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Microfunctions at the Boundary and
Mild Microfunctions

By

Pierre SCHAPIRA* and Giuseppe ZAMPIERI**

Abstract

Let X be a real manifold, # an object of D*(X), the derived category of the category
of bounded complexes of sheaves of abelian groups on X. The functor ghom(-., -),
defined in [3], appears to be a useful tool especially in the theory of boundary value
problems for partial differential equations. The aim of the present paper is to calculate
the stalk of RI';phom(Ng, ), when 2 is a convex (up to diffeomorphism) and open
subset of a closed submanifold M of X, and Z is a closed convex proper cone of T*X.
As an application we show how to recover in a short and functorial way, the theory of
mild microfunctions by Kataoka [5].

§1. Let X be a real manifold of class C=, T7*X the cotangent
bundle to X,w:7*X—>X the projection, orx the orientation sheaf on
X. If M is a closed submanifold of X one denotes by 73X the
conormal bundle to M in X and by ory;x the relative orientation
sheaf. In particular one denotes by 7%X the zero section of T*X.
One sets T*X=T*X\T};X,7’r=7r|T'~x. For two subsets S and V of X,
one denotes by C(S, V) the normal cone of § along V (cf. [2], [3]).

Let D(X) denote the derived category of the category of com-
plexes of sheaves of abelian groups on X, and let D’(X) be the full
subcategory consisting of complexes with bounded cohomology. To
F O0b(D*(X)) and AC X locally closed, one associates the microlo-
calization of & along A:

(1.1 #a(F) = phom(Z,, F)

where Z, is the sheaf which is zero in X\A4 and the constant sheaf
with stalk Z on A4, and where ghom( +, +) is the bifunctor defined
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in [3]. This is an object of D%, (T*X), the full subcategory of
D*(X) consisting of complexes whose cohomology objects are constant
on the orbits of R* in 7*X. Moreover:

1.2) R, pa(F) = pa(F) |y 2RI 4(F).
(1.3) S8 (1a(F)) CcCBS(F),S8(Z ),
1.4 supp (¢4 (F)) CSS(F) NSS(Z),

(where SS(&) is the microsupport of & as defined in [3]). Let M
be a real submanifold of X with codimension n and let £ be an
open C~-convex subset of M(i.e.:at any xEX there is a local chart
in which 2 is convex). We first note that Z, is cohomologically
constructible (cf. [3]) and that:

(1.5) Ritom (Zg,Zx) =RI o(Zx) =Z5&Q0ryx[ —n].
Thus applying Proposition 5.6.3 of [3] we obtain:

(1.6) Rrﬁ(x(#a(}-))595®07‘M/x["72](ER”z#a(y)),
which gives a distinguished triangle in D*(X):

(1.7 F 5@0rsx[ —n]——RI o (F) —>Rits pro (F) —>.

Recall that a conic subset of a vector bundle E is called proper if
it contains no line. If Z is such a set we denote by Z° the polar

(4

(closed) cone in the dual vector bundle and we set Z*%=—2"

Theorem 1.1. Let Z be a closed convex proper cone of T*X containing
OxTiX and let x€X. Then for a suitable open neighborhood X' of x
X

in X, we have:

(1.8) 2T X" 1o (F) Qoryyx) =lim H™(U3 F)
U

where U ranges through the family of open subsets of X' such that
CX'\U,2)NInt Z==g.

Proof. We assume from the beginning that X is a vector space,
M a vector subspace of X, £ a convex subset of M ;set /=dimX.
We recall that po(F) =p,(R#m(¢;'Zo, ¢iF)), where 4 is the diag-
onal of XXX, ¢;: XX X—X, (i=1,2), is the i"" projection, and where
X is identified to 4and T*X to T (XX X) by the first projection on
T*XXT*X.
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Using [3] Proposition 2.3.2, we have:

1.9 H'(RI'; (T* X, po (#)))
= lim H™'(RI (W, Room (9220, 91(F)))) Qorx,
w

for W open subset of XXX with:
(1.10) Ci(XxX\W)N Int Z7=9.
We also have:
RI'(W, Rotom (972 o, iF)) =RHom (Zy, Rotom (9:'Z o, §iF))
=RHom (Zynxxa, §iF)
=RHom (Rg:Zwnxxas F).
We claim that we can choose a fundamental system for the family
of W in (l1.10) such that:
(1.1D) gt N (XX NW) is convex for all x= X,
In fact for a vector space E, and a linear subspace MCE, let us
take an open cone yCTyE with convex fibers, and choose a linear
projection ¢:E—>M. Then according to [1] Lemma 1, we can find
a fundamental system of open sets WCE, with C,(E\W)Nr=40,
such that ¢|» has convex fibers. We apply the above remark with
E=XxX, M=4, y=Int 72, g=q,, and then get (1.11).
Now note that:

(1.12) (RQI!ZWn(XxQ))x=Rpc(q;-l(x) nmn (XX‘Q));ZXXXIQI—-I(Z>
If xeeq(WN (Xx2)), we find 0 in (1.12). Otherwise ¢g7*(x) N (WN

(Xx)=Wn ({x} Xx2) is a non-empty open subset of M, If we
assume in addition that this is convex then the term in the right

), x€X.

side of (1.12) is isomorphic to:
R, (M;Z,) =Z[ —dim M]

(for a choice of an orientation on M, i.e. an isomorphism ory=Z,).
We have therefore proved that if (1.11) is fulfilled, then:

(1. 13) Rg, (Zwoxxor) =qu<wn(x><m>®071w[—l+n].
We summarize up the results established until now by:
HI(RE2(T* X, po (%))
(1. 14) =lim H™(RI(q(WN (X X2)); F)) Qoruyx,
w

for W satisfying (1.10) and (1.11).



498 PIERRE SCHAPIRA AND GIUSEPPE ZAMPIERI

We need now two lemmas,

Lerama 1.2. For any subsets ACX XX and BC X, we have:
Cs(XX X\4) DC(X\q: ((XxB) N 4), B),

(under the identification T*X=T;(XXX) by the first projection defined
on T*XxXT*X).

Proof. Let 0€C(X\q,((XXB)NA4), B). There exist sequences {(x,,
I} CXxX, and {c},CR* such that:

(%ay 20) —> (%, %), €, (x,—25) —0,
.€8B, (x,2)&A  VzEB.
We choose a sequence z,—x, z,EB such that:
€, (2a—90) —0.
It then follows:
(%5 24) = (Pny 24))— (6, 0).
Hence 0C,(X X X\4). O

Lemma 1.3. For any open set UC X and any set BC X, there exists
an open set WC XXX such that:

(1.16) an((XXB)NnwW)cU.
(1.17) C,( XX X\W)cC(X\U, B).

Proof. Let us set:
W=(UxX)U (XX (X\B)).

Then (1.16) is clear.
On the other hand let us be given three sequences:

{Gan, 2} CXXX\W,  (xy, 90) — (%, %),
{(z4, z0)}aC4, (Zny 2) —> (%, %),
{e.} . CRT,
such that:
Cn((Xny D) = (2ny 20)) —> (6, 07).
It follows that:
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5u(xn“‘}’n)_""0—0,
with y,€B and x,&U due to (x,,y,) €W.
It follows:
6—6'C(X\U, B),
which concludes the proof of (1.17). O

End of proof of Theorem 1.1. Let:
# ={UcX;U is open and C(X\U, 2) NInt Z=¢),
and :

U'={U=q(WN(XX2)); WC XXX is open and C,(XXX\W)N
Int Z*=g}.

Choose A=W, B=£, in Lemmas 1.2 and 1.3. Then by the first
lemma we have #'C% and by the second we obtain that for any
Ucs% there exists U' €%’ such that U'cU. The proof is complete.

O

§2. Let M be a real analytic manifold of dimension n, X a
complexification of M, 2CM an open subset with analytic boundary
N=02 (£ on one side of N), Y a complexification of N in X. For
any locally closed set ACX, (in particular for 4=282), we set:

2.0 C ax=1a (0 x) Qoryx[n],

0 x being the sheaf of holomorphic function on X.

Proposition 2.1. The complex (% gx) prg 1S concentrated in degree 0
M

and when identifying it to its O-th cohomology object, it is a conically
flabby sheaf (i.e. its image in TX/R* is a flabby sheaf).

Proof. The first part of the statement follows from [8. II] Proposi-
tion 3.1. As for the second one, consider the distinguished triangle:

+1
gM\IJIX gMIX g.OIX

On account of the well known flabbiness of % x it is enough to
prove that:
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Hi(U; € naixl =0, for any i>1 and for any conic open set

er*x

UchTMX.
M

On the other hand using the exact sequence:

0——>g1v|xINxTA}X—"(gM\mx@g@x) |er * 5 gMXINxT 0,
M M

it is enough to prove that:

(2.2) H'(U; € yix) =0 for any i1, and for any open cone UCT}{‘,X.

We also note that since flabbiness is a local property, then it is
enough to prove that for any x&€N, (2.2) is fulfilled with UC
n!'(B), for a suitable neighborhood B of x. We then write in local
coordinates in B:

M=RXxN, X=CxY, M=C®*xN, X=CxC xY,

where CF is the real underlying manifold to C, and CxC its com-
plexification by the diagonal embedding C—C xC.,
We may also identify 7%X and T2XN ((Cx {0} XY) >§T*X), and

we have an exact sequence on T;{X (cf. [2] Theorem 6.1.2):

(2.3) 0 gle %ﬁlx 5 g]ﬁl}z 0,

where z; is a holomorphic coordinate on C.

Since Z: I'(U; € inz) =1 (U; € i1z) is surjective for any open conic
set UcT:X, we then get (2.2) (with Uc# '(B)) which completes
the proof. L]

(For vanishing theorems as (2.2), we also refer to [6]).
Recall that one has an isomorphism:
(2.4) I'o(#y) _;_’7?* ((gmx)T*X
M

%y being the sheaf of Sato’s hyperfunctions.
Following [8] we then define the microsupport at the boundary
SS, by:

2.5 SSo(f) =supp(a(f)), JSfEI'(2 %w.

On account of Proposition 2.1, we immediately obtain:
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Corollary 2.2. Let Z=SS,(f) and let Z,CTHX, j=1, ..., N, be
closed cones with \JZ,=Z. Then we can decompose:

f=2f, with f, in I'(2;By) and SSqo(f,) CZ,U (M XT%X).
7 X

Let us denote by:
(2.6) T*Y—YXT* X—>T*X.

the canonical maps associated to Y——X.

Definition 2.3. We set:

€ an=Rp07'% g x,

Bow="%
Zan=% an IT;Y-

We shall see that € g5 (resp. #on) is concentrated in degree zero
and coincides with the sheaf of Kataoka’s mild microfunctions (resp.

hyperfunctions), defined in [5]. That is why we have used the
same notations as Kataoka’s.

In the sequel, we shall identify an object # of D’(X) concentrated
in degree zero and the sheaf H°(%).

Proposition 2.4. (1) The complex %?Q,N is concenirated in degree
zero.

(i) The sheaf (ém)m
(1ii) There is a natural exact sequence of sheaves on N:

2.7 0 o 3|

is conically soft.

”~ . rel
B o\ n 7€ oqn—0.

N

Proof. Set L=SS(Z)\TH#X. Then (¥ gx). is isomorphic to
(% mx)[1]. Consider the distinguished triangle:

(Bmx)[l]—F gx— (¥ aix)

THX +1
and apply the functor Rp@™" to it.
Set y:R‘O!@—l((gI\nx)L[l]) and @ :Rpgm—l((gg,x)j,;[x).

By Proposition 2.1, the complex %, is concentrated in degree

j54
zero and is conically soft. On the other hand, the sheaf € yx satisfies

the principle of analytic continuation along the leaves of Y>§T*X.

This implies 0@ '¢ 5 x=0 and the complex & is concentrated in
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degree >0. Consider the distinguished triangle deduced from (2. 3):

Rp!m”% A'jm-—z_—’Rplw_lgﬁlx——hgz—:l—h
1

The sheaf € iz being conically flabby on 75X, we get that & is
concentrated in degree zero and is conically soft on T3Y. Now
consider the distinguished triangle:

Rry Rp@ '€ gx— (Rp@™'¥ o) | T;;Y’-—’Rf.f*RP@_lg x> -

By (1.7) the first term is nothing but &/y|,. Moreover %QIXII.‘;[Y
being conically soft, Rir*‘gm X:ir*@m x. This completes the proof.

O]

The main property of the sheaf ‘29,1\, is that there exists a
boundary value morphism in % yy. In fact recall ([8]) that the
morphism Z;—Zy defines the morphism Zy—Z,Qory,,[ —1] thus the
morphism :

(2.8) % ax— € yixQornm[1].
By Proposition 2.3.5 of [3] we also have a morphism:

2.9 Rp@™ '€ wix[11— € vix&Qornu.
Combining (2.8) and (2.9) we get:

Proposition 2.5. There exists a natural “boundary value morphism:
b: églN—_)gNlY
which induces a morphism:

b: émN——)gN.

Remark that the natural morphism Rp.o™'% ;,x—>% ny (cf. [7])
factorizes through the morphism %QlN_)%NH’, via the natural mor-
phism € ,—%gx, induced by Z,—Z,. Similarly, the restriction

morphism &/, |, =&y is induced by 529”\;6331\;.

As an application of Theorem 1.1, we get:

Proposition 2.6. Let ZCTRY be a closed convex proper cone con-
taining the zero-section N>‘5T§FY. Let x&N, Then for any jEZ:
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(2.10) H (RI';% gin).=lim H'(U; 0 )
—_
[

where U ranges through the family of open subsets of X which satisfy the
JSollowing property:
there exists a closed convex proper cone ZCT*X such that Z contains
[the zero-section M XT3 X, p is proper on o (2), po"(Z)=2Z, and
X
] there exists an open neighborhood X' of x in X with:
L (2.11) CX"\U, 2 NInt Z*=4g.

Remark 2.7. The sheaf o coincides with the sheaf of Kataoka’s
mild microfunctions [5]. To check it, it is enough to restrict ourselves

to T;‘,Y, in view of the exact sequence (2.7). Then both sheaves
are conically soft, and it is enough to verify that they have same
sections supported by closed convex proper cones, but this follows
from Proposition 2. 6.
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