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Stopping Unitary Processes in Fock Space

By

David APPLEBAUM*

Abstract

Let PT be a stop time in symmetric Fock space over LZ(R+). We show that to certain
unitary operator valued processes U=(U(t),t^Q) which satisfy a stochastic differential
equation driven by "non-commutative noise" in Fock space tensored with an "initial"
Hilbert space, we can associate a stopped operator U(T). We use these operators to prove
a "stopped cocycle relation" whereby for PT finite the process (U(T+t),t^Q) is factorised
as the product of U(T) with a new process UT = (UT (t} , f ^O) beginning "after time T".

§ I. Introduction

In quantum probability, the analogue of a random variable is an operator in
some arbitrary von Neumann algebra JL (so that, in general, random variables
need not commute) and the appropriate generalisation of a filtration of cr-alge-
bras is an increasing sequence (Jin, ite/2+) of von Neumann subalgebras of Jl.
The extension of the notion of stopping time to various examples of this for-
malism has been discussed by a number of authors ([1], [2], [3]) and is generally
agreed to be at the very least, an increasing projection valued process (P(t), ^0)
with each

We consider the case where Jl=B(JC) and each JLti=B(Mti) with
the symmetric Fock space over L2CR+) (L2([0, £])). This example is known to
contain a wealth of interesting probabilistic structure (see e.g. [4]) including a
generalisation of the Ito-Doob theory of stochastic integration [5]. Building on
the work of Hudson in [1], Parthasarathy and Sinha [6] have recently carried
out a detailed investigation of stop times within this context.

One of the most significant results obtained in [6] is the strong factorisability
of M. For a finite stop time Pr, it is shown that M is canonically isomorphic
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to the tensor product of a "pre-T" Hilbert space JCT and a "post-T" Hilbert
space &T (In [6], a stop time PT is a spectral measure and T is the associated
self adjoint operator). The latter space is, in fact, the image of JC under a
certain shift isometry which we denote VT. The strong Markov property for
quantum Brownian motion established in [1] asserts that conjugation of that
process by VT yields a new quantum Brownian motion process on MT.

The purpose of this paper is to study the effects of stopping on certain
unitary operator valued processes U=(U(t), ^0) which were constructed in [5]
as the solutions of quantum stochastic differential equations on A0(g)^r where A0

is a complex separable Hilbert space in which initial conditions are specified.
The properties of these processes lie at the heart of the application of quantum
stochastic calculus to the construction of dilations of quantum dynamical semi-
groups (see e. g. [5], [7] and [8]). This present work is motivated by the hope
that stopping these processes will be of similar value in the formulation and
solution of the "quantum Dirichlet problem".

The plan of the paper is as follows. After collecting together some defini-
tions and results in quantum stochastic calculus in §2, we proceed in §3 to
further develop the main tool of [6], the stop time integral. This enables us
to define the stopped operator U(T) associated to the process U. In §4, we
show that the operators U(T+f) satisfy a "stopped cocycle relation" thus gen-
eralising a well-known result for ordinary "deterministic" time.

We will use the following notation; If g is an interval in R+, then
denotes the tr-algebra generated by the Borel sets in g. If T is a densely
defined, closeable operator on some Hilbert space, the notation T* will be used
whenever the proposition in which it occurs is valid for both T and T*.

If AI and A2 are Hilbert spaces, the ampliation of an operator T on AI (A2)
is the operator T®I (I®T) on Ai(S)A2. For weAi, t>eA2 we will sometimes, for
the sake of simplification, denote the vector u®v in Ai®A2 by uv.
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§ 2. Preliminaries

Let S denote the set of (equivalence classes of) locally bounded functions
in L2(R+). For each f<E.S, <f>(f) will denote the corresponding exponential vec-
tor in St. We note that {^(/), f^S} is total in M. We will denote by Mt,
M&,t and M*, the symmetric Fock spaces over L2[0, £], L2[s, t\ and L2[t, oo)
respectively (s, £eJR

+ with s<0 and write

k=fi

and ks,t=fiQ®^s,t'

We identify the spaces A and fis(£)<3Cs,t(£)Mt by means of the canonical isomor-

phism between them which for veA0 , ge<S maps v®<p(g} to v®(p(gs}®<p(g^is, o)

where gs^gXco.s) and gt=g1Lt,00>

The shift in L2(J?+) is given by

0 otherwise.

We will adopt the convention that #00=0.

For s^O, let F(6&} be the second quantised shift in M which we identify
with its ampliation to the whole of L Note that for v^kQ, g^S

r(6s)v®</>(g)=v®<f>(0sg) . (2.1)

{r(0g)r se/2+} is a strongly continuous one parameter semi-group of isometries
on k. Each F(0S} has adjoint F(0J) where

We note the relation

r(os}r(oi}v®<j)(f}=v®<[>(fs) (2.2)
for

For f^^4, we will use when convenient, the simplified notation ?=
where ^(0) is understood as the vacuum vector in &t.

Let ^4, A* and T! denote the annihilation, creation and gauge processes of
[5], respectively and let L, //and PF be fixed elements of B(kQ) with L arbitrary,
H self adjoint and W unitary which we identify with their ampliations in A.
From [5] and [7], we can assert the existence of a unique unitary operator
valued solution U=(U(t), t"2>W) to the stochastic differential equation (s. d. e)
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dU=U(LdA*+QV--I)dA-LWdA+(iH--l/2L*L)dt)

£7(0)=/

with the following properties

( i ) Adaptedness

(2.3)

(2.4)
(ii) Localisability

U(s, t)=U(s)*U(t^B(fis,t), s<t^R+ (2.5)

(iii) Cocyclicity

, s, t^R+ . (2.6)

Recall that by Theorem 4.1 of [5], we may compute matrix elements of each
[7(0, t^R+, for u, v^fi0, f, g^S, by means of the formula

(2.7)

where
. (2.8)

Note that each Kflg(t)^B(fi0) and in particular

(2.9)

We now recall some definitions from [6]. A stop time in M is a spectral
measure Fr from J2+U{°o} to the space of orthogonal projections in & such
that each Pr([0, f])e#G#t)(g)/. s<E/2+U{oo} is said to be a continuity point of
pr j-f pr({s})=0. We say that PT is yzm'te whenever oo is a continuity point.
Associated to each finite stop time PT is the (self adjoint) stop time operator T

SCO
sPT(ds).

o

In the case where PT is finite, a canonical isomorphism was established in
[6] between M and the space MT®&T where the pre-T subspace MT is the

closure of the linear span of ^PT(ds)<p(fs)$(s), f^L\R+), $ a bounded Borel

function on R+\ and the post-T subspace MT is the range of the isometry VT—

\PT(ds)r(Qs). The effect of this isomorphism is to map total vectors in M of

the form ^PT(ds)<f>(fs}<f>(s)r(6s}7] to ^PT(ds)</>(fs)<j>(s)®VTr] 0?e=JT).

It is not difficult to verify that this result remains valid when the vectors
/ are restricted to lie in <S.
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We will denote by kT the space

% 3. The Stopped Unitary Process

In this section, we aim to associate a stopped operator, which we denote
E7(T), to the process £7= (£7(0, f^O) which we described in §2. Formally, we

may thank of £7(T) as (°°U(s)PT(ds) (In the terminology of [6], it is U°PT}.
Jo

We proceed by extending the scheme of stop time integration developed in [6].

Let & be a partition of [a, 6]C#+U{°o} so that ^={a=tQ<t1< ••• <tn<tn+i
=b} with each tj (0^/^n+l) a continuity point of PT. We denote by A^ the
linear space of (vector-valued) future adapted processes in M so fe^LT=^f=
(£(0, fe/2+) with each £(0e«#*. ^4J will denote that subspace of Af comprising
those processes f for which the map f->£(0 is continuous from /2+ to ^T.

For fixed i>eA0 , ge<S, f eAT , we define Riemann sums for the process U by

W, v, g, £)= S £7(f,+i)Pr(IX, ^+i])ix^(^+1)(g)fa;+1) (3.1)

wherein we have identified Pr with its ampliation to the whole of A.

Note that by (2.5) and the definition of PT, we have the result

PT(ls, tW(y, y')PT(ts', *'])=<> (3.2)
whenever s, t, s', tf, y and y' are continuity points of PT with s<t^y and
t^sX^'^^' (cf. Proposition 4.1 of [6]).

We define

)= max a,+i-^-) (3.3)

(3.4)

(3.5)

M=sup{||f(s)||2, G^S^^}. (3.6)

The following result extends Proposition 4.2 of [6].

Proposition 1. Let 3? and &' be partitions of [a, b~\ such that &' is finer
that & then

\\I<*'(U, v, g, £)-/ff(£7, v, g, f)i|2^C(^(S>)+cy'(5>)+^)) (3.7)

where C is a constant depending only on v, g and f .

Proof. Let & be as above and take the points of 5=-' which lie between t}
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and tj+1 to be th<th< ••• <tJn. (Q^j<n).

We define
tit=t, and tjnj+=tj

We will use the notation

Ej.r=ltjr+1, £,•] and aj.r=t
By (3.2) we obtain

\\Is-(U, v, g, e)-/ff(C7, v, g, f)||2

= IIS S

=S

^ C, _

where Ci=e"g"2 and we have written U(tj+1)=U(tJr+l')U(tjT+1, tj+i) and then used

=S

Now for each

and

= b||2+ |M|2 exp | ̂ r) 1 2dr -2 Re <t^(0), U(tir+l,{JEj, r j

Whence, by (2.6), (2.1) and (2.7) we obtain

), U(tJr+l,

=<wj6(0),
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^

Furthermore

where 02= sup ||A"0 ̂ (r-H./ , .)[| is finite by (2.8) and C3 is a constant depend-
Q£-c£ajir ' r +

ing only on g. The result now follows on combining together all the above
inequalities. EH

By directly analogous arguments to those of Proposition 4.3 of [6], we
conclude that I$(U, v , g, £) converges strongly to a unique limit in k as <5(£P)— >0.
We denote this limit by IT([a, ft], U, v, g, f).

Proposition 2. For u, v^fiQ, f, g^<S, f, "i]^Al and a, ft continuity points of
PT with 0<:a<ft<oo i^e have,

<IT(la, ft], f/, M, /, f), /r([a, ft], f/, v, g, 7)>

(3.8)

Proof. This proceeds along the same lines as that of Proposition 4.5 in [6],
that is approximate both stop time integrals by Riemann sums, use (3.2) and
the unitarity of each £7(0 (t^R+) and then let the mesh of the partition tend
to zero. D

Let AI.T denote the subspace of A^ comprising those fe^4c
f for which

Jjlf(s)||2W), PT(dsWf»<oo (3.9)

for all

For $^AC,T we may now proceed as in [6] and use Proposition 2 to extend
the definition of F([G, ft], U, v, g, f) to all a, fteE#+u{oo} with 0^a<ft^oo.
The argument is almost exactly the same as that of [6] and we recommend
the reader to find the details there.

We define an operator U(T) on the dense subspace of k comprising finite
linear combinations of vectors of the form v®(]i(f} (u^hQ, /e*S) by linear ex-
tension of the prescription

)=/r([0, oo], £7, v, f, f) (3.10)

where £^AitT is given by f(s)=^(/s), sejR+U{oo}.



704 DAVID APPLEBAUM

U(T) is clearly well defined. Furthermore, it follows from Proposition 2
that U(T) acts isometrically and thus extends uniquely to an isometry on the
whole of k. We will also denote this latter operator U(T). We call J7(T) the
stopped operator associated to the process U.

§4. A Stopped Cocycle Relation

In this section, we will require the stop time PT to be finite and regard
the operator VT, defined above in § 2, as a unitary isomorphism from k onto k1 '.

We define a new unitary process

UT=(UT(t), f^O) on fiT by

1 - (4.1)

It is not difficult to establish that UT is the unique solution of the following
stochastic differential equation in kT ':

(4.2)

Where L, H and W are as in (2.3) and

(4.3)
AT=VTA(VTYl

Now define the stop time PT+t on k (£>0) by the prescription

PT+'(E)=Q for
(4.4)

PT+t(E)=PT(E-t) for

whence the stop time operator associated to PT+t is T+tl. By the construction
of §3, we can associate to the process U the stopped operator U(T+t).

Theorem 3.
U(T+t)=U(T)UT(t} (4.5)

for t^R+.

Proof. Let &={a=t0<t1< ••• <tn<tn+i—b} be a partition by continuity
points of [a, &]C[f, °°)- We thus obtain a partition £>'={a— t=sQ<s1< ••• <sn

<Sn+1—b—t} of [a— t, b—f] where each Sj=tj—t (Og/^

Using (2.6) and the fact that r(0T)U(t}r(Ol}^B(hT} for T^R+, we obtain
for
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S

s u(S}+l

The required result now follows on letting 5(<P)— >0 and extending the stop time
integrals as in § 3 and [6]. D

(4.5) clearly generalises the cocycle relation (2.6) in "deterministic" time.
We would now like to proceed along the lines of [8] and use (4.5) to construct
strongly Markov processes in L However the same arguments [9] that show
that the stopped Weyl operators constructed in [6] are not adapted to the algebra
B(3CT}®I will also apply to the operators U(T). This leads us to make the
conjecture that the quantum Markov process [8] {jt, t^R+} given by

(4.6)

where X^B(k0), will not satisfy the strong Markov property.

References

[ 1 ] R. L. Hudson, The Strong Markov Property for Canonical Wiener Processes, /.
Fund. Anal. 34, 266 (1979).

[2] D. Applebaum, The Strong Markov Property for Fermion Brownian Motion, /.
Fund. Anal. 65, 273 (1986).

[3] C. Barnett and T. J. Lyons, Stopping Non-commutative Processes, Math. Proc.
Camb. Phil. Soc. 99, 151 (1986).

[4] P. A. Meyer, Elements de Probabilites Quantiques, in Seminaire de Probabilites XX
ed. J. Azema, M. Yor (Springer LNM 1204), 186 (1986).

[ 5 ] R. L. Hudson and K. R. Parthasarathy, Quantum Ito's Formula and Stochastic Evo-
lutions, Commun. Math. Phys. 93, 301 (1984).

[ 6 ] K. R. Parthasarathy and K. B. Sinha, Stop Times in Fock Space Stochastic Calculus,
Probability Theory and Related Fields, 75, 317 (1987).

[ 7 ] R. L. Hudson and K. R. Parthasarathy, ^Stochastic Dilations of Uniformly Continuout,
Completely Positive Semigroups, Ada Appl. Math. 2, 353 (1984).

[ 8 ] A. Frigerio, Covariant Markov Dilations of Quantum Dynamical Semigroups, Publ.
RIMS, Kyoto Univ., 21, 657 (1985).

[ 9 ] L. Accardi and K. B. Sinha, in preparation.




