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Uniform Convergence Theorems of Boundary
Solutions for Laplace’s Equation

By

Yuusuke 1sO*

Abstract

The numerical treatments for two-dimensional Laplace’s equation with the Neumann
condition are dealt with, The author gives a new numerical scheme for the boundary
element methods to solve this problem. In this scheme, approximation for the domain is
taken account of The author gives also the uniform convergence theorem for this new
scheme, and proves it rigorously. This new scheme is both mathematical and practical.

§1. Introduction

The boundary element method (BEM) is one of the numerical methods to
solve partial differential equations, esp. to solve boundary value problems of
linear partial differential equations. In finite difference methods (FDM), we
directly discretize our aimed differential equations. And in finite element methods
(FEM), we discretize our aimed equations through variational forms. In both
cases, the basic idea to construct numerical solutions is based on approximation
of differential operators. But in BEM, the basic idea is somewhat different.
We first convert the original linear differential equations into integral equations
on the boundary of the domain. Then, we construct our aimed numerical solution
through discretization of such integral equations. From this point of view, BEM
may be classified as a numerical methods for integral equations.

In this paper, we discuss only on the Neumann problem of Laplace’s equ-
ation. We show, in §2, reduction of this problem to integral equations on the
boundary, which we call “boundary integral equation” in BEM. And we give
two numerical schemes using the collocation method. The Scheme I shown in
§ 3 is rather mathematical, but the Scheme II shown in §5 is both mathematical
and practical. The uniform convergence theorems and their proofs are given in
§4 and §6 respectively. And some remarks are given in §7.

By the way, the uniform convergence theorems for BEM using the colloca-
tion methods were also shown in Arnold-Wendland [1], and Arnold [2]. In their
papers, they discretize the boundary integral equations without taking account
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of approximation for the boundaries. But we, in this paper, take account of such
approximation when constructing the Scheme II.

Here we give some notations which are commonly used in this paper. Let
2 be a bounded domain in R? and let I” be its boundary 92. And let x be¥a
spatial point x=(x,, xz).
Cs(£) the set of s times continuously differentiable functions defined on £2.
Ci(I") the set of s times continuously differentiable fnnctions defined on I

[l«lle  a maximum norm introduced into C°(I"),
i.e. lllfu',a::ma[g(lf(x)l, where feC().
e

%], |#le norm of RY defined as follows;
el :=( 2 1)
BT\E
Il :=max (| x4 [)

i, the unit outer normal vector at z& /.

0

on

m(l) the Lebesgue measure of a Jordan curve /.

N(K) the null space of an operator K

D(K) the definition domain of an operator K

ZpZq a line segment between two points z, and z,;
i.e. zpzg={z|z=2zp+(1—2)z, 021}

the outer normal derivative on I

§2. Boundary Integral Equation

Let £ be a bounded domain in R?, which satisfies the following assumptions.

Assumption 2.1.
(i) The boundary I'=08 is of class C°.
(ii) The curvature of the boundary is positive.

Here we consider the following Neumann problem of Laplace’s equation :

Au=0 in 2 2.1
(NP){ 5
,4=4 on r, 2.2

where ¢ is a given function of class C%(/") which satisfies

[ ,anda,=0.

Under above conditions, the problem (NP) has a unique solution in C*2)/
{const.}. We, first, reduce this problem into integral equations on I
Let g(x, y) be a fundamental solution of two-dimensional Laplace’s equation ;
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i 1
ie. glx, y):—%—loglx——yl .

If u{x) is the smooth solution which satisfies (2.1), the following integral
formula holds ;

a -
u=—{ 58 yuNdo,+{ gx, YaMo,  z2Q. @

Suppose the Dirichlet data of (NP) is known, the solution of (NP) can be
expressed by (2.3). In order to calculate the Dirichlet data, we take the follow-
ing limit of (2.3):

lim % (x)=lim {"Srég_ g(x, y)u(y>day+grg(x, y)q(y)ddy}
Tz -z y

where z is a point on I', and x tends to z in the inner normal direction at z.
As g(z, y) and (0/0n,)g(z, y) have singularities at y=z, we get the following
formula ;

u(z)=%u(z)—p-V- Srag—yg(z, y)u(y>d0y+grg(z, e y)de,, z&I'.

»

Here “p.v.
have

means the Cauchy principal value of an integral. Consequently we

%u(2)+p-v.gr£;g(z, y)u(y)d0y=grg(z, Ngyde,, z&l'. (2.4)

This formula shows the analytic relation between the Dirichlet data and the
Neumann data of Laplace’s equation. We regard (2.4) as an integral equation
for an unknown function u(z), and call it a “boundary integral equation” in
BEM.

Here we remark some properties of the kernel of this integral equation and
give propositions to guarantee its solvability. Let G(x, y) be a vector valued
function defined by

G(x, 3):=V,8(x, y). (2.5)
Hence we have (8/0n,)g(z, v)=G(z, )-#,, y, z&1.
Proposition 2.1. Suppose Assumption 2.1 holds, and let us regard (9/0n,)g(z, y)

as a function with respect to yEI', whenever z is fixed on I'. Then, there exist
positive constants C and C’ such that

9 gz, y)=C'. (2.6)

<
C= on,

Proof. As I' is a Jordan curve, we can parametrize it as follows;
I'={(y1, y2)| y1=21(5), y:=3:(5), (1) +{(52)’=1, s},

where we set an interval I={scR|—(1/2ym(I")<s<(1/2)m(I")}. Under Assump-
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tion 2.1, v,(s) and y,(s) belong to C*(/). We can set z=(y,(0), y.(0)) in general.
Under these preparations, we set a function A(s) as follows;

n(s):=Glz, y)-it,

__ 1 B(s)-ni(s)
2z B(s)-p(s)’

where p(s) :=y—z=(.(s), ya(s)T—(9:(0), y:(0)7, and 7i(s) :=(s(s), —:(s)". By
convexity of 2, we have

B(s)-A(s)>0  for sel.

Hence we have A(s)eC°(J\{0}) and Ah(s)<0 for s=I. Here we define Ah{0) by
h(0) :=lim,_h(s). We are sufficient to show that A(0) is finitely determined.
For we come to regard h(s) as a continuous function defined on a closed in-
terval . And we can get the conclusion.

By the Taylor expansion near s=0, we have

Bo)=H0)s— 5 £OROS (s,

i(s)=10)—r(0)7(0)s+O(s?),
7i(s)=#(0)+£(0)(0)s+0(s?),
where #(s)=(51(s), y.(s))* and k(s) denotes the curvature of /. Hence we have
1

. 1
13111‘} h(”——EE'?"(OKO' (q.e.d.)

Remark 2.1. By this proposition, the integral kernel of (2.4) can be regarded
as a continuous function and we may write

0 a0
p.v. Spa—nyg(z, y)u(y)doy—grmg(z, yu(yday.
We define an operator K as follows;
. 0
(K@) :=f@+lim| 5 glx, »f)day, @.7)
where xe!j, zel, feCI"), and x tends to z in the inner normal direction at z.

Proposition 2.2 (see Kellogg [5; ch. 117)
N(K)={const.}.
For the sake of convenience, we define r(z) by
r(z):-——grg(z, y)g(y)da, zel. (2.8)
Then, we can set up the problem to solve precisely.

Problem 2.1. Find a function ucC*I") such that
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Ku=r, (2.9)

Spuda——-O. 2.10)

Unique solvability of this problem is guaranteed by the next proposition.

Proposition 2.3. (see Kellogg [5; ch. 11]
The system of integral equations {2.9) and (2.10) has a unique solution usC°(I").

Under the assumption of regularity for the Neumann data ¢ and smoothness of
I, the solution of (2.9) and (2.10) belongs to C*(").

In this paper, our aim is to solve Problem 2.1 numerically and give the
error estimates.

§3. Discretization without Approximation of the Boundary

In this section, we shall give a numerical scheme to solve Problem 2.1
without approximation of the boundary.

Let {z,}X, be a set of N nodal points on /. We choose them so that they
satisfy

771(2/,:2“1):717771([1) 1<E<N, (3.1)

where zy., coincides with z, and z,z,+, denotes a minor closed arc segment of
I’ between z, and z,,;. We call an arc z,z,+, a “boundary element”, and denote
it by I',. Here we define a mesh size h by

h ::—lem(['). (3.2)

Let v, be an N-dimensional linear subspace of C°(I"). The basis {¢:} of V,
must be chosen so that they satisfy the following assumptions.

Assumption 3.1.

(1) @eeCI), ¢ulz))=0;, for 1<j, k<N, (3.3)
(ii) supp(p)=1"%-1\Jx for I<k<N, where [,=Iy, (3.4)
(iii) ¢elr,eCXI) for 1=j, k<N, (3.5)
() 31, 3.6)
(v) Srgbkda:grgbjdo for 1<, k<N. (3.7

In the case that I" is an one-dimensional smooth curve, we can easily construct
an example of such base functions. Here V, is a linear span of {¢:}#,
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We define an operator on C°%/") into V; by

Py; C(N) ——— Vy,
Ui Ui (3.8)
u(x) léENu(zk)gbk.

We call this operator P, a “collocation operator”.

Proposition 3.1. Suppose u(x)C*I"). Then we have
1Pru—ulle=Ch?, (3.9

where C is a positive constant which is independent of h.

Proof. Set v:=P,u—u, then v satisfies
velC("), vlr,eCl’;)  for 1<j<N.
Namely v is a piecewise C’function on /. By the Taylor expansion we have

max|v(z)| =Ch* 1Zj=N,
zel;

where C is a positive constant which is independent of A. Hence we get our
conclusion. (q.e.d.)

Furthermore, we define an operator K, on V, into V, by
DK,)=V,, K,:=P.K.

This operator corresponds to the discretized operator of the operator K.

Remark 3.1. We can identify the function space V, with RY. Let u, belong
to V,, then we have

N
Up=— kZ_}lakgbk .

Therefore we can identify (a,, as, -, ay)TERY with u,. According to this
identification rule, we can regard the operator K, as an NXN matrix. In this
paper, we use the same notations for elements both of V, and of RY as far as we
are not in confusion.

Let {a;, f}é}é% be a set of the elements of the matrix K,, then they are
expressed as follows:

ai.j:(PhKSbszi) 1<, j<N. (3.10)

Hence we have the following estimates. The next lemma plays an important
role in the following discussion. Its proof is given in §4.

Lemma 3.1. Let a;; (1=<i, j<N) be defined by (3.10). Then we have
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(i) —Ch=Za,;=—Ch i#j,1=54, jEN, (3.11)

(ii) GCy=a;:=C, 1<iZN, (3.12)
N

(i) 3 a.,,=0. (313

Here C,, C,, Cs, and C, are positive constants which are independent of h.
We get the next proposition immediately from this lemma.

Proposition 3.2. Let K, be the matrix defined above. Then we have

rank (K,)=N—1.

Proof. By (3.13), it is clear that rank (K,)<N—1. Let K} be the first minor

matrix of Kj;

i.e. K,{z(ai,J)g;élz\\;:}.
From (3.11), (3.12), and (3.13), this matrix K} is a diagonally dominant matrix.
Hence we have rank (K;])=N—1. Thus we get our conclusion. (g.e.d.)

Let p=(p1, tta, =, ¢x)* be an element of RY such that
pn#0, K p=0. (3.14)

Proposition 3.2 enables us to find such an element p=RY. Using g, we give
discretization of the function 7(z), which is defined by (2.8), as follows:

Ai=r(z)  1<E<N—1, (3.15)
T s Y (3.16)
n i — Uy k=lﬂkrn. .

Under above preparations, we set up the following problem which corresponds
to the discretized problem of Problem 2.1.

Problem 3.1 (Scheme I). Find a solution u,=RY such that

Khuh=7’h, (3.17)
N
kgl uk=0, (3.18)

—_ 9 N\T — 9 N\T
where up,=uj, ug, -, ui)’, ra=@4, i, -, ¥}

From Proposition 3.2 and the definitions for g and r,, we can get the next
theorem which ensures unique solvability of Problem 3.1.

Theorem 3.1. There exists a unique solution u,RY of the equations (3.17)
and (3.18).
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§4. Covergence Theorem for Scheme I

Let u be the solution of Problem 2.1, and let u, be the solution of Problem
3.1. According to Remark 3.1, we can regard u, as an element of V. That
is, u, can be regarded as a continuous function on I'. In this section, we
establish the uniform convergence theorem for Scheme I through estimation of
I1Pyu—uslle. We start from the proof of Lemma 3.1.

Proof of Lemma 3.1. From Proposition 2.1, we have

—cns(, G, 3 Rg(0)de,S—Ch,  1=i, jSN,

Ty-10l;
where C, and C, are positive constants which are independent of A. Furthermore
we have

1 = > .
a=g+[, . O, vigds,, 1SisN.

Iy ol

Hence we get (3.11) and (3.12). On the other hand, we have, from (3.6),

0 N B .
Sr?‘iﬂ;g(x’ y)(jgsb,(y))day——l for x=Q.
Thus we have

_ﬁvj a;,=1+lim S@%—g(x, y)(ﬁlsb;(y))ddy
) =

=1 z-24

=0. (g.e.d.)
In order to estimate ||P,u—ull., Wwe estimate K,(P,u—u,). We decompose
it into the following form;
Ky(Pru—up)=P,K(Pyu—u)+(Pyr—ry). 4.1)
Let e, be an element of V, defined by
en =Pou—u,. 4.2)

We are sufficient to estimate [Jexlle(=]¢rl-). We prepare the next propositions
for our aim. Let K/ be the first minor matrix of the matrix K ;

ie. Ki=(ai )isisy-1.

As is mentioned before, K is a regular matrix. It has the next estimate.

Proposition 4.1. For a sufficiently large integer N, we have

1
1K le=Cprs 4.3)

where C is a positive constant which is independent of h.
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Proof. The matrix K is diagonally dominant and can be decomposed into
the following form;
o =Di(I+ Dy (Kn— D)), 4.9
where the matrix D} is a diagonal matrix defined by
r=diag(a,, i, as,2, -+ , AN-1,N-1)-
And obviously the matrix Dj is a regular matrix. Using the results of Lemma

3.1, we have

N-1 Iai’]|

5‘;% la:,

| Dy H(Ky— Z)Ilwzmgx

i i+a. N

=max
i a,,
<1—Ch,

where C is a positive constant which is independent of 4. By the technique of
Neumann’s series, we get for a sufficiently large integer N (i.e. for a sufficiently
small positive number #),

1K o= D5 oo I+ D (Kn—Dr) "
1

D lee 1=d—ch)

1
<C'.—
<C L (g.e.d.)

Propesition 4.2. Let u be the solution of (2.9) and (2.10), then we have
1P K (Pru—u)lle<Ch?, (4.5)

where C is a positive constant which is independent of h.

Proof. Here we remark that u belongs to C?/7). (See Remark 2.2.) By
(2.7), we have

1 Pr K (Pre—u)llee

).

< 1P — ot max(lim

0
[raa &5 W Pru—w()da,

From (4.1), we have

lim iSF%g(x, D Puu—u)(y)da,

z-zq

. 0
<lIPau—ull- lim || <2 g(x, y)da,|
T2z I"any i

=[Py —ulle.

Hence we have



30 YuusukE Iso

| Pu K (Pt —ulloo = 2| Pptt — %l -
On the other hand, from Proposition 3.1, we have

1Pru—ulle<Ch?. (4.6)
Therefore we are to get
P K (Pru—u)lle<Ch?,

where C is a positive constant which is independent of A. (g.e.d.)
Proposition 4.3. Let u be the solution of (2.9) and (2.10), then we have
[ (Prau—unda|=cCh, @7
where C is a positive constant which is independent of h.
Proof. From (3.7) and (3.19), we have
Sruhda:o‘
Hence we have

)S[’(Phu—uh)dd‘:lgr((Phu—u>+u—un)dO'

gSF]Phu—uldo

S P —tlle.
From (4.6), we have

iSP(Phu—uh)doigﬂzz,
where C is a positive constant which is independent of A. (q.e.d.)

Under above preparations, we can prove the next theorem, which guarantees
uniform convergence for “Scheme I”.

Theorem 4.1. Let e, be an element of V, defined by (4.2). Then we have
llenlle<Ch, (4.8)

where C is a positive constant which is independent of h.

Proof. Define two matrices S and T by

1 1 1
1 0 1 1 0
S= L 1 T=
0 °
0 11 1

» U1y P2y oty PN-1, UN ’
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where g, -+ py are defined by (3.15). Then we have

1 -1
1 0 -1
St=

0 1 -1

1 ,
and we have
Quy ~vvoeone Q1. N1 0
TK,S= :

AN-1.1° "+ """ aAn_1, N1 0
0 cvverrenneeeenan 0

Operating two matrices S and T to ¢,, we have
TK,SS e,=T P, K(Pou—u)+T(Pyr—rs).
Let us set the right hand side of (4.9) in the following form;
TP K (Pru—u)+T(Par—ra)=@4, th, -, tF 707,

then, by (4.3), we have

[#51<Ch  for 1Zk<N-1.
From (4.9), (4.10) and (4.11), we have

ek —el=t% for 1<RESN—-1.
Furthermore from Assumption 3.1 and (4.7), we have

ehtent oo +el=0(h).
Set again

ty i=ehtent oo +ef,
then we have

tY=0(h).
From (4.9)-(4.13), we have
1 -1 el th
1 -1 .
1 ceene 11 ey ty

Here t% satisfies

4.9

(4.10)

(4.11)

4.12)

(4.13)

(4.14)

31
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[ti|<Ch  for 1ZEkZN,

where C is a positive constant which is independent of 4. Applying the method
of Gauss’ elimination to (4.14), we are to get

S e t
0 i eN-1 ty-t
N el tY—th— e —th

Hence we have

N 1 Y k!
lef I.S_‘N‘kgl“hf
<Ch,
and successively we can get
leh|<|eh—el |+ el |
<Ch
for I<E<N—1. Then we get the conclusion. (g.e.d.)

This theorem guarantees uniform convergence for the Scheme I. But this
numerical scheme is not ment for practical uses. Constructing numerical solu-
tions by computers, we always approximate the boundary by some polygonal
lines. This approximation yields another kind of discretization errors which are
not taken account of in this section.

§5. Construction of Scheme II—Discretization with Approximation
of the Boundary

Let {zs,-:}#L; be a set of N nodal points on I'. Let 7; be a closed line
segment between two points z,,-, and z,;., for I<7<N; i.e. 7;=22j-1225+1. And
let I'; be a closed minor arc segment of I between z;;-, and zsj::;
i.e. I'y=zs;1z2;1. And let h be defined by

h=maxm(y;).
J

Moreover we denote a polygon \Ui<;<n7; DY I’. This set of nodal points must
be chosen so that they satisfy the following assumption.

Assumption 5.1. There exists a positive constant M such that

max m(7;)

<
minm(y;) =M,

where M 1is independent of h.
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And let v; be a unit outer normal vector of I' on 7, Furthermore we
define a vector #; as follows:

5 mr v tm(y -0y

T oy gt -0l
where v, and 7, coincide with vy and 7y respectively.

for 1<j<N, (6.1

Proposition 5.1. Under Assumption 2.1, we have
75— 7y, lo=Ch?, (5.2)
where C is a positive constant which is independent of h.
Proof. 1t is sufficient to prove for the case of j=1. We parametrize the

boundary I" in the same way in the proof of Proposition 2.1. Here we can
assume in general that

z2;=((0), ¥2(0))=(0, 0), (5.3)
(5:00), 7:(0))=(1, 0). (5.4
In this case, it is clear that
A, =0, —1T. (5.5)
Furthermore we set
23=(91(5+), ¥2(54)), (5.6)
ZzN—1=(J}1(3—), 3’2(3—)), (57)

where s_.<0<s,, and they satisfy max(|s_|, s;)<Ch, where C is a positive
constant which is independent of 4. Under above preparations, we get

ulzi—m(sn, — ()T,

vw = 3a(s), s

where 1y =((3:(s:))*+(p2(s: %)%, and 1.=((y.(s))*+(y=(s-)D"2.
By (5.1), we get
1+1JN+1—V1

= ”1+VN+1—D1|]2 ’ (58>

By the Taylor expansion, we have
vi=(0, —1)7+s.£(0)1, 0)"+0(h?), (5.9
vy=(0, —1)"+s_£(0)1, 0)T4+0O(h?), (5.10)

=

where £(0) denotes the curvature of /" at s=0. From (5.9) and (5.10), we get

71=00, =DT+0(h?. (5.11)
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Thus by (5.5) and (5.11), we are to get
17:1—7,, |l-=Ch*,

where C is a positive constant which is independent of A. (q.e.d.)

Let z,, be the middle point of the line segment 7, for 1<E<N, and let
{2,,}L, be another set of N nodal points on I". Let us denote a point on I by

Z. Here 2 is chosen so that Z&2z,;z;;-; in convenience. Let us set 2:=m(z,2).
Then we define a vector 7 as follows (see Fig. 1);

I RN
m(r,) /7 mry) i

7; i v
\ \/ A I (Fig. 1)

7 X Zaj+1
Z2j-1 < Zyj

s ::(1 (5.12)

Roughly speaking, 7is is defined as the linearly interpolated vector of the vectors
{%,} and {v,}. By this rule, we have defined the vector #; throughout on I,
and we call it a ‘pseudo-normal’ vector of I.

Next we choose a set of piecewise-linear functions {4,}3¥, on the polygon
I" so that they satisfy the following assumptions.

Assumption 5.2.
(i) @.=CI") for 1<k<2N.
(ii) @u(z,)=0s,; for 1<j, k<2N.

(i) @ is a linear function on the each line segment z;z;; for 1<j, k<2N.

Using these ‘small’ piecewise-linear functions {¢,}3Y,, we construct another
set of piecewise-linear functions. Let us define ‘large’ piecewise-linear func-
tions as follows;

$j=51+—;—<5,--1+5j+1), (5.13)

for 1<j<2N. Let Vi and V2 be finite dimensional function spaces on I’ de-
fined by

Vi=linear span of {¢1, @3, =, Pan-1}, (5.14)
V3=linear span of {Js, s, -+, Pan}. (5.15)
And let ﬁ}L be a collocation operator on C%[") into V1 defined by
Py o) ——— Vi
U] )
N o
fz) ——— kgl fZar-DPar-r.
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Under above preparations, we discretize the operator K. As is mentioned in
Remark 3.1, we are sufficient to give the all elements of the matrix which cor-
responds to the discretized operator K.
Set
=0, -+ lim Sfé(x, ) iy da,day (5.16)
T-29
for 1<7, j<N. And set
N
b, 2221061,;' for 1<i<N. (5.17)
=
Furthermore set
cw::az,,—%bi for 1<7, J<N. (5.18)
Let us define the matrix K, by K, :=(c,,,). Then the following estimates can
be got.

Proposition 5.2. Let {b,} be defined by (5.17). Then we have
1b,)<Ch*  for 1<i<N, (5.20)
where C is a positive constant which is independent of h.

Lemma 5.1. Let N be a sufficiently large integer. Then, for the eleinents of
the matriz Ky defined by (5.18), we have the following estimates:

(i) —Cih=Zc;;=—Ch for 1<i, jJEN and i#J. (5.21)

(i) G=c¢i:=C, for 1<i<N, (5.22)
N
(iii) >3 ¢;;=0.
J=1
where Ci, C,, Cs and C,, are positive constants which are independent of h.

Their proofs are given in the next section. This lemma plays the same
role with Lemma 3.1. And the next proposition follows immediately from this
lemma.

Proposition 5.3. Let K, be the above defined matrix, then we have
rank (K;)=N—1. (5.24)
Next let us define a function #2) by
7(5):S;g<5, ) Pigdas. (5.25)

And let 7 be an element of RY such that ay+0, K,T7=0. Using this vector,
we discretize #%) as follows:
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Ph=Hzs,) for 1<E<N—I,
- 1 v
P =——— 2 g7,

UN k=1

where ji=(g., fis, -+, fin)’. Hence we set up the next approximating problem
for Problem 2.1.

Problem 5.1 (Scheme II). Find a solution u,eRY such that

(KW n=7s, (5.26)
5 duith=0, 5.27)

where 7,=(7}, 75, -, V)T, and {d,} are defined by
dk=S;gZ2kda for 1<E<N. (5.28)

We call it, in this paper, “Scheme II”. Considering the basic idea to construct
this scheme, we can easily get the theorem for unique solvability of the above
problem.

Theorem 5.1. There exists a unique solution #i,<RY of equations (5.26) and
(5.27).

§6. Convergence Theorem for Scheme II
Prior to the main discussion, we define another pseudo-normal vector of I.
Let 73 be a vector defined by replacement of 7; with ’7:2;—1 in (5.12):
22 22
ie. mi:=(1— ; n,,. 6.1
i.e. 7} (1 ) )vﬁ— e ogiss 6.1

where £€z,,.,2,; and 1=m(z,;2). Obviously we have

ey .,
Moy =Map; s My, =Y.

Here the next proposition holds.

Proposition 6.1. Let v(§) be a function which belongs to CYI"). Then, we
have

IS Clzen, §)- (. —iw(3)do- | <Che (6.2)
i Jr; y ] y
for 1<7, k<N, where C is a positive constant which is independent of I, j and k.
Proof. Set
Hy(3):=GC(zas, §)- (i, —7i%)  for 1<k<N.

Considering (5.12) and (6.1), we can regard a function H,(J) as a continuous
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function on I'. Moreover this function is piecewise-differentiable: H,(J) is
continuously differentiable on each 7;, and satisfies

Hk(sz)ZO, lHk(sz—l)l <Ch* for 1§]', kéN,

where C is a positive constant which is independent of 4, j and k.
Hence we have

|, Clen, -G —mn(3)do,

<lll-| 181 do;
<cn. (q.e.d.)

Considering that 7i; (resp. #,) is a continuous (vector valued) function with
respect to Z (resp. z), and that £ is a convex domain, we have, by the inter-
mediate value theorem, the following proposition.

Proposition 6.2. For every 2€7;, there exists a unique point z€ I, such that
my=il,.

Corollary 6.1. There exists a unique point Z,,=1"; such that
ﬁQZJ.:ﬁ;Zj.

Remark 6.1. Considering smoothness of the boundary, we have by the Taylor
expansion,

m(22,22,)=Ch?, (6.3)
where C is a positive constant which is independent of h.

Proposition 6.1 enables us to define a mapping from j<I' to yeI'. Let us
denote this mapping by z; I'—I". Obviously this mapping is a bijection. And
it is clear that = is continuous on I' and twice continuously differentiable on each
segment z,zz4; for 1<k<2N—1. Furthermore let J(r) be its Jacobian;

. or
1. €. ](T) = W’

then we have
I @Mle=1+Ch2, (6.4)

where C is a positive constant which is independent of 4. Thus we have as
follows.

Proposition 6.3. Let v(J) be a continuous function on I, then we have

S v(jz)da,;——g ver-i(y)da, | <Ch?, 6.5)
7 I
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where C is a positive constant which is independent of h and j.

Proof. Setting y=z(¥), we have

Ij=grjv(37)d0g——Srjvor'l(y)day

=S v(y")dog—g ver~ter(§)J(r)doy.
7j 7i
By (6.4), we have
[ I;] <Ch3, (q.e.d.)

Corollary 6.1 enables us to define a set of nodal points {Z;;}/, on I'. Here

we set
Gri=Frort  for 1<k<2N. (6.6)

These functions possess the following properties.

Proposition 6.4. Let {¢.} be defined by (6.6), then we have

(i) ¢eesC") for 1k<2N,

(i) guE)=0s; for 1<k, j<2N,

where Zyj-y coincides with z»;-y for 1<j7<N,

(i) SUppy=Fs-aFsse for 1<k<2N,

(V) ilep,, ECEEu) for 1<k, j<2N.

Let V} and V3 be finite dimensional function spaces on I” defined by
Vi :=linear span of {¢y, ¢y, == , Qan-i},
Vi :=linear span of {¢s, ¢fu, -+ , Qant.

And let us define the following four collocation operators P}, P2, 13,’-; and P as
follows:
LNy —— Vi
U U]

N
u(z) ———> Ex u(Zqu)gl’zk—x ,

P} (resp. P2); C°(I') —— Vi (resp. V2)

u U]
N N ~
u() 3 u(Ene)pus (resp. 3 G,
By o) —— V3
u u
N ~
(%) g U(Z26)h2k .

k=1
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Hence we have the next proposition, which is similar to Proposition 3.1.

Proposition 6.5. Let u be a function which belongs to C*I"). Then we have
llPiu—ull.<Ch?, (6.7
IPru—ull.<Ch?, (6.8)

where C is a positive constant which is independent of h.

Its proof is just the same with that of Proposition 3.1. We only apply the
Taylor expansion to estimate them. But here we must pay attention to the
fact that a function ¢s|r; is a piecewise C*-function on each r,

Next we give the proofs of Lemma 5.1 and Proposition 5.2.

Proof of Lemma 5.1. Set
a;,;=0;,;+ lim Sré(x, ¥)-7yhe,day 6.9
z-Zgi

for 1</, j<N. Then we have, by Lemma 3.1 and Assumption 5.1, the follow-
ing estimates:

—Ch=Za;, ;£ —Coh for 1<i, j<N, i¥jJ, (6.10)
C=a:,:=C, for 1=i<N, (6.11)

where C,, C;, C; and C, are positive constants which are independent of &.
Hence by (5.16) and (6.9), we have

ai,,-—ai,,:STﬁ(zu, f)"ﬁiggljzjddg—gré(zzi, y)-ﬁygbz,-do'y

| Clew, 3)- iy —7i5)F,d0;
Tj-1UrjUrjs1

[ Gl ptiguday
Tj=1U7 Ul j+1

— G (zai, ¥) 7y da
Sl"j—1u1"ju['j+1 2y J ySbZ] v

Srj—lurjup]+l(c(221, Y)—G(Za1, 9))- T ye,day. (6.12)

Primarily, by Proposition 6.1,
G(zas, §)- (5 —71%)basday | SCh®. 6.1

lSTj-lUrjUTj+IG(22 ’ y) (my my)¢2]da” —Ch ( 3)

Secondly, by Proposition 6.3,
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G(zai, §)-MiGa,doy
J
‘ST;’-NT;UTJH ’ y¢ Y

= N | s
—Srj_lurjur,-ﬂc(zﬂ’ 3 Fydusday| SCh. (6.14)
For, by the definition of z, we have

G (221, 9)* 1y e, (0)=C (221, ) Mit-105P25°T ().
Finally, let y be a fixed point on I', then a function G(x, ¥)-#, is a Lipschitz
continuous function with respect to x=R? (see Kellogg [5; ch. 6]). Recalling
Remark 6.1, we have
I8l ——'_) = . -—‘ : 3

|§Pj—1UFJU[*j+1(G(22i, V) —G(Zz1, V) Fiyehe;da, | SCh®. (6.15)

By (6.12), (6.13), (6.14), and (6.15), we get
lai,j“‘ai,jl§Ch3, (616)

where C is a positive constant which is independent of A. And by Proposi-
tion 5.2, we have
b;

<Ch®. 6.17)

Thus, by (5.18), (6.10), (6.11), (6.16) and (6.17), we get

—C{h<Zey, ; <—Cih for 1</, j<N and i3y,

C§§Ci,i§_Ci for léléN
for a sufficiently large integer N. (qg.e.d.)
Proof of Proposition 5.2. By (5.17), we have

N
bi: 2 ag,
J=1

N N
=3 (ai,j_ai,j)+2 ag,j.
J=1 Jj=1
On the other hand, we have
N
Zlat,,:O. (See Lemma 3.1.)
=
Thus, by (6.16), we have
N
[0:1 =23 lai.]_ai.j|
J=1

<N-Ch®
<C'h*. (g.e.d.)
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Remark 6.2. Let K’,{ be the minor matrix of the matrix l?h;

From Lemma 5.1, we can get the same results with that of Proposition 4.2.
In other words, K, is a regular matrix for a sufficiently large integer N, and
we have

~ 1
- <O
IR esCe

where C is a positive constant which is independent of h.

(6.18)

Let us now start the error estimation for Scheme II. Let u be the solution
of (2.9) and (2.10), and let %, be the solution of (5.26) and (5.27). And let &,

be defined by
eni=Piu—i,. (6.19)

The following theorem holds.

Theorem 6.1. Let &, be defined by (6.19), and let N be a sufficiently large
integer. Then, we have
llerlle=Ch, (6.20)

where C is a positive constant which is independent of h.

Proof. We apply the same technique as is used in the proof of Theorem
4.1. We decompose K’he”h in the following form:

Ry2n=R,Pru— PK P+ PEK (Ppu—u)+(Pir— Bir)+(Pir—7,).  (6.21)

Set (the right hand side of (6.21)):=(}, t3, - , V-1 T, If we prove
|#% | =0(h*) for 1<kE<N-—1, and if we prove
|SFahdaﬁ —0(hY),

then we can immediately get the conclusion. (See the proof of Theorem 4.1.)
Hence we are sufficient to estimate K~h5h|;=,”. By (5.18), (5.26) and (6.17), we
have

~nooA ~ N N
(R, Pu—PEKPRueu)| =| 2 ca, u(Ean)— 2 0, o)

N
Sl 23 1er, 5= an.,]

<Ch*. (6.22)
By Proposition 6.5, we have
| BEK (Pgu—u)(z20)| <Ch2. (6.23)

Furthermore we have
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(Bor—Pir) e =G —rz)+ |18, 3Xa—Pigda,

+{ g, Pigdo,~ [ e, Piaday

Considering that 7(z) is a Lipschitz continuous function with respect to a variable
z€ R? (see Kellogg [5; ch. 6]), and recalling Remark 6.1, then we have

| 2(Z22)—7(222)| S ChE.
By Proposition 6.3 and Proposition 6.5, we get
|(Pir—Pi(za0)| <CR2. (6.25)
Therefore by (6.22), (6.23), (6.24) and (6.25), we get
[t:]|<Ch  for 1<kh<N—1.
On the other hand, by (2.10) and (5.27), we have

[S;ahd% g”r(u—Pﬁu)day +iSPP,§udo‘y—5713,§udagi
<Ch?. (6.26)
Hence we can get the conclusion. (q.e.d.)

Let us define a interpolation operator I, from V3 into C°(I") as follow:

In; V3 (1)
v U
N
5(37) kgl 17(sz)¢'2)¢ .

Theorem 6.1 is equivalent to the next theorem.

Theorem 6.2. Let u be the solution of (2.9) and (2.10), and let @i, be the
solution of (5.26) and (5.27). Then we have, for a sufficiently large integer N,

llu—TInunllo=<Ch, (6.27)
where C is a positive constant which is independent of h.
Proof. Obviously we have
u—Iniin=u—Piu)+ 1,8, .

From Proposition 6.5 and Theorem 6.1, we can get the conclusion. (q.e.d.)

§7. Conclusion

In this paper, we give two numerical schemes and give the convergence
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theorems for them. (See Theorem 4.1 and Theorem 6.2.) Since the coefficient
matrices are ill-conditioned for both schemes, we only get the low-order error
estimates. In other words, the results of this paper are the convergence theorems
of O(h), though the truncation errors are of O(h*). But many numerical datas,
which are done in engineerings, suggest that we may prove the convergence
theorems of O(h%) for our schemes. To this point, details are shown in
Hayakawa-Iso [4].
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