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On Factor Decomposition of
an Ergodic Groupoid

By
Shigeru YAMAGAMI*

Factor decomposition of cocycle regular representations of ergodic groupoids whose
stabilizer groups are uniformly abelian is studied.

Introduction

Given a measure groupoid I and a torus-valued 2-cocycle ¢, a
Hilbert algebra %, is defined in a definite way and the associated
representation of ¥, on the L?-completion of ¥, is called c-regular
representation of I'. In the study of ¥, one of the basic problems
is the factor decomposition of %,. Let us have a try at it in terms
of decomposition of I'. Since the ergodic decomposition of I" induces
a central decomposition of ¥, the problem is reduced to the case
when I' is ergodic. If, furthermore, I' is supposed to be a principal
one, every c-regular representation of I" is known to generate a factor
([5]) and there remains no problem. In this paper, we deal with
groupoids whose stabilizer groups are uniformly chosen (see the
beginning of §l for the precise meaning) and investigate the above
mentioned problem.

Organization is as follows: §1 gathers facts needed in later sections.
In §2, we construct a measure space S$* with an equivalence relation,
from the information of (I, ¢), and show that ergodic decomposition
of §* is equivalent to the factor decomposition of %, in §3. In §4,
we select a subgroup 2 of the stabilizer of I' and ergodic quotient
of §* is identified with a certain S'—principal homogeneous space.
§5 is only a matter of formulation and gives a factor decomposition
of (I'y¢), i.e., factor component of ¥, is realized as a cocycle regular
representation of the quotient groupoid I'/2. In §6, an example is
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discussed.

I am grateful to Professor Araki for valuable comments and to
S.Kawakami for helpful discussion (in particular, arguments in the
proof of Lemma 2.3 is owing to his suggestion).

§1. Preliminaries

Let I" be an analytic groupoid (=Borel groupoid with its Borel
structure analytic) and G be a locally compact second countable
abelian group. We assume the uniformity of stabilizer groups of I”
in the following sense: For each x&I'®, an isomorphism ¢, of G onto
I''(={rel;r(y) =s(y) =x}) is assigned and satisfies

1° for y€I' and g€G, 4,4, (Q71=7tn (&)

2 GXI's(g Nty (@r is a Borel map.

For notational simplicity, we write ¢, (27 (resp.7t,(g)) as gr
(resp. 7g). We assume that " has a faithful ¢-finite transverse function
{v"} ;@ and a transverse measure is specified by a pair (g v) where
4 is a o-finite measure in ', Then m(dy) =\u(dy) Su’(dr) is a o-
finite measure in I and quasi-invariant under inversion p—77l
The measure groupoid (I',m) is called ergodic if for each saturated
Borel set B of either p¢(B) =0 or p¢(I’®\B) =0 holds. In the following,
(I’,m) is supposed to be ergodic. For a normalized T-valued Borel
2-cocycle ¢ of I', let %, be the set of functions & on I satisfying
(D) for each yeI'®, €|, and £*| ., belong to L*(17,v”)

(2) ¢ and &* belong to L2(I", m)
(3)  sup Su’(dr) 16(7) |<+o0 and sup Swdr) 6% (v) | < +o0

yer®© yer®
where &% (7)) =€ De(yL 7). We can define in %, a multiplication
and an inner product as follows.

@ GG = S"”’) @G &G e, 177
®  @le={uw Swdr) EDE®D.

Then, together with the above *-operation, %, becomes a right Hilbert
algebra ([3],[5]). For ¢=¥,, we denote the right multiplication of
¢ by R(p). Through the natural decomposition
®
pm={" pan e,
0

r
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®
R(p) is decomposed as Sy(dx)R"(go). Here R*(¢) is the right

multiplication by ¢ in L?(I'%,v*). For later use, we give a characteriza-
tion of the von Neumann algebra ¥, (=von Neumann algebra generated
by R(¢), ¢€¥.). Let y€l' and define a unitary map U,(y) of
LI, »®) onto L3I, v®) by

6) W& ) =c(rrrEG™Y).

®
Lemma 1.1 ([5] Th.4.1). Let T=S w(@)T’ be a decomposable
®
operator in S u(dy) L2(I?,v’). Then T belongs to U, if and only if there

exists a suitable choice of measurable field of operators {17} Jer® such that
U.(n)TP=T""U.(y) for dll yI'.

For g€G and y&I'® unitary operator U(g) is defined to be
U,(¢,(g)). We have

) Ui(g) Ul(g) =¢,(g, &) Ul (8&), for g,&EG,
where ¢, is a 2-cocycle of G given by ¢,(g, g) =c(,(g), ¢,(g)).

Lemma 1.2 ([3] Prop.15). We can choose a sequence {£,},»1 in U,
such that

(i) {R(§D}az1 generates U,

(i1) for each yI'®, {R?(§,)} .1 generates U%(G)’.

Now we describe a factor decomposition of U?. The following
is implicitly contained in [2], [7]. Let S(y) be a closed subgroup
of G defined by

®) S(») =1{g€Gsc,(g,8") =c,(g’, g) for all g'EG},

and set

9 S*(y)=1{b;b is a T-valued Borel function on §(y) satisfying
b(g)b(g)b(g&) '=c,(g, &) for g,8ES()].

Then S*(y)x* @ (symmetric cocycle is trivial) and, by point-wise

multiplication, S(»)" (=dual groups of S(y)) acts on S*(y) freely

and transitively, so $*(y) inherits a standard Borel structure and an

S () -invariant measure db from S(y)*. For b&S5*(y), consider a
Borel function & on I such that

(10) &(gr)=b(g) e (g, &) for geS(y), rel™(c(g ) =c(,(8),7)).
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Then |&(y)|? defines a Borel function on S(y)\I”. Given a Haar

measure ds of S( ), we can define a measure f ) v (dy) in S(y)\I"”

. SO\
by the relation

av  vanro=§_ _wan| dssen

S(y.

where f is a positive Borel function on I”. We impose on & the
following condition

(12) fsu)\ry ;‘J’(dr) 1£(n) <Aoo

If §, is the set of all such &, it is a Hilbert space by the following
inner product,

13) Gl =§  PEEDED, & .
Let éeL2([7,v) NLI([7, ), then
14 &G =Ssmds b(s) c(s, 1) E(s7)

defines an element in §,. Taking various £€L?NLY {&}iesen
determines a measurable field structure for {9};es+;». The corre-

®
spondence EHS db &, gives rise to a unitary map from L*(I7,v’) to
S*(»

@
S db 9, and under this isomorphism U?(g) (gG) is decomposed

S*(y)
as ygi db Ut(g). Here U’(g) is a unitary operator in £, and defined
by i
(15)  (Ui@8 (N =c(g g 'NEE™, §Es.
Lemma 1.3 ([2], [7]).
(i) For beS*(y), UN(G)”" is a semifinite factor.
Gi) U2 zgiwdb U(2), g€G, is a factor decomposition of U?;

U(G)'NUL(G)’ is identified with L=(S*(y)).

§2. Borel Structure of S*

Let $*= 1 S§*(y) (disjoint union) and p: §*—I"® be the canonical
yEI‘( )
projection. In this section, we equip $* with a suitable Borel structure.
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Lemma 2.1. Let Y be a Polish space and X be an analytic Borel
space. We assume that there are a Borel equivalence relation R and an
R-ergodic measure p in X. Suppose that for each xE X, a closed subset
F(x) of Y is assigned and satisfies

(i) F={(x9);x€X, yEF(x)} is a Borel subset of XXY.
(ii) If xXx" (x,x’€X), F(x)=F(x).

Then there exists a p-negligible saturated set NC X such that F(x) =F(x")
for all x,x"=X\N.

Proof. Let {U;};., be a countable open base for Y. Let A, be
the image of F,-EFF] (XX U;) under the projection X XY—X, which
is a saturated set by (ii). Since A; is an analytic set as the image
of analytic set and every analytic set is absolutely measurable, the
ergodicity implies that either p(4;) =0 or pu(X\4;)=0. Now let
_ A; if p(4,)=0,

CLx\a, if p(x\4) =0,

and set N=\U N,. By the construction, if x, x’€X\N,
i1

(17) eY;x, NeEFIx0HEY; (', EF}*0.
Since F(x) is closed, this implies that F(x)=F(x").

(16) N,

Lemma 2. 2.
(i) S={x,9El'"XG;g=S(x)} is a Borel set of I'°,
(i) SG@)=8S0()) for yel.

Proof. (i): Take a countable dense subset {g}.,»; of G. Since

GXG>(g &) e (g 8)/c. (g5 8)
is continuous ([6] Prop. 1.5), S’=(‘\{(x, Q) ;¢ (g 8)=c.(g,0)) is a
Borel set. =
(ii): This follows from
(18) 6(88) _c(r8g) clgr) ()
c.(g,9) ¢\ ¢(rhe c(ng)

which is an easy consequence of cocycle relation.

Due to above two lemmas, S(x) is equal to a closed subgroup of
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G, say S, for p-a.e. x€I'®, So, for the purpose of factor decom-
position, we may suppose that S(x)=S§ for all x&I'® (inessential
reduction).

To define a Borel structure in §*, we need a special class of sections
of §*-I'®, Let L~(S,T) be a subset of L=(S), consisting of T-valued
measurable function on § and we give it weak® topology induced from
L=(S). Then L=(S,T) is a Polish group by pointwise multiplication.
Similarly L=(SXS,T) is a Polish group. Define a continuous homo-
morphism 6; L=(S, T) —>L=(SXS, T) by (3) (g,g") =b(g)b(g)b(gg")".
Then 67!(1) = the inverse image of ¢ at unit of L~(§XS,7T) is a
closed subgroup of L=(S,T) and naturally identified with the dual
group of §. Set

(19) C={[c]l€L~(SXS, T);c is a symmetric Borel 2-cocycle of S}.

Since symmetric cocycle is trivial and the image of J is always
symmetric, we have C=d(L<(S,T)). So d induces a continuous
isomorphism dy of L=(S,T)/67'(1) onto C, from which one sees that
C is a Borel subset of L*(§XS,T) and 04 is a Borel isomorphism
(note that L=(S,T)/07'(l) is a Polish group). Since the natural
projection L=(S, T)—>L~(S§,T)/67'(1) has a Borel section ([1] Th.
3.4.1), 0 also has a Borel section on C.Due to the definition of S,
¢,(g, g’) is a symmetric Borel cocycle on S, and we have a Borel
map I'®>3x—[c,]JEC. As a conclusion, we can find a Borel map
B: I'®3x—p8,&L=(S, T) such that 6(B8,) =[c,]. Since in the class B,
there is one and only one Borel function &, on § satisfying

b.(2)b.(g")b.(gg") *=c.(g,g") (cf [2] p.308), we have proved the follow-

ing:

Lemma 2.3. We can find a function I'® X S> (x, )b, (g) €T such
that

(@) for each x2I'®, S€g—b,(g) is a Borel function on S and satisfies
b.(g)b.(g)b.(gg") '=c.(g, &), & &'ES.

@) I'sx—[b]esL=(S, T) is a Borel map.

Now we define a Borel structure in $*, Take a function b&,(g)
satisfying conditions in Lemma 2.3. We have a bijection I’ )
(%, ) (x, b,x) €5*, which transfers the Borel structure of roxs
into S*,
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Lemma 2.4. The above mentioned Borel structure of S* is independent
of the choice of b.

Proof. Let b,(g) be another such function. By condition (i) in
Lemma 2.3, we can find a function I'®Sx—y,&S8 such that b)(g) =
%:(2)b.(g) and by (ii) in Lemma 2, 3, F(O’BxH[x,]EE‘l(l)E§ is a
Borel map. So I'®XS8S>(x,g)—x.(g) is a Borel function and this
implies that two Borel structures coincide.

§ 3. Factor Decomposition of .

Take and fix a Haar measure ds in § and a Haar measure dy
in § which are dually related, i.e., Sds de FGOx(s)=f() for fEC.(S).
ds determines a Hilbert space §, for each b&S8* (see near (12)) and
dy is transformed to an S-invariant measure & of $* (x) for each x&I'®,
Then {#}, ° p(dx) A% (db)

defines a measure g in §*. Since ds and dy are dually related,

.y forms a Borel field of measures and Sr

®
EHSS.ﬂ(db)E,, gives rise to a unitary map
®
e ra,ms| s,

Let T, NYU.. Then, due to Lemma 1,2 and Th. II. 3.1 in [4], we
can find a measurable family of operators {77} er©@> T’ez (L2(17,v))

such that
®
1) T=S w(@d) T’ and T?EU2(G)" NULG)".
®
By Lemma 1.3, above isomorphism (20) transforms S ©(dy) T into

a diagonalizable operator in Siﬁ(db) 9. Thus A NY; is identified
with a closed subalgebra of L=(8* g). Conversely, let F€ L= (S*, 4).
If we regard F as Sey(dy) F with FPel?(G)’NUL(G)’, then F’
commutes with R’(&,) (n>1) and therefore F commutes with 2.,
Thus FeU,.

Let us seek the condition when F belongs to %;. We begin with
the construction of an action of I' on §*. Let y&I' and 685 ()
and define by&S*(s(y)) by
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(22) (b @ =b(@c(r,8/c(g 1), 8ES.
Then
(23)  b(nr) =Grre, for (n, ) €'?, b€8* (),

fE{(b, ES*XI;beS*(r(y))} is a Borel set of I'xX§*, and I's
(b, ) —byeS* is a Borel map on this set. So we can makc I’ into
a groupoid: The unit space of [ is $* and for (b, r)Eﬁ, r (b, 7) =b,
sty p)=byr. (b,7) and (', 7") el are composable if and only if
s(b,7)=r(’,7’) and the composition (b,7) (6’,7’") is given by '(b, 17").
Since ™ is identified with I™”®  v*® determines a measure » in re
and {v};cs- forms a transverse function for I’. The pair (g4, ) gives
a transverse measure of /.. We define a unitary map Ul(y) from §,
onto .667_1 by
(24) WO G =crrr)EGTT), EEDs.

Now the following lemma is immediate.

Lemma 3.1. According to decompositions
v ={" rane
*(x)
and

=" pae, U@, )
* ()
is decomposed to S:; ZAb)U(y).
® (%)

Lemma 3.2. Let L=(S*/I')= {FeL~(S* f):F@®) =F(r) for m-
a.e. (b, r)Eﬁ, where M= fioV is a o-finite measure in I'. Then

(i) L=(S*/I') is a weakly closed *-subalgebra of L>(S*, p).

(ii) For each class F in L=(S§*/I'"), we can find a Borel function f
on §* such that f is a representative of F and f(b) =f(by) for all (b,7) erl.

Proof. (i) is immediate, (ii) follows from the proof of [3] Prop.
II. 8.

Combining these lemmas with Lemma 1.1, we obtain

Corollary 3.3. FEL~(S* p) belongs to W.NY, if and only if F(b) =
F(by) for i-a.e. b,7)ET.
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Let us introduce an equivalence relation ~ in §* by b~b' &b =by
for some rer’.

Corollary 3.4. Ergodic decomposition of (S*, g, ~) gives a factor
decomposition of ..

§4. Ergodic Decomposition of S*

In this section we assume that § is a discrete subgroup of G.
In that case, we can go further into the ergodic decomposition of
S$*. We begin with the selection of certain subgroup of S. For g€G,
C, is, by definition, the set of all Borel functions f on I'® such that

(25) S =f(s(@))elgr)/c(1,8 for all yer.

We identify two p-a.e. equal functions in Cg.

Lemma 4.1. For feC,, |f(x)| is constant for p-a.e. x€I'® and
two functions in G, is proportional (up to p-negligible set).

Proof. An immediate consequence of the ergodicity of p.

Lemma 4.2. Set Y= {¢geG;C,# {0}}. Then
(i) there exists a p-negligible saturated Borel set N such that

2CS(x) for x€'©\N,
(1) 2 is a subgroup of G.

Proof. (i) Take a countable dense set {g};», of 2 and let f; be
a non-trivial function in Cgi (i=1). Then the saturated Borel set
N={x€I'®; f,(x) =0 for some i>1} is p-negligible, and we have
{g}izcS(x) for x&I'®\N, Since S(x) is closed, this proves ().
(i) Let g, g<2 and take non-trivial f,~EC'gi (=1,2). Set f(x)=
S1@)fa(x) e (g1, &) lea (&, &) (f2(x) 7 is defined to be zero if f,(x)
=0). Due to the cocycle relation, one sees that fECglg;“ which
implies gg;'e2, Thus 2 is a subgroup of G.
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Definition 4. 3.
Q= {w;o is a function from 2 into L=(I'®, T) such that 0,eC,
and @, (x) @, (x) =¢. (g1, &) W, (x) for p-a.e. x&I'® (cobound-

ary condition)}.

Let us check that 2 is not void. Due to Lemma 4.1, we can
find a function on XXI'® (g x)—f,(x) with the property, f,€C,
and |f;(x)| =1 for p-a.e. x€I'”, For g, gEI,

x'—’fgl (x)fgz (x)fglgz (x) e, (&1, &)

is a p-measurable function and by (18) it is constant on canonical
equivalence class. So by the ergodicity of g, there is a unique a(g,, g)
€T such that

(26) fgl(x)fgz(x) =fg1g2(x)5x(g1, g)a(g, ) for p-a.e. x&€l'?,

and from this relation a(g,g) is a symmetric cocycle on 2. So we
can find a function b:3—T such that a(g, g) =0(gg)b(g) b (g) "
Replacing f, with b(g)f,, we may assume that a(g, g)=1. In other
words, g—[flel=(I'®,T) is in 2.

Let o, ' €£. By equivariance condition, there is a uniquely defined
T-valued function y on 2 satisfying w,=yx(9)w,, g€2. Then, by
coboundary condition, x is a character on 2. Conversely for each
xef and each wef, g—oy(g o, defines an element yo in £, Ix0
3 (g, w)—~ywe? is an action of 5 on 2, and with respect to which,
Q1is a f—principal homogeneous space. Since Sisa compact abelian
group, £ has a unique S-invariant probability measure dw, In the
rest of this section, we show that L= (§*/I") is isomorphic to L= (2, dw).

Let ¥ be the set of measurable functions ¢ on I'” X2 such that
@ e, =06, ec(r,8)/c(&7)

for g€ and yel’,
(28) {g€2 ; x—0p(x,g) is not trivial in L=(I"®, p)} is finite,

and give it *-algebra structure by

29) () (5, )= 2 (%, 8)0x(%, 879 (g, 8 70)

(30) p*(x,8) =¢(x, 8. (g g™").

Further, inner product in % is introduced as
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€2 (oil@) = 2.2 (% )9 (%, 8).

Here we must comment on the meaning of the right hand side. Since

x—o,(x, 8¢, (x, g) is constant on canonical equivalence class, it is

constant, say a,, for g-a.e. x€I'©, The summation in (31) is, then,

defined to be ), a,. With all these structures, € becomes a com-
gels

mutative Hilbert algebra. A representation @ of € on L*(I'®, #)@
/%(8) is defined by

(32) (@()§) (x,8) = g§2¢(x, g)E(x, 8 7'9e. (g, 879, xE?, gES.

Lemma 4.4. @ is extended continuously to an isomorphism of €’ onto
o(€)".

Progf. See the argument before Theorem 1 in [9].

To relate @(¥)” with L=(S$*/I'), we use a partial Fourier trans-
form. Let § be a support-finite function on § and yeI'®, Set

(33) é(b)=g§; £(9)b(g) for bES*().

Then £ is in L2(S*(y), #) and &—¢ is extended to a unitary map
of 72(S) to L2(§*(y), #), which is also denoted by * (this is essentially
Fourier transform of §). Now let {§} _ o be a family of vectors

in /2%(S). Then it can be easily checked that {§.} _ « is #-measurable

if only if {é"}xef(m is p-measurable. Then a unitary map V of
®

L2 i) ® 7 2(S) to L*(S*, p)=S p(dx) L*(§*(x), ") is defined by

(34) VE:Seay(dx)é, if $=S®p(a’x)€, with £.& /2(S).

Lemma 4. 5.

V*L=(S*/IMHV=0(¥¢)".

Proof. Let p=¥. A direct computation shows that VO@(p)V*is a
multiplication operator by

(35  ¢® Egélzso(ll(b),g)b(g), bes*,

and ¢ is constant on equivalence class of ~ (due to (27)). Thus
Vo(¢)'V¥cL=(S*/I'). Conversely let FeL=(S*/I"). According to
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Lemma 3.2, we may assume that F is represented by a g-measurable
function f on §* satisfying

(36)  f(by) =f(®b) for all b, 7)el.

Let £€L2(I"®, )@ 7/ 2(S) be S-support finite ; there is a finite set F
of § such that if g&F, &£(x,9) =0 for p-a.e.xI'”, By a direct
computation, we have

7  (VMFVE) (0 = T o, £ & "9 (e, 879,

(x,8) €I'® xS, where a measurable function ¢ on I'® X § is defined by

38 owo={ ransone
Due to (35), ¢ satisfies

(39) e (),8 =06, Dc(r,8)/c(gT)

and then, by the definition of X, ¢ vanishes outside of 2. Since such
a function is approximated by elements in % (cf. arguments in the
proof of [9] Theorem 1), we deduce that V*FVe®(¥)".

Now we relate €” with L=(£2). This is also achieved by Fourier
transform, Let ¢ % and define a function W¢ on £ by
40 W) =5 p( 90,0

where ¢(x, g)w,(x) is constant for g-a.e.x and the summation is
taken over these constants. Since ¢ has an S-finite support, the sum-
mation in (40) is finite and We is in L~(2)CL*(2). ¢—Wp is
extended to a unitary map from L%(¥) to LZ(£2), which is also
denoted by W,

Lemma 4. 6.
W*L=(DW=%".

Proof. By a direct computation we have

(41) (W(ep2)) (@) = (Woy) (0) (Weyp) (@),
0wEf, ¢, 0,E ¥, and we can apply Stone-Weierstrass theorem to obtain
the assertion.

Definition 4.7. Set D={Wy¢;9p=%}. D is a dense *-subalgebra
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of L=(2). We define a linear map t of D into L=(8§*, 4) by
42 @) =Z| dp@i@e,pe) ses

Here we give comments on the integration in (41). Take any «’€£2
and a representative of @° by a function ®j(x). Then Sgdwgb (@) w3 (x)7!
is defined to be SAdxgb(xw)x(g)“lwg(x)". Another choice of ®° and
o} (x) gives the safne integration for pg-a.e.x. Thus as an element
of L=(I'®, p), x»—-»S dwg (w)w, (x) is well-defined. Furthermore if we
express ¢ as Wo (goQE(g), then ¢(x, g) =Sgdw¢(w)m for g€ and

for p-a.e.x&I'®, So the summation in (41) is essentially finite and
the right hand side of (42) gives a well-defined element in L~ (§%*).

Theorem 4.8. 7 is extended to a normal *-isomorphism of L>(R)
into L=(8*) and (L= (2))=L>(S§*/I").

Proof. A computation shows that
t(Wo) =V0(p) V*, for o= €.

Now the assertion follows from Lemma 4.5~4,7.

Corollary 4.9. U’ is a factor if and only if 3= {e}.

§5. Factor Decomposition of (I, ¢)

In this section S is continued to be assumed discrete, and we work
out a factor decomposition of ¥, in groupoid level, using the results
of §4. To simplify the construction, we adopt another point of view
for the description of cocycle regular representation.

Definition 5.1. Let I' be a Borel groupoid and let B= {B,},cr be
a Borel field of 1-dimentional Hilbert spaces over I' and suppose
that

(i) multiplication B,1®B,2::B7172 (i, 120 EI?) is given. It is
associative and Borel in the following sense: Let &, &,, £ be a Borel
section of B, then (ry, 72)— (§1(7) &:(72) 1§ (nr2)) is Borel,

(ii) anti-unitary involution *: B,—B,_; is given. It transforms
Borel sections to Borel sections and satisfies
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(E&)*=&1¢T, EIEBn’ ’EZEBrz’ (i, El®,

(111) (EIEZI E) = (521535)9 EIEBrly EZEBQ, EEBrlrzi
(iv) if é€B, (xI'®) and £*=&+0, then (£|§)=1.
We call such B a groupoid ring.

Take 0#¢€ B, (x&I'®), Since B,XB,=B,, §&=z§ with 0#zeC.
Replacing & by z7'4, we may assume that §&=¢. Then by (iv),
(£1&) =1. Let neB, with s(y) =x. By B,Q®B,=B,, we can find y'EB,
such that =76 and then 7§=7"8=y"6=¢, i.e,, £ is a right unit
for B,. Furthermore, as 7*p€B, and (n*7|8)=([98)=(y|n), we
conclude that »*p=(y|7)€. As a corollary of this fact, {§€B; (§|§)
=1} is closed under multiplication. Above arguments also show that
there is a Borel section ¢:/I'—»B such that

(43) (e() le(n))=1 for yET,
(44) o(x)i=0(x) if x€I'?,
Associated with ¢, we define a T-valued Borel 2-cocycle ¢ of I' by

(43) a(r)o () =c(i, o (), () €.

Due to (44), c is normalized, i.e., ¢(7, (7)) =c(r (y), ) =1 for y&rl.
If we change ¢ (under the condition that it satisfies (43) and (44)),
¢ is changed to a cohomologous one. In this way, groupoid ring
B determines an element in the Borel 2-cohomology group H*(I", T).
Conversely, for any normalized Borel cocycle ¢, a groupoid ring
structure is defined in the trivial bundle B=1"XC by

(46) )G, 2)=0r, ¢, 7))
(47) rD*=0G"Y 2G5 7))
(48) ((na )=z~

If we change ¢ by a coboundary, the groupoid ring obtained in this
way is changed to an isomorphic one. So we have proved

Proposition 5.2. There is a 1-1 correspondence between isomorphism
class of groupoid ring over I' and T-valued cohomology class of I.

Now we can rewrite various objects related with a cocycle ¢, in
terms of the corresponding groupoid ring B. For example %, is
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realized as a set ¥ of Borel sections of B. Its Hilbert algebra struc-
ture is described as

49)  E& G =Sv*<r> @ET) &G, &, &Y, reT,
(50) & () =%, ee, rel.
6D (@le =@ Ep @ 1am),

£,56€U. C,, g=G (see §4) is also described by making use of B,
Let B* be a Borel line bundle over I'” defined by Bf= \U B, .

xel’(0)
Each yel gives rise to a linear map of BY%,, into B¢, B, Dn—-rn=

gné*e B%,,, where £ B, is a unit vector, and B? becomes a I"-bundle.
Now C, is identified with the set of Borel section & of B? such that

(52) EcN =186, rel,

and then 2 consists of sequences {0} s (F={geG;C,+#0}) such that
(53) 0, € Cy, [log(0)]|=1,

and

(54) W, (x) @y, (x) =g g, (x) for p-a.e. xel'0,

Consider the quotient space I'/2. It has a structure of analytic
Borel groupoid induced from I'. Let w=£ and define an action of
2 on B by

(55) gs:wg(r(r))feBgra SEBT'

Taking quotient, we have a groupoid ring B® over I'/2 (cf. comments
in Definition 4.7). Let %, be the Hilbert algebra associated with B®,
Note that each section of B”is identified with a Y-equivariant section
of B. Now we specify the Borel field structure for the collection of
Hilbert algebras {%,}.co. Let & be a section in ¥ and suppose that

{g€ 2 ; there exists y&I' such that £(y) #0 and &(gr) #0} is finite.
Then we can form a family of vectors {£,},co€ (Wo}oco by

(56) E() = g;zwg(f MEEn, rel.

Such families for various &, give a Borel field structure and, from the
results in §4, we obtain

Theorem 5. 3.
(@) For each weR, A, is a factor.
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® .
(#) QI”SS do¥, is a central factor decomposition of A (A NA’
2
corresponds to L= (82, dw)).

§6. Example

Let 2; (i=1,2) be a real number satisfying 1° 2,&Qr and 2° there
are integers m,, m,, m such that Am,+2;m,=2xm with (m,, my, m) =1
(relatively prime), and define an action ¢ of Z2 on T by
(57) Py (1) =€ TV 2eT,

We construct a groupoid I'=Z?XT by semi-direct product using ¢,
which is ergodic if we give a Haar measure to 7. Note that

s(nla Ny, Z) =R, r(nl’ na, z) =¢(n1.n2) (Z),
and

(nls ny, Z) (n;s n;’ Z,) = (ﬂ1+n;, n2+n;’ z’)-
The stabilizer of I' at zis {(mpn, myn, 2) €I" ;nEZ} and we can define
isomorphism ¢,: Z—I"* by ¢ (n)=(mpn, myn,z). {e}.er satisfies the
conditions 1°, 2° in §l. For a&R, let ¢ be a cocycle of I'" given by

4 ’
Vo , "o i a/Z(nlnz—nlnz)
(58) C(nl,ﬂg,z,nl,nz,Z)—e .

Let us find out 2. For n€Z (=G), the condition (25) is expressed
in this example as

(59) f(ei(lln1+12n2)z) =e—ian(m1n2—mzn1)f(z)’

for n,,n,&Z and for a.e. z&€T. Using Fourier expansion f(z) = X fiz%
kEZ

we have f%0 if and only if the condition

*) 3JkeZ such that ki, —amune2nZ,
kA, +amne2rZ,

is satisfied.

Case a Qi +Qr.
There is no nEZ satisfying (*), i.e., 2=0, and c-regular repre-
sentation generates a factor,

Case a=QA,+Qr,
We can choose integers a, b, ¢ such that aa=24b+2zc with (a, b,¢) =1.
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Then some computations show that neZ satisfies (*) if and only if
it is an integer multiple of a/(m,,bm+cm;,a), i.e., X=a/(m,, bm
+cmy, a)Z. In this case, c-regular representation has a factor decom-

position parametrized by S=T.
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[2]
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