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Moments and Reduction for
Symplectic Groupoids

By

Kentaro MIKAMI* and Alan WEINSTEIN**

§0. Introduction

A hamiltonian action of a Lie group G on a symplectic manifold
M is generated by a momentum map J:M—g* which is equivariant
with respect to the coadjoint representation. The reduction procedure
of Meyer [14] and Marsden and Weinstein [13] consists of forming
the quotient M,=]'(¢)/G,, where p is an element of g* and G, is
its coadjoint isotropy group.

In recent years (see [6], for example) a property of J already
known to Lie [9] has been recognized as essential: J is a Poisson
map from M to g* with its Lie-Poisson structure. This suggests the
problem of replacing g* by an arbitrary Poisson manifold P, but
the question immediately arises as to what object will play the role of
the group G. This object having just been identified by Karasev [7]
and one of us [3] [20] as a symplectic groupoid, the purpose of the
present paper is to extend the reduction procedure to symplectic
groupoid actions.

An important stimulus for our work has been the reduction theory
for Poisson Lie group actions developed in [16]. Using Drinfel’d’s
notion of Poisson Lie group [4], Semenov-Tian-Shansky explained
the hamiltonian behavior of the dressing transformations which arise
from the inverse-scattering approach to completely integrable systems.
A new theory was necessary because dressing transformations do not
preserve the Poisson structure of the spaces on which they act. In
a sequel to this paper, we hope to study how Poisson Lie groups and
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their actions can be lifted to symplectic double groupoids and symple-
ctic groupoid actions, so that at least part of the reduction theory in
[16] can be understood in our terms.

Our paper is organized as follows., In §l, we review the basic
properties of groupoids, both as algebraic and symplectic objects. The
remaining two sections can be read independently. In §2, we discuss
actions of groups as automorphisms on symplectic groupoids, observing
that in many cases the groupoid structure implies that the action has
a momentum mapping of a very special form. §3 contains the discus-
sion of reduction. We observe that this construction, usually thought
of as “symplectic”, has a counterpart in the purely algebraic setting
of groupoid actions [2] [5].

Most of the work reported here was completed before V. P. Maslov
kindly called to our attention Karasev’s paper [7], in which some of
our results are anticipated. In particular, we wish to acknowledge
that symplectic groupoids were already studied in [7], where they
were called “Lie pseudogroups”.  Although this name effectively
identifies these objects as generalized Lie groups, it carries other
connotations related to the general theory of pseudogroups, so we
have chosen to keep our terminology.
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§1. Basic Properties of Symplectic Groupoids

In this section, we review for completeness some of the material
from [3] [7] and [20]. (Also see [22].) Briefly, a groupoid is a
category whose morphisms are all invertible, and a symplectic groupoid
has a symplectic structure for which the graph of the product map is
lagrangian.

Definition 1.1. A groupoid I’ over (a set) [, is a pair (I, I'y)
equipped with:

(i) surjections a, B : I'>I"y (called the source and target maps
respectively) ;

(il) m:Iy>I" (multiplication), where I',:={(x, y)€l'XI"|f(x) =
a(»)}; each pair (x, ») in I, is said to be composable;

(iii) an injection e:I'y—I" (identities) ;

(iv) e¢:I'->I' (inversion).
These maps must satisfy:

(1)  (associative law) m(m(x,%),z) =m(x,m(y,z)) (if one is de-
fined, so is the other);

(2) (identities) for each x, (e(a(x)),x) €, (x, e(f(x))) €I, and
m(e(a(x)), x) =m(x,e(B(x))) =x;

(3) (inverses) for each x, (x,¢(x)) €, (¢(x), x) €L, m(x, c(x))
=e(a(x)), and m(e(x), x) =e(B(x)).

We summarize some properties of these mappings, obtained directly
from the definition.

Proposition 1.2. (1) ace=poe=idr,.

(i) a@m(x, »)=a(x) and B(m(x, »)) =()).

(1ii) For each uely, m(e(u),e(u)) =¢(u).

(iv)  (cancellation) If m(x, y1) =m(x, y,) or m(yy, z2) =m( Yy, 2), then
Nn=Da.

(V) coc=idp.

(vi) aoe=f and Bor=a.

With the same notation as in Definition 1,1, we state:
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Definition 1.3. A groupoid I' over Iy is a Lie groupoid if I' and
I'y are differentiable manifolds, @« and § are differentiable submersions
so that I', is a differentiable submanifold of the product manifold
I'xTI', e is a differentiable embedding, and m and ¢ are differentiable.
We call I' a- [simply] connected if the fibres of @ (and hence of B)
are [simply] connected. (By definition, simple connectivity includes
connectivity.)

Definition 1.4. A symplectic groupoid I" over I'y is a symplectic
manifold (I", £) with a Lie groupoid structure over Iy such that the
graph M:={(x, y, m(x,y)) €' XI'XI'|(x,y) €} of the groupoid
multiplication m is a lagrangian submanifold of

L2 x ([, ) x ([, =9).

Denote the a- and B-fibres through x by a, and B,; i.e, a,;=
a l(a(x)) and B:=B'(B(x)) respectively. Directly from Definition
1.4, we can prove:

Proposition 1.5. (i) e([,) is a lagrangian submanifold of (I",2).

(ii)  The inversion ¢ is an anti-symplectic diffeomorphism of (I, 2).

(iii) For each xE1I', the tangent spaces of a, and B, are symplectically
orthogonal at x.

Proof. (i) It follows from (x,ecB(x),x) E4 that (0x, T (eoB) (dx),x)
€T M and (0'x, T (eoB) (0'x),0'x) ET .M, where 0x and d’x are tangent
vectors to I" at x. Since .# is lagrangian, we have

0=902(6x,0'x) +82(T (e2B) (0x), T (eoB) (0’x)) —2(0x, 6’x)
=8Q(T (eop) (6x), T (eoB) (0'x)).
Letting 0x and 6’x be tangent to ¢(I"y) and using Proposition 1.2 (i),
we conclude that ¢(I7y) is an isotropic submanifold. Now 3 dim I'=
2dim 4 =2{dim I'+dim 8,} =2{dim I+ (dim "—rank 8)} =22 dim I"
—dim ")) =4dimI" —2dim Iy, i.e,, dimI'=2dim [y=2dime().
Thus, ¢(I'y) is a lagrangian submanifold of I'.
(i) Similarly, since (¢(x), x, eoB(x)) E4 implies that
(Te(0x), dx, T(eoB) (0x))ET A and (Tt(0'x), 0’x, T (eoB) (0'x)) ET A,

we have
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0=0(Te(0x), Tt (6’x)) +2(6x,0'x) —8(T (eoB) (8x), T (eop) (8’x))
=0Q(Tt(0x), Te(d'x)) +2(0x,0'x).

(iii) Let dx and 8’x be arbitrary tangent vectors at x to @, and
B. respectively, and let ¢(t) be a curve in a, with ¢(0) =dx. Since
(eca(x),c(t),c(t)) =M, we have (0,0dx,0x) T 4. Likewise, we have
(0'x,0,0’x) €T M. Since A is isotropic, £(0x,0'x) must be zero. Ef

Theorem 1.6. (1) T,a,= {Xps(x) |[fEC~Ty)} and T,p,= {X,op (x) | f
eC~'y)}, where the notation Xy means the hamiltonian vector field of F.

(i) a*C=(I'y) and B*C=(I"y) commute with one another in the Lie
algebra C=(I") with respect to the Poisson bracket induced from the
symplectic structure Q2. If I' is a-connected, then a*C=(I'y) and B*C= (')
are the full centralizers of one another.

(iii) There exists a unique Poisson structure on I’y such that a and B
are Poisson and anti-Poisson mappings.

To prove Theorem 1.6, we need some preparation. For two
subsets 4 and B of I', let 4-B denote the set {m(x,y) [xE4, yEB,
(x,y) €l')}. We say that a submanifold X of I' is horizontal® if as
and Bs are embeddings onto open subsets of I, A horizontal sub-
manifold 2 defines two local transformations on I" as follows:

xs BN @ (2))=>BH(B(2)) ;s x—{x} -2 (right translation),
and
lsia Y (B(2))—sa W (a(2)); x—F- {x} (left translation).

We leave to the reader the exercise of proving the following
elementary results.

Proposition 1.7. (i) aocxz=a, Bol/s=H.

(i) If 2 and 37 are horizontal, then 2.2’ and 3’3 are horizontal,
x5O g = mzny, and Lsols.=/s.5.. (Equality of two local transformations
means in part that their domains, possibly empty, are equal.)

(iii) If X is horizontal, then 27! is also horizontal and
(wg) '=mp, (45)71=4,

where X~h=¢(2). (Here, when we write »~', we mean domain (~™!) =

1) A horizontal manifold is called a “bissection” in [3].
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range (=) and vice versa.)

(IV) ﬂgo/;;/:/zlowz.

Lemma 1.8. (i) If a horizontal submanifold X is lagrangian, then
=y and /s are local symplectic diffeomorphisms.

(ii) CGonversely, if =5 or /s is symplectic, then X is a lagrangian
submanifold.

(Gii) R:={xs5|2 horizontal lagrangian submanifold} and F:={/s5|2
horizontal lagrangian submanifold} form commuting pseudogroups of symplectic
transformations of I' whose orbits are the a- and B-fibres respectively.

Progf. Fix an arbitrary point x,&87(a(2)). There is a unique
local section ¢ of @ around B(x,) such that Im(¢) C2 and Boc is a
diffeomorphism. For each x near x, =y(x)=m(x,0(8(x)), i.e,
(x,0(B(x)), »5(x)) EM and so (0x, T (¢0B)dx, Txs (6x)), (0’x, T (6°8)0'x,
Txs(0'x))ETH. Since 4 is lagrangian, we have

0=0(x, 6'x) +82(T(s°8)0x, T (608)0'x) — (T x5 (0x), Txs(8'x)).

(i) If 2 and so Im(o) is lagrangian, then

0=Q(5x, 5’x) —"Q(Tﬂg (5.76'), Tacg(a’X)).
Therefore, »z*2=0. Similarly, /;*2=20.

(i) Conversely, assume that x5y is symplectic. Then the equation

above implies

(T (60p)dx, T(608)d"x) =0,

i.e.,, Im(e) is lagrangian. A similar argument applies to /5.

(iii) It follows from (i), (ii), and Proposition 1.7 that £ and
& form pseudogroups of symplectic transformations of I', that £ and
& commute, and that Z[.#] leaves each a- [8-] fibre invariant.
Given any elements y, and » in a, choose horizontal lagrangian
submanifolds 2; for i=0, 1, such that 3;Na,={y,} for each i. Then
we have "21"("20)_1()’0)2”20‘1-21(%) =9;. Thus, each a-fibre is an
Z%-orbit. Likewise, each B-fibre is an #-orbit. |

Proof of Theorem 1.6. (i) By Lemma 1.8 (iii), for each x&T,
the Z-orbit {x;(x) |2 horizontal lagrangian} equals the a-fibre a,.
For an arbitrary tangent vector dx to a, at x, take a curve c¢({)Ea,
such that ¢(0) =x and ¢(0) =dx. For each ¢, choose a horizontal
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lagrangian submanifold depending smoothly on ¢, say 2,, such that
ZiNa,={c()}. Then we have x50 (=5) “1(x) =3y (x)=c(). The
t

family {go,}={¢gto(¢go)‘1}, defines a local vector field Y=—gt—go”t=o

around x with Y (x) =dx. Since {¢;} is a family of local symplectic
diffeomorphisms, there is a local hamiltonian F such that Y=JXj.
Since Y is tangent to a-fibres, it follows from Proposition 1.5 (iii)
that 0=Q(Y, T,8,) =T,B,|dF for y near x, i.e.,, F is constant along
p-fibres. Therefore, F=p*f near x for some feC~([), and dx=
Xgos(x). By exchanging the roles of @« and 8 and right and left
translations, we get the second half of assertion (i).

(ii) From Proposition 1.5 (iii), it follows that

{a*C=I'y), B*C=(Ly)} =0.

Now let FeC=(I"y) satisfy {F, g*C~(I'y)} =0. (i) yields that F is
locally constant along a-fibres. Therefore, F=a*f for some feC~([")
if the a-fibres are connected.

(ili) By Lemma 1.8 (iii), a*(C~(Iy)) consists of the Z-invariant
functions on I" and so it is closed under the bracket { , }; this
induces a bracket { , }, on Iy for which « is a Poisson map.
Since B=acc and ¢ is antisymplectic, B is anti-Poisson.

Hereafter for simplicity we usually denote m(x,») by =x-py, ¢(x)
by x7t, (I, XTI, 2)x I, —2) by I'®I'©I', and its symplectic
structure by 2202, Note that the equation x:y=z means that x
and y are composable and that the product x-y is equal to z. Some-
times we identify I'y with the submanifold (") of I'.

§2. Group Actions on Symplectic Groupoids

In this section, we present some simple examples of symplectic
groupoids in the course of studying momentum mappings.

Let = (M) be the fundamental groupoid over the topological space
M, i.e., n(M)::}J % .5/ ~, where €, ,,={continuous ¢:[0, 1]—>M | (0)
=x, o(l) =y} andy “~” is the homotopy equivalence relation. We
define a([¢]):=0(0), 8([¢]):=0(1),e(x):= the homotopy class of the
constant path at x, and multiplication [¢] - [z]: =[o¢ - v], where o-7 is
the usual concatenation of curves ¢ and 7= such that (¢-7) (0) =0(0),
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(6:7) (1) =7(l). axB:x(M)->MXxM is a groupoid homomorphism,
where M X M is the coarse groupoid over M (cf. Example 2. 2 below).
Since a X8 is a covering map, if M is a differentiable manifold, then
7(M) has a Lie groupoid structure such that a X is a differentiable
covering map. Now assume that M is a symplectic manifold with
a symplectic structure . Then #(M) is a symplectic groupoid with
the symplectic structure £2:=(a XB)*(@©w); the induced Poisson
structure on M is just the usual bracket associated with .

Theorem 2.1. Let a Lie group G act on a symplectic manifold (M, w).
The natural lift of G to the fundamental groupoid mw(M) over M always
has an equivariant momentum mapping J which is a groupoid homomorphism

in the sense that J([o]-[z]) =] ([6]) +J([r]) whenever [a]-[] is defined.

Proof. Define J:x(M)—g* by <{J([c¢]), E)::—S éylo for [d]e
n(M), §€g, where g is the Lie algebra of G, g* is th:: dual of g, and
€y is the vector field on M defined by the action of & This is well-
defined on homotopy (in fact, homology) classes of paths. Clearly

JLol-[zD) =] ([eD) +J ([=D).

To see that J is coadjoint equivariant, we note that for each a€G,
U@ o), ==\ &
—{ 0@ ®) @ T@rs @)

0@ () (T@) &, 50))d

=)

= 00 ®) (ad@ 1 50
<

=<4d(a™)*J ([sD), &).

Finally, we prove that J is a momentum mapping. Take arbitrary
[clexn(M) and VeT,w(M). Then, there is a variation 2':[0, 1]
X (—¢, €)—>M of ¢ such that V() =T2(d/ds) (¢,0), where s is the
variable in (—¢,¢). Denote T2 (d/0¢) (¢,s), T2(3/0s) (¢,5) by Vi(t,s),
V,(,s) respectively. Now
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—VIJ© =] J© G0 -2 LOSR._SFM o
-0 Slw(EM, TZ(a/at))dt:SI Ry, {0 G VD)) el
S [s=0J0 o

=, 12,0) G YD) +o(Vs ], T
+w($M9 [V27 VI])} |s=0dt
=), {d(Volo) Gy, V1) +o([Vy Exd, V)T |s=0dt

-

o

— 0V [ Vi) +0([Va Exds VD) |yt
" (0w, Val, V) +0 (Vs [ew, ViD)
Vi Jd (o (Vay )} —0 (Vs [, ViD)
+o([Vy Excd, V1)1 |i=odt
==, 720, 0 a0Vt 0), a0}
—0(V(0), £u(a(0))) —o(V (1), &x(a(1))).

On the other hand, since aXpf(a-[o]) =(a-0(0), a-6(l)) and so
(T(axP))ézan ([e]) = (Eu(e(0)), Ex(a(1))), we find

V_] (EE(M)_I'Q) ZQ(EK(M), 2
=w(€y((0)), V1(0,0)) —o(Ey(e(l)), V.(1,0)).
Therefore, df(&) =&.qp 2.

\
- Sl (e ld oV, V) —Vild{o(Vs, )
|

0

Although symplectic reduction can be carried out for momentum
mappings which are not coadjoint-equivariant (see [10], for instance),
the equivariant case is much simpler. Given the theorem above,
then, it is natural to ask the following question: Let a Lie group G
act on a symplectic groupoid I" by symplectic groupoid automorphisms.
Does G always have a coadjoint equivariant momentum mapping which
is a groupoid homomorphism? We show in the next example that
the answer to existence may be no, and then we prove a positive
result with an extra hypothesis.

Example 2.2. Let (M, w) be a symplectic manifold and let G act
on M as symplectic automorphisms. Let I be the coarse groupoid over

M, i.e., F::MXM’ FO::Ma a(p, 9)‘=Ps ﬂ(ﬁs Q):=q, c(p)=(,p), (b,
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(g, r):=(p, 1), (b,9):=(q,p), and 2:=0Ow. G acts on I' diagonally
as symplectic groupoid automorphisms. It is easily seen that, if the
action of G on M does not admit a momentum mapping, neither does
the action of G on M X M. In particular, we may let M and G be
the standard 2-torus with the action defined by addition.

Theorem 2.3. Let the Lie group G act by automorphisms on the
connected and a-connected symplectic groupoid I'. If the action of G has
any momentum mapping at all, then it has a coadjoint equivariant momentum

mapping J:I'—g* with J(x-y) =] (x) +J (D).

Proof. Since the action of G preserves the multiplication of the
groupoid [, it leaves I'y invariant and commutes with @ and 8. In
particular, each generating vector field &, for £€g is tangent to ['.
Let J; be a momentum mapping for G. Since [ is lagrangian and
&r is tangent to Iy Ji (&) is locally constant on Iy for each &fe&g.
Since I" is connected, so is I, and so Ji(§) is constant on [,
Therefore, if we define f(&) by fi(&) —=/i(€) (I'y), then J:'—g* is a
momentum mapping which satisfies /=0 on I’y

From the general theory of momentum mappings ([1] [18]),
Jear—aeof is a locally constant map on I' for each aEG, where ar
is the corresponding symplectic automorphism on I" and a.=A4d(a™)*
(coadjoint action). Since J vanishes on I’y and G leaves [’y invariant,
Jear—agqco]J vanishes for all a€G, and so J is coadjoint equivariant.

J defines a map K: A4—g* by K(x,p,x:9):=J(x) +J(») —=J(x-9).
For each tangent vector VET.#, we have

VK, &=V, 1d] (&) +V,1dJ (&) —VaJd] (&)
Z‘Q(En Vl) +‘Q(EI‘, Vz) *9(51‘, Va)
= (QDROR2) Erxrxr, V),
where V=V, V, Vs) and &ryrur=(ér,&r,&r). The action of G
preserves the multiplication of I, i.e., it leaves .# the graph of the
multiplication invariant, and &pxrxr is tangent to 4. Since # is
lagrangian, we have V_|dK=0; that is, K is locally constant on ./.
Now the fibres of the map (x,y, z)—x from # to I'y are diffeomorphic
to the a-fibres and so are connected. Since K(u,u,u)=0 for all u,
we conclude that K=0 on I" and J(x-y) =J(x) +J (). L]
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Corollary 2.4. Every action of a Lie group G by automorphisms of a
connected and a-simply connected symplectic groupoid I' has a coadjoint
equivariant momentum mapping J with J(x-y) =J(x) +J(9).

Proof. 1t is enough to show that the action of G has a momentum
mapping. Fix an arbitrary §&g. Since &-]2 is a closed 1-form,
there exists a local hamiltonian for £ on some connected neighborhood
of each point, unique up to a constant. Take an arbitrary point
ucsl,, Then we have a local hamiltonian f* for £- on a connected
neighborhood #, in I' with f“ () =0. Since [’y is lagrangian and
§r is tangent to [, f“ is constant on #,NI, that is, f®=0 on
% NI, Thus, we have a well-defined local hamiltonian f for & on
a neighborhood N:=U {#%,\lusI's} of I'y in I satisfying f=0 on I,.
For each x&I', we can get a unique local hamiltonian f® on a
connected neighborhood in I" from f on N by the continuation method
along a continuous curve in the a-fibre «,. It is a standard argument
that this definition is independent of the choice of a continuous curve
in the a-fibre because each a-fibre is simply connected. Even if x
and y belong to different fibres, /* and f* coincide on the intersection
of their domains because the base function f is identically zero along
I',. Thus, we have a global hamiltonian f(&) for & such that f(&) =0
on [I'y; that is, we have a momentum mapping J:{ —g* satisfying
J@) =0 for each ucl',., Applying Theorem 2.3, we complete the
proof of the corollary.

Example 2.5. The cotangent bundle T%*Q of any manifold Q can
be regarded as a symplectic groupoid whose symplectic structure is
the cannonical one, a, 8 are the bundle projection =, and the multi-
plication is the addition in each fibre. Each fibre is diffeomorphic
to B¥™ and hence simply connected. The cotangent lift of the
group action of G on Q is a symplectic groupoid action on T*Q,
Therefore, Corollary 2.4 applies to this example, with the following
well-known result.

Corollary 2.6 ([17]). Let a Lie group G act on a manifold Q. Then
the cotangent lift of G to T*Q has a coadjoint equivariant momentum mapping
which is linear on each fibre.
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Remarks 2.7. (1) The results above are consequences of a general
theory of “lifting” from Poisson manifolds to symplectic groupoids,
which we hope to present in a future paper.

(i) There is an intriguing resemblance between the results in
this section and some of the material on cocyles and actions on C*-
algebras in [15]. Can this resemblance be attributed to some kind of
“quantization”?

§3. Symplectic Groupoid Actions and Reduction

In this section, we begin by observing that the cotangent bundle
of any Lie group G is a symplectic groupoid. We then interpret
momentum mappings J:Q—>g* in terms of this groupoid, so that g*
can be replaced by the base of any symplectic groupoid.

Example 3.1. (See [3] for details.) Let G be a Lie group. The
natural lift to 7*G of the action of G on itself by left translations has
a coadjoint equivariant momentum mapping J.:T*G—g¥, and the lift
of the right action has a coadjoint equivariant momentum mapping
Jr:T*G—g%, where g} is the dual space g* with the + Lie-Poisson
bracket (cf. [12]). T*G is a symplectic groupoid over g% with Jg, J1
as the source and target maps. Using the identification of 7%G with
g* X G by right translations and the notations dueT,g*~g*, dgeT,G,
0g-h:=T(R,)0g, and p-g:=poAd(g) =Ad(g)*(y), we may describe the
symplectic groupoid structure as follows:

a8 =p B8 =p-g ()= (e,
(1,8 - (g 1) = (p, 8h), (1,97 = (8,873
the cotangent symplectic structure £ in this representation is
Q2((0p, 0g), (3'11,0'¢)) =<0"ps, 0g-g7">—<p, 087"
—<p, Log-g7,0'g-g7'I).

The induced Poisson structure on g* is the (+)-Lie-Poisson

structure: {1, f2} o () =<g, [0f1/0y, 3f;/01]), and the hamiltonian vector

field X;(u#) equals —poad(3f/0y), where df/dp is the differential of f
at g, considered as an element of g=g**,

Let G act on a symplectic manifold M with a coadjoint equivariant
momentum mapping J, so that J:M—g* is a Poisson map. One
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defines an “action” of T*G=~g*xXG on M by (4 g)  -m:=g-m when
J(m)=p. This action turns out to be “symplectic” in the sense that
its graph {((g, g),m, (¢, g °m)} is lagrangian in T*GPMOM.

The situation above is a special case of the following general
notion of groupoid action. (See [2], [3]1, [5] or [15].) Let I" be a
groupoid over I’y with source map @ and target map 5. Let M be
a set, and let / be a map from M to [, Let F;<M={(x,m)e

I'kxM|B(x) =J(m)} and M;(['={(m,x) EMXI|J(m)=a(x)}.

Definition 3.2. A left action of I' on M with moment® J is a
mapping (x, m)—x-m from I'XM to M satisfying:

J

D J&em) =a(x)

(i)  (xep)em=x-(y-m)

(iiil) e(J(m)) -m=m
for x, yeI', meM. (In (ii), each side is defined if the other is, by
virtue of (i).)

Right actions are defined similarly.

A space on which I" acts is called a ['-space. Equivariance of
maps between ['-spaces is defined in an obvious way, compatibility
of the moments being part of the definition.

Example 3.3. (i) Any groupoid I" acts on itself from both sides
by multiplication. The moments are @ and f for the left and right
actions respectively.

(i) Any groupoid I" acts on [y from both sides with moment
idr,. The left action is x-u=a(x), and the right action is u-x=p5(x).

2) We hope by this nomenclature to resolve in a retroactive fashion the long-standing
disagreement over the English translation of Souriau’s French term moment for a Poisson
map to the dual to a Lie algebra. Thinking of moment as a generalization of moment
cinetiqgue (angular momentum), Abraham and Marsden [1] chose the translation “mo-
mentum”, which we still believe to be most appropriate. On the other hand, Guillemin
and Sternberg [6] chose the model terms “moment of momentum” and “moment of
inertia” to justify the translation “moment”. With the terminology introduced here, a
momentum mapping becomes a special case of a moment, and so all the previous
literature is made consistent.

This leaves open the question of the appropriate French translation of the English
“moment” in the groupoid context: we propose that the French moment be retained,
with its meaning simply extended.
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The proof of the following simple result is left to the reader.

Proposition 3.4. (i) « and B are equivariant maps from I' to I,
with the left or right actions of I' in Example 3. 3.

(i) More generally, if (M,]) is any left [right] ['-space, then the
moment J:M—Iy is equivariant with respect to the left [right] action
of I.

Example 3.5. Let a Lie group G act on [, from the right, so
that I'yXG=:"~{(u, g, v) lu-g=v} is a groupoid by

a (u, g’ v) =u9 ﬁ(u, g’ U) =v’ s(u) = (u’ e’ u)’
((u, g’ v) = (v’ g_l, u), (u’ g, v) ° (v’ h’ w) = (u, gh’ w) °

This is called a transformation groupoid. (Compare Example 3. 1.)

Let M be a right G-space and J:M—I, an equivariant map.
Then I acts on M in the following way:

When J(m) =a(u, g,v) =u, m-(u,8v)=m-g.

On the other hand, if I’y XG acts on M with moment J: M—I",, then
for any meM, g=G, we have m-(J(m), g J(m)-g) defined. One may
check that this is an action of G on M, making J equivariant. In
fact, for each G-space I'y, there exist inverse functors between the
categories ([2] [5]):

(i) G-spaces M equipped with an equivariant map J: M-I,

(ii) [I'-spaces M, where I' is the transformation groupoid I'yXG.

We may call these spaces (I'y, G)-spaces.

Remarks 3.6. (i) If we let (I'y, G) vary as well, we get a bigger
category. (Compare the discussion in [21].)

(ii) All of the above may be generalized to the case where G is
a groupoid (see, [2] [5]).

Definition 3.7. Let I' be a symplectic groupoid and let (4, J)
be a I'-space such that M is a symplectic manifold. The action of
I' on M is called symplectic if the graph {(x,m,x-m) |B(x) =] (m)}
of the action is lagrangian in '@QMOM. (M,]) is then called a
symplectic I'-space.
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Theorem 3.8. If (M, ]J) is a symplectic I'-space, then the moment
J:M—TIy is a Poisson map.

Proof. Since J*{h,f}(m)=X;(J(m))ldh and {J*h,J*f} (m)=
Xpor(m) JdJ*¥h=T]J (X joy (m) ldh, it suffices to show that TJ(Xp;) =X,
for each feC~(y). So consider a tangent vector of the form
(Xpogy, — X5, 0) in I' X M X M and tangent vector (dx, om, 0x-m -+ x-0m)
to the graph & of the action. We have TH(dx) =7J(dm), and hence

Qromen((Xpr, —Xjor, 0), (0x,0m, 0x-m~+x-0m))
=0r (Xps, 0x) =24 (X o5, Om)
=TB0x) df —T] (om) Jdf
=0
Thus, (Xps, —Xps,0) € (TH)=T because & 1is lagrangian,
Therefore, TB(Xps) =TJ(—Xjps). But TH(Xges) =—X; since S is
anti-Poisson, and so TJ(Xps) =X;; 1. e, J is a Poisson map.

Example 3.9. Let a Lie group G act on a symplectic manifold
M with a coadjoint equivariant momentum mapping Jo. We can
define an action of the groupoid T*G over g* on M by (4, ) -m:=g-m
if B(y, 8 =Jo(m). Since T*G is a transformation groupoid, it follows
from Example 3.5 and the coadjoint equivariance of J, that the
conditions of Definition 3.2 are satisfied for this action. It is
already known that the coadjoint equivariance of a momentum map-
ping Jo is equivalent to J, being a Poisson map, or to the graph
{(Jo(g-m), g, m g-m) |g=G, m& M} being lagrangian in T*GPMOM
(see [1] [18]). Therefore, the action of T*G on M induced by the
coadjoint equivariant momentum mapping is a symplectic action
having the momentum mapping as its moment.

The moment of a symplectic groupoid action is thus a generaliza-
tion of a coadjoint equivariant momentum mapping, so it is natural
to try to generalize the symplectic reduction procedure from momenta
to moments, i.e., from groups to groupoids.  Remarkably, the
definition and many properties of reduction turn out to be purely
groupoid-theoretic, involving no symplectic geometry at all.

Let I' be a groupoid over Iy, and let (M, J) be a I'-space. For
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uel, the “isotropy group” I';=a™'(u) NB~'(u) acts on J7'(u), so we
can form the reduced space My;=J"'(w)/I,.

Example 3.10. With I’ acting on I’ from the right (J=8),
J ') /I', is naturally isomorphic to the orbit of  in Iy (by the
map x—a(x)).

In the case of a transformation groupoid I'=I,XG, the isotropy
subgroup I',= {(u, g, u) lu-g=u} is naturally isomorphic to the isotropy
subgroup G, for the G-action. Reduction of a (I'y, G)-space M thus
gives M,=J1(u) /G, for each ucl.

We shall now explain how the larger reduced spaces of Marle
[10] (see also [8]) can be obtained for general groupoid actions. Let
I' be a groupoid over I'y, (M,J) a I'-space. Let Mr be the (disjoint)
union \J M, of the reduced spaces. Then there is an obvious diagram

uely

M-’Mp

I\ [

Proposition 3.11. Let x&I'. Then there is a well defined map
w2y () =yox from My, to Mgy, which is the same for all z€a,NB..
These maps define an action of I' on Mp with moment Jr.

The action in Proposition 3. 11 gives a natural trivialization of the
bundle jr:Mpr—I'y over each orbit @ Iy of I'. In other words, if
we restrict the groupoid I' to I'y over @, then [y acts on J7'(0),
and the reduced space J7!(0) Iy has a natural product structure
0 X M°, where M° is isomorphic to J*(«)/I', for any uc @. This
is our version of Marle’s reduction [10].

We denote by M/I" the union of the M’ for all orbits @. Note
that M/I" is isomorphic to the quotient of M by the equivalence
relation m~n if and only if n=x.m for some x&I. There is a
natural map M/I'-I'y/I" which makes M/I" a “bundle” over the
orbit space I'y/I" with fibres the reduced spaces M,.

In the case M=I, we have I'r={(u,v)€ly|u~v}, the orbit
equivalence relation, while I'/I’=1I",. For M=1I"y, we have (I'))r=1I,



SyMPLECTIC GROUPOIDS AND REDUCTION 137

while I'y/I" is the orbit space, as it should be.
Now we insert some symplectic structure.

Theorem 3.12. Let the symplectic groupoid I' act symplectically on M
with moment J. Assume that u is a clean value of J and that J™'(u)/I,
is a differentiable manifold such that the projection 4,:J7'(u) —J*(u)/I", is
a submersion. Then there exists a unique symplectic structure 2, on
J YW/, such that 4}8Q,=c}2y, where ¢, denotes the inclusion map of
Jtw) into M.

Proof. As in the usual reduction theorem [13] [14], it suffices to
show that the null space of the closed 2-form ¢f2) on J™'(x) equals
the tangent space to the I',~orbit at each point m&/J '(u). Differen-
tiating (x,m, x.m) E& with respect to x&I', at uely,, we have
(0u, 0, 0u-m) €T/, where ou-m, the image of the tangent vector 0u
by the differential with respect to x the map of (x,m)rxem, is the
general tangent vector to the orbit I',em. Differentiating (u, n, n) e/
with respect to €/ (u) at m, we have (0,0m,dm) €Ts/. Since &
is lagrangian, we get 24 (0u-m,dom) =0, i.e., ou-m&[TJ (u)]*;thus
the tangent space to the I',~orbit is contained in the null space of
e 2.

Next we show that if dm belongs to the null space 777(u) N
[T]*(w) ]+, then om&T (I",-orbit). Since om&[T] 1 (u) ]+, om=X ;s (m)
for some feC~(l"y). In fact, dm |2 annihilates 77 (u), so it is dh(m)
for some A, which may be chosen to be the form jJ*f. Note that
X;(u) =0 because omeTJ*(u) and J is a Poisson map (Theorem 3. 8).
Since a is a Poisson map as well, X,; is everywhere tangent to the
a-fibre of x. In addition, X, is tangent to all B-fibres (Theorem 1. 6),
so it is tangent to I',. Now the function F(y, m,n) =f(a(»)) —f(J(n))
vanishes on & because of the property J(y.m)=a(y) of the moment
map J. Since & is lagrangian, Xp(x, m, xem) = (Xper (%), 0, Xpoy(x°m))
belongs to 7«/. Thus, Xps(x-m) and in particular dm=X.;(m) is
tangent to the [ ,-orbit, i

Examples 3.13. (i) Let I’y be a symplectic manifold, I"==(I",).
Any Poisson map J:M—I'yis a submersion such that the orthogonal
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spaces to the fibres are tangent to a foliation transversal to the fibres
of J. Assume that the holonomy of this foliation gives globally defined
maps between fibres. The resulting action of #(I) on M is then a
symplectic action whose moment is /.

Now J7'(u) is a symplectic manifold on which the (discrete)
fundamental group = ([y), acts symplectically; the reduced manifold
M, is just the quotient J'(u)/z(I'o),.

If Iy is connected, then I is transitive on Iy, so the full quotient
M/I" as well as My all equal J7'(u) /x(I").,.

(i) Let I'y=a Poisson manifold X with trivial Poisson structure,
I'=T*X. If J:M—X is a Poisson map, then the reduced space M,
represents a ‘“localization” of M to the point uX. For instance, if
P—B—X is a principal G-bundle, and Q is a symplectic manifold, the
phase space M for a classical particle on X with internal variables in
the hamiltonian G-space Q admits a Poisson mapping J:M—X. (See
[21].) The reduced space M, in this case is just the copy of the
fibre Q associated with v X,

(ili) If I' is an a-connected symplectic groupoid over I'y, then
the reduced manifolds for the action of I' on itself are just the sym-
plectic leaves of I'y. (Example 3.10.) (This was observed in [13] for
the case of T7*G over g* as one of the first examples of reduction.)

To close this section, we show how the reduction procedure for
Poisson maps can be carried out without the use of groupoids. Let
J:P’—P be a Poisson map. If u€P is any element, let g, be the
transverse Lie algebra (cf. [19]).

Proposition 3.14. g, acts on J7'(u).

Proof. We identify g, with the conormal bundle to the symplectic
leaf @, through u, i.e., with the differentials df (x) of functions vanish-
ing on 0,. Let f be such a function. Then X, leaves u fixed,
and so Xj.; leaves J7'(x) invariant since J is a Poisson map.

Now we must show that the restriction to J™'(z) of X, depends
only on the differential of f at u. But this follows immediately from
the fact that X, depends only on d(J*f) =J*df. - ]
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Definition 3.15. (Compare [3].) If Y is a vector field on a
manifold M, and meM, let t_(Y,m) and ¢,(Y,m) denote the end-
points of the interval on which the integral curve of Y through m is
defined.

We say that the Poisson map J:P'—P is complete if t.(Xs, J(x))
=t, (X s, x) for every feC~(P), x&P'.

Corollary 3.16. If G, is the simply connected Lie group of @., then
G, acts on J7'(u) if J is complete.

Proof. For f vanishing on 0,, t.(X;, u) =+ co. Now use standard
results on transformation groups.

Theorem 3.17. If J is complete and P is symplectic, then J7'(u) /G,
is symplectic (under the usual assumptions of clean value, etc. to make

J 1 (w) /G, a manifold).

Proof. We must show that, for x&€J(u), $:={X;(x) |f vanishes
on 0.} =Ker(T.J) N[Ker T.J]+. We already know from Proposition
3.14 that SCKerT,/ and from the proof of Theorem 3.12 that
[RKerT,J1*= {Xos(x) | f€C=(P)}. Therefore, we have S=Ker (T, J) N
[KerT, JI+

Remarks 3.18. (i) Notice that this reduction will coincide with
that of Theorem 3. 12 when P is the base of a symplectic groupoid,
but we don’t need the groupoid to do it.

(i) The Poisson reduction theorem of [11] can also be applied
here.
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