6 (L, — 4, (2) A, () ™)
=m, (§(x), 7(%)) zen -

Proposition 1.10. The weak Hermitian inner product (1.4) on
T (%t ,) depends smoothly on the base point.

Progf. We fix any 6=%*,. The tangent bundle of ¢%, can be
trivialized by the embedding into U(s). Then (l.6) implies that
the assignment (7, §,79)—g(§,7) (x) is a C* map from

B o X H (S3RS,) X HE(SFRS,)

to H*(M)c. Since w™ is of class C=, the assertion holds.

A complex analytic Hilbert manifold with a weak Hermitian metric
is called a weak Hermitian symmetric space, if for any of its points p
there exists a holomorphic isometric involution with p as an isolated
fixed point.

Proposition 1.11. The complex analytic Hilbert manifold €%, with
the above weak Hermitian metric is a weak Hermitian symmetric space.

Proof. Given an element ¢&=%%,, we choose the embedding
%t ,—»U(s) CH*(S?(S,)). By formulas (1.4) and (l.6) the map

A,(t)——A4,(r) is an isometry.

Remark 1.12. More generally, the space of H*-sections of any
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C= fiber bundle with fiber a Hermitian symmetric space (instead of
a Siegel upper half space) and analytic structure group has a natural
structure of a weak Hermitian symmetric space.

We can also give a distinguished (strong) Hermitian structure on
%%t .. We use Yano’s Construction [YA, VI. 6] of a metric connection
D=D, on an almost Hermitian manifold with torsion such that the
almost complex structure is parallel. It is given with respect to real
coordinates by

.7 Th= 0+,

where N}; denotes the Nijenhuis torsion tensor. Or, if X,Y are real
vector fields, then

(1.8) DXY=%(VXY—¢;VX (Y)).

As D is type-preserving, it induces connections on S,®S, and §*(S,),
which we denote by the same letter. Now on the spaces of HE*-
sections of these bundles, Sobolev norms are given by

k : .
(1.9) & Die=2 (D%, Din) (W)
(Here g, is naturally extended to a Hermitian product on spaces of
tensors). This assignment turns each tangent space 7,(%¥*%,) into a
Sobolev space. We will show in the next paragraph that this inner
product is invariant under the symplectic diffeomorphism group (as
well as the weak product).

2. The Group of Symplectic H*-Diffeomorphisms

As a non-linear problem, the construction of the group of Sobolev
diffeomorphisms on a compact differentiable manifold was treated by
Ebin [EB] in the framework of H* sections of a differentiable fiber-

bundle F—M on a compact manifold. If k>m=—é—dimM, then the

space H*(F) was given the structure of a C~ Hilbert manifold that
for k>m+r there is a natural continuous embedding of it into the
Banach manifold of C” sections of F.
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Mappings of M to itself are treated as sections of the trivial
fiber bundle F=M X M— M, and the space of C' sections whose inverse
exist is an open subset of C'(F). Its intersection with H*(F),
k>m+1, is called 2% and the group of = diffeomorphisms is denoted
by 2. Given s€H*(F) a neighborhood U of s, according to Palais’
construction, is given as follows: The relative tangent bundle 7' (¥/M)
is restricted to the section s and U can be identified with a neighbor-
hood of the zero-section of this bundle. In the case of a trivial
bundle U reduces to an open neighborhood of the zero-section of
H*(s*TM), where s* denotes the topological preimage under s: AM— A,
In particular, H*(s*TM) is the tangent space of 2* at s.

We will study the action of 2*! on ¥*. First, we list a couple
of basic properties of 2* (cf. [EB, OM]).

Proposition 2.1. The set of H* diffeomorphisms D% on a compact
differentiable manifold is a C~ Hilbert manifold and a topological group for
k>m+1. The composition of maps induces maps

DX D DY (§, )¢

of class C” for r=0. If ¢ = D*, then the right-multiplication Ry: D— D* is

of class C~. If ¢=D, then the left-multiplication Ly D*—D* is of
class C=,

Let £>m41 and ¢ D**?! be fixed. Then the continuous map
D¢ :TM—TM of the tangent bundle over ¢:M—M induces a continuous
linear map T, (D*) —»T4(2*), which is related to the left multiplication
by ¢. Now for %% we have a natural commutative diagram

T™ 22 TM = T ®25 Ty

Lol

id -1

M s M M2 M

By standard arguments (cf. [EB, OM]) one can show:

Proposition 2.2. The assignment o—¢*(a):=(D¢) 0 (D¢) defines
a continuous action

p: DX Gk
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which is of class C~ in the second variable. If ¢ €%, is fixed, then the
map ¢—d*c from D*! to €t is of class C™.

Fix any ¢=2. Then it induces an almost complex map (M, ¢*o)
— (M, o) and there is a commutative diagram

D¢
S¢na _> Sa

@1 | |

M M

So the derivative of the differentiable map u(4,-): ¥ t—>%: takes the
holomorphic tangent space of €% to itself;i. e. #(4, -) is a holomorphic
map of C-Hilbert manifolds. One can verify immediately that (2.1)
implies
2.2) Apo($*7) = (D9) 714, (7) (D),
which means that Du(¢, -) :T,(€*) —>T4,(¥*) maps an element £ to
(D¢) 1 (D¢g). There is also a natural action

a: DX HY (A(T*)) — H* (42(T*)),
which is similar to g with respect to differentiability (cf. 2.2). If
weH”(A#(T*)) is a fixed symplectic form as in the first paragraph,
then 2}*! shall denote its isotropy group, the group of symplectic H**'-
diffeomorphisms. It is well-known (and follows from a consideration
of a (-, ) that 2L is a closed subgroup of 2*"* and a C”-submanifold.
The derivative Da (-, ®) : H¥*'(T)—>H*(4*(T*)) of a(-,w) at ¢=1id is
given by the the Lie-derivative X— Lyw. Its kernel T%*', which is the
tangent space of Z%™ at the identity, is called the space of symplectic
vector fields. The following is clear:

Proposition 2.3. The action of D** on € resiricts to p,: DE? X
Cto—>Ct ., and any ¢S DA fixes the closed analytic subspace €t,. All
maps po(¢, =) €k, €k, are holomorphic. For cE¥ ,,, the map p,(-,0):
D€t is of class C~. It is also true that the restriction

Yot DEIX @M —— &, is of class C" for r=0.

Proposition 2.4. The group D1 acts on the complex analytic Hilbert
manifold €* , equipped with both the weak (1.4) and the complete (1.9)
Hermitian metric as group of isometries.
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Proof: Let ¢= 2% be fixed. Let = be any element of €%, and
':=¢*r. Then by 2.2 ¢:(M,z’)— (M, ) is an almost complex map.
Let g=g, and g’'=g,,. If X,YeH*(T) are real vector fields, then

8(PsX, YY) = —0 (4 X, t$4Y)
=—0($xX, $xv’Y)
=—u(X,7'Y)
=g'(X,Y).
Thus ¢ induces an isometry from H*(82(8.)) to H*($2(S.)) provided
with the L? inner product.
Now we show that ¢ induces an isometry also with respect to the
H*-complete metric. ¥ and V’ resp. shall denote the Riemannian
connections with respect to g and g’. We use the connections D and

D’ of Yano’s such that g and 7 (¢’ and z’) are parallel (see formula
(1.8)). Then

205 (DY) =9V xY — s Vi ('Y)
=V 4,5 (95Y) — Pt ($5) 7 (P37 031 ($4Y))
=V 5. x(9xY) =V 4,5 (v95Y) =2D;,x ($5Y).
This formula is still true if we replace Y by any symmetric tensors.
If {X;} is a set of g’-orthonormal vector fields, then

2 8(Dyx,95Y, Dyx, $52) =% &' (Dx,Y, Dx Z).

From this and analogous equalities one can deduce easily the desired
assertion.

3. The Space of Isomorphic Almost Kihler Structures and the
Action of the Group of Symplectic Diffeomorphisms

Let ¢ and = be Kihler structures on (M, ) of class H*. Then
two Kahler manifolds (M, ¢, ) and (M, 7, w) are isomorphic, if there
exists a biholomorphic map ¢: (M, 0)— (M, r) such that ¢*w=w. In
this section we show first that such a ¢ is necessarily of class H**%,
This means that we can identify the set of isomorphism classes of
such Kihler manifolds with the quotient space MAE=%%,/PE! We
show furthermore that the action of 2%*' on €%, is proper.

Theorem 3.1. Let k>2m+3 and p,c= %t ,. Let g, and g, be the
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respective underlying Riemannian metrics (which are in particular of class
C™*3).  Then any symplectic C* isometry ¢: (M, g,)— (M, g.) is necessarily
of class H*',

Corollary 3.2. The moduli spaces M% and M%:, of isomorphism
classes of (almost) Kahler structures of class H* on the symplectic manifold
(M, ®) are exactly the quotients €%,/ D" and €%,/ DL,

Theorem 3.3. The action p,: DE'X €L ,—> €k, is proper, provided
k>2m+3.

Corollary 3.4. The spaces MY and M, equipped with the quotient
topology are Hausdorff and the embeddings €ta—€t,, €rl—>%t, yield
embeddings MEE—ME, and MET—>ME.

Corollary 3.5. (i) A4l 9% -orbits are closed in €}t,.
(1) If t€¥:t,, then the isotropy group D% is compact.

Lemma 3.6. Let g;, jEN and g be Riemannian meirics on a manifold
M and d;, dy the corresponding distance functions. If g; converge to g in
a locally uniform way, then d;—dy in a locally uniform way.

Proof. Choose a compact coordinate neighborhood U in M and
denote by [;(y) the g-length of an arbitrary C'-path 7:(0,1)—
U, j=0. From the assumption we get for any 1>¢>0 a j, such that
| () —L(r) |<<elo(y) for j=j,. This implies d;(x, y) < (l+e)ody(x, y)

1
and do(x, 3) ST

od;(x, y) for all x, yeU and j=j,.

Lemma 3.7. Let M, M be connected locally compact metric spaces
with metrics d,, d, converging in a locally uniform way to metrics dy and
dy respectively. If @;: (M, d;)— (M, d,) are isometries, then a subsequence
D,y converges in a locally uniform way to an isometry @o: (M, dy) — (M, dy).

The proof of the classical v. Dantzig-v. d. Waerden theorem gives
the above statement immediately (cf. [K-N, I.4]).

Let M be a C* manifold. Let r>0 and g, 2~ be Riemannian metrics
of class C**. Then any isometry ¢: M—M of the underlying metric
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spaces is by the Meyers-Steenrod theorem of class ¢". Moreover we
have the following assertion:

Lemma 3.8. Let g; and h;, jEN, be Riemannian metrics of class
C*Y on M, which converge uniformly on compact sets together with their
derivatives up to order r+1, i.e. in the C ™-iopology, to Riemannian
metrics gy and hy respectively. Let @;: M—M be isometries of the metric
spaces induced by g; and h; respectively. Then a subsequence @y, converges
in the C'-topology to a C'-isometry @y: (M, go) — (M, h).

Proof: By 3.6 and 3.7 a subsequence @;; converges in the
C'-topology to some C’-isometry @y:M—M of the metric spaces
induced by g and A, respectively. Let L(M) be the principal bundle
of linear frames on M. The metrics g; and #4; resp. induce Riemannian
metrics #; and 4; of class C* on L(M) which converge to g and 4,
resp. in the C’-topology. (The assignment g—g is as follows: For
the vertical direction embed L (M) into the Riemannian vector bundle
End(TM) and induce the flat metric of each fiber of End(7TAM) on
each fiber of L(M). For the horizontal direction use the Riemannian
connection.) Now the @,,:L(M)—L (M) are isometries of the metric
spaces induced by g; and k; respectively. Again by 3.6 and 3.7 a
subsequence ®@;4, converges in the C°-topology to @, which means
that @;,, converges to @, in the C'-topology. The rest follows by a
repeated application of this argument.

Proof of 3.1. By the theorem of Meyers-Steenrod any isometry
¢ is of class C™*2. The claim is of local nature. For simplicity we
assume the existence of a reference Kéihler structure ¢ which induces
the underlying differentiable structure. (This is the only case which is of
interest to us.) Let ¥V and W be coordinate neighborhoods with local
holomorphic coordinates (z,...,2,) and (w;,...,w,) resp. on (M, o)
such that ¢(W)CV. Let §; and §, resp. be the images of 7I,—A4
and I,—B resp. for 4, BeH*(S*®S,). Then by an elementary calcula-
tion, we see that ¢ is a solution of the following equations:

NG ACORYNEIBIRL AR ALIN T

— 443 () + 28 pt ) =0
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where ¢' are the component functions of ¢. Then (¢) is a solution
of the linear first order system of differential equations

W) 1 g w)- 413 @))- LCHCORBKACORY 9%

3.2) g (w)-

—44 (w) =0.

The application of 27217 yields a second order system of differential

equations, whose main part is
gSr(w) ;a r+Al (¢(w)) g”(UJ) §a f— kr( ) a ka v
Bkr (w) Azl (¢ (w) ) kaw
The characteristic matrix is the following product for (§,,..., §,) €C™
[<g“§,~ek—3k'eke,>1, 0 ] [ I 4 ]
0 , (8,6, —BY§E)] A, 1 '
Its determinant is |g™*&;6,—B¥&,£, |?"-det(6; —A'A '), which is positive

whenever §#0. From this one can see that the above system is elliptic.
We write (3.1) in the following form:

(3.3) a5 (w, $ ) 25 =0,

where a3 are H* functions on VXW for i,j, B=1,...,m I,..., @
and a=1,...,m. We consider the following second order system
which is solved by u=¢:
3.4 D; (a5 (w, ¢ (w)) = Dau?) =0

Now ¢ is already known to be of class H™*2, By the H'-composi-
tion lemma (cf. [EB, 3.1]) all a%’(w, ¢(w)) are of class H™?
(Observe that one needs for this the particular form of the coeflicients.)
Hence we can use the regularity theorem below for a bootstrap
argument to show that ¢ is of class H**.

Theorem 3.9. Let Q’€2€R" be domains with smooth boundaries.

Consider an elliptic system of second order real linear differential equations
Lw=D,;(@"Dw") =f*

on 2 such that o§EH*(R), f€eH*(2), i, j=1,...,n, ,4=1,...,1
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and some k>%+l. Then any weak solution w= (w*) which is in H'(2)
is actually in H*2(R2"), and
(3‘ 5) I[wIIHk+2(Q/) éc ° (”wHHl(g) +”fHHk(.Q))

with C>0 only depending continuously on the H*'-norms of the coefficients
of L and on the geometry of 2'€QcR"

This is an analogy of the main theorem of [D-N] and [G-T,
8.8, 8.10] and can be proved in parallel way.

Remark 3.10. One can also show the following:

(i) Let g g’ be any Riemannian metrics of class H®. Then any
isometry ¢: (M, g)— (M, g’) is necessarily of class H**I,

(ii) The action of 2**! on the space of H* Riemannian metrics
is proper.

Proof of 3.3. We have to show: Given r,€%}, and ¢,€9k"
such that p;=p,(¢; 7;) and z; converge to some gy, 7o in ¥*%,, there
exists a converging subsequence ¢;,—>¢, in 25! (and p,(do, 7o) =po).
We consider ¢;: (M, g,)— (M, g) as a sequence of isometries of
Riemannian manifolds. We set 8i=8,, and h,~=htj. By 3.8 there
exists a subsequence (say {4} itself) which converges to some C™*?
symplectic isometry ¢, in the C"*?-topology. All ¢, are solutions of

allzgij(z)(w9 ¢t (w)) ° Djulg:.()
where a34, (w, 2) —>a§ly, (w, 2) in the H*-topology. Now we apply 3.1
and the estimates of 3.9. By the composition lemma

agity (w, . (w)) —agl (w, go(w))
in the H™**-topology. As the constant C in (3.5) depends continuously
on the norms of the coefficients, we can see that ¢,—¢, in the H™*2-
topology. (Consider the equation

ag.ij(.n(wa ¢¢) ° Diu£= (ag.i{lc) (wa ¢E) —ag.ij('t) (w, ¢L))D1 ° ¢€

which is solved by ¢, —d,.)
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4, An Infinitesimal Slice Theorem-Orthogonal Decomposition
of the Space of Symmetric (0,2)-Tensors

The first step for the local description of the moduli spaces %
is to study the infinitesimal action of the group of symplectic diffeo-
morphisms on the spaces of Kahler and almost Kihler structures. We
fix a Kéhler structure & %,;, and denote by g the metric tensor
induces by ¢ and o.

Lemma 4.1. Let X=<X°‘ Za+XLaa?)EH”“(T), m+1<kZoo be

a real vector field on (M,6). Then X is a symplectic vector field, if and
only if

“.D X55=Xos

4.2) KXo+ X5, =0

These conditions are equivalent to

4. 3) d°€ =0, where &§=X,dz*+ X, dz* and &'=\{—1(8—7).

An immediate consequence is:

Lemma 4.2. The symplectic vector fields X of class H*' on M
correspond exactly to real 1-forms & with

4.4 Xo=V—1 fio+Y,, X;=—V—1 f;+Y,

with a real function f of class H*** on M and a holomorphic 1-form
=Y, dz2€P(M,0) on (M,0) i.e.

(4.5) E=df+n+7.

From (4.5) one sees that
(4.6) Ts =d (H**(R)) D (Re 2'(M, 0))

is an orthogonal decomposition. We denote by SZ=82=S52(S¥) the
bundle of (complex) symmetric covariant (0,2)-tensors on (M, o)
interpreted as an R-vector bundle.

Then we consider the following differential operator

4.7) 0:C=(R)—C=(8»), 0(f)=V—1fz.
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The symbol of @ is clearly injective and its formal adjoint
*.C> (8% —C~(R) is
0% (Yz5) =Im (Yz5.0,8*%¢™") -

Both 6 and 6* are of degree two and map H**?-sections to H*-sections.
Standard arguments (cf. [BE-EB, Sect. 4]) yield:

Theorem 4.3. There is a decomposition
H*(S?) =Im (0: H**(R) —H*(5?))
@ker (6*: H*(§) —H*2(R)), k=
into the direct sum of closed linear subspaces, which are orthogonal with

respect to the L, inner product ( , ), and
Hk+1 (Sz) n 0 (Hk‘l-Z (R) ) =0 (Hk+3 (R) ) .

We denote by V the finite dimensional image of Q'(M,s) in
C>(S?) under the map 7=Y,dz%>Y,,;(Observe that dp=0). The
image 0 (H*"*(R)) +V is closed in H*(§?) for all k<oco, and if V* is
the orthogonal complement of V' in H°(S?) with respect to the L,
inner product, then (V*NH*(S?))PV=H"(S?) in an orthogonal
decomposition with respect to (, )o. This proves:

Remark 4.4. H*(S?) =[0(H***(R)) +VIP[6;1(0) NV+], where
0y : H*(8®) > H*%*(R) is the formal adjoint of §. Furthermore

H*1(8%) N (0 (H**(R)) +V) =0(H**(R)) +V
and

H¥*H(8%) N (6371 (0) N V) =671 (0) NV~

Remark 4.5. If all holomorphic vector fields on (M, o) vanish
identically, then VN6 (H*2(R)) =(0).

The above theorem is related to the infinisitesimal action of 2%*!
on ¥t,:

Proposition 4.6. Let €% ,. Then the derivative of p,(—,0):
DEN @R, at the identity, Dy,(—,0)q: T*'—>H*(S?2), is given by
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Cya O 5 0
X—X 'gz—a‘*'X a—zz—)Xﬁ;;.

Its image is the (closed) subspace 0 (H***(R))+V.

Let Hi*2(M, R) = {fEH**(M, R) ; S fwm=0}, which is the orthogonal

complement of the constants with respect to the L, inner product in
H**?*(M,R). Then in the above arguments we may replace d° by
its injective restriction to H§**(M,R) and 6 by its restriction

0:H{?* (M, R)—H*(M, §%).

5. The Slice Theorem for the Action of the Group of
Symplectic Diffeomorphisms on the Space of
Almost Complex Structures

Roughly speaking, a slice for the action of 2} on ¥, and %!,
at a point 6%}, is a subspace complementary to the orbit and
invariant under the isotropy group of o. As g, is just of class C°
we shall have to restrict ourselves to structures ¢ of class C=. In this
section we always assume £>2m-+3.

Let 6%, be a fixed Kihler structure. Then pg,(—,0): 241> %},
is of class C~, its image, the orbit O% is closed in ¥%, by 3.5, and
its isotropy group 2, is compact and by 3.1 contained in 2,.
Furthermore, as o is integrable, it consists of biholomorphic auto-
morphisms of (M, o).

Lemma 5.1. The space DE/ D, of left cosets ¢ D, carries a
natural structure of a G -Hilbert manifold, and the map p,(—,0):
QEI 0 C ¥t , induces a diffeomorphism from 2DET/ D, onto OF All
of these maps are compatible with the Sobolev filtration.

Proof. As 2, is compact, the quotient 25"/ 9, is Hausdorff.

As 92,C 2%, the multiplication 28X 2,» 9! is of class C=,
and the tangent space of 2, is closed in 2%.*Y. The derivative of the
above map is just the addition of tangent vectors. Thus we can find
through every given point ¢ (locally closed) submanifolds A**'cC 2%
such that the multiplication restricted to 4**!1X 2, is a diffeomorphism
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on to an open subset of @kl By the canonical projection 4*"' is
mapped onto some open set V*'C 25!/ 9P, homeomorphically, which
can be taken as a coordinate neighborhood. Transition functions can
be induced by the left-multiplication of elements of 2, If ¢€92,,
then we can achieve A*'N 2%2=4*? for any k>2m+3. Now
to(—,0) can be factored by a C~ map 2:"/2,—0% and from 4.6
its derivative is a closed embedding.

We consider the closed submanifold O*C %% ,. Its normal bundle
vt is by definition the orthogonal complement of the tangent bundle
T(O% in T(¥*,)|0* with respect to the L, inner product on the
fibers of T(¥*%,) |Ot. The bundle v* is homogeneous under the action
of 2% in the strong sense that the action on O% lifts to the total
space of the bundle. If r€%}, and ¢= 2", then we write ¢*ri=

ta($, 7).

Proposition 5.2. The normal bundle * is a C~ subbundle of
T(%%.) |0k,

Proof. Let QX T,(¥t,)—>T(¥E,) |0t be the natural continuous
action where 7,(%%,) is the tangent space at . Let $*CT(¥},) |0}
be the image of Zk*'x0*-1(0). Then exactly as in ([EB], proof of
7.1) one can show that #* is a smooth subbundle. Now »* is just
the image of 24" x (T'(05+). By 4.3 we have the orthogonal decom-
position C=(8%) =Im 0PKer 6*. Let V' be the image of V in Ker 6*
by the resulting projection. Then we have the orthogonal decom-
position #*=Im 6,PV’ with V'cCKer 6f. Let 7"’ be the image of
DEXV'>T,(¥t,) |0t by the above action. Then ¥ is clearly a
C~-subbundle of finite rank of #*. Let 2:3*—%"" be the orthogonal
projection, which is a C* homomorphism. Moreover it is a submersion
because the restriction of 1 to #”' is the identity. Hence »*=Ker 4
is a C subbundle.

Corollary 5. 3. There exists a D ¥ ~invariant neighborhood W* of the
zero-section of V¢ which is mapped diffeomorphically by the exponential map
onto a neighborhood N* of Ok in €t,. The map is D -equivariant.

Remark 5.4. We can choose W™ and N® for some ko=2m+3
such that Wh=W"n* and N:=N"n ¢*t, for k>k, have the above
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property. This follows from our construction and [KO] (in particular
lemma 2. 8).

Definition 5.5. Let c=%;,and £>2m+3. Then a slice &* through
o for the action of 2% on ¥k, is a locally closed C®-submanifold
of €}, with 6 € %% which satisfies the following conditions:

(i) &* is invariant under the action of the isotropy group
9,C9,C 9k,

(i) If €Dk with p, (¢, ) N F*+£ 0 then ¢ 9,.

(iii) There exist a neighborhood V*'C 2%*1/9, of the residue
class of the identity and a section B:V**1—» @k of 915 9E1 /P such
that p,(BXid) :V*'x #*->¢€k, is a homeomorphism onto a neigh-
borhood of o.

Theorem 5.6. Let 0€%;, and k>2m+3. Then there exists
always a slice S=S* through o for the action of D% on ¥k,. The
set Sh=Fts=L*NECt, is closed in F* and the statements (i) to (iii)
with $* and €k, replaced by F* and €%, equally hold.

Corollary 5.7. The natural map of the quotient spaces F*,/D,—>ME
are homeomorphisms onto open subsets for 6 E € ;.

Proof of 5.6. Let W* be as in 5.3 and ! the fiber over o.
Then a candidate for the slice is Fh=exp(W*NuE). The isotropy
group 9, acts on * isometrically, and exp is 2%"-equivariant. Thus
9, fixes F*(as a set), which proves (i).

Next we show (iii): We use V*" and A4**! as in the proof of 5.1
and use the section B:V**'—— gl P%  We may assume that
W*Zz;za (BXid) (V**'x &%) is contained in N®. Then a continuous
inverse of p,(8Xid) VML PSR s given by

. 1) ¢(r) = (Bom exp™(7), to((Bpm exp™(r)) 7, 7)
where 7:1*—0% is the bundle projection and p is the inverse of the
diffeomorphism 2%/ 2 ,—0:.

The second statement follows directly from the properness of the
group action after a reduction in size of &% Otherwise there existed
points ¢, and 7,%#0, in &* tending to ¢ and ¢, 2" with t,=p(4,, 7,),
and ¢,&9, After passing to a subsequence, we may assume that
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¢, converge to some ¢<= D5 by (3.3), which has to be contained
in 92,. Thus ¢,-2,CV*! for sufficiently large n, and then ¢;0,=1,
for o, 7,=%% which is impossible by (iii).

As 2% fixes €%, the statements on &% are clear.

The chosen approach using weak Riemannian metrics enables us to
compare slices and group actions for various £:

Proposition 5.8. Let 6% ;, and k=ky:=2m+4.

(1) The map p,(BXid) VX L —>FE  is of class C".

(ii) Let R*=p,(BXid) (V*''X P CCEt,. Then the resiriciion of
R TVMIX FE to R¥7 s of class C7 for all r=0.

(iii) RZade % o0 satisfy the conditions of 5.5 on %

In view of (iii) above, we take in the sequel shn €k,as &* and

set =N £* and &L, =, ,=N F%,. Observe that & is a slice for
k2l kg

the action of 2, on ¥,..

Progf. 'The statement (i) follows from 5.4, (ii) follows from 2. 3,
and (iii) follows from the fact that the group inversion 2*""—9* is of
class " and that a similar property holds for exp™(cf.[KO, OM]).

6. The Moduli Space of Kihler Structures on a
Compact Real Symplectic Manifold

Let (M, ) as before be a compact real symplectic manifold of
dimension 2m. We are interested in the moduli space .#, of isomor-
phism classes of Kahler structures of class C* on (M, w). We assume
that #,# . We describe this space by means of almost Kihler
structures of class H*. The moduli space .#, is the inverse limit
lim #t We endow .#, with the inverse limit topology. The results

_
k>2m+3

of section 3 imply that the natural maps #,—.#% are embeddings
and the following

Proposition 6.1. The space M, is Hausdorf.
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The analogous statements hold for the moduli space #,, of
isomorphism classes of almost Kéhler structures on (M, ®).

The structure of these spaces can be described in the framework
of the ILH-category (inverse limits of Hilbert spaces) introduced by
Omori [OM]. We briefly review the concept.

A system {E*;kEN, k=d} for some dEN is called a Sobolev-chain
if every E* is a real Hilbert space, and E**! is linearly and densely
embedded in E*

Definition 6.2. Let N be a topological space. Then N is a sirong
C=~ ILH-manifold modelled on a Sobolev chain {E*},s; if there exists a
family N* k=d, of C~ Hilbert manifolds modelled on E*, if the follow-
ing conditions hold:

(i) N*l——>N* is a continuous inclusion.

(i) There exists a homeomorphism /4:N—NN¥ where the inter-

kzd

section is endowed with the inverse limit topology.
(iii) For any x €N there exists a coordinate neighborhood U (A (x))
C N? and a coordinate map ¢;:U(h(x))—E? such that

$(Uh(x)) NN CE*  and ¢, [(U(h(x)) NN,

is a coordinate map for N* for all £=d.

One can also define in a similar way strong C-analytic ILH-
manifolds and -spaces modelled on a chain of complex Hilbert mani-
folds and spaces. For the definition of strong ILH-groups we refer
to Omori [OM 1.2.1].

The groups of H*-diffeomorphisms 2* of M, k=m+1, together
with their common intersection £ are known to form a strong ILH-
group, and the group 2, of symplectic diffeomorphisms forms a closed
ILH-subgroup of 2 [OM].

As a first remark we note that ¥,, is a strong C-analytic ILH-
manifold, containing the C-analytic ILH-space %;,. The action of
the strong ILH-group 2, is continuous. For a description of the
quotients we use the results of section 5. From Corollary 5.7, we
obtain immediately the following

Proposition 6.3. The topology of M, is generated by all sets &, ./ D,
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where 6 E€F ;.

For those Kihler structures which allow no non-vanishing holomor-
phic vector fields one can say more: Let €},C %}, denote the space
of such structures. Then it is ZE*'-invariant. #% shall denote the
quotient €%,/ DL, k<oco, and we write A ,:=4,". In this situation
all stabilizer groups 9, 6 €%, are finite.

Lemma 6.4. The moduli space M, is an open subspace of M,.

Proof. We show that the complement &:=%!,—%%, is a closed
analytic subspace. The proof of Kuranishi’s theorem [KU] shows
that integrable almost complex structures which are “close” to a given
one 7 in €}, are also close to 7= in the sense of deformation theory
and that %% is locally a product of a finite dimensional analytic
space S which is the base of a versal deformation and an infinite
dimensional manifold 4. However in the set of all points whose
fibers possess holomorphic vector fields =0 is an analytic set 4, and
L =A4%X9.

In order to describe the structure of .#,, we introduce the following
terminology:

Definition 6.5. (1) Let N, and N, be two strong C~ ILH-
manifolds modelled on Sobolev chains {E?} and {E%}} respectively. A
continuous map f:N,—N, is called a smooth ILH-map, if the following
condition is satisfied: For any x €N, there exist neighborboods U; and
U, of x and f(x) resp. with coordinate maps ¢;:U,—»V,CE, j=1,2,
such that f:=¢, f¢i! extends to a continuous map f*:Vi—>V} for each
k, and its restriction f*:Vi""—V}% is of class C” for any r=0, where
VEC E* are open subsets associated to coordinate maps ¢,.

(2) Let N be a topological space. We call N a strong C=° ILH-
manifold modelled on a Sobolev chain {E*}, if there exist some open
covering {U;} of N, and on each U, a structure of a strong ¢~ ILH-
manifold modelled on {E*} such that if U;;=U;NU;#¢ the identity
of U;; is a smooth ILH-map of one structure to the other in the sense
of (1).

(3) Let N be a strong ¢~ ILH-manifold with a defining system
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of Hilbert manifolds {¥*} and KCN a closed subspace. Then K is
called a C~ ILH-subspace, if the following condition is satisfied: There
exist a strong C~ ILH-submanifold ACN and a strong C-analytic
ILH-subspace BCN defined by systems of closed C~ submanifolds
A*C N* and closed C-analytic subspaces B*C/NV* resp. such that K is
the intersection of all K*=A4*N B* with the inverse limit topology.

(4) Using (2) and (3), we can define the notion of a C=° subspace
of a strong C=° ILH-manifold.

Example 6.6. Denote by £,%,V the ILH-manifolds induced
by the inverse systems {Z*}, {¥*}, {V*} according to 5.8 (cf. also
the proof). Then the following are examples of smooth ILH-maps:

(1) The group inversion 2,—2, (cf. [OM]).

(2) The action p,: D, X% ,0—=>% .0, in particular its restriction

Yo' VXS o>,
(3) The inverse h: Z—>V XS, , of p|VXZ, 0

Definition 6.7. Let X be a topological Hausdorff space and U
an open subset of X. Then a local ILH-uniformizing system of U is a
quadrupel (U, U, 2,7) consisting of a strong ILH-manifold U
modelled on a Sobolev chain {E*}, a closed C= ILH-supspace U of
U, a finite group 2 which acts on U smoothly and fixes U, and
finally of a Z-equivariant continuous map z:U—>U which induces a
homeomorphism U/2—U, where @ acts trivially on U.

Definition 6.8. An ILH-V-space of class C=° consists of a topolo-
gical Hausdorff space X together with a collection % = {U, U, 2, )}
of local ILH-uniformizing systems such that all U generate the
topology of X and the following compatibility condition holds: If
(U,U, 2,7) and (U, U’, 2’,z’") are in # with Uc U’ then there
exist a representation 2—2’ and a (2, 2’)-equivariant smooth
ILH-map of a neighborhood of U in U to U’ which induces the
embedding U——U’. An ILH-V-manifold of class C=° is an ILH-V-
space, where one can choose local uniformizing systems with U=U.

Theorem 6.9. The moduli space M, of Kéhler structures on a real
symplectic manifold (M, w) that allow no holomorphic vector fields other
than zero is a Hausdorff ILH-V-space of class C°.
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Proof. Letoe?/, and &,, &, ; the slices of the action of 2, on
% .. and ¥,,respectively. Let U,=%,,/2,CM#,. Then (¥,, Lo:, Do,
.. S, —U,) is a local ILH-uniformizing system for U, The construc-
tion of the &, allows us to assume that these are simply connected.
We let ¢ run through all points of ¢7, and U, through a base of
neighborhoods of the image of ¢ in 4.

Letre¥%.,and (¥,, %.i, D.,7,: L. —U,) be a further uniformiz-
ing system such that U, is contained in U, We have to show that
there exists a (2., 9,)-equivariant smooth ILH-map &, —%,. Let
PpE S, be any element. Then there exists a =P, and a neighbor-
hood V(p) C &, such that ¢*p=, and ¢*V (p) CZ (cf. 6.6). Then
Us'¢* composed with the projection to &, gives a smooth ILH-map
V(p)—>%, which induces the embedding =, (V(p))——U, (cf. 6.6).
From this and the fact that &, is simply connected, we can construct
a smooth ILH-map 4:¥,—»%, inducing U,—U, such that 4|V (p) is
of the above kind. Then such a map 4 is unique up to the action
of 2.. Now 4 is certainly (9, 2,)-equivariant.

7. Relations Between .#, and the Moduli Space
of Polarized Kahler Manifolds

Let (M, w®,0) be a symplectic manifold equipped with a Kahler
structure ¢, Then by the assignment w—il=[0]€H*(M,R) it
determines a polarized manifold (X,1) where X=(M,0). Let 4,
be the moduli space of all non-uniruled polarized K#hler manifolds
with fixed Kihler class 4;.#; is an analytic space by [FUIl, SCH].
Let #YC M4t and A,C.#, be the subspaces consisting of those
Kaihler structures (M, o, 0) such that (M, o) is not uniruled. Then
by the deformation invariance of the non-uniruledness [FU2] as in
the proof of 6.4 one sees that #,C.#, is open. We denote the
canonical maps by kMY —> My I1,: Mo—>M; .

Theorem 7.1. Let (M,w®) be a symplectic manifold. Then for all
k>dim (M) +3 and A=[w] the images of the canonical maps II:: MY — M,
are open and closed. In particular, the image of II5:. My—> M, is open and
closed.
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Progof. Let (M,0,,w) be a Kidhler manifod, ¢, of class H* and
pEM; the isomorphism class of the induced polarized manifold
(Xo,4). Let (Z—S,24,5) be a local universal family whose dis-
tinguished fiber (X,
(X0, ). The natural map from § to #; sending sES to the
isomorphism class of the fiber (X,, 2y ) is holomorphic. Its image is

Ax_ ) is endowed with a fixed isomorphism with
o

an open neighborhood of . The openness of /1% is proved if we show
for all s&S the existence of a ¢&%}, such that ((M,e),2) is
isomorphic to (X, ZXS). For s=s, this is true. We connect any point
s€S§ with sy by a real differentiable arc y(t), t[0,1]. As the polari-
zation Ag,s can be realized by a relative Kahler form wg,s, where
wi=wg,5| X, equals @ for s=s,, we have a family of symplectic forms
7, =w,, on M with [7,]=2 By a theorem of Moser [MO] there
exists a diffcomorphism ¢ on M such that ¢*w,=¢*p=w. This
means that (X;,4x) can be realized by a Kahler structure on the

symplectic manifold (M,w). The closedness of the images of I}
follows from the proposition below.

Let A H?(M,R) be fixed and ['; be the set of all C~ symplectic
forms on M whose de Rham class equals . We put the C'-topology
on I';. Let {I'},; be the set of connected components of I'; which
is countable. Fix representatives w,EI", for each ¢1.

Proposition 7.2. The moduli space M; is the union of all II§ (M}),
t€1. The images of any two M} and M are disjoint or equal.

Proof. If w,, w, are in the same connected component of I7;, then
by the above theorem of Moser, there is a C~-diffeomorphism ¢ of
M such that ¢*w,=w,. This implies that the images of ./ and 4,

are the same. The first assertion follows from this and the definition.

For the second assertion let (M,0,®) and (M,z,®) be Kihler
structures, and ¢:(M;0), [0])—((M,7),[@]) an isomorphism of
polarized manifolds, in particular ¢*[@]=[w]. The family o,=t¢-w
+ (1—1¢) «¢*@ consists of Kahler forms with respect to ¢ in a fixed
cohomology class. Again, Moser’s theorem gives a diffeomorphism
x: M—M such that y*¢*@=w. Now by means of the map ¢y the
connected components of #¢ and % containing (M, g, ) and (M, 7, ®)
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resp. are transformed bijectively into each other. So the images under
II% and II% are equal.

Theorem 7.3. Let (M,2) be a compact differentiable manifold with
AEH*(M,R). Then the moduli space M; of polarized Kidhler structures on
(M, 2) has countable topology.

Progf. From the second section we know that all ¢¥%,cU(s)C
H*(S,) are Hilbert-analytic manifolds containing the closed Hilbert-
analytic subspaces ¥!,. These consist of countably many components
with countable topology. The subspaces of complex structures which
allow non-zero holomorphic vector fields or yield uniruled manifolds
are closed analytic subspaces. Since the moduli spaces .#¢ carry the
quotient topology, these have a countable topology as well. Further-
more the topology on the inverse limit .#,=lim % is countable. Now

by the proof of 7.1 and Moser’s theorem .#, has countable topology.
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