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Convergence of Finite Difference Scheme
and Analytic Data

By
Kantaro HAYAKAWA*

§0. Introduction

Finite difference methods are used widely to approximate solutions of partial
differential equations numerically. To build up the difference scheme from the
partial differential equation, we should be careful. Formal correspondence of
difference schemes to the differential equation is not sufficient for the conver-
gence of the solutions to the exact one. For equations of hyperbolic type, the
convergence is assured under the CFL condition [1], which is concerned with
the ratio of the space increment to the time one.

However, this does not assert that, without CFL condition, every discrete
solution diverges. G. Dahlquist [2] exposed an interesting example. He con-
sidered the wave equation, and descretized it by the usual finite difference
scheme. He showed that if initial data for the wave equation are real analytic,
then solutions of difference scheme converge to the solution of the wave equa-
tion, even in the absence of the CFL condition.

Our results in this issue is in the same direction. Our aim is to show that,
in the analytic case, we need not the CFL type condition for the convergence
of solutions of the finite difference scheme.

We treat of the linear first order system with constant coefficients;

0 0
(0'1) axl axg

U(07 xZ)‘:UO(xZ) )

U;

where U=U(x,, x,) is an unknown m-vector valued function, A a given mXm
constant real matrix, Usx,;) a given m-vector valuted function. The discreti-
zation by the simple finite difference method of (0.1) is

1
0.2) { Ax
[7(0, xz):Uo(xz)
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Here, Ax, and Ax, are nonzero increments which are independent of x,, x,.
Our purpose is to show that, if U,(x,)is analytic at x,=0, then the solution
ﬁ(xl, x;) of (0.2) converges to the solution of (0.1) in the neighbourhood of
(x1, x2)=(0, 0).
G. Dahlquist utilized the Fourier transform in [2]. We’ll show our results
rather through the direct way—the algebraic calculous of power series. It
should be noticed that we made no assumptions on the constant real matrix A,

especially no hyperbolicity. Thus, even when A:(_(l) (1)), i. e. Cauchy-Riemann

equation, our theorem stands true. The CFL condition is concerned with the
relation between the ratio Ax,/Ax, and the hyperbolicity of (0.1). So, this CFL
condition has no meanings in our case.

In the next section, we give some notations, and precise discription of our
results. In §2, we prove our results.

§1. Notations and Results

For mXm constant matrix A=(a;,+);,,r- and m-vector U=(u;);,, we define
1Al IU] by

lAl=Max{ 3 la;.1;7=1,2, -, m},
UI=Max{lwl;  j=1,2, -, m}.

For a positive ¥, and positive integer N, we set

— 551
{1.1) hy= N
For some non zero real 7, we set
h
1.2) h,= z_‘ .

We denote by U;,, the value of solution J of (0.2) at (xi, x;)=(hi, khs). For
any real &, [£] is the maximum integer which is not larger than & For any
positive real x, and any real x,, we set

13) =[],
(1.4) k(x2)=[ Z: ]

Let the initial function U x,) be given on (—ry, #,). Then U j.x satisfy,
for integers j, k&,
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j A s Ossl == A0 a0l 0= 5 SOro/ |l 1= 1,
(L.5) 2

hy
Uo.k=Uo(khz) || = [ro/lh2|].
For a positive real »,, we define the triangular domain

1+1z]I1 Al

De,r ={(x1, x5); 2:>0, | x|+ I|

x1<7’1}-
Now, our main result is

Theorem. Assume Uy(x,) is analytic at 0 and its radius of convergence of
the Taylor expansion at 0 is ro. Then, for any r,<r, and (x., x2)€D,, .,
U jexp. rzy) COMverges to the solution U(x,, xs) of (0.2) as N tends to . This
convergence is uniform on Dy, ..

§2. Proof of Theorem
From (1.5), we have
{ Ujir,s=U—t AU, s +7AU;, 11

2.1 .
Uy, r=Uyk hz)

Thus, we have

22)  Upa=F (1 YAy A Dossy  0SJZN, k45| < Do al].

q= o

Here (;) means the binomial coefficient. First we prepare the algebraic lemma

as follows. For a positive integer j and a non-negative integer /, we set
_ < J Lgi-ape
Tida, b)=33( ] )a'a’0".

Lemma. Let j a positive integer and | be a non-negative integer. Thus, we

have
MinG, 1) | . )
(23) Tj,L((L, b): E} ](]—1) (J_r+1)cl,r(a+b)’_rbr,
where integer coefficients C,,, are independent of j and satisfy
-1
-
2.4) 1=Cy,, =r ’(7_1) I=r.

Proof. Obviously we have following relations:
Tj.fa, b)=(a+by,

Tji4(a, )= b a T;,(a, b)
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From these we have (2.3), and C,,, satisfy
Ci1,.=Cy ry+7rCy, . 2<r<li,
Ci1.,.=C;,1=1
Cit1,06:=C,,=1.

We denote »"!C,,, by d,, ., and we have

dipr ,=(1=r4d, . +d,,., Izr=l.
From this we get the following inequalities ;

di,,<dp1,,<dy+dy o, Izr=l.

Through the induction, we have 1<d l,,g( i:i ) Estimate (2.4) can be derived
from these.

Proposition. Let U(x,)=xiU,,,, where U,,, is some constant m-vector. Then
Uj(,l),k(x2)—+(xz+x1A)’Uo,, as N—oo, The convergence is uniform on any bounded
set in R2.

Proof. From (2.2) we have

jlxyd Y|
Usjcop, bezp= qé (;ul) )(1—TA)7(")'q(rA)q(k(xz)—l-q)‘héUo.z

& DN ER ) . . )

=2 (N Z ([ Jaeayeo-wearg ez hils..
Using (2.3), this is equal to

t MinGi(z), -0 [ . . i

25 2 P <p)](x1>(]<x1)—l) = (Jx)=r+DCop, (T AV k(x2)P A3, -
Each term can be reformed as follows:

() Vi)~ GCx)=r+DCop, G h AT U

)—Tk(xz)p( Z: )—phé_p—r

ly. . .
=( i1 - (e —r+ D
XC;_p,Tx’Z’(xIA)TUo_l.
When we tend N to oo, we have

X
hs

jedmeo, ko0, () =1, k)

)-1—->1 .

Thus, terms in (2.4) go to
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(;)xé’(xlA)"”Uo,, if r=I1—p,

0 r<li—p.

These convergence is uniform in (x,, x,) on any bounded set of R%. This
shows the proposition.

Proof of Theorem. From the assumption that Uy x,) is analytic at x,=0,
then we can set

(2.6) Ui(x)= 3 xilUu1,

where U,,; are constant m-vectors. The assumption that the radius of conver-
gence is 7, leads us to the following estimate:

2.7 1Uo, | S Mrst.

From (2.2) we have

Uj(zl). k(z9)

JCxy)

=8 (%) Ya—cayer-sean 5 ettt

= 5 7S (9 Yame e AN+ iU
=0 ¢=0 \g
w 1 MinGzp.l-p), [y .
=22 (D ()=t DCup ) B A Vs

For convenience sake we denote each term by Vi, r.z.z,. By (1.3), (1.4) we
have

X1
hy

) |=1

Also, by (2.4) and (2.7), we have

|Glen—g+1(5) " |S1 1=0S r < MinGitx), 1-p),

e

X2
hsy

[—p—1

T ksl P Al Mt

I Vl.p,r,xl,zzn_S_(;)rl—p_r(

For 1=<r=Min(j(x.), {—2)

l-p-r

hy
hy

1-p-

rl—p—r! hzl L-—p—réj(xl)b-p-r xt p-r

X1 l—(l—p—r)

1

<t

Thus we have
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Werraad (5 )20 D) GalAl 1l bt

[ = Hretxlal} " 1l

Lp. 1,2,
=1 D. 7. T1: Ty

So, we have

1 MinQ(z),l-p)

1 A l
HIEAL )

<M{xl+

Vl, S TLTy. T
p=0 =1 ? e

If (x5, x2) is in D; ,, then we have

1 Min@i(zy),l-p)

(2.8)

su( ).

Yo

V
= = Lp. 71,21, Ty

The last estimate is independent of N and is uniform in (x,, x,) on D.,,,. By
Proposition, we have
Min(j(zy),1-2)

l
EO 2 Vl,p.r,:cl,zz —> (x+x, AU,

=1
Summing up of all previous arguments, we conclude that Uj(zl),kuz, goes to

oo

U(xy, xz)=12(x2+x1A)‘Uo,l as N—oo. Moreover, this convergence is uniform
=0

on D ..
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