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On a Geometric Realization of _4(2)

By

Kouichi INOUE*

§0. Introduction

Let 4 be the mod p Steenrod algebra and M be a bounded below left -
module of finite type. M is said to be realizable if there exists some spectrum
whose mod p cohomology is isomorphic as A-module to M. For example, A
itself is realized as A=H*(HZ/p;Z/p). It is a general problem whether or not
given M is realizable, but there is no standard method to solve this problem.
So we have to try case by case. For many interesting cases, this problem was
solved. J.F. Adams [1] showed that there is no spectrum which realizes M=
Z/2-x+Z/2-Sq**x. E.H. Brown and S. Gitler [2] constructed certain spectra
B(k) such that H*B(E)=A/A{X(Sq®)|i>k}. H. Toda [8] stated that certain
algebraic properties of M assure its realizability. In this paper we shall prove
that some more conditions give us useful information about the number of the
homotopy types of spectra which realize M. (Theorem 1.1)

A(n) is a sub-Hopf algebra of A generated by B8, @', -, ®?"", with @'=
Sq*® for p=2. S.A. Mitchell [6] proved every (n) admits certain left A
module structure extended from its own algebra multiplication and also con-
structed finite spectra whose cohomologies are A(n) free. Hence we should ask
whether each A(n) itself is realizable or not, because there exists a non-realizable
A-module which is a direct summand of a realizable module.

Independently of Mitchell’s work, D. M. Davis and M. Mahowald [3] gave
four different module structures on (1) (p=2) and proved the uniqueness of
the homotopy type of spectra which realize each A(1). For the case of A(2)
(p=2), W.H. Lin [4] showed 1600 different A-module structures. Theorem 2.2
gives an affirmative answer to the realization problem for A(2) (p=2) with any
possible J-module structure and Theorem 2.4 shows the uniqueness of the
homotopy type of spectra which realize A(2) with the specific A-module structure
indicated by Mitchell [6].
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§1. The Number of the Homotopy Types

We work in the homotopy category of HZ/p.-local CW-spectra, because any
spectrum X has the same mod p cohomology group as its HZ/ps-localization X,
cohomology equivalence means (homotopy) equivalence and this category includes
usual bounded below p-complete spectra. In larger categories, it might be im-
possible to count the homotopy types of spectra which realize the same A-
module because of the existence of HZ/p«-acyclic spectra.

Theorem 1.1. Let M be a bounded below A-module of finite type with the
following properties:

(1) M*=0 implies Extij?s**(M, F,)=0 for s=1,

(2) M"=0 implies Extsjts+*(M, Fp)=0 for s=2.

Then there exists a bounded below HZ/py-local spectrum X such that M=H*X
as A-module. And let 33 be the set of the homotopy types of such spectra, then
the following inequalities hold: (Here || means the number of the elements of

DIV
|ExtZ'(M, M)|/1AutuM)| = |32 | < [ExtZ (M, M)|.

Proof. The existence of such a spectrum follows from Toda [8] by only
using the condition (1). We recall it for the further proof.
Fix a minimal resolution of M as -module:
51 52 53

€
0«—M<—Cl«—C'«—Cle—-

, where C*= AQExtH*(M, Fp).

C¢ is realized by a generalized Eilenberg-MacLane spectrum W,. And starting
from X,=W,, we can construct a sequence of spectra {X,} satisfying the fol-
lowing conditions:
. )

a) There are fibrations E‘SWsiXsiXsﬂEE'“le which induce exact

sequences :
k¥ ¥ ¥
Cost? «— H" X, «<— H*X,_, <— Cs:5+n-1,
b) ot'=k¥er¥,: CH1H*X ,—Cs,
¢) There are split short exact sequences :

*
0—M — H*X, __i> §H(Cs*) —> 0,

Then the spectrum X=Ilim X, realizes M.
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WozXo X1 Xz X3<‘_' """" <“—lime=X

(*) lﬂ'], lﬂ‘z lﬁs

W, W, XD7W;

Next we prove any spectrum realizing M is homotopy equivalent to some
spectrum obtained by the above method. Let Y be such a spectrum, and go: ¥
—X, be a map realizing ¢: C°=H*X,—»M=H*Y. Since =m,°g,~0, g, has a lift
g1: Y—X,. Moreover there exists a map a: X,—>)"'W, such that a°go=m,° g,
because ¢ is surjective. Even if we replace =, by mj=m,—a-i;, we can proceed
the construction of another sequence of spectra {X}} from which X’=lim X;
also realizes M, because each =, is required only to satisfy the above condition
b).

Y
%]
1
iy i 1 .
W.=X, X, X; § e «~ lim X{=X"

(%) lﬂ'x in’é lfl‘é

W, ZUW. Z7W,
Now consider the Adams spectral sequence associated to this tower (xx):
Ext¥*H*X', H*Y) = [Y, X']*.

Since we fixed a map g,: Y—X, realizing ¢: C'—M, there is one and only
one isomorphism f:H*X’'—H*Y such that g§=f-f¢*. (f: is a composition of
maps X'— -+ - X, —X;) And BeES*=Hom(H*X’, H*Y) is represented by g,
in the spectral sequence. Since mpeg =megi—qclogi1=Teg1—a°g,=0€&
[Y, X'W,], we get d,(8)=0<E%'. And the condition (2) implies:

Hom#,(C**!, M)=Hom®,( AQExt*; " *M, F,), M)=Hom*(Exts;**M, F,), M)=0

for s=2. So Extf;"*(M, M)=0, that is, d.(8)=0. Thus there exists a map
g:Y—X’ realizing B. Since X’ and Y are HZ/p4-local spectra, g is a homotopy
equivalence.

Next we construct a set function @ which has 3} as its domain and the set
of subsets of Ext%*(M, M) as its target. As studied above, the isomorphism
B’ : M=H*X—-H*X" is uniquely determined for any X’e3} and any map f;: X’
— W, realizing . We consider the Adams spectral sequence E¥*=Ext¥*(H*X, H*X")
=[X’, X7* associated to the tower (), and put
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DX, fO)=PBx"(do(B"NEEXHEM, M).

d -1

Hom_y(H*X, H*X") —> Ext3 (H*X, H*X") B Ext%'(M, M)
W w v

B dyf) ———> O, f0)

Let O(X")={D(X’, f¢) | for all possible f§’s}, then @ has a property such
that OX")NO(X”")#¢ implies X'=X”. To see this, suppose O(X’, fo)=
O(X”, f4), then from the above diagram,

Bie Bl Lo f11=[mse f1]€Ext3H* X, H*X").

Ext*! is defined as the (co)homology of sequence:
52* 53*
Hom?,(C!, H*X’) — HomY(C?, H*X’) — Hom2,(C?, H*X’)=0,
[X', Z7'W.] [X', Z7'We]
where the last isomorphism is due to the condition (1), and the vertical isomor-
phisms mean sending a map between spectra to its induced map between their

cohomologies.
So there exists a map h: X’'—3"'W, such that

fi¥om§—BloBr e firomt=h*3 in Hom%(C’ H*X").

And by taking maps a’, a”: X,—>"'W, such that
Tefi=a'of;,  mefi=a’fg,

we get the following equation:
fo*e(a'*—a”*)=h*3%,

Again consider the Adams spectral sequence associated to the tower (xx):
Ey*=Ext¥*(H*X”, H*X') =— [X', X"]*.
do(B’e B N=[(&5 f1)¥]I=[f*e(@"*—a”*)]=[h*-6*]=0.

Therefore B’-B”"! is realizable, namely, X'=X".
On the other hand, for any [a-f,]=Ext%'(M, M), we can construct a spec-
Then ®(X’, fo)=B "«[7:of1]1=[a-f,]. Thus we

trum X' from mi=m,—ac7,.
can conclude:
I OX)=Ext3'M, M),
Xex

where 1L means disjoint union.
Suppose the following situation: H*X '« M—>H*X’. As studied above,

B: B
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Bi'xdo(B1)=PB2 "xdx(B3) iff BieBs ' is realizable. Thus there is a one-to-one cor-
respondence between ®(X’) and Heq(X')NAut(H*X’), where Heq(X’) is a
subgroup of Aut(H*X’) whose elements are induced from self homotopy equiv-
alences on X’. Then the inequalities in the theorem follow easily. (Q.E.D.)

Remark. It is very hard to calculate |Heq(X’)| and, what is worse,
|Heq (X’)| may be different for each X’. So I had to find satisfaction in these
inequalities, regrettably.

§2. Realization of A(2) (p=2)

Milnor basis of A4 is an F, vector space basis of A written as
{Sq(ry, 7s, 73, ==-) | ¥;=20}. See J. Milnor [5] for the further structures. Using
this notation, we can define J(n) as a vector subspace of A whose basis is
{Sq(ry, 73, =+, Tne1) | 07, <2727} P§ is defined as Sq(0, ---, 0, 2%), where 2° is
occured in the t-th entry.

We consider the reindexed version of the May spectral sequence for
Ext**(A(2), F,) according to D.C. Ravenel [7]:

Ep b =Exty (Eo A(2), Fa) = Ext(AQ2), F»),
dr : Ei,t,u N E$_+1,£,u+1—2r.

Here, E,A is the bigraded Hopf algebra associated with a decreasing filtra-
tion on A defined by setting |P§|=2f—1. In fact:

EcA=E(P{; >0, s=0), P§ : primitive.

Lemma 2.1. A(2) has 1600 different A-module structures (Lin [4]), but every
EoA2) has the same E, A module structure such that: '

E.AQ)=E®P{; t>0, s=0, t+s<3).

Proof. A has a free A(2) basis {P$, P Pi, P}, Pi} up to degree 23, the
maximal degree of A(2). So weh ave only to show these are mapped into higher
filtration when they are applied to ¢, the fundamental class of A(2). But this
is immediate because A(2) has only such higher filtration degree elements in
the degree of Pji.

IP{=1, [Sq(5, D|=5, |Sq(2, 2)|=4, 1Sq(1, 0, 1)| =6,

IP31=3, 1Sq(6, 2)|=5, [S¢(3, =8,  15¢(5, 0, D|=7, [S¢(2, 1, D=9,

IP3|=5, 1Sq(5, 3)|=8, |5¢(7, 0, )| =8, [S¢4, 1, D|=9, [S¢(1,2, D)|=9,

[P2=7, 1Sq(6, 3)|=8, |Sq¢(5, 1, 1)|=10, [Sq¢(2, 2, 1)| =9,

IP{| =1, [Sq(7,3)|=9, |S¢(6, 1, 1)| =10, |Sq(3, 2, 1| =10, | Sg(0, 3, 1)} =11.
(Q.E.D.)
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Theorem 2.2. For any A-module structure, A(2) is realizable.

Proof. Ext§¥5(F,, Fo)=P(h;;i>0, 1=0),
where deg h,,,=(1, 27(2°*—1), 2/—1). Each h,,; is represented by [P?] in the bar
complex. The above lemma and change-of-rings isomorphism induce:
ExtFHEAQ2), Fo)=EXtF*(F,, F,)
=P(h;,;;1>0, =0, i+7>3),
where E=E(P{; >0, s=0, t+s>3) and A} ; is an image of A, ; through the map
EOJ(Z)—)FZ.

ExtiiS(Fe, Fo) —> ExtiiH(EcA(2), F)
w U

hz,j > h1’.J

In the E,-term, there is one element which might survive in the E.-term
and give some non-zero element of Extif*+"(A(2), F,) for s=1,0<n<23. To
say precisely, since deg hj,;=(1, 8, 1), h{*s* is the lowest degree element in
{x|deg x=(s+2, %, )}. But deg h{*{*=8(s+2)>s+23 for s>1, so the element
mentioned above is hf,s’.

dy(hs .2)=h{ .*, however, because the corresponding differential in the May
spectral sequence for Ext}*(F,, F,) is

dz(hz, 22):h1,22h1,4+hx,33 .

d
Exty 2 (EoA(2), Fy) ————> Exty?} (B A2), Fy)

U] U]
5o b S
d
EXtE:'ozjl's(Fi’r F,) 1\ : EXt%'ozjz’s(Fz: F,) |
v | v
he, o t hy o hy o thyst.

Therefore for any J-module structure on J(2), we can conclude
Extsf2st(A(2), F,)=0 for s=1, 0<n <23, that is, A(2) is realizable. (Q.E.D.)

Note. We cannot proceed the same approach as the above for the realiza-
tion of A(n) (n>2), because there might survive many elements in the E.-term
so as to generate obstructions in Ext$j®s*™(A(n), F,) for s=1, 0<m<maxdeg
A(n). For example, hi.*-h; ,SExty’;"(E,A(3), F) is a permanent cycle, be-
cause there exists no element in E?®-* whose filtration degree is greater than
11, and E{#4*=0 for 1<64.

Next we will prove the uniqueness of the homotopy type of spectra which
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realize A(2) with the specific -module structure indicated by Mitchell [6]. 1
calculated in my master thesis its explicit presentation form as follows.

Proposition 2.3. 0<—J(2):—JL£CI<§C2<—O 1S an exact sequence up to degree
27, where C' and C*® are free A-modules whose bases are {b,, b,, bs, b,, bs} and
{ey, e, es, e,}, with their degrees:
deg b,=8, degb,=12, degb;=14, degb,=15, degb;=16,
deg e;=16, dege,=20, dege,=22, dege,=23.
0' and 0 are defined as follows:
0'(b1)=Sq(8)+Sq(5, 1)+Sq(2, 2)+5¢(1, 0, 1),
0'(b2)=S¢(0, 49)+Sq(6, 2)+Sq(5, 0, 1)+Sq(2, 1, 1),
'(b)=5¢(0, 0, 2)+Sq(5, 3)+Sq(7, 0, 1)+Sq(4, 1, 1)+ Sq(1, 2, 1),
0'(by)=5¢(0, 0, 0, 1),
8'(be)=54(16);
0%(e1)=1{Sq®)+Sq(5, 1)+Sq(2, 2)+Sq(1, 0, 1)} b,
+{Sq(4)+Sq(1, 1)}b.+Sq(2)bs+Sq(1)b,,
0%(e2)={S5¢(0, 4)+Sq(6, 2)+Sq(5, 0, 1)+Sq(2, 1, 1)}b,
+1{S¢(8)+Sq(5, D}b,+5¢(3, 1)bs,
0%(e)=1{Sq(0, 0, 2)+Sq(5, 3)+Sq(7, 0, 1)+ Sq(4, 1, 1)+Sq(1, 2, 1)} b,
+{Sq(1, 3)4+Sq(3, 0, 1)+Sq(0, 1, 1)}b,+{Sq8)+Sq(2, 2)}b,,
0%(es)=5¢(0, 0, 0, 1)b,+{Sq(8)+Sq(5, 1)+Sq(2, 2)+Sq(1, 0, 1)} b,.

Proof. We can get them by a routine calculation. (Q.E.D.)

Theorem 2.4. There is one and only ome homotopy type of spectra which
realize A(2) with the A-module structure indicated by Mitchell [6].

Proof. We proved Extsf**+"(A(2), Fp)=0 for s=1, 0<n=<23. But the fact
that dy(hs ,)=Ah1{ s also implies:
Extspt s (A2), F,)=0 for s=2,0<n<23.
So we must indicate Ext?'(A(2), A(2))=0, in other words,
0% : Hom}(C!, A(2)) — Hom4(C?, A(2))

is surjective.

Hom%(C!, A(2))= A2)'D AR DAR)*DAR) ' DAR)"

Hom(C?, A(2)= A2)*DAR) DA P AR)*
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An easy calculation concerning ¢2 verifies this statement. (Q.E.D.)
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