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§1. Introduction

We consider the scattering problem for the wave equation by two
finite obstacles. Let @ be a compact set in R*(n=2), and assume
that 2=R"— @ is connected. Consider the following problem

Cu(t, x) =(?—4)u(t,x)=0 in R'X 2,

0.1 u(t,x)=0 on R'X o8,
) u(0, x) = f,(x) on £,
0u (0, x) = f,(x) on £,

Denote by £_(s, ) (k. (s, w)) €L?(R'XS8*?!) the incoming (outgoing)
translation representation of the initial data (fi, f,). The scattering
operator S: k_—k, has a distribution kernel S(s,0,0) called the
scattering kernel (cf. Lax and Phillips [6], [7]).

Recently several authors have studied on the relation between @
and S(s, 0, ). Soga [14] and Yamamoto [17] have characterized
the convexity of @ in terms of the singularities of S(s, —w, ®) as
follows:

(1.2) O is convex if and only if sing supp S(+, —w,®) has only
one point for any wES*,

The purpose of this paper is to study the location of sing supp
S(+, —w,w) when @ consists of two convex obstacles @, and 0@,.
Set r;(®) =min,co x * @(i=1,2). Suppose that 0,N 0,=¢. The first

main results is the following:
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Theorem 1. Let w&S"! satisfy
O.N{x+lw: x€0,, lIERY} =4¢.
Then there holds
sing supp S(+, —®, ®) N [min,_,, (— 2r;(®)), + )= {—2n(v), —2n,
(@)}.

For the more restricted @, we can know precisely sing supp
S§(+, —o, ) which is included in (—oo, min;_,,(—2r;(®))). Let
%EP={x: x « o=min;_, ,7; (@) —1}, and consider the broken ray
starting at x, in the direction @ at the law of the geometrical optics.
Suppose that this ray is reflected once at each points xj, <+, x, on
the boundary and returns to the point x,.; on the hyperplane P in
the direction —w. To those points we assign the numbers

(1.3) s=mx —x|—2 xE80,G=1,2).

Theorem 2. Let w8 satisfy the same assumption as in Theorem
1. Then the following statements hold:
(X) For any positive integer m there exist the broken rays and a constant

C,.>0 independent of m and i such that
(1.4) s, —dist(P, x) —dist (P, x,,) — (m—1)dist(O,, O, =C;.
an I
dist(0,, O0,) >4max,_, ,diam 0, +C,
and
| (@) —1,(w) |<<max;_, ,diam 0 ;,

then we have

(1) mingy,She>max; s, for m=1,
(ii) sing supp S(+, —0, ®) = {—2min,_, ,;7; (®) —5},} -1,

m=1,2

(III) Let dist(0,, 0,) and o satisfy the assumption in (I1I). And
Surther if there exists the only one pair of points (ay, a;) €E00,X00,
such that |a,—a,|=dist(0,, 0,), then the following equalities hold:

(i) Mo (Smip—sm) =2dist (04, 05) (=1,2),
(IV) liInm->+=c' {sth —27 ('Sém—l +S§m—1)} ZdiSt( 0 1 0 2) (1' = 1, 2) .
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In case each @; is a ball in R? or R® these theorems correspond-
ing to Theorem 1 and Theorem 2 have been proved by Nakamura
and Soga [10] under the slightly different assumptions. The main
tasks in the proof of Theorem 2 are to show that there exist actually
the broken rays with the properties (i), (ii) and (v) stated in
Theorem 2. In [10] they have been proved the existence of such
rays in the case of two disjoint disks in R? and that the proof in
R? can be reduced to that in R? when both @, and 0@, are balls.
However to the present case we cannot apply the method employed
in [10].

Our proof is based on the following thoughts. Let o be the
direction given in Theorem 1. Suppose a plane wave propagates in
the direction @ and hits a convex obstacle @,. Then the wave front
reflected by @, will be have no focal points and that there will be
at least one broken ray reflected in the direction —w. Suppose the
wave front reflected by @, hits @, subsequently and is reflected by
0,. Then it also has no focal points and there exists at least one
reflected ray with the direction —w again. Using the precise investi-
gation of the convexity property concerned with the incident wave
front, the reflected one and the obstacle (Lemma 2.1), we can check
that this process is successively true. For proving the property (1)
in Theorem 2 it is essential to use the estimate (l.4). The estimate
of the type (1.4) is proved in [10] based on the fact the Gaussian
curvature of the boundary 02 does not vanish anywhere. However,
this is not our case. Actually we derive (1.4) by estimating more
precisely the difference |x,—x,,;|—dist(0,, 0,) (Lemma 2.6).

After completing this work, the author is informed that Petkov
and Stojanov [12] (without proofs) have extended our results [10] to
the case for several strictly disjoint obstacles in R?® under some
assumptions. But it seems to the author that all our results cannot
be obtained from theirs, especially the properties (i) and (iv) stated
in Theorem 2.

§2. Properties of the Broken Rays

First, we define the broken rays according to the law of the
geometrical optics. For x<=02, denote by v(x) the unit inward normal
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defined at points of the boundary. We suppose that {x=x,+1&; [>
0} NaR+¢ for x,€2 and &85 We define [,_;, x, and & succes-
sively by

Lo =Inf{{>0; x;_,+1§,_,002}.

x;=x;1+108,

§=61-2( v(x))vx),
where [;_;=co when x,,+I1§,_;&£02 for any [>>0. Assuming that
these {I,}, {x;} and {&;} are well-defined, we call the set

L(x05 50) =U {x=xi+lEJ'; 0§l§l,}

the broken rays starting at x, in the direction &,, and {x;} the
reflection points. When there exists an integer m=1 such that
{x=x,+I1,; >0} NR=¢, we set
bref L(x,, &) =m,
dir..L (xo, &) =&,.
The purpose in this section is to show some theorems which play
an important role in the proof of Theorem 2 in Introduction.

Theorem 2.1, Let wES*"! satisfy
O.N{x+low: x€0,, leRY} =4¢.
Then for any positive integer m, there exist a broken ray Li(x,, w) (i=1,
2) such that
(1) xp is on the plane P= {x: x + o=min;_, ,7;(®) —1},
(ii) the first reflection point x, belongs to O ;,
Gii) ‘fref Li(x,, ®) =m,
(v) dir.Li(x,, ®) = —o.
Furthermore, if there exist the broken ray Li(x,, ) and Li(y,, ®) satisfying
the above conditions (1)~ (iv), then we have
St =2 | =220 Y — 5|
where {x,} (resp. {y,}) are the reflection points of the broken ray
Li (x,, w) (resp. Li(yy, w)).

First, we study the convexity of the surface. Let M be a smooth
hypersurface in R". Let v be any tangent vector at x&M. Pick any
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curve x=x(t) through x so that dx/dt|,.,=v. Then we define the
operator 4 (called the shape operator) as follows:

dv(x(£))/dt |img=Av

where v(x) is a unit vector at x normal to M. The following
properties of A are well known (cf. §8.2 in [1]).

(1) A4 is well-defined independently of the choice of the curve x(t)
so long as it has the prescribed tangent vector v at £=0.

(i) 4 is the self-adjoint linear operator on the tangent space T,M
at x.

(iii) The hypersurface M is convex if and only if for any xeM A4
is positive (or negative) semi-definite.

(iv) Let {x=@(0); c€UZSR""} be a local coordinate system of M
such that x#*=@(0). Then we have the following representa-
tion of 4 at x° with respect to the basis 09/9s,(0) (k=1, 2,
ces, n—1):

(0(vo®) /aaj 0) - 09/0a, (0)) 5 4=1.2,ee.m=15

where (4,;);4-12...n-1 18 @ (n—1) X (n—1) matrix.
We will use later the notation ‘(a,;);s-1.2....,..1 which is a transpose
matrix of (@;;);4-12..0.n-1-

Next we study the convexity property concerned with the incident
wave front, the reflected one and the obstacle. For ¢(x) with
[Pé(x) | =1, we will call the surface {y: ¢(y) =¢(x)} the wave front
of ¢ passing x (cf. §4 in [4]). Let @ be an obstacle and fix x'€
00. Let ¢* be functions defined in a neighborhood V of x° in R*
satisfying

@) [Fg*|=1inV,
1) ¢ (x)=¢ (x) for x€d0O NV,
(i) dgt/ov>0, dg~/0v<0 on dO NV.

Let {@(n); n€U} (UCR"™") be a local coordinate system of 6@ such
that xX°=®@(0). Assume that the wave front of ¢~ passing x° has a
coordinate representation {¥ (o) ; ccU(UCR)} such that 2*=7 (0).
Set i(6) = ¢7) (¥ (0)). Using the implicit function theorem, we define
n(¢) and [(e) which satisfy the following equality
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@.n @ (n(0)) =¥ (0) +1(0)i(a) for o€lU (cf. §4 in [4]).
Then the wave front ¢* passing x° is represented of the form
w(0) =@ (n(0)) —L(a)r(9)
where
r(0) =i(e) —2{i(o) * v(P(7(0)))}»(P(%(0))).

Obviously it holds (F¢*) (z(s6)) =r(¢). Under the above notations,
we have the following lemma.

Lemma 2,1, It holds that

(2.2) (0r/ds,(0) - or/ 0o, (0))1gj.k5n1= (0i/00;(0) 0¥ /006,(0)) 15/, 1201
+2cos8 (07,/00,(0)) 12, 4501 (0o @/ 37, (0) - 09 /07, (0) ) 1<), 4501
X (07;/004(0)) 15 4501

and that rank (07;/00,(0)) 1< s<e1=n—1, where cos@=i(0)  (—v(x")).

Proof. Using [(0) =0 and v ¢ (0@0%/00}) |,-o=0, we have
dr/00;(0) = dc/d0,(0) =0i/dc,(0) - 0Poyn/0dc,(0)
+2i(0) o (—v(x%)) ovoDoy/ds;(0) * 0Don/da,(0).
Differentiate the both sides of (2.1) with respect to o, and take inner
product with 0i/0s,(0). Then we get

0i/00,(0) » 0@on/05,(0) =0i/005;(0) » 0¥ /00, (0).
Similarly we obtain

9v/90;(0) - 0@o7/ 90, (0) = 220w 0/ ;- 0@/, [ 91,/ 90,1199,/ 00,1 |o=0.

Combining these equalities imply the equality (2.2). It is easily
seen from (2.1) that rank(9dy,/00,(0)) is equals to n—1. Thus the
proof is completed.

Lemma 2. 1 shows that the reflected wave front generates a convex
surface when the incident convex wave front hits transversely the
convex obstacle. For the strictly convex obstacles CR? Ikawa [4]
obtained a relation between the principal curvature of the incident
wave front and that of the reflected one.

Let U be a connected open set contained in 00, or d@,. Let
7(x) be a §"'-valued smooth function defined on U satisfying
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7(x) v(x)>0 for all x€U. We choose R!'-valued smooth function
ly(x) satisfying ((x) +dUy(x)n(x))) +v=0 for all v&T, U, where d
denotes the differential. Then the wave front passing x°+Iy(x°) 7 (x%)
("€U) is the set {x+ly(x)px): x€U}.

(2.3) This is called the wave front associated with 7.

Let the assumptions in Theorem 2.1 be satisfied. Then we can
assume without loss of generality that 0,C {x=(x', -+, x"); x'=0},
0,C {x: x>0} and w=(0,-++,0,1). Set

Sii={0eSt +£6,>0}.

Then, we have

Lemma 2.2, Let U be a connected open set contained in 00 ;.
Let &(x) be a S*'-valued smooth function defined on U satisfying

() STlc{&(): x€U) and (& (x): x€oU} 8!
(S* L is the closure of S*°V),
1) &) cv(x)>0 for all x€U,
(iii) the wave front associated with &,(x) is convex surface (¢f. (2.3)).

We consider the broken ray L(x, &(x))(x€U). Then there exists a
connected open set V contained in 00 , satisfying

1) STic{é(x): xEVY and (& (x): v, €0V} CW;
()" & (xy) +v(x) >0 for all x, €V,

(ii1) " the wave front associated with & (x,) generates a convex surface.

Progf. Combining Lemma 2.1, with the property (iv) of A4, the
convexity of 0@, and the assumption (iii), we see that if above V
satisfying (ii)’ then V has the property (iii)’. Therefore it suffices
to prove the existence of the V with (i)’ and (ii)". The assumption
that @,C {x#'<0} and 0@,C {x'>> 0} implies that there exists an open
set W(c8" 1) such that S*'c W and {x+I1(—6): x€£d0,, =0,
W} Nod,=¢. Take an arbitrary 6W and fix it. Let us prove
the existence of a broken ray which is reflected in the direction §,=
6 by 0,. We set

§EO)=—0-2{(=0) - vMI»O)  EIy,
V={y€d0v,; (-0 - v(») <0}.
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Taking account of Lemma 2.1 and the convexity of 90 ,, we observe
that the wave front associated with £(y) generates a convex surface.
We may assume
{x+1&(x) : inf Iy(x) <I<sup ly(x), x€U} N
{y+I(») : inf I (») <I<sup I3 (1), yEV} =4.
Let §i=2,4+1(2)&(z) (z€0) and {,=2,+17 (%) §(z) (V) be the
points such that

16— | =dist({x+ly ()& (x) - x€UY, +GHONEQ): yEVY).

If z, belongs to 3V, then £(z;) equals to —6. But € belongs to W,
hence there cannot exist {;, and so we have z,€V. In the same
way, we see that z;€U from the second half of the assumption @i).
Therefore the broken ray starting at z, €U in the direction &(z;)
hits transvarsely at z,&V and then the direction of the reflection
becomes 6. Let V be a set as the collection of z, for each 0.

Hence we have been proved the existence of ¥V with S$*71C {§(x):
2, €V} in (i)’ and (@ii)’. Therefore, it only remains to prove {& (x,):
xedV}cSlin (1). We set V/={x: &(x;) »e=0} (e=(—1,0,:--,
0)). It is easily seen that V'’ is a closed connected set. We take an
arbitrary w €V —V’ and fix it. Since the continuity of &, (y) for yeV
follows from the assumption (ii), it suffices to show a inequality
£ (w) «e=0. If it were & (w) « e> 0, there should exist w’V’ such
that & (w) =6 (w’). In view of the convexity of the wave front
associated with &, we can choose a line x(¢) (0=¢=<1) joining w’
and w with x(0) =w’ and x(1) =w such that & (x()) =&, (w) =&, (w’).
Consequently we have & (x(¢)) *¢>0 for 0<¢<1. According to the
choice of w’ and w, x(¢{) must intersect V. Hence there exists ¢,
(0 <ty<<l) such that & (x(¢)) *e=0. This is a contradiction. Thus
the proof is complete.

Remark 2.1, Lemma 2.2 is valid also when @; and @, are
exchanged each other.

Proof of Theorem 2.1, We take the coordinates given before
Lemma 2.2, and consider any broken ray L(x,®) with x,&P.
Assume that the first reflection point x, of L(x,, ) belongs to 00,.
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We set

U={x€00,; o-v(x)<0},
§(x) =0—2(@ - v(x))v(x) ).

Then, taking account of Lemma 2.1, we see that Lemma 2.2 is
satisfied. Using Lemma 2.2 inductively (cf. Remark 2.1) implies
that for any positive integer m(>>1) there exist at least one broken
ray L(x),w) with *ref L(x,, ) =m such that either £, covers S1
or §71 when x, moves some open set in P. Therefore there exists a
broken ray L (x,, w) satisfying the required properties (i)~ (iv). If
there exist the broken rays Li(x,,®) and Li(y,,®) (x,#,) satisfying
(i) ~(@v), it follows from Lemma 2.1 that the Gaussian curvature of
02 at {x,}m, and {y,}7, are zero. Hence the law of reflection gives
2 = x| =20 i — i
Since the case of x,€00, can be treated in the same way, the proof
is completed.

Theorem 2.2, If
dist(0,, 0,) > 4max;_, ,diam 0 ;+C; (cf. (1.4))
and
|7, (@) —r,(0) |<<max diam 0 ;
holds, then we get
min;_, ,s, >max;_; s,  for m=1,

where si’s are the ones defined by (1.3).

For the proof of this theorem, we shall prove some lemmas
concerned with the reflection points of the broken ray. Set
2.4) F={ta,+ 1 —t)a,: teRY, (a,a,) €00,%X00,,
lay—a,|=dist(0,, 0,)},

and choose a coordinate system in R" such that #,={(0,---,0,0):
leR} c2.

Lemma 2.3. Take the poinis x,00, (resp. 90, and x,€00,
(resp. 00 ) such that
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dist (x,, &) < dist (x;, L).
Then, for the broken ray L(xy, (x,—x,)/|%1—%o|), we have
dist (xy, L) < dist (x;, L) < dist (x,, L) < dist (x5, L) oo .

Proof. For x=(x', -+, x"), denote by x’ the point (x}, <=, "7}, 0).
Let x(s) = (x(s), *++,x"(s)) be the parametric representation of the
broken ray stated above by the length of the broken ray from x,
to x(s). Then to prove the lemma, it suffices to show the following
inequality.

d|x’(s) |/ds>0 for s& {0} U {ZiZ8l,: j=1,2, <},
If x(s)e{x;+;§: 0=5I<]}, we have
d|x’(s) | /ds = (max;., ,diam @ ;) 3521 (x7 (5) ) dx’ (s) /ds
(2.5) = (max;_,diam @ ;) {x;— (s— izl &1 * &
= (max;_,diam 0 ;) ~x; - &,.

On the other hand, we get

x; 0 &y=x;° & +2(—=v(xy) = §_)v(x,) * 5.
Since for some constant o> 0

—v(x;) *&,.;>p for any j (Lemma 3.1 in [4]),
we immediately have

xj o §,=x) ° &1+ 20v(x;) © x].
=xi_y* &1+ 2pv(x;) © x5,

This, combined with (2.5), implies

d|x’(s) |/ds= (max;_; ,diam @ ;) 7 {x]+§; +2030{ ¥ (x,) = x3}
= (max,-=1,2diam o)™ {x£'$0+2PZ£=1V (%) *x3} .

From the assumption that dist(x,, &Z,) <dist(x;, Z,), it follows that
x°&>0 and v(x,) - x>0 for £=1.
so finally we have
dlx’(s) |/ds> 0,

which proves our lemma,

Remark 2.2. Even if x, does not belong to ¥ N 02, Lemma 2.2
is also true under the assumption that dist(x,, &,) <dist(x;, Z,).
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Lemma 2.4, Suppose that ‘*ref L'(x,, o) =*ref L?(x,, w) =2m —1,
and let Xy, +++, x5, 1 be the refleciion points of the broken ray L'(x,, ®)
or L*(x,, w) in Theorem 2.1. Then there holds that

Xj=Xom—1- (-1 fOTjZI,Q, see,m,

and that
(2.6) dist (x,, Lo) > dist (x,, L) >+« > dist(x,,, Zy).

Proof. If x,+#x,,_;, then x,%#x,,_, from Lemma 2.1 and §,,_,=
—o. Therefore successively we obtain x,# %y, n(=x,), which is a
contradiction. So we have

2.7) X, =Xpy_1__p  TOr j=1,2 «ee m,

Let dist(x;, &) < dist(x,,1, %) for an i (1Z<i<m—2). Then by
Lemma 2.3 and Remark 2.2, we have

(2.8) dist (x,,,, L) < dist(x,,, L) for all i<,

However, from (2.7) follows the equality dist(x,-,, &) =dist(x,.1,
Z,), which is not consistent with (2.8). Hence we arrive at (2.6).
In case fref L is even, the following lemma is obtained by the same
procedures as in Lemma 2. 4.

Lemma 2.5. Suppose that *ref L'(x,, ) =*ref L (x,, ) =2m, and let
Xy, ***, Xy, be the reflection points of the broken ray L' (x,, ®) or
L2(x,, w) in Theorem 2.1. Then there exists the only integer | such that

dist (x;, L) > dist (x,, Fo) >+ -+ > dist (x;, L),
dist (x;, Lo) < dist (x4, L) <o+ < dist (¥, L)

Lemma 2.6. For any positive integer m, let {x,}™, be the reflection
points of the broken ray such that

dist(x,, Z,) >dist (x,, L) >+« >dist(x,,, L)
Then there exists a constant C,>>0 independent of m such that
(2.9) S, — (m—1)dist (04, 0,)<C..

Proof of Lemma 2.6. Without loss of generality we may assume
that 0e£,Nd0,, 0,C {x"<0} and 0O,cC {x">0}. Let

= {x: x=(x",0)},
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II,=II,+ (0, «+«, 0, dist(0,,0,)).
For simplicity, we set d=dist(0,, 0,).
Since dist (x;, &) >dist (x;,,, £,), we have
[,—dist(0,, 0,)
=116 12 +1,(&)2—d
<L &1 +1,16]—-d
< (L, |, 12+dist (x,, IT)) +dist (x,.,, IT,) if x,€0,
and x,,€00,,
1€ |2 +dist (x,, IT,) +dist (x,,,, II,) if x,€00,
and x,,€00,.

There exists a constant C,>> 0 such that
dist (x;, [1,) +dist (x,,,, 1) SCy {v(x,) + % +v(x,01) * x4} for all j.

Hence we obtain
(2.10) >l — (m—1)d
S22 16 126,20 v (x) ¢ xS
On the other hand, by the same procedures as in the proof of Lemma
2.3, we obtain
.X'; ° S] Ex;q ° E;—l—l_lj—l Isj—l 12+2[0u(x1) ° x.lr
Zux;c E1+ 2t 6 P20 (1) %
> —max,., diam 0, + Szl | 124205 4v (%) « % for all j.

From the assumption dist(x;, &,) >dist(x,,,, £,), we have x, - §,=<0.
This, combined with the above estimates, gives

max;_; diam 0 ;= >i211, |6 P+ 2000 (%) * ;.
Therefore, we conclude from (2.10) that

mil—(m—1)d

1=1

= (142G, Y)max;_; ,diam O ;.

Then for C,=1+2C,0™, we have (2.9).
Now we are in position to give

Proof of Theorem 2.2. Let xy, <<+, x,,; be the points associated
with max;_, ,si (cf. (1.3)). Then we have
min;_; ,Sh =m dist(0 4, 0,),
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and

max;_; 5, = [Xg—x, | + 1%, — Xy | —24+ 2724,
<2max diam @ ;+2 |r,(®) —r,(®) |+ > 71,
<4max diam @ ;+ > "}i,.

Thus from Lemma 2.4, 2.5, 2.6, it follows that there exists a con-
stant C,>>0 independent of m such that

(2.11) 0=) 27— (m—1Ddist(0,, 0,) <G
and hence
max;_; 55, <4max diam @ ;+C,+ (m—1)dist(0,, 0 ,).

From the assumption that dist(@;, @,)>4max diam 0 ;+C,;, we have
the inequality

max;_; ,8,<IMiN;_1,;5h1,

which completes our proof.

Remark 2.3. Taking account of the above inequality (2.11), we
have proved (l.4) in Theorem 2.

The following theorem is concerned with the distribution of s},
defined by (1.3) as m—> +oo.

Theorem 2.3. Assume that dist(0,, 0,) =d >d, (d, is the constant
in Theorem 2.2) and that w<S*' satisfy the assumption stated in
Theorem 1. Moreover suppose that there exists the only one pair of points
(a1, 8,) €00 X80, such that |a,—a,|=d then we have

@ limpe e (S —shoy) =24 (=1,2),
() limpyw {5, —27 (s 5%, 0} =d (i=1,2).

For the proof, the following lemma is needed.

Lemma 2.7 (Lemma 3.3 in Ikawa [4]). Se
U(@6) = {xe0d2; dist(x, £) =<6}, 6>0 (for &, see (2.4)).

Let x,,x,, -+ be the reflection points of a broken ray L(xy, &) and
assume that x,€02—U(0) and L(xy, &) NU@G) =¢. Then there exists a
positive constant Cs such that
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fref L (x,, &) =Cs.

Remark 2.4. Ikawa [4] assume that @, is strictly convex. But
it can be easily checked that we can apply the proof of Lemma in
[4] to our case,.

Proof of Theorem 2.3. First, let us show that for any >0
|d 4271 (shpy — Shmen) |<le
if m is sufficiently large. Combining this with (ii) in the theorem,
we get (i) in our theorem. We take 0 in Lemma 2.7 so that d=e,
Let {x}?r, and {y,}?* be the points defining s},-; and sh,.,
respectively (cf. (1.3)). Since the equalities x, =%, (j=1,2, ¢+,
m) follow from Lemma 2.4, we have
27 1= 22050 X — % | — 1.

From Lemma 2.7, there exists a positive integer [=[(¢) independent
of m such that x, (I=<j<m—1) does not belong to U() for j=I.

Also we have the same properties for {y,}7*!. Hence we have

|d+27 (S~ Shs) |
S22 =%l = 1, =2 D |
+ I (=%, = 1y, =2 |
+ ‘J_ | ym— Imir ||

=I+1,+1.
As in the proof of Lemma 2.6, we obtain
{m—1—(U—-1}d

= ZT;II lx.r X4 |

<{m—1—(01-1)}d+C(),

where the constant C(¢) (> 0) does not depend on m and tends to 0
as e—0. The same inequality holds for >72}|y,—,., 1, too. Therefore
we obtain

I,=2C ).

From the assumptions, & consists of the only one line. Taking
account of this result, Lemma 2.2 and Lemma 2.4, we have

I, +1;<e as m—+ oo,

which gives the required inequality.



SCATTERING FOR TwWO CONVEX OBSTACLES 237

Let us prove (ii). Let {x!}?", and {y!}?}' be the sets of points
defining s},-, and s3,(I=1,2) respectively. From Theorem 2.1 it
follows that s},=s%,. Hence we get

|5m =27 (hyos +5) — |
= |83 =27 (S3mey + S3m—1) _d~‘
SIS Uy =yl = 1 —=2a0 D+ [ ym— ne _J) |
+ 1 2 (U2 = D | = ¥ =220 D)
=[+1,+1,.
By the same arguments as above, we see that [;—0 (i=1,2,3) as
m—+oo, Hence (ii) is obtained. Thus our theorem has been prov-

ed.

§3. A Sketch of the Procedures in the Proof of
Main Theorems

In view of Theorem 2.1, 2.2, 2.3 and Remark 2. 3, all we want to
do is to prove Theorem 1 and (ii) in Theorem 2. The procedure of
these proofs are the same as those used in [10]. Therefore we
only sketch it here (for details procedures, see §3 in [10]). To
analyze the singularities of S(:, —w, w), we use the following repre-
sentation (cf. Majda [8] and Soga [14]):

3.1) S(s,ﬂ,w)=g 00 (x+0—s5, %3 0)
20
— 0200 (x0—s,x;0)}dS, (0+w0),
where v(f, x;®) is the solution of the mixed problem
(o, x5 @)=0 in R'X &,

3.2) 0=2"1(—2m)""0(t—x - ) on R'Xa%,

v=0 for t<r(w).
Taking account of the relation between the singularities of » and the
broken rays of the geometrical optics considered in Guillemin [2],
Petkov [11], etc., we may expect that sing supp S(-, —o,0) is
contributed only by the broken rays associated with (1.3). We can

construct the asymptotic solution of the equation (3.2) near these

broken rays in the same way as in §7 in [4], and reduce the proof
of Theorem 1 and (ii) in Theorem 2 to showing that the following
integral does not decrease rapidly as | |—>oco:
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(3.3) Sa (900D (— xew— gL (x) +2min,_, 7, (@) +55) B(x)dS,
Q

where B(x) is a non-zero C~—function, a(s) is a cut-off C~—function
with small support and satisfying «(0) #0 and ¢}, is a phase function
associated with the broken ray defining s,,. By the results obtained
by Soga [15] when 0, is convex, we observe that (3.3) does not
decrease rapidly as |o|—oo0,
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