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Symbol Theory of Microlocal Operators
By

Keisuke UcHIKOSHI*

Abstract

Let u(x, x')dx’ be an arbitrary microlocal operator. We define the symbol function
2(x,6) of u(x,x")dx’, and give a characterization of such symbol functions. Symbol
formulae for adjoint operators and for composite operators are given.

§ 0. Introduction

Let MCR" be an open set containing the origin, and let X be
its complex neighborhood. We identify M with the diagonal set in
MxM. The sheaf #=2, of microlocal operators is defined on
V=1 8*M=V—185(MxM) by

gz—‘%o ((ngM®,VM)

V=ighaxan

(See M., Kashiwara and T.Kawai [3] or M. Sato, T.Kawai and M.,
Kashiwara [11]). Here € y«ux denotes the sheaf of microfunctions
on M XM, and ¥, denotes the sheaf of densities on M with real
analytic coefficients. A section of % is called a microlocal operator
on M, and it acts on microfunctions. This action has the microlocal
property, i.e., under this action, the support of each microfunction
does not increase,

Roughly speaking, the notion of microlocal operators is the most
general one in hyperfunction theory, possessing this microlocal -prop-
erty.

There exist some subclasses of microlocal operators, which are
very familiar to us. We denote by &~=¢&j5(resp. £F=EE) the
sheaf of microdifferential operators (resp. of holomorphic microlocal

Communicated by M. Kashiwara, October 20, 1987. Revised February 22, 1988.
* Department of Mathematics, National Defense Academy, Yokosuka 239, Japan.



548 KEISUKE UCHIKOSHI

operators) on M, defined by [11] (resp. by [4]). Here we do not
give their definitions. But later we give an explanation of them
from symbol theoretical point of view, and then their meaning will
be easily understood. We note that &~C &*c.#. The symbol theory
is already known only for these special subclasses, and our aim is to
extend it for general microlocal operators. Only after that, we obtain
enough knowledge of them.
To state the main theorem, we give some preliminaries.

Definition 0.1. Let >0 be small. A continuous function 2(¢#)
defined on 0<t<r is called a scaling function if

0.1) lim 2(¢) /¢=0,
(0.2) t<t' @) /1A /.

Remark. (i) Let A(¢#) be a scaling function. It is easy to see
that }}310 A(t) =0, and t<t'>A(t)<<A(@’). If 2(¢) is a scaling function,
we define 4,(t) by 4,@)=4@)/t. If t=0, we define A(¢) =4,(¢) =0,
It is easy to see that both A(f) and 4,(¢) are positive definite, and
that they always have the inverse functions, 47'(¢) and 2,7'(¢),
respectively.

(i) Taking >0 to be small enough, we may assume that A(¢)/¢
is very small,

Example. (i) () =mt’, m>0, j>>1.

(i1) 2() =m(—log t)’t, m>0, j=>0.

In this paper, we denote by x the variables in M or X=M¢, and
by & the dual variables of x,

Now we give the following

Definition 0.2. Let "= (0;0,...,0, V=1) V=1 8*M, and let
A(t), p(t) be two scaling functions, We denote by Lru= (L1, the
space of all holomorphic functions a(x, &) defined on some conical

complex neighborhood ¥V of " such that for any >0 there exists
some (.>0 satisfying

(0.3)  la(x, &) |=Ceexp{(A(IIm x|) +x(|Re £|/Im &) +e)Im &}



SYMBOL THEORY OF MICROLOCAL OPERATORS 549

on V. We define =% by &L= Uy’“ We denote by A=A

the space of all a(x,§) € such that there exist some &>0 and
C>0 satisfying

0.4) la(x, &) |=C exp(—e Im &,)

. . Q%
on some conical complex neighborhood of x .

Example. (i) exp({—1£%/£)EF ., 1<j<n—1.
(ii) exp(V—1x3%,) ESLs, 1<j<n.
(In §5 we shall give other examples. )

Let x,x” be two points of M. Let u(x,x)dx'EZ:. In §2 we
define the Fourier transform #(x, §) of u(x,x”) by

a(x, €) =Se-<*-='><'u (x, x")d(x—x").

We do not give the precise definition of this integral until §2, but
one may understand that it is naturally defined in the sense of
microfunction. Then we have the following

Theorem 0.3. If u(x, x")dx’€ L, we have 2(x, §) E P o/ N, and
this Fourier transformation gives an isomorphism

ag: g;o:;yg:/./‘f;t.

Definition 0.4. If A=u(x,x")dx'E L, we call d(4)=u(x,§) <
& oo/ N g the symbol function of A.

Remark. We denote by &= (&) the space of all a(x,§) €S
such that a(x, §) satisfy the condition required for o with A(t) =
#(t) =0 (i.e., the space of infraexponential functions), and by &,=
(£ e the space of all a(x, §) € (&) which have asymptotic expan-
sions a(x, §)~2 a;(x, ), where each a;(x, &) is homogeneous in & of
degree j (See Jffl] for the precise definition). In [3] and [11] it is
proved that &.°= (&,)e/ N, and in [1] that &F= (L) e/ N .
Thus we have

s C 67 C &,
PN CPINCS K.
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The next results are the symbol formulae for adjoint operators and
composite operators of microlocal operators. For that purpose, we
need to estimate the derivatives 0,2dfa(x, &), a,peZ." for a(x,§)E
&s.. Concerning these estimates, it turns out that our symbol space
& has a very similar property as the general symbol space §5;(R"),
meZ, 0<p,0<1, introduced in distribution theory by L.Hoérmander
[2]. There exists similarity also to the more general space S}, ;(R"),
meZ, 0<p,d<l, and v(§) is a “basic weight function”, defined by
[7]. In §5 we shall note more precisely that our theory is a gene-
ralization of the theory of analytic §7,-class defined by G. Métivier
[9] (See also [10]). The details will be explained in §3 and §5,
and here we only note the following fact: Let a(x,&) be a symbol
function (in distribution theory) belonging to S7,(R"). Let A be
the corresponding pseudodifferential operator (also in distribution
theory), and let 4* be its adjoint operator. If p>>d, then the symbol
of A* is given by the asymptotic expansion

0.5 0@ -~T T o0 ).

However, we cannot expect to obtain such a result if p<{0. In fact,
if one calculates the above asymptotic expansion formally, each term
in (0.5) becomes larger and larger as |a|— 4o,

Remark. Let A=u(x,x’)dx’ € Z.. In hyperfunction theory, 4" is

defined by 4"=u(x’, x)dx’. In distribution theory, the same letter
A° stands for the complex conjugate of u(x’,x)dx’. In this paper,
we always follow the convention in hyperfunction theory.

Analogous situation occurs in our theory. Let A€ %, and thus
the adjoint operator A" belong to Zs., where % * =(0;0,...,0,—V=1)
€V—18M is the antipodal point of %°. Assume that c(A)eF;.,
with some scaling functions 2(¢) and p(¢). If one wants to obtain a
result as (0.5), one needs to assume the following condition on
A(¢) and p(t), where C,>>0 and C;>>0 are regarded as some given
constants :

Condition C,, C,. If 0<t<1/C, then we have 271(t) u~'(¢t)>Cit.
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Example. Let 2(t) =myt!, p(t) =myt’, with my, m,>0, and i, j>1.
Then Condition C,, C, means

2—1 (t) #—1 (t) —_ (t/ml) 1/¢ (t/’mz) 1/j>Clt,

and this is satisfied if, and only if, either 1/i+1/j<1 or 1l/i+1/j=
1, m;™Vim,”>C,. Note that Condition C,, C, should be considered as
a condition depending on C, and C,.

If C,, C, are large enough, and if 2(¢), p(¢) satisfy Condition
Cy, C;, then we have the desired result in the following sense: Let
A=u(x, x")dx' €L, satisfy o(4)=14a(x, §)€&,, for these scaling
functions, Let A’=uv(x, x")dx’, and thus v(x, x") =u(x’, x), by defi-
nition. We define w;(x, §), j€£,={0, 1, 2,...}, by

G, —8) = X - (=D0500a, 6,

al=j & .

and define w;(x, x’), jEZ,, by
| e .
w, (5, ) =~y ) G, ).

Here each integral is integrated on the domain

{eeV—1R"; ImE,<—Go[Imé&,|, 1=k=n—1I, Im§,<—Co(j+D)}

for the corresponding number j&Z,, Then we have the following

Theorem 0.5. Let AEZ, satisfy a(x, §) =d(A)ESF,,, for some
A and p, and let 2 and p satisfy Condition C,, C, for large C, and C,.

Let w;(x,x"), jEZ,, be as above. Then i w;(x, x")dx" converges and
i=0

is an element of ZLon, and we have A=Y w;(x, x’)dx’. In other words,
i=0

we have the asymptotic formula (0.5).

As for the asymptotic formula for composite operators of micro-
local operators, the argument proceeds in a similar way, and we
state the following theorem without explaining its precise meaning
(See §4 for the details).

Theorem 0.6. Let A;=u;(x, x')dx' €L, i=1, 2, and assume that
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0(4,) =1,(x,8) ES s, for some scaling function A,(t) and (), i=
1, 2. If () and A,(¢) satisfy Condition C, G, with C, and C, large
enough, we have

0 (A~ T 08y (3, €) 08, (x, )
for the composite operator A,4,.

Remark. We need to note the relation between our theory and
the theory of Fourier integral operators with complex phase func-
tions, due to A. Melin and J.Sjéstrand [8]. Assume that a symbol
function a(x, &) is of the form

0.7) a(x, &) =e**¥a (x, §).

Here the amplitude a,(x, §) is assumed to be an element of &, in
our notation, and we assume that the phase function ¢(x, §) satis-
fies |Re ¢(x, &) | < (A(|Imx|) +p#(|Re&| /Imé&,))Imé, with some scaling
functions A(¢) and p(t). Then we have a(x, §) €%. On the
other hand, a(x, §) may be regarded as the symbol of a Fourier
integral operator (precisely speaking, a pseudodifferential operator)
with a complex phase function. Our theory may be regarded as the
generalization of such a theory, since we need not assume that
a(x, §) is written in the form (0.7). We only need to assume that
it satisfies an estimate of the form (0. 3).

§1. Preliminaries

Let u(x, x")dx’ be a section of % defined in a small neighbor-

hood of %*. Since we have an identification
V=1S*M3 (x, &)~ (x, §5x, —&) EV—1SHM X M),

u(x, x’) is a section of % y«y defined in a small neighborhood of
O*% O’%

(x", x )eV—18(M x M), whose support is contained in y— 18} (M
X M). We remind the reader of our notation % =(0;0, ..., 0, {—1)
and %°

that

=(0;0, ..., 0, —y—1). In this section, we always assume

(1.1) for any x=M, supp uN (V—1S5(MXM)), is contained in a
O o] R
small neighborhood of (¢, —&), where 6= (0, ...,0, V=1).
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Let v(x, x’) be a defining function of u(x, x’). The purpose of this
section is to describe under the assumption (l.1) the domain of

definition of v(x, x’) in a standard manner, which will be helpful

for us later,

Let a>0 be a large constant. We introduce a new coordinate

system y=y(x) in M by

n—1
LZx,,——n—x,~+x,,, 15jsn—1,
ai=1 a

(L2 o=

n—1

—Zxk+xu j=ﬂ.
a k=1

The inverse transformation of x> y(x) is x=x(y) where

S (=yity),  1=jse-l,

(1.3) x(y) = | =
Zyk’ j=ﬂ.

n k=1

Denoting the dual variables of x (resp. of ») by & (resp.

we have

_8e e 1<i<ao,
n n

14 7,6 =

n—1 1 .
%§15k+75n, J=n,

and

1 & n .
-2 <i1<n—
akz=:177k a7719 1=]=n l’

(1L5) &= |
Enk’ j:n.

Note that we have x -« E=x;&,+x5+ ... +x,5,=y(x)+n (§).

by 7),

If €

V—1R" satisfies Im7,;(§)>0, 1<j<n, it follows from (l.4) that

Im5,>—rl—f_—1|1m5,l, 1<j<n—1. Since a>0 is very large, the first

octant F={é€y—1R"; Im7,(§)>0, l<j<n} is a small conic neigh-
borhood of §= ,...,0,y—1) in {—IR* Let GCy—1R" be another
o

convex cone containing &, such that GE F but G is very close to

o
F. Then G is again a small neighborhood of £, Our assumption

(1.1) may be rewritten in the form
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(1L1)"  supp u(x, x') C{(x &; x, —&) V=18 (MXM);EEGC),
or, equivalently,

(1.1)"  supp uw..x")C{(x, E;x", &) eV—18E(MXM);y(x)=y('),
7(§) =—n(&), £€G}.
Let r>0 be small enough ~und let A(¢) be some scaling function.
We define U,;,cCXC by
Us,={(i, ) €CXC;Im(z—2") >2(|Im z2]),

IRe 2| <r, |[Im 2| <r,

IRe(z—2") |<r, |Im(z—2") |<r},
and UM cC*xC* by

UE";: {(x, xl) EC”XC"; (.yi(x)7 .yi(x,)) EULH lé.] én}-

If (x, é;4', &)€ supp u(x, x’), then from (1.1)" we have 2(§)=
—7(&’) and é€G. We define G'={xcy—1R"; Im x-Im £&(=
Imy(x)-Im 7(§)) =0 for any §G}, and F° similarly, Then F'= {x&
V—1R";Im y;(x) =0, 1<j<n}, and G° is a little larger than F°. It
follows that there exist some r>0 and some scaling function 2 (¢)
such that o(x, x") € 0(U{"). Here 0 (Uf") denotes the space of
holomorphic functions on U{". We describe the situation for the
case n=1 in figure 1. Note that if n=1, we have y=x., The verti-
cal arrow indicates the direction of supp u(x, x’).

Im (x-x")

J O(=U,,)
(]
i

> Im x
-7 0 T

Figure 1
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Assumption (1.1)” means furthermore. supp u(x, x’) is concen-
trated on the diagonal set {y(x)= y(x’)}. Thus v(x, x’) can be con-
tinued analytically across the real axis unless Rey(x) =Rey(x’).
Let r>0, and let u#(¢) be a scaling function. We define V,,cCxC
by

V=1, 2)€CXC; |Im z| <p(|Re(z—2)1),
IIm(z—2") [<p(|Re(z—2)1),
IRe z| <r, |Im z|<r,
IRe(z—2")|<r, [Im(z—2")[<r},
and V& cC*xC* by
Vi ={(x, x)eC"xC"; (y,(x), y,(x")) EV,,, | =j =n}
(See Figure 2).

Im(z-2")

Re(z-z")

Figure 2
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It is easy to see that if we have chosen 7>>0 small enough, there
exist some scaling function g(¢) such that v(x, x’) € O(Uf") can be
continued analytically to V.

The advantage of introducing the new coordinate system y=y (x)
is that the domain of definition of »(x, x’) can be described in such
a direct product form:UPU VP,=PU,,UV,,). This will be
helpful for us in later arguments. ngever, this domain UM UV,
is not very convenient for us, and we need to define the third do-
main W, , as follows,

Let />0, and let 2 (¢) and g (¢) be two scaling functions. We
define Wy ,.,.,CcCXC by

Wis oo v
={(z, 2)eCXC; Im(z—2)>2(|Im z|) —¢' (|IRe(z—=2") ),
IRe z|<r’, |Imz|<r’, [Re(z—2")|<r’, Im(z—2")|<r'},
and W@, , cC*xC" by
B ={(x, x") €C"XC"; (9,(x), 9,(x)) EWpr oy 1= j=n}.

The following proposition was suggested by T. Oaku:

Proposition 1.1.  Let 2’ (¢) =22(t), ¢ () =2(p¢(@)), and let r=r’
be small enough. Then we have

W CUBUVE,.

Proof. We remind the reader that we may assume
(1.6) @), p() <t
(See Remark (ii) after Definition 0.1). Let (2, 2') €Wy p.,.. We
first assume that |Im z| =Zg(|Re(z—2’)|). Then we have
Im(z—2")>2(|Im z|) —¢' (|Re(z—=2")1)
=22(|Im z|) —2(p(|Re(z—2")|),
and from (1.6) it follows that we have Im(z—z")>2(|Im £|), thus
(z, 2’)€eU,,. We next assume that
(1.7) Imz| <<p#(|Re(z—2")|).
We need to prove that we have either Im(z—z')>A(|Im z|) or
Hm(z—2") | <p(|Re(z—2')|). From (1.6) and (1.7), we have

A(Im z])=<[Im z|<<g(|Re(z—2')|), and thus we only need to
prove Im(z—2")>—pu(|Re(z—2") ). Let (z, 2') EWy ,r.py then we
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have

Im(z—2)>2 (|Im 2|)—¢ (|IRe(z—2)1)
=— ¢ (|IRe(z—2) ) =—2(p(|Re(z—2) 1)),
and from (1.6) it follows that Im(z—2")>—pu(|Re(z—2)1).
Q.E.D.

Let #(¢) and &’ (¢) be two scaling functions. We say that £(?)
and ' (¢) have the same order if there exist some constants m, and
m, such that (&) =my &’ (myt). In Proposition 1.1, 2(¢) and 2'(¢)
have the same order, but p(¢) and g (¢) do not. This may be re-

garded as defect. In fact, the orders of the scaling functions need
not be changed:

Proposition 1.2.  Ler ¥ (t)=2(81), 1 (¥) =%y(%t), and 0<r’

<Lr. Then any holomorphic function defined on U UV®, can be con-
tinued analytically to W, ...

Proposition 1.2 has advantage to Proposition 1.1 form the above
point of view. But whether one uses Proposition 1.1 or Proposition
1.2, the conclusion is the same, in the whole context of this section:
There exist some >0, and some scaling functions 2A(¢), p¢(¢), such
that v(x, ¥ )= 0 (W, ,). Thus from logical point of view, Proposi-
tion 1.2 may be regarded as unnecessary, although it has its own
interest. We do not give the proof of Proposition 1.2 by this reason,
and only note that it follows from a local version of Bochner’s
tube theorem, due to M. Kashiwara and H. Komatsu [6].

§2. Fourier Transformation of Microlocal Operators

In this section we define the Fourier transform #(x, &) of u(x,
x")dx' € L. In this section, again we assume that u(x, x’) satis-
fies the assumption (1.1), for the moment. The general case will
be treated at the end of this section. Let v(x, ') be a defining
function of u(x, x’). We fix some a>0, and define y=y(x) by
(1.2), as before, and thus we have v(x, )= O(W{,,), for some
A(t), p@), and r. We define W,cCXxC by

2.1 W,={(z, 2)eCxC; |Re z|<r, |Im z|<r,
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[Re(z—2") | <r, [Im(z—2")|<r}.

We have W,,,={(z, z)EW,; Im(z—2)>2(|Im z|) —p(|Re(z—
Z)}, and Wi, ,=@Wi,.,. We define WP, .., 1=k=n, >0, by
akW%L,r,sO: {(xa x,) EC”XC"; (,yj(x)a yi(x,))ewl./.z,r) ]#:k,

Im(p,(x) =9 (x")) >2(|Im ,(x)])
—u2(JRe (3 () =3 (")) ) =60, (: (%), yu(x")) EW,}.
We define 0 (3,W(,,) =\ 0 (,W,,). Note that if v(x, x') e
E0>U

C"—BQ (oW ), then (&, e supp u(x, x"), and thus the corre-
r=1

sponding microlocal operator is zero at %
Inspired by [1] and [5], we define #(x, §) as follows:Let s;, s,
eC be such that
—r<Re 5,<0, —r<Ims;<0,
0<<Re s5,<r, —r <Ims,<0.
Let r">0 be small enough(r'<r). We assume that s5; and s, satisfy
(2. 3) Ims;>2(r") —p(|Re s1), i=1, 2.

It is easy to see that if z€C satisfies |Re z|<r’, |[Im z|<r, then
we have (2, 2—s,) €W,,,, i=1, 2. Let C>0 be large enough.
Then we have

@4 Ims<—jp(Re 5.

(2.2)

Now we can define % (x, &) :

Definition 2.1. We define the Fourier transform #(x, £ of
u(x, x') by

(2.5) a(x & =00, & ={r =k, )=,

r
Here '={x—x'€C"; y,(x) —y,(x")Er, L=< j<n}, and 7 is a continuous
curve from s; to s,.

Remark. (i) From now on, we write as y,=y;(x), ;' =y,(x"),
and 7,=7,(§). If confusion is not likely, we write as 2(x, x') =
v(», »), by abuse of words. Since we have d(x—x")/d(y—y’) =
(—n/a)*, (2.5) may be rewritten as

2.5)" a(x, &) =10(x, &)
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(=Y e, 0 D,

a 5 Y

(ii) Definition 2.1 has some ambiguity. This definition depends
on the choice of the defining function v(x, x’), on the choice of the
new coordinate system y=y(x), and on the choice of s, s;. It turns
out that this does not matter, but we do not discuss about it for
the moment.

Let xeC® satisfy
(2.6) |Re y,|<r’, |Im y,| <r', l1sj=n.
For any ¢>0, we can choose y=7, as follows: If x€C* satisfies (2.6)
and y;—y,/E7r, 1=<j=n, then we have (x, Yew,, and
@7 Im(y—y)<A(Im 3,1 —GaCIRe(p =) ) +e, 1S <n.
This is clear from figure 3, where 4 denotes the curve Im(y;,—y,")
=2(|Im ;1) —p(IRe(y;—y/)1), and B denotes Im(y;—y,)=
l(llmyjl)—%y(ch(y,-—-y,-')l)+s. Let us fix x&C" which satisfies
(2.6). If each y,—y," belongs to the shaded domain, we have (x, x)e

Im(y,—»,")
N

~ R —
\\/ e(_yl yl)

Figure 3
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W, . and it is easy to see that (2.7) holds.
Now we define T,cC*xC" r>0, by

Tr= {(x7 E) EC"XC"; |RC ,yil<r, IIm _yil<ra
rIm7,>|Re 7|, rIm9,>1, 1<) <n}.

Now we give two definitions.

Definition 2.2. Let >0, and let 2(¢), ¢(¢) be two scaling
functions. We define @, ,(7T,) by

0, ,.(T,)={alx, §) € O (T,) ;for any >0, there exists some
C.>0 such that |a(x, &) | <Cexp {3 A(|Im y,])
+ u(IRe 9;|/Imy,) +€) XIm ;) on]_Yl"r}.

We define 0,0,,(T,), 1<k=<n, by

0,0 ,,(T,)={a(x, §) € 0 (T,) ; there exists some & >0 and for
any >0 there exists some C,>0 such that|
ax, &) | <Ceexp (X (A(/Im ;) +4([Re7;|/Im )
+&)Imn,—elm %} on T,}.

Definition 2.3. Let A(¢) =t4,(¢) be a scaling function. We define
its dual scaling function A(t) by A(t) =t2,7'().

Example. If A(¢t) =mt’, m>0, i>>1, then we have A(¢) =mV¢-D
ti/(t'—l).

Lemma 2.4. (i) A(¢) is also a scaling function.
(i) The dual function A(t) of X(t) coincides with A(¢).

The proof of Lemma 2.4 is easy. Now we have the following

Proposition 2.5. Let 0<r'<r, C>1, and let p' (¢) =a(Ct). Then
we have

@ If v(x, x YO (W), then 9(x, §) € O ;. (T,).

@) If v(x, x') =0 (WPE,,), then 9(x, §) €0,0; .. (T,).

Proof. Let v(x, x )0 (W",,). For any ¢>0 small, we define
7. as above. Let (x, §) €T,, and let y,—y;Ey., | <j<n. Taking r’
small, we may assume that Im »,>C|Re 5,|, I =j=<n. From (2.7) we
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have

(2.8) le==7% (y, ) |
<Ceexp (3 Im(3,—,)Im 7,4 3 [Re(y;=3,) |- Re 7,1}
<Ceexp {3 A(IIm ) +e)Im 7,

+ 3 (=L pCRe (3= 2 DIm 2+ [Re (-2, I+ Re 9,D)).
We can prove
2.9) I=—Lp(IRe(p,—3,)) DIm 7,4 [Re(r,~ 3|« [Re 7]
<pa(C|Re »,|/Im 5,)Im 7,
as follows: If |[Re(y;— ;) 2 ' (C|Re 7,|/Im 7,), then
I=— 4 IRe(3,=2)) |toC IRe(y,—2,) D1m 7,
+ IRe(y,—»,)1 - |Re 7|
<~ & IRe(5=2,) [(CIRe 7] /Tm 7)Tm »,
+ [Re(»;—2,) 1 |Re 7, =0.
Contrarily, if |Re(y,—»,/)| =g ' (C|Re »;|/Im 7,), then

I<|Re(y,—»,)]+|Re n;| =" (CIRe 5;|/Im 2,) |Re 3,]
éﬂ(ClRe % |/Im 771)Im 771':

From (2.8) and (2.9), we have
le—(y—y'mv(y, y’)l
éCeexp{gl(l( [Im y,|) +a(C[Re ,| /Im 2,) +&)Im 73,},
which proves (i). To prove (i), let v(x, x') € O (o, W We

Apr/e

can take the path I" in (2.5) as follows: If x—x'&l’, then Im (y,
— ) <A(|Im }’kl)”'éTﬂ(lRe(yk-yk,)l)_50, and for j#k, (;,7,) is
as above. Then the proof is the same as above. Q.E.D.

We next show the converse result. Let a(x, )€ 0,,(T,), and
define d(x, x") by

(2.10) a(x, x) =Wl—_—l);gde(""")5a(x, §)ds,

where 4= {¢€C*;p=7(&) &y—1R.* Im ,>1/r, 1<j<n}. The do-
main of integration (2.10) is thus a small conical neighborhood of

O, ..., 0, y=1) in y—1R" in the original coordinate system, Then



562 KEISUKE UCHIKOSHI

we have the following

Proposition 2.6. Let p'(¢) =p(t/2), and let 0<r'&r.  Then we
have

@) If a(x, ) €0, ,(T,), then d(x, x)E 0 (WP, ).

@) If a(x, £§)<€0,0,,(T,), then d(x, x') € O (W ,).

Proof. Let a(x, &) € 0, ,(T,), and let (x, ") € W, (e, (355 3;7)
EWipn 1=j<n). Let Ji, J, C{l, 2, ..., n}be such that J;UJ,=
{1, 2,...,n} is a disjoint union. We define J=(J;, Jo). Let J be
such a pair, and we assume that (x, x") satisfies Re(y;—y,’) =0 (resp.
<0) if je, (resp. J,). It is easy to see that

’ v N o 1 (x—x’
@.10)" &(x, %) =g y=T ‘/__l)ngdjg Ma(x, £)dE,
where
4;={€C; Im 9,>1/r, 1 <j<n,
Re 7,= = '(IRe(y;— )1/2) (Am 9,—1/r), jE J1,
Re n,=p7 ' (Re(p;— ;) 1/2) (Im ,—1/r), jEJ,}.
Then for any ¢>>0 there exists some C.>0 such that
@2.11)  [e"*%a(x, &) |=]e*""a(y, )|
= Ceexp{—2 Im(y;~»,)Im 7,+ 3 Re(y,— y)) Re 7,

+ z (2(|Im ;1) +£(|Re ;| /Im 7,) +¢)Im 7.},

if é=4;. Note that
(2.12) Re(y;—y;)YRe n;=—2a(|Re(y;—»;)1/2) Im 5,—1/r)

and

(2.13) p(IRe n,| /Im 7;) =p (|Re ,|/Im 7;) |[Re ;| /Im 7,
S (IRe(y;—2,)1/2) o (IRe(y;—,)1/2)
=p(IRe(y,—y)1/2).

From (2.11)—(2.13) it follows that

[e*~*"%a(x, &) ]

sCcexp{— X (Im(y;—»,) —2(|Im »,1) +g(IRe(y;— ,)1/2)

i=1
—&)Im 2},
Since J and e are arbitrary, the integral (2.10)" defines an element
of ® (Wi, ,). This proves (i), and the proof of (ii) is similar.
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Q,E. D.

We next consider the relation of the above two propositions.

Definition 2.7. Let 2(¢) be a scaling function. ~ We denote by
[4] the set of all scaling functions which have the same order as 2,
ie, [A={' @) =mA(myt) ;my, my>0}. We define

O WRD=\" v v 0WP,,,
A’€[A] w’lp] r>0

Owmm= Y J J Ou4,.(T),
2e[a] p’slyl r>0

and 0 (akWEH-[IJ]), 3,,0[,1”“], l§k§n, Similarly.
Let w(x, )€ 0 (Wa)/ O (,WD1a). We have w(x, x')=
k=1

»(x, ') modulo @0 (W& ) with some v(x, x') € O (W,..),
k=1
2e[1], ¢’[pl, and r>0. Note that d(x, &) e@m_m/@akamm

is defined independently of the choice of 5; and s,. In fact, assume
that we have replaced s, and s, by another pair s; and s;, and let
?'(x, §&) be the correspondiug Fourier transform of »(x, x’). It is
easy to see that 9(x, &) — 9" (x, &) E(-’Ii)a,ﬁm[,,—]. Thus we may define
w(x, E)E@m.[ﬁ]/(?akam.m by w(x, §) =9(x, §), Conversely let
b (x, 6)60“]_[,;]/(—?6,,(9“]_[,;] and let b(x, §)=a(x, §) modulo (—?3,,
O ., with some a(x, §) € 0 o (T,), X €[], ' €[#], and 7'>0. It
is easy to see that we can define b(x,x)=0 Wz /DO (W 1)
by b(x, x') =d(x, x’). Since ji(t) =p(t), we have defined the follow-
ing two maps:

(2.14) 0 (W) 2, O w1

C‘P‘p @CWEw) ~ E?ak@ (LA

We have the following

Proposition 2.8. (2.14) is an isomorphism.

Proof. We need to prove the following:
(i) Let v(x, )€ 0 (WP,.,) with €[], ¢’ €[ul, >0,
and a(x, §) =9(x, £). Then we have d(x, x)—v(x, x') =D (9,
k
W)
(i1) Let a(x, &) € 0, ,.(T,) with 2 €[1], ¢ <[], r>0,
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and v(x, ') =d(x, x’). Then we have 9(x, £) —a(x, §) €D, 0 (.

Both statements are proved in a standard manner, ané we only
give a sketch of the proof of (i), Let 0<r'€r, and assume that
| Im y;|<<r'/2, Im(y,— »;")>r"/2, < j<n. With the above notation
we have

dx, x')= @r ‘/_1),, AS ey (x, x")d (x —x")dE
rS e (x, x")dEd (x — x")
2 (V=1 V=Tleo
’ S ISJ_—T/r e DSVI:I—/r
Xe¥" ™ u(y, y)dnd(y— ")

2 —1.J=1(y ./~
S I1(y/ —y;) el10s =20

5 i=1

(27f\/—1)"

@)
(27r\/—1)" S
@D
D

(271'1/——1)"
Xv(y, ¥)d(y— ")
=u(y, ) =v(x, ) modulo (h-D(D W& ). Q E. D,

Now we show that Definition 2.1 has no ambiguity. We first
remind the reader that we have already noted that this definition
does not depend on the choice of s, and s,.

From Definition 0,2, Definition 2.2, and Definition 2.7, it is easy
to see that we have Oy nC ¥, and (k—D 3,0 13,1nC A s, and thus
we may consider 9¥(x, §) as an element of &e/A .. Now we show
that 9(x, §) €&/ N e is defined with no ambiguity. D(x, §) is
independent of the choice of the new coordinate system y=y(x)
defined by (2.2). To prove this, we first note that we have found
that without loss of generality we may choose s;, s, as s;=—7r/2—
V=1r", s,=7/2— =17/, 0<r'&r. In the integral (2.5)’, each path
from s, to s, may be replaced by

{0i—2/€C; [Re(p;— )1 <r/2,
Im(y;~ /) =p(max [Re(y;—»)D},
where
-7 t=r/4,
PO=1 o @rrarytsr,  0st<r/a.

In the original coordinate system (x, £), this means that in the
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integral (2.5) the domain of integration I" may be replaced by
fx—x"€C; |Re(p,(x) — 9, (x"N) 1 <r/2, 1< j=n,
Im(xj—le):(), lé‘]én_l,
Im (x,—x,") =¢(max |Re(y;(x) — y:(x")) }.
Neglecting an element of A’e, this domain can be replaced by
(2.15) {x—x'€C*; |[Re(x,—x,") |<r/2, 1<j<n,
Im(x;—x,)=0, 1<j<n—1,
Im(x,—x,") =¢(max |Re(x;—x,") )},
which does not depend on y=y(x).
Assume that u(x, x’)EJfSTlS;J(MxM)(%MxM) satisfies (1.1). Then
the definition of #(x, ) does not depend on the choice of a defining
function of u(x, x). In fact v(x, x) €0 (W{,,) which defines

u(x, x') is uniquely determined by the injectivity of the boundary
operator,
We finally consider the case without the assumption (1.1). Let

u(x, x')EJ?;’_—lsﬁ(MxM)(‘KMxM). Let @Cy{—18""! be a small neighbor-

hood of (g, —2), and u(x, x') be defined for (¢, £')€w. Let o'
® be another neighborhood of (OE, —%). We choose u,(x, x') €
Jff}_—lSﬂ(MxM)({foM) such that u(x, ") =0 if (&, &) €w and u,(x, x’)
=u(x, x’) if (§, §')€0’. We define a(x, §) EL o/ N by a(x, §) =
2,(x, §). To prove that this is well-defined, we need to show that
if u,(x, x") satisfies (1.1) and (§*, §'*) & supp w, then #,(x, §) € /..
We can easily prove this fact, using the microanalyticity of u,(x, x”).
In fact, in (2.5) we can choose the path of integration I" in such
a way that 4,(x, §) becomes exponentially decreasing at 3* and

thus #,(x, §) €4 .. Thus we have obtained the following map:

(2.16) ZLadulx, x)dx’ V> a(x, ) EL /N .

To prove that this is an isomorphism, we first prepare the fol-

lowing

Proposition 2.9. Let r>0 be small enough. There exist some C>0
and a holomorphic function e(y) defined on {neC"; rImp>|Re 7,|,
1<j<n}, which satisfy the following :
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() We have
|e() | <C/Im 9]¢ exp(C 32 |Re 7,|%/Im 1)

on the above domain of definition.
@) If 2 Im n,>Im v, for any j and k furthermore, we have

le() —1] <C exp{——-é,— ;1 Im 7,}.

(i) If Im 59,>C Im 7, for some j and k furthermore, we have
le(p) |=C exp{—icé Im 7}.

Before the proof, we explain the meaning of this proposition.

The above statement (i) says that ¢(§) =e(y) defines a microlocal

operator ¢(D) at %" (This follows from Proposition 2.8). From (ii)
it follows that ¢(D) is equivalent to the identity operator near =

= ... =1, l.e. near %" in (x, &) variables, and from (iii) it fol-
lows that ¢(D) is equivalent to the zero operators near the boun-
dary of the first octant, Thus ¢(D) may be regarded as an analytic
partition of unity.

Now we give the sketch of the proof of Proposition 2.9. We
first assume that n=2. We define @(y) =P(y,, »,) by

P e =DEa T A BT9D I

We take the boundary value of @(y) from {Im y,>0, j=1, 2}, and ob-
tain the corresponding microfunction [@(»)]. It is easy to see that

supp[@(»)1C {(y, n) EY—1T*R?; y=0, Im 7,<<3 Im n,, 1 <j, £ <2}
e {(y, 9) EJ—IT*R?;»=0, Im »,>0, j=1, 2}.
We can define ¢() =& (p) by

e =00

just in the same way as (2.5), and calculating this integral in the
same way as there, we obtain (i). Since [@(y)] is equivalent to the
delta function near £, we obtain (ii). Lastly, since supp[@(y)] is
completely contained in the first octant, we obtain (iii). And we
can prove Proposition 2.9 in this way if n=2,

We next consider the case for general n. Let us denote the above
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e(n, 72) by ey(m, 7,), and let us define e(n, ..., 7,) by
4 (7)1’ ey 7771) = H 00(7]1, vk)-
1=s<k=Zn
This function satisfies the above requirements.
Now let us prove that (2.16) is an isomorphism, using Proposi-

tion 2.9. Let b(x, §) €%s. Let a>0 be large enough, and define

y=y(x), =75 by (1.2), (1.4). Then there exists some scaling
functions 2(¢), p¢(t), and for any ¢>0 there exists some C.>0 such
that

2.17) 16(x, )1 <C. exp {3 A Im y]) +4([Re 7,1/Im 7,)+e)
XIm 7,}.

(2.17) is not sufficient for b(x, §) € 0, ,(T,) for any r>0. Let us

define b’ (x, &) by &'(x, §) =e(&)b(x, §) with the above ¢(§). From

(1) of Proposition 2.9 and (2.17) it follows that

Q2.17)" b'(x, §) | =Ce exP{g(l(lIm 2D+ (IRe 7,/ /Im 2,) +¢)
XIm vj}a

where p'(¢) =p() +Ct®. We can prove a stronger result:

2.17)" 16’ (%, &)| <C: eXp{é(l(C'um 2,1+ (IRe 9| /Im 5,) +¢)

with some C’>0. In fact, if Im %,>C Im 7, for some j and &,
(2.17)" is trivial because b’(x, §) is exponentially decreasing in such
a region. On the other hand, if Im 5, <C Im 7%, for any j and &,

we havegl(lIm y1) Im n,gé 2(C"|Im y,|) Im thusv(2. 17)”
holds. Thus we have 6'(x, §) € O 31,3, and we can define b6’ (x, x*)
by (2.14). We define 5(x, x")dx'€ Zy by i)(x, x’):l;’(x, x"). From
(ii) of Proposition 2.9, it follows that this is well-defined. Using
Proposition 2.8, we can prove that the mapping

P/ N Db(x, &) — b(x, x)dx' ELon

is the inverse of (2.16), and thus (2.16) is an isomorphism. This
proves Theorem O. 3.

§3. Symbol Formula for Adjoint Operators

In this section, we prove the symbol formula for the adjoint
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operator A*E€ L. of AEZL. Let A=u(x, x)dx’. Let us assume
for the moment that u(x, x’) satisfies the condition (1.1). Let >0
be large enough, and define y=y(x), =7(§) by (1.2), (1.4). It
follows that there exist some scaling functions 4(f), #(¢), and some
r>0

such that the defining function v(x, x”) of u(x, x") belongs to 0 (W, ,).
By definition we have A*=u(x’, x)dx’, thus the defining function of
u(x’y x) is w(x, x")=v(x’, x). Let 2°(t) =22(2t) and g’ (t) =p()/2.
We have the following

Lemma 3.1. If (x,x)EWP,,p and 0<0=1, then we have (x+
O(x—x"), x+@—1) (x—x")) EWL..

Before the proof, we consider the meaning of Lemma 3.1, Let 0
=1 in Lemma 3.1, then we have

(x, x') € Wl(l'}).,u’.r/Z e (2x_x’3 x) S WX‘LW

It follows that w(x, 2x—x") =v(2x—x’, x) as a function of (x, x"),
belongs to O (Wi, ,,). This is important since we can calculate
the Fourier transform of w(x, ') from w(x, 2x—x’) (considered at

the point 2’*) as follows: The Fourier transform (x, £) is defined by
w(x, §) = Se""‘""éw(x, x)d(x—x").

The precise definition of this integral is given just in the same way

as in §2, but this time we are considering at the antipodal point

O/’ % O*
f x

X o0 Thus every domain must be modified in an antipodal

manner. If we write x"=2x—x’, we have
w(x, &) = Se"“"”)Ew (%, 25— x")d(x—x").

This time we regard w(x, 2x—x") as an element of @ (W{,.,,), and
we may regard @w(x, —&) as the Fourier transform of w(x, 2x—x").
Replacing x” by x’, we have
3.1) w(x, —E)——‘Sre“""‘"fw(x, 2x—x")d(x—x").
Here the domain I” is the same as in (2.5).

To prove Lemma 3.1, we need the following

Lemma 3.2. If «(¢) is a scaling function, we have
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K(t1+tz) é If(2t1) + ﬁ(2t2), tl tggo.
Proof. k(t,+1¢,) = £(2 max (¢, &) <e(2t) +£(2¢,). Q.E.D.

Proof of Lemma 3.1. Let (x,x)EW®,. .. Let y,=y,(x), »/=y;

(x"), as before, and let x(0) =x+0(x—x"), x' (0) =x+ (6—1) (x—x"),
2i(0) =y;(x(0)), and », (0) =y, (x" (0)).
We need to prove (y,(0), y,/(0)) €W, ,.,, | <j<n. Since x(0) —x"(6)
=x—x', we have y,;(6) —y,/ (0) =y,—»,, and we have (,(0), »,(®))
eEW, 1=j=n(See(2.1)). Thus we only need to prove I;=Im(y,;(f)
—/(0)) —2(|Im y,;(0)|) +p(|{Re(p,(0) —»,"(0))|)>0, I<j<n. From
Lemma 3.2, we obtain

I;=Im(y;—»,) =2(|Im(y,+60(»,—»,))|) +ux(IRe(y,—»,) )
=Im(y,—»,) =22 |Im y,]) =220 [Im(y,—y;) 1)
+u(IRe(y,—y,)1).

Taking 7>>0 small enough, we may assume that 1(¢) <¢/4 (See Remark
(ii) after Definition 0.1). Thus we have

I;zIm(p;—y/) — [Im(v;—»,) | /2—2(2 |Im y;|)
+u(|Re(y,—3) D
=min (3 Im(y,—»;)/2, Im(y;,—y,”)/2) —2(2 |Im y,|)
+u(|Re(p;—») D).
Since (x, x") €W ,.,,(G.e., each (9, »/) EWu u.rp), we have
min (3 Im(y,—»;)/2, Im(y,—»,)/2)
> (|Im ;1) /23 (Re(p;—»,") ) /2
=22 [Im y;|) —p(|Re(y,—2,) D,
and thus [;,>0, 1< j<n, Q.E.D.

Now we derive the asymptotic formula from (3.1). We write
#=x—x', and d(x, ') =a(x, x—x’). If NeZ,, from (3.1) we obtain

w(x, —§) = Spe‘*fﬁ(x+x, %)d#%

= L —zEoan) as - B
= wdiial S['e %2029 (x, X)d%
N 1
+ > —/S e-zsxu(g (1—-0)"¥1929(x+0%, %)d)d%,
la|=N Q! r 0

and thus
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3.2) (x, —8) =25, —6) +Ry(x, —8).

Here

(3.3) @, (x, —&) =I‘IZ=,_%(—1)'“‘3,“35“1‘)(;¢, £)

and

B4 Rutr —o= = Xnmla-omasosn e oo,
lal=NQ& | 0

where

(3.5) D (x, &) =Sre‘*517(x+0x, %)dx,

Considering 9(x+ 0%, %) =v(x+60(x—x"), x+ (6—1) (x—x")) as a func-
tion of (x, x’), we have ¥(x+0%, £) € 0 (WP ,..2), by virtue of Lemma
3.1. If p'(¢)=g"(Ct) and 0<r'Kr, we have % (x, §) €0 . (T,).
From the proof of Proposition 2.5, we obtain a uniform estimate for
Dg(x, §), 0<0=1: For any >0, there exists some C.>0 such that

(3.6) [95(x, &) | <Coexp [ L& ([Im 3, ) +4(|Re 7,1/Im 9) +¢)
XIm 73}

on T,, 0<0<1. We can estimate the derivatives of 9,(x, &) as
follows:

Proposition 3.3. Let 0<r"<r’, and let 0<r), r,<r". For any e>0
there exists some C.>0 such that

3.7 |azaaea'l70(x, &) |§Cs“!19!7’1_‘a'(72 « min Im »;)7'4

1<isn
Xexp{g(Zl’(Z[Im 9;1) +2¢' (4|Re 7,1/Im 5,) +e
+22 (4r) 4+ 24" (4ar;) ) Im 7}

for a, BEZ,", 001, on T,.

Proof. Fix an arbitrary point (x, ) €T,.,, and let (z, §) €C*xC*
be another point satisfying

(3.8) |z;]=n, |§|=r -+ min Im 9, I<j<n.
1Sisn

Note that £ does not denote the complex conjugate of x. We write
as 9,=9,(2), 7,=7,(§), 1=j<n. From (1.2) and (1.4) it is easy
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to see that if 7"&r’, then(x+%, §+&)€T,. From (3.6) it follows
that for any ¢>0 there exists some C.>0 such that

[0 Ce+2, €+8) |<Ceexp £ ([Im y,] + [Im 5,1)

+#'((|[Re 7,|+|Re 7,[)/(Im ,+Im %;)) +¢) Am 5,+Im 7,)}.
Using Lemma 3.2 and (3.8), we obtain

[0 (x+2, §+8) |<C, exp{ 3 (24 (2 [Im y, [) +2% (4ry)

424 (#|Re 7, |/Tm 7,) +24 (4ar) +29Tm 7).

Using Cauchy integration theorem, we obtain Proposition 3. 3.
Q.E.D.

Proposition 3.4. Let C,>0. We define T (k) cC"xC* keZ,, by

T k) ={(x, §) €C*XC"; Cy|x;|<], 1<j=n,
Im §>Go[Im &, 1=j=n—1,
Im £>GCo[Re §], 1=j<n, Im §>Co(k+1)}.
Assume that C, and C, are large enough, and that k= |a|, |B|. Then
for any >0 there exists some C,>0 such that
(3.9) [0,20,05(x, &) | <C.x!B!
xexp {(A(C, [Im x|)+a(C;|Re &1/Im §,) +¢e)Im &}
X (C/27 (e | +1)/Im £))''(Cy/g((|B]+1)/Im &)Im &)

on T(k).

Proof. Let (x, §) €T (k), k= |a|, |B|. If C, is large enough, then
we can take 7=2"'((la[+1)/Im &,)/4, r,=p"'((18]4+1)/Im &,)/
4a in Proposition 3.3 In fact, we have n=27'((Ja|+1)/Im &)<
A71(1/Cy) <r", if C, is large enough. Similarly, we have r,<r’. From
(3.7) it follows that for any ¢0 there exists some C,>0 such that

(3.10) (950405 (x, &) | <CaalBL(4/2 (| +1)/Im &))"
X (4a/ (| +1)/Im £)min Im 7,)'
xexp { 22(24'2|Im ,]) +2¢ (4[Re 9,|/Im 7,) +20)Im )

xexp { 32 2(|a}+ (B +DIm 7,/Im &)
If C, is large enough, from (1.4) and (1.5) we have
(3.11) 2n+min Im 7,=Im §,= max Im 7,

1sisn 1sisn

on T(k). Substituting (3.11) into (3.10), we have
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(3.12) 828, (x, &) |<e"Cea! B! (4e*/X7((Ja|+1)/Im &,)) '«
X (8ne”a/p’ 1 ((|B|+1)/Im &,)Im &,) '
X exp {(2nd’ (2 max Tm y;|) +2ny" (8n gli)fiRe 7:|/Im &,)
+2ne)Im &,}.
From (0.2), (1.2), and (1.4), we have
(3.13) max Im y;|<2 |[Im x|, frsyasx[Re n;|<a|Re &.
Substituting (3. 13) into (3.12), we have
(3.14) 9,200, (x, €) | Se"Coa!B! (4e2/X " ((|a| +1)/Im §))'
X (8neta/p' T ((|B1+1)/Im £)Im &)
Xexp {(2nd (4 {Im x|) +2ny" (8na |[Re &|/Im §&,) +2ne)Im &,}.
From (0.2), we have 2'(¢) =22(2¢t) <2(4¢t), and thus 27(¢) =271 () /4.

We have p'(¢) =g (Ct) =3(2Ct) /2= a(2Ct), and thus 71 () =4 (0)
/2C. Furthermore, we have 222 (¢) <A’ (2nt) and 2np" (¢) <y’ (2n2).
Noting these facts, (3.9) follows directly from (3.14). Q.E.D.

Remark., (1) If 6=0, we have 9,(x, §) =9(x, &) (See (3.5)). Thus
(8.9) gives an estimate also for 9(x, £).

(ii) The estimate (3.9) will look more familiar if we let 2(¢) =
mitt, p(E) =myt’, my, my,>0, i, 7>1. Then we have 27'(¢) = (t/m)Y,
p (@) = (¢/my)"’. Assume that C,=C does not depend on >0, and
let e—>-+0, 0=0, in (3.9). If (x, )T (k)N{—1T*M, k= |al, |8],
then we have

l axa aéﬂ.z} (JC, E) ! écmllaf,’imzlﬁflla ! (i—l)/i‘B ! G=D/s (Im Sn) 'al/i—lﬂl(}—l)/l,

for a, f=Z,". In this case we have 9(x, §) €S0, with o= (—1)/j,
0=1/i. In this sense, our theory may be regarded as an analogue
of 87, theory, in the category of hyperfunctions. As was mentioned
in §0, it seems inevitable to assume some condition, if one wants to
obtain an asymptotic formula for adjoint operators (See §5).

Now we can give the asymptotic formula. Let C, C,’ be large
enough and assume that 1(¢) and f(¢) satisfy Condition C,, C,. We
start from (3.2). If (x, §) €T()), from (3.3) and (3.9) it follows
that for any ¢>0 there exists some C.>>0 such that

(3.15) |w;(x, —§) |
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S2C(CEGH D /27N (GHD /Im &) g ((G+ 1D /Im §)Im €))7

xexp {(A(C;Im x|) +@(C,|Re £|/Im &,) +e)Im &,}.
If C/>2C2 we have
(3.16) |w;(x, —§) [=2"77'C.

xexp{(A(C,[Im x!) +a(C,|Re §[/Im &,) +e)Im &},

The same estimate holds also for R,(x, —&), on T(j). A defining
function of u(x, x") (with A*=u(x’, x)dx’) is given by (2.10) where
a(x, &) 1is replaced by w(x, —§), modulo microanalytic elements:
i.e.,, as the defining function of u(x’, x), we may take

B.17) wi(ix, x')= e~ b (x, —&)dE.

CTERY
The domain of this integral may be replaced by an arbitrary small
conic neighborhood of (0,...,0, y—1) in y—1 R". We define 4(j),
JEZ, , by

4() ={6€{—1R"; 1m £,>C,/Im &,|, 1 <k<n—1,Im £§>C,(j+1)}.
We replace 4 by 4(0) in (3.17). Then we have

(3.18) u/<x,x')zzz§;v%f77;g -t (x, — E)dE

40

modulo microanalytic elements. From (3.2) and (3.16) we have

1 N-1
’ N = &=x2)808 —
w' (%, &) Q2ry—-1)" {;é SA(J+1)€ W, (x, —8)de
N-1 .
P50t R =)
i=0 JamnaG+n

+{ iR, —0ag)
4(N)

by induction on N. By (3.16) for @,(x, —&) and R,(x, —€), we
can let N—+oo, and thus we have

’ N — 1 b —(x—x/)E_a
W =y ye (B, 0

1=0

oo

+ZS e—(x—z/)fé}(x, —E)dE}.
i=0 JAWONAG+D

The second term gives an microanalytic element, and we have

’ =_1_ - —(x—x/)E A
wlx *) = (Q“V:T)"ZE‘) Sd<j+1)e T, (x, —6)de.
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It is easy to see that the right-hand side is convergent, and it is the
defining function of u(x’, x).

Proof of Theorem 0.5. We use the notation of Theorem 0.5. Let
A=u(x, x')dx' €Z;, and let 0(4) EZ; ,. Thus there exists some C
>0, and for any ¢>0 there exists some C,>0 such that

(3.19) [a(4)(x, &) |=C. exp{ji:l(l(c [Im y[) +p(C[Re 7;|/Im 3,) +e)
xIm 5}

on T,, with some r>0 (We have chosen some y and 7). For the
sake of simplicity, we assume a stronger estimate

(3.19)" [a(4) (x, &) | =C: CXP{;ZI(X(CHmJH ) +#(C[Re 7;[/Im 3,) +e)
XTIm 73}

on T, with the same letter 2 and p, and that 4, g satisfy Condition
Co, C.. Then the above argument applies for o(4*) (x, —§), and
we obtain Theorem 0.5. In the general case (under the weaker as-
sumption (3.19)), we can also follow the above argument, although
several points require more careful consideration. We do not give
the proof for the general case, because it is essentially the same
thing. Q.E.D.

§4. Symbol Formula for Composite Operators

Let A;=u;(x, x')dx’' €%, i=1, 2. In this section we give an
asymptotic representation of the symbol of
A1A2=(Su1 (%, )u(x", x")dx")dx’ € L
We assume that u;(x, x"), :=1, 2, satisfy the condition (1.1), for the
moment. Let a>>0 be large enough, and define y=y(x) by (1.2). It
follows that the corresponding defining functions u;(x, x’), i=1, 2, are
holomorphic on Wﬁ’;’,,,i,,, with some >0, and some scaling functions

2;(t), p:(t), respectively.
We first investigate the domain of definition of the function
(v%v,) (%, x7) =Svl(x, x")v,(x", x")dx". We define new scaling functions

A(t) and p(¢) by
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(4. 1) (1) =CA,(2t) +C2(22),
(4.2) p(8) = F-min (00 + 11— 0)1)),

0=6=1
where C>0 is a large constant. Then we have the following

Lemma. 4.1. 2(¢t) and p(t) are scaling functions.

Proof. We only need to prove (0.2) for u(t), other properties
being trivial. We denote as g#,(¢) =p)/t, o) =p@)/t, i=1, 2,
If t<¢’, then we have

to(t) =%0r36i£ (1 (08) /14 1, (1 =0)2) /1)
:_617_ min (Gp(08) + (1=6) 1 (1= 0) 1))
<_(1:~ min (Op(01) + (1=0) o (1= 0)17)) = o (¥,

Q.E.D.

We next show that (ux1) (x, x)E0 (WP,,) with 0<r' <.
Precisely speaking u*v, is defined by

(4.3) (o*v) (x,x") = Srvl (x, x) v, (x", x")d (x —x").

Here I' is the same as in (2.5): I'={x—x"€C";y,(x) —»,&") ey,
1<j=<n}, and 7 is a curve from 5 to s,, We had better define s,
and s, explicitly. Without loss of generality we may choose s=

— 1 (2r") = —=1r" and s,= g '(2r') —y—1r’. Note that if |Im y,|
<47'(r"), 1=j=n, then we have Im 5,>4(|Im y,(x) |) —m(|Re s]),
i=1,2, 1<j<n. If C>0 is large, we have Im s,~<——g~y1(|Re s,
i=1, 2. As in §2, for any ¢>0 we can choose a curve y=7. from
s; to s, such that if |[Im y;(x) |[<47'("), y;,(x) —»,x") Erey, 151,
then we have (x, x")EWP, , and

4.4)  Im(y;(x) —y, (")) < ({Im y;[)

— 2 mURe(,® =3, ) ) +5 15j=n

From now on, we write as ;"= y,(x"), as before. We define W, , ..
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eC"xC" by
4.5) WP, ,..={xx)eCxC; |Re »;|<r/2, |Im y; |[<2'(r),
Re(p;—p,) [<r/2, Im(y;—y,") [<27("),

Im(y,—»,)>2(|Im y, D) —u( |Re(y,~—y,~') D,
1=<j<n}.

We have Wi,,.={(x ) €W, ;i [Re »;[<r', [Im p;[<r,
'Re(yi—.yfl) '<T,, {Im(.yl—.yll) |<T’, 1§J§”}9 and thus W/(I'.l)ﬂ-r.r' and
W, ., are essentially of the same property. We have the following

Lemma 4.2. (v*v,) (x, x)EOWP,,,.) (COWP,.,)).

Proof. Let (x, x'YEW,,,. There exists some e>0 such that
Im (9,—y/)Y>2(|Im y;|) —p(|Re(y;—»;) i) +2¢, 1<j=<n. We need

to prove that if y,—y/Er, | <j<n, then (x, x") EW, ., and (¥, x")
EWﬁ'z'fﬂz_,. We only need to prove

4.6) L;=Im(y;—2,) —24(|Im /) +p(|Re(y/—y,") ) >0,
1 <j<n, other properties being trivially satisfied. Let us prove (4.6).

Using Lemma 3.2, we obtain

I;=zIm(y; _'J’fl) —Im(y;—»/) =22 |Im y,|)
=22 Im(y,— ") D +m(IRe(y/" =y, ).

We may assume that 4,(¢) <t/4, and thus we have

L;2Im(y;— ;") —Im(y;— /) —2(2|Im y;|)
— Im(y; =) |/2+ w(IRe(y; =2, )
=Im(y;— ;) —max (3 Im(y;—»,)/2, Im(y,—»,)/2)
=42 [Im y;[) +m(|Re(p/~,") ).

From (4.4) and (4.5) we have
L>{2(|Im y;[) —p(|Re (p;—2,") |) +2¢}
— {54 Im 2D = (Re (=2 ) +3¢/2}
=242 [Im y;[) +(IRe(y =5

Using (4. 1) and (4.2) we have I,>0,
Q.E.D.
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From Lemma 4.2 it follows that we can calculate (v;*v,)"(x, &)
according to §2, the domain of integration being appropriately
chosen. Let 5/, s,” be as in §2. We define them explicitly by
4.7) s)'=—p N (6r) —=1r, s,/ =p 1 (6r") —{—17".

Let 7' be a path from s, to s,”, We have
(4.8)  (oyxv) " (x, €)
= Sr Sre‘("""’fv1 (x, x) o, (x", ) d(x—x")d(x—x")
={ e w6 )da = -2,
Here I' is as before, and I = {x—x'€C"; y,—y,/e7, 1<j<n}.
We note that if
(4.9 Im »,[<27'("/2), |Re p;|<r/2, 1=j=n,
then we have Im s,’>2(|Im y,|)—p(Re s7), i=1, 2, 1<j=n.
Let C’ be large enough. Then we have Im s,-’<—~62,—,p(lRe s 1),

=1, 2. As before, for any ¢>0 we can choose y"=y.” such that if
xEC" satisfies (4.9) and y,—y,/7.’, 1 <j<n, then we have (x, x')
S5 Wa’.')#.r,r’ and

(4.10) Tm(p,—y/)<a(m 3,1) =2 #(Re(3,— 27 ) +e 150,

Note that (4.8) is well-defined if x=C* satisfies (4.9).

To give an asymptotic representation from (4.8), we need to
replace the domain of integration I'" in (4.8) by another one. We
fix an arbitrary point (x, x") €C"XC" such that (4.9) is satisfied and
x—x"e€l'. Let ¥ be a path from s+ (»,—»,) to s+ (»,—)),
and let I"=I"(x, x")={x—x'€C";y,—y,/ €7, 1<j=<n}. We define
h(x, &) by

(4.11) h(x, &)= Srgne“("‘")fvl (x, X))o, (x", x)d(x—x")d (x —x").

Then we have the following

Lemma 4.3. If x&C satisfies (4.9), then h(x, &) is well-defined,
and we have /Z(x, &) — (vxvp) " (%, §) ENon.
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Proof. The difference of (4.8) and (4.11) is the following: In
(4.8) each y,— »;” moves on 7/, but in (4.11) moves on 7°. The
difference of these two paths is [;Ul,, where [, i=1, 2, 1< j<n,
is the line segment between s, and s+ (y,—»;) (See figure 4).
Let J, J,c{1,2,..., n} be such that JyU/J,=1{1,2,..., n} is a
disjoint union, and let J=(J;, J;) be a pair of such J; and J,, We
define I''; by I';= {x—x"€C"; y,—y, €7, JEJy, 2i— 2/ ELi ULy,
jEJ}. Then hA(x, &) — () (x, €) is a finite sum of several
integrals of the following form, with J,#¢:

(4.12) Srgr 5% (5, ¥ Yo, (x"s x)d (x —x")d (x—x") .
7
Let /;,, 1<j=n, be as in (4.6). We shall show that if x—x'I"’,
then I,>0, 1<j=<n, and
(4.13) Im (y,—y,)Y<—r"/4, jE ],
Note that I,>0, 1 =<j=<n, means (x", x") belongs to the domain of

definition of 7,(x”, x’), and thus (4.12) and A(x, &) is well-defined.
Furthermore, (4.13) means

;=3 n; —r’Imp /4+|Rep | .
le 7V [=e T €S

and it follows easily that if J,#¢, then (4.12) belongs to 0,0 1y
k

Im(y,—»,")
T'
-7 T ~
td ~ ’
7 0 \\ > RC(JJ—yI )
7/ N
/ AN
/ 51, T N 52,
s+ (=0 L, '+ (3,—2.) \\
21

Figure 4
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CA's, and the above two facts give the lemma.

Now we prove [,>0, 1<j<n. If j&/, the proof is the same as
Lemma 4.2, and let j& J,, We denote y,—y,’€l;, by y,— 3, =s'+
(1-6)(y;—y,), 0=<0=I1. From Lemma 3.2, we have

I;=Im s/ =0 Im(y;—»,) = 4(|Im »," ) + ¢, (|Re(y,/—2,) D)

zIm s/ —0 Im(y;— »,) —2(2|Im y;])
—%Q2[Im(y;— ") ) +m(|Re(y/ =2 .
We may assume that 4,(¢) =¢/4, and thus

I,=2Im s/ —60 Im(y;—»;) —2,(2|Im y,]|)
- l1m<}’j"}’jﬂ) 1/24 o ( {Re(yf”~}’f') D)
2Im 5,4+ min(—3 Im(y,— »/) /2, Im(y,— »/)/2)
=242 [Im y; ) +(|Re(y,/ =2, .
We may have chosen the path 7. (for the variable y;—y;) in such a
way that we have Im(y,—»/)=Im s,(=—r"=Im s,”) on 7. (See
figure 3). Thus we have
=22 Im s/4+min (=5 Im(y;,—»,)/2, —Im(y,—y,)/2)
—2,2[Im y,]) +(|Re(y/" =) D.
From (4.1), (4.2), and (4.4), it follows that
L;22 Im s+ {=54(|Im y;)/2+ m(|Re(y;—»,") [)/C—5¢/2}
—2%Q2[Im y;)) +m([Re(y/=2,) )
22 Im 5/ —2([Im y;[) +p(|Re(y,— /) |+ [Re(»/= ) )
—5¢/2,

We have |Re(p;,—p/) |+ |Re(y/ =3/ )i =IRe(y; =) | +
|Re s,”—0Re(y;,—»/)|=|Re s;/|, and thus

I,22 Im s/ —2(|Im y;!) +p(|Re s;"|) —5¢/2>3r"—5¢/2.

We can take e<r’ and thus I,>0, 1<j=<n.
We next prove (4.13). From (4.4) and (4.9) we have

Im(y,—y,)=Im s,/ + (1 —60)Im(y,—y,")
<Im s+ (1 —=0) (4(|Im y,|) +e)<—r"/2+e.

We can take ¢<r'/4, and thus Im(y,—y,)<<-r"/4.
Q.E.D.

Let " be some path from s’ to s,” again, and let I''= {x"—x’;
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”

eC;y'—y/'er, 1=j<n}. Since x—x'€l"cx"—x'el"’, we have

@11y A(x, &) =SFSF,€"”""5”1 (o £ 0, (", 1) d (" —2)d (x— 7).

N

Now we can proceed as in §3. We write as &' =x"—x', #'=x—x’,

and
B (x, x) =0, (x, x—x"), 9,(x", x") =0, (x", x" —x").
From (4.11)’ we have

k(x, &) =SFS e g (x, &) 0, (x — &, 7)) d3' A7

old
1 S S _(£I+gll)é.. ~l
= —_— e D (X, X
latsv-1 a! Jrhr 1 (x, 5
X (—%)*0.20,(x, £)d%'dz"
N po 7 4 ~ ~ ~l
T al Jelo e ) (25

x Sl (1 —6) V13,25, (x— 0%, &) dO
0
xXdz'dz",
Tt follows that
n N-1
*14) hxO=3% hi(x, &) +Sy (x, 8).
Here
(4.15) k(0= L a0, (x, £) 050, (x, ),

azial

and

4.16) Sy o= £ 20 -0 s, 0000

where

@1 hute & =(§ sz et Mo 6—0x, wydrar,
We can estimate these derivatives as in § 3, and obtain the follow-

ing : Let C,, C, be large enough, and let 7">>0 be small enough. Let

T(j)cC*x " jeZ,, be the domains defined in Proposition 3. 4. Then
for any ¢>0 there exists some C,>>0 such that

(4. 18) ]l‘f,-(x, &) | <Ceexp{ 3 (A(CyiIm x) +pz(C’1]Re £1/Im &,) +e¢)
i=1
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xIm &,(C.G+1)/mG+1)/Im §)2,7
(G+1/Im §)Im &,)’}
on T(j). The same estimate holds also for each S,(x, £) on T(j).

Now we assume that f(¢) and 2,(¢) satisfy Condition G, Gy
where C,'=2C,. Since: we have (v*v,)" (%, E)Eﬁ(x, &) modulo 4 o

we have

1 .
2 Y = - x=xEp
(4.19) () (%, ) =0 =50 Sme (x, £)d§,
neglecting microanalytic elements Here we define 4(j), j€Z,, by
A(H)={e€y—1R";Im £>C,|Im &, |, 1<k<n—1, Im £,>C,j}, as in
§3. As was shown in §3, from (4.14)— (4.19) we obtain

1 ig 6“4, (%, €) dE,
40+D

(i) (%, ") = e

modulo microanalytic elements. The right-hand side is convergent,
and it becomes the defining function of the kernel function Sul(x, x")
u(x”, x’) dx” of A,A,.

We obtain Theorem 0.6 from the above argument, by the same
reasoning as Proof of Theorem 0.5 in §3.

§5. Two Examples

In this section we give two important examples, and also explain
about the notion of analytic S7,-class, defined by [9].

We first consider the Lewy-Mizohata type operators P, (x, D)=

D, £y—1xD, at x =(0;0, y—1)&y—15*R%. Let us calculate the
symbol function E(x, §) of the right inverse E(x, D) ELo of P_(x, D).
E(x, &) should satisfy

G.1) (&= Tx6) E(x, ©) + 3, E(x, ) =1.

We define 9%1:&(5)60 by ?cl=_\/_———1(\/§—1)51/52, and ¢(x, ¢, §) by

o (x, 1, £) = ‘/‘2‘1 xfsz—xlsl—igiﬁsz+tsl. If ¢ lies on the line seg-

O
ment between x; and x;, then we have
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Re ¢ (x), £, §) =C(|Im x |24 (| Re §|/Im §,)%)Im &,
with some C>0. We define E(x, §) by

E(x, &) ZS;exp o (xy, t, £)dt.
1

Then it follows that E(x, §) €% and that E(x, §) satisfies (5.1).
The corresponding operator E(x, D) thus satisfies
P_(x, D)E(x, D)=1d.

Now let us calculate the symbol function of E(x, D)P_(x, D). It is
given by

(51_\/—:fx1$z)E(xl, &) _\/:—l—fzaelEO‘, £)

=exp ¢ (x, £, £) —y2exp ¢ (x, %, &)

=1-K(x,§),

where

K, &) = 2exp (Vo Laigt VoL et —nef ey

Denoting the corresponding operator by K(x, D), we obtain
E(x,D)P_(x,D) =Id—K(x, D).
As for P,(x,D), we define F(x,&) by

4
F(x, & :Sz exp ¢ (xy, &, ) de
1

1 .
2 £2¢, ! —x &

where &={=T(2—1)x& and @G, & )=

- ‘/;1 o?§, '+ xr. Then we have F(x, §) €4, and

P, (x,D)F(x, D) =Id—K(x, D), F(x, D)P_(x, D) =1d,
for the corresponding operator F(x, D).
The next example is the parametrix of the Grusin type operator
P(x, D) =D2+x?2D2+A(x, D),
where A(x, D) is a microdifferential operator of order 1 defined at
%°=(0;0, y—1)=|—1S8*R? as before. Now we give the definition of
analytic 87,—class. This class was first defined by G. Métivier [9],
but here we give a slightly modified definition :
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Definition 5.1. Let r, mER, and let 0<p=<1, 0<6<<l. We say
that a C~ function a(x, £) defined on

(5.2) {(x,&) ER*X{—1R"; |x|<r, |Im &, |<rIm ¢, 1<j<n—1}
belongs to the analytic S7,-class if
(5.3)  |0750fa(x, &) [SC S ((la|+1) + (Ja|+1)10§]) '«
X((BI+D [E]7+(BI+D)P[E]) !
with some C>0 on (5.2), for any a, B=Z.",
Let 0<p, 0<Tl, let 2(¢) =Cyt’, p(t) =CytV""?, and let a(x, §) €L,
satisfy

(5.4) J|a(x,8) | =C;|€Imexp{2A(Im x|) +x(/Re &§]/Im £,))Im &,

on a conical complex neighbohood of ¥* = (0;0,...,0, y—1)&y—1T*
R, Let C be large and let r be small. From Proposition 3.4 it is
easy to see that if (x, £ belongs to the domain (5.2) and satisfies

(5.5) rIm &> [al+1, |B]+],

then a(x, &) satisfies (5.3). Even if (x, §) does not satisfy (5.5),
we can also prove similarly that a(x, &) satisfies (5.3) on (5.2).
Thus (5.4) means that a(x, §) belongs to the analytic S7,-class.
Conversely assume that a(x, §) belongs to the analytic S7,-class.
Considering the Taylor expansion around real points, it follows that
a(x, &) satisfies (5.4) on a conical complex neighborhood of P
The analytic S5 ,-classes are the most typical examples of our symbol
theory. Our theory is more general in two points: It contains ope-
rators of infinite orders, and it involves more complicated scaling
functions.

For the Grusin type operators, Métivier proved (essentially) the
following : Let C be large and let 7 be small. Assume that the prin-
cipal symbol 4,(x, §) of A(x, D) satisfies

A, &&= (2 +DY=1;j=0,1,2,...}.

Then we can obtain some G,(x, §), jEZ ., of analytic S¢;72-class
respectively, which satisfies

|axaaEﬁG]_ (x, £) l §01+lal+lﬂ[+1j_/1/2 |,:: ;c—//z
X ((Ja[+1) + (ad+1)2|& V%) |%]
X (CIBI+D) |61+ (B + D)2 [§ |-y e
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on (5.2), such that iG, (x, &) gives the parametrix of P(x, D). More
i=0

precisely, let C, be large enough, and consider the following power
series :

o 1
L(x, x") :E, Q=17

Here we have defined
4 () ={|—1R?;Im £>C,|Im &, G, +1}.
We can prove that L(x,x’) is well-defined and that G(x, D)
=L(x,x") dx’ is a microlocal operator defined at %", which satisfies
P(x, D)G(x, D) =G (x, D)P(x, D) =Id.

Each symbol G;(x, §) is obtained successively by solving a transport
equation. See [9] and [10] for details.

{16, (x, £)de.
473)
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