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Some Classes of Functions with Exponential
Decay in the Unit Ball of C*

By

OuyvAaNnG Caiheng*

§1. Introduction

One of the characterizing properties of the functions of bounded
mean oscillation (BMO) is that their distribution functions have an
exponential decay effect, i.e. the famous John-Nirenberg’s theorem®™.
In 1980, Baernstein® proved that the distribution functions of the
non-tangential maximal functions decrease exponentially for a bounded
subset of the Nevanlinna class in the unit disk, and as corollaries, he
obtained an analytic form of John-Nirenberg’s theorem with a weaker
integrability assumption and pointed out that in the analytic category
BMO is equivalent to BMO of logarithmic type. Long Ruilin and
Yang Le®™ obtained similar results to Baernstein’s theorem in the
n-dimensional real and complex ball by showing that BMOgt=
BMO for spaces of homogeneous type.

In this paper, we try to generalize a series of the famous Baern-
stein’s results for the unit disk to the unit ball with respect to different
topological structures applying Rudin’s function theory in the unit
ball of C*™. 1In order to lead to the discussion, we define a class of
point sets in the ball in §2, where we point out that there is a useful
geometric property of the intersections of this class of sets and the
admissible domains D,({) defined by Koranyi™. The key part of
this paper will be found in §3, where the decay characterizations will
be studied for a bounded subset of a function space larger than the
Nevanlinna class, which shall be referred to as H, class in the

present article. Hence the maximal function in the admissible domain
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plays an important role in the proof. As the corollaries of the main
results in §3, in §4, for the BMOA functions in the ball, we will
prove the John-Nirenberg theorem with respect to the harmonic
measure as well as the results derived thereof.

The main results had been reported in [6].

§2. A Class of Point Sets in the Unit Ball

Let B be the unit ball z€C":{z, 2>=3 2,z,<1} and let S be its
=1

boundary, i.e. the unit sphere. By Rudin’s expression, the group
A of the Mobius transformations of the unit ball is written as

PRV )

where a€B, and U are unitary transformations,

<Z,d> a’a;#o,
PaZ: <a’ LZ> Q,a:l—Pa, sa:<1_ia[2)l/2
0, a=0,

Obviously ¢(0) =a. Since, ¢, maps the unit sphere § into itself]
A is also the transformation group of § into itself. Note that A&
Ja, U (unitary group), such that ¢(2) =¢,U(2).

Now we define a class of point sets in the unit ball.

Definition. For >0 and a€B(a+#0), {ES, define
Ry, () ={z€B: |1-<z,a>|<B1—<a,C>1}.

The point sets R, ,({) possess the following properties:

1) When ,e<ijr—=;‘{, R,.(©) is the empty set.

As a matter of fact, VzeB, {8, from Schwarz inequality,
1-<z,ar 21— 2] ° |a[=1—|aj,
and
Bll1—<a, 1<+ [<a, ) <BU+ [a]).
Thus, when 1—[a|>B(1+ |a]), [1—<z,a>|>B11—<a,0>].
9) When 8>17121 g every fixed £S5, R,.(©) fills the closed

1—|al
ball B.
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3) When B>1+ jal, acR,, () for any {ES.

The reason of properties 2) and 3) is the same as 1).

4) For any unitary transformation, U(Rs,()) =R, 4, (UD).

This is obvious from the defining equation of R,;,({). Hence,
without loss of generality, take {=¢,=(1,0,...,0), and especially
put a=re, (0<r<1), then

Rg .. (e) ={z€B: |l—r5|<pU—n)}.

Again denote z;=p¢®. For instance, if we take r:%, B=3, then
Rs,(2/3)e1(€1) Z{zEB: p<3 cos 0, ~%g0g%}.

It is the point set in the closed unit ball where those first variables

z; belong to the closed disk p<3 cos f. This special case provided

some geometrically intuitional information for point sets R, ,(L).

In the following, the relationship between R;,({) and the admissi-
ble domain is discussed. According to the Rudin’s® expression

Da(C)——'{zeB: =<0 1<g0-lzP), Ces, a>1}.

In the discussion of function theory in the unit ball, its situation is
similar to Stolz region I',(f) in the unit disk. From the defining
equation of D, ({), it is easy to know that for radial point a=r{(0

<n<1) of {, a€D,({), when r1>%——1, therefore, radial points z=

8 (r,<r<l) belong to D,({). Combining property 3) of point set

R,.(0), then, when a>—1-_%r—, B=1-+rm, z=1L(n<r<1) belongs to D,
1

O NR, .. Generally, it is always possible to set point sets D,
@O NR;, (L) to be nonempty when the values of « and 8 are
suitably chosen. Thus we have

Proposition. If ¢, choose a and B so that af>1 and D, () N
R, (L) is nonempty, then

D, () NRy Q) TP (Dep(§)),
where ¢ (&) =C.

Proof. It is pointed out in theorem 2.2.5 of [4] that if ¢=Aut



266 OUYANG CAIHENG

(B), and a=¢'(0), then there exists a unique U, such that ¢=
Ue,; and

_ _ (1—=<a,ad) 1 =<z,0>) h
1=@@, $E == S a—<acy) or all & LB

Since, if {8, z&eD, () N R, . (&), then

1 —<a, a5]- (@/2) (1 — 12 ]9
l_
1= @, ¢ ST (/B [1 =4z, 0]

_af | 1=<aa)| [1=$ D] _ @B (| _ 400 p
: s p = =g .

But then af>1, thus ¢(z) €D,;(¢()). Then it is deduced that
¢ (Da(©) N R Q) CDep(¢(©)).
Notice that ¢, is the 1 —1 mapping on B, then
DO NR, (D) TP (Dyp(8)), £€=¢(0).

However, since ¢;!=¢,, then ¢~'= (Ugp,) =@, U4, denoting ¢ as
¢, then ¢ (&) =C Thus

D, (©) NRs.(0) Th(Dep(£)).

Remark. This result means that under Mobius transformation,
the admissible domain for a point & on the unit sphere includes the
intersection of the admissible domain D, ({) and R; ,({) for its image
point {. This is an interesting fact for the complex geometry of C*.
We are to use it below.

§3. Baernstein Theorem for the H, Class of Functions

Let E be a measurable set on the sphere S, for a=B, we define®

_ _( d—=t|aP)"

to be the harmonic measure of E at a with respect to B. The
integrand function at the right-handed side of the above equation is
the Poisson integral kernel P(a, {) in B. For any ECS, the normal-
ized Lebesgue measure ¢ (E) =y (E).

As in [4], let ¢: [~o0, c)—>[0, ) be a nondecreasing convex
function, not identically 0, the class of functions in B
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f is holomorphic in B
1) =sup | plog| £, ds<oo, £,=00).

If ¢(x) =x"=max (0, x), then H,(B)=N(B). Here N(B) denotes
the Nevanlinna class

H,(B) ={

f is holomorphic in B
T(f)=sup S log* | f, |do<oo.
0<r<1JS
If ¢(x)=e?, then H,(B)=H’(B), 0<p<lco. When p>p,, we
have H'c H?c N,

For the admissible domain D,({) and a continuous function F in
B, the maximal function in the admissible domain is defined® by

(M,F) Q) =sup{|F(2) |: z€D,(D)}.
Obviously, if there is a K-limit F*({)= lim F(z) of function F

zeDaqxzwg

N(B) =[

for a point {, then (M,F) ()= |F*({) |.

Lemma 1. If f€H,, then for every t satisfying ¢(log £)>0, we
have the following inequality

. _C@
w(LES: M) ©O>1)<_q O 1.(f),

where C(a) is a constant depending on a.

Proof. If fEH,, then L(f)= supg o(log| f,|) do<<oo. Hence
0<r<1JS

from theorem 5.6.2. (a) in [4], there is a positive measure v on S,

such that u=P[v] is the least .#£-harmonic majorant of ¢(log| f|),

and ||v||=1,(f), here |}y]|=|v|(S) is the total variation measure of v
on S.

From the definition of the least .#-harmonic majorant function,
for every z&B, there is ¢(log |f|) <P[v]. However, since the com-
pound function g¢eclog is nondecreasing, so that for definite D, () we
have ¢(log(M, f) (©)) < (M P[v]) (). Therefore, if (M, [f) () >t, then

(MP[¥]) ) =¢og ?).

Hence

es: M. f)O>t}cles: (MP[»]) ©) =¢(log 1)}.
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Thus it is only necessary to prove
. C(a)
w(RES: (M, L) ©) 2¢log OH <o O L.
Now let us prove this inequality. According to Rudin [4, p68],
define the maximal function of a complex measure on § by

(M) © =sup f_(l;%_Q(%ﬁ)_,

where Q,=0Q (£, 0) ={nES: |1 »>|*<d, ¢, nES, 6>0} is the “ball”
on §, { is the center of the ball and 6 is the radius. Then one has
the corresponding inequality of weak type (l,1):
t({LES: (M) () >1}) <Ay, for every 7>0.

A result of Koranyi [5] is expressed as

(M, P[v]) ) <4 (a) (Mv) ©).
Combining this inequality and the above inequality of weak type
(1, 1), suitably enlarging constant 4(a), then

w(LES: (M,PL]) (©) >pog H})
S%({CES: (My) <c>>w})

A(a)
< 4 A(a) C(a)
~ p(log ) p(log )

[l < L. Q.E.D.

Similar to that of [2], we introduce the set of functions

M(f)={g:g(x)=fog(2)—f¢(0), ¢}

Then we have

Theorem 1. Suppose that f(z) is holomorphic in B, if M (f) is a
bounded subset of H,, then for every g(z) €M (f), we have

to({nES: (M.g) () >t }) <Ke™,

where K denotes the absolute constant, and A=Ce? ' C@a® o,(f)=

sup{l,(g): g€ A (f)} for an increasing convex function.

Proof. Before beginning the proof, we ought to have some neces-
sary preparations.
Let G be any compact set on § whose measure is non-zero, and
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employing finite many balls {Q}, with the centers {&G, cover G.
Since {Q} are only finitely many, suitably choosing the positions of
the centers of those balls and the radii of those balls, it is always
possible that o () g%o (Q) holds for every Q, where J=GNQ, M is

a larger positive constant given in advance. Next using the covering
lemma™, we choose a disjoint subcollection I'={Q;} from {Q}, thus
a(G) SAszr', 0(Q;). Writing

Ji=GNnQ,.
Obviously J; are nonempty and pairwise disjoint, and each J; has
the possibility to be composed of the countable many of path-
connected components. Denote M, as the product 4,M, then

o(G)<M30(]). (1)
In addition, for every ball Q;(;,d;) in I', we might as well suppose
0(0;)<l/4 and take a,=r{;, r;=1-0%

When 7 belongs to certain Q; in the above-mentioned text, as (2)
in [7]
do (7))
dp,(p) = C—>1,
ﬂ (7]) IU(Q,;')
where C, only depends on the dimension n(C>1). Thus for every
J:CQ,, there is
t(J) SO () e (Q). (2)
When #(f) is bounded in H, class, set o,(f) =sup {L,(g): g€

M (f)}. For constant M, in (1) and constant C; in (2), choose =
large enough so that

Cla)a,(f) . G, 1
go(log¢f) Smm( 2M,’ T)’ (3)

where C(a) is the constant in Lemma 1.
Now the proof of the theorem is carried out successively.
1° For the fixed g(z) =4 (f), define
E,={nes: (M, (9) >k}, k=1,2,...

Obviously E,.,CE,. Assume that E,,; is nonempty, let G be a
compact subset of the open set E,,; whose measure is non-zero, same

as the statement in the preparation in this proof, cover G by those
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balls {Q} which are included in E, with their centers {EG, and also
write I'={Q,} to be the disjoint subcollection chosen by the covering
lemma.

2° Now let us prove

to(Erin) <(1/2) iy (Ep), k21. (4)

Since f(z) is holomorphic in B, and ¢,: B—B is the holomorphic
mapping, thus g(z) is holomorphic function in B. Hence in closed
ball Broz{zEB: |z| <7} with its radius 7, near to 1 (i.e.l—r,=
0(0%)), for enough large = in (3), we have |g(2) |< kr. Therefore
when nE€Q;(CE,),

(M) (7) =sup{|g(z) | : 2€D, ()}
=sup {|£(2) | : 2€D, () N B;} (5)

where Bﬁo= {z€B: |z|>1,).
For the given a, when z&D,(y) N B , there is

1= > |<5- (1= |2 ) <a (1= |z ]) <a (1 —10) <&,

if not, then suitably increase the value of 7,. However
I1—<a;, pp | 21— la;| - Ip|=1—r;=0,
hence
11—<z, a:> [V2< 11 =<2, D |24 |1 —<a;, ) |22 [1 = <as, > |2
By the definition of set R;,({), we know that zER,, (7). Therefore,
we deduce that D, () NB; CR,, (7) which could be written as
D, () NB;,CD. (1) N Ry, (0).

Defining ¢, =¢, UEA and g (z) =go¢,, (2) —go¢.,(0) =g, (2) —g(a:),
and applying the proposition in §2, then we have the following
inclusion relation

D, () NB;,C4, (Dia(6)), (6)

where ¢, (§) =1.
For J; is nonempty, then, when 7€ J;(CE,,,), from Eq. (5) and
(6)
(k+1)7<(M.8) () =sup{lg() | : 2€D,(n) N B}
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<sup{lg(2) | :2€¢, (D ()}
=sup {|g0¢.,(2) | : 2E D, (8)}.
Since we have taken a;=r{;, r,=1—-8<r, thus a,€B,, therefore
lg(a;) | <kr. Thus, there is
(Myeg) () =sup{lg(2) | : 2ED. ()}
=sup {|g°¢,,(2) —g(a) | : 2ED, (6)}
>sup {lge¢.,(2) | — |g(a) | : 2E D, ()}
>(k+1)r—kr=r,
noting that p=¢, (§), this means

JiCg. ({EES + (Mg (§)>1}). (7)
Since g;&# (f), applying Lemma 1 and (3), we obtain

t({EES + (Myag) (8>} < 23}1 . (8)

Denote I={£€S : (Mg;) (§) >}, combining (7) and (8), and apply-
ing Eq. (8. 11) in [8], then

e (D) S, (0, (D) = 14, (0) (&, (1)) = to(D) s@%— (9)

Together with (2) and (9), we deduce

BolJD SCit 5T m(QD) =5 a(Q). (10)

Now let us discuss as above for every J;, and permute the order
of all the path-connected components of J;, it does not matter to
write it as J;. Applying (10), then

t(G) SMI; 1 (J) < (1/2) ; 1o (Q.) < (1/2) o (E,).

Now (4) follows by taking the supremum over all compact subsets
GCE,,.

3° Lemma | and (3) are to be used once more, then there is

to(E) <1/4<1/2. Thus it can be deduced from (4) inductively that

(B < (1/2) (B ) <. gt () <

For any ¢>0, when f>7, there always exists certain %, such that
kr<t<(k+1)r, hence
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t({nes : (Mg (9) >t}) < (Ey)

Liog 2) - 4Dz log 2) ¢
¢ B

<9-+=9,( <2

again when 0<t<{zr, we have also
to({nE€S : (Mog) (7)) >1}) <y (5)
—1=9, %Dt g, (G D!
Thus for any t>0, there is
t({nES = (M.g) () >t}) <Ke ™,

. . -1
where K=2, for increasing convex ¢, 2=Llog 2=Ce™® ©@% Now
T

the theorem is proved.

Remark. For general nondecreasing convex functions, it does not
seem that it is easy to yield the converse of Theorem I, however, for
some H, defined by ¢, the converse is also true, just as the N class
to be proved in the following.

Before the further discussion is going on, let us first introduce the
elementary Lemma used in [2]:

Lemma 2. Let h be a nonnegative measurable function on some measure
space (2, F, ). The distribution function A(t) of h is defined as

A@) =p({x€2 : h(x)>t}), t>0.
Then the following two equalities hold
@) S h"dpz—gwt’d/l(t) =pg°°tf’-1A(t)dt, 0<<p<co.
2 ] 0

Gi) S <1og+i)dg=—g°°<1ogi>d/1(t)=S°°r1/1(t)dt, 0< p< 0.
Q o e o e
Similarly, we could obtain the following lemma by the standard

argument of real function theory, i. e. the simple functions approximate
to an arbitrary measurable function.

Lemma 3. & and its distribution function A(¢) are defined as above
and p(92) =1, then
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S ePrd = —Smep‘d/l(t) <1 +pS°°eﬂtA(t>dt, 0< p<co.
Q 0 0

As a deduction of Theorem 1 and Lemma 2, there is

Theorem 2. Suppose that f(z) is holomorphic in B, then the following
are equivalent:

(@) A(f) is bounded in N.
(b) there exists an absolute constant K and a constant 21=2(a, f)
such that for every g M (f) and t>0

to({nES: (M) () >t}) <Ke ™.

Proof. (a)=>(b) is the implication following directly from Theorem
1. In fact, if take ¢(x) =x"=max(0, x), then H,(B)=N(B). Thus
by Theorem 1, it is clear that (a)=>(b). At this moment, 1=
Ce= @D where o (f) =sup{T(g): g4 (f)}.

(b)=>(@). Take £2=S§ in Lemma 2@i), p=1, and set h=M,g,
A@) =p({neS: (M,g) (9)>t}). If (b) holds, then

SS (log* ag)d/to=Sjt‘1/1(t)dt<Sjt‘1Ke‘“dt<00.

For the sake of definitivity, firstly, let a>2, when 0<{r<{l there is
meD, (). Thus for every €S, |g, () | < (M,9) (). Therefore, for
every geA(f),

Supg (10g+!grl)da£8 (log*M,g)dpy<oo,
0<r<1JS N

that is, #(f) is bounded in N.
When 1<<a<(2, take rlzé—l, clearly 0<<r;<{l. Since the holomor-

phic function g, is bounded in the closed ball B,l, hence, when 7<r,

it is also bounded for S (log” |g-!)de.  While, when r,<r<l, as ry
S

&D,(1), therefore |g.(7) |< (M.g) (7). Similar to “aZQ”,S (log*
S

lg,|)do is bounded. Summing up, for a>>1, there exists the impli-
cation (b)=(a).
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§4. The John-Nirenberg Theorem in the Sense of
Harmonic Measure

For given f&L!'(s), its Poisson extension to B is also denoted by

fy L.e.
fl)= SSP(z, 0 f©do @) =sz<¢> . ©).

In [7] we had defined a norm equivalent to the usual BMO norm

1 e =sup{ 1£ @ =@ | ©.

If the Poisson extension of a BMO function is holomorphic in B, then
we call this f to be the holomorphic function with bounded mean
oscillation (BMOA).

Theorem 3. f€BMOAS for every ac B,

=4t

t(LeS: 1 f Q) —f)|>1})<Ke '™,

where K is an absolute constant, 4, =C/||flxx%-

Proof. “=”. First of all, notice that (M,g) () =|g(n) |, a.e. on
S. In fact, by theorem 5.4. 8 and differentiation theorem (5.3.1)
in [4], the K-limit of Poisson integral fo¢(z) of L' function fo¢(n)
on § is still fo¢(y). Thus g* is the K-limit of g,

g*(n) 2 (K-lim g) ()
= (K-lim fo¢) (n) — fo(0)
=fodp(n) — fo¢(0) =g(n), a.e. on S.
Hence (M,g) (7)) =1g*(n) |=1g(x) |, a.e. on S.
If feBMOA, applying the corollary 3 in [7], then #£(f) is
bounded in H'. And again, using theorem I, and combining (M,g)
() = 1g() |, then

L (LESfQ) —f (@) |>8)) = ({nES: | fodp () — fo¢p(0) |>1})
= ({nES: 1g() |>t}) <up({neS: (Mag) (n) >t})
<Ke ™,
where 1=C/C(a)o,(f), o,(f) =sup{llgll,: gEA ()} =|Ifllxx. Thus
setting 4 =C]|f|ls% <4, “>” is proved.
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“&”. Set A(t) =, ({{eS:|f &) — f@) |>t}), by means of Lemma
2(i), then

(.17 ©—@1dn© ={ 10 a<{ K a<e.
Thus

ke =sup{ 17© — 7 @ ldpn © <oo. Q.E.D.

Corollary.  For holomorphic function f in B, the following are equiv-
alent:

(a) feBMOA.

() A (f) is bounded in N.

(¢) A(Sf) is bounded in H?, 0<p<lco.
(d) There exists p=p;>0, such that

sup supg ep'g’[da<oo.
S

gEM(f) 0<r<1

Proof. Since H*CN, it is clear for the implication (c)=> (b).
Now we prove (b)=>(c). Set A@)=p,({nsS: (M,g) ()>t}). By
means of Theorem 2 and Lemma 2(i), then for every ge/(f),
there is

[ [Megvdp=p{ a0y

<K pS:t"‘le“'a’t = %—t—l)—<oo.

Similar to the treatment of proving (b)=>(a) in Theorem 2, distin-
guishing the cases of a>2 and 1<<a<(2, we have both

sup | 1g.1# do<,<oo,
0<r<1 JS

for every ge# (f), i.e. M (f) is bounded in H?, 0<p<oo.

The above assertion holds for every H” or for some H’?. Especially,
when 1<p<{co, since we have already supposed that the Poisson
extension to B of an L' function g on § is also denoted by g. By
theorem 3.3.4. (b) in [4], it follows

el <llellyp={ 1) 1°do ()
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<{ e 1 o <KLEED L KEGED ) s

Since feBMOA&.#(f) is bounded in H' (see [7]), thus (a)&
(b) is the special case of (b)&(c) when p=1.

(d)=>(a) is quite an obvious fact. Since plg,,|<emg", thus

| fllsx= sup sup Ss lg, |de<<p™ sup sup Ssep]gr|d"<oo,

geM(f) 0<r<1 ge4(f) 0<r<1
Now we would like to prove (a)=>(d). Suppose 4(t) =p,({{E
S:]1f@ —f(a)|>t}). Employing Theorem 3 and Lemma 3, then for
every a<€B

S eP1EM | (,7) ZS enlfoqb(v)—fotﬁ(o)ldﬂo (7])

s s

ngeplf@)—f(a)ld‘ua (C) S 1 +PS:€p'/1(t)dt

<1 +KpS°°e("“1”dt, an
0

it is only necessary to take o<{4,=C/||fl||xx, then this integral con-
verges.
On the other hand, when 0<r<l,

Sseplgr(n)lda (7]) ZSS (epl SP(rr/.C)g(C)da(g)l)da_ (W)
< o fsle©ldn,, ©
<{ e )do (1),
as the measure g,(S)=1, so by Jensen’s convexity inequality and

noting SSP(m, O da(p) =1 (see[4]), then for 0<r<l

eplgr(ﬂ)ldo_ (ﬂ)
S

|
SS (epfSIE(C) 4 ©Y g () < SS <Ss e O\ dy () >ch )

IA

_ SseP‘g‘C)‘da © SSP (0, 0) do ()
— S e(z!g‘(C) Ido- <C) .
S

Combining (I11) and taking p=p;=(0, C/||fllxx), then for every
geA(f)

SUPS o< +Kpgme(p_c“f“;%")tdt<oo_
s 0

0<r<1
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(a)=>(d) is proved.
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