Publ. RIMS, Kyoto Univ.
25 (1989), 279-299

Qu*-Algebras and Twisted Product
By

Gerd LASSNER* and Gisela A. LASSNER**

Abstract

Fundamental properties of Qu*-algebras of operators are shown, and the class of CQ*-
algebras is introduced. They are the natural generalization of C*-algebras to the case of
unbounded operators. The CQ*-algebra (&,, ¥*) of distributions with the twisted product
is defined, and some of their Qu*-subalgebras are described.

§1. Introduction

The noncommutativity of the multiplication of observables is the
fundamental fact in quantum theory. This leads to the realization
of the observables as (in general) unbounded operators in a Hilbert
space. One can assume that the observables form a *-algebra. But
already the fundamental procedure of Weyl quantization of classical
observables leads to unbounded operators which cannot be multiplied
in any cases.

Let =% (R resp. &'=%'(R* be the Schwartz spaces of test
functions resp. tempered distributions with their strong topologies ¢
resp. t’. We put &,=% (R*?) and ¥,=%'(R¥). For every fE€Y,
we denote by f the Fourier transform f (g, p) = (2) ‘ZdSe"'(““*"”)f(u, v)

du dv. qu, pv are the Euclidean scalar products in R%. Let Q =(Q,,...,

Qs), P=(Py,...,P;) be the position and momentum operators Q ;6=
0,9, p6=10,9 defined on §(g) €S CH = L,(R). W, p) =

is a unitary operator on #. They Weyl quantization or Weyl
correspondence [42] of a classical distribution fe%;, is the operator
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f=w =SW<q,p>f<q,p> dg dp. 1.1

W(f) is a well-defined operator of £ (¥, %’), i.e. a continuous
linear map of & into &’, and the Weyl correspondence f—W(f) is
an isomorphism between &, and Z (&, %’) (see §4). f is called the
symbol of the Operator fE W(f).

ZL(&L, ') is not an algebra, and therefore the product W(f)
W(g) =W (k) is not always defined. It is defined e.g. if W(f),
W(g) leave & invariant. Then h= fog is called the twisted product
of f, g, and it can be calculated by the formulae

(fo8) (g, p) =7r‘”gf (a0, p+008(q+a5 p+p2)e” " dg,dp,
1.2

if the integral is well-defined in a certain sense. Thus the twisted
product is only defined for partial pairs f, g€%, and therefore &;
has the structure of quasi *-algebra which is isomorphic to the quasi
*-algebra £ (&, #’). This we had pointed out in [26, 27].

We repeat the fundamental facts in §4 and discuss the problem
of extending the twisted multiplication.

In §§2,3 we collect some basic properties of quasi *-algebras of
operators and define the class of CQ *-algebras, which are the natural
generalization of C*-algebras to the case of unbounded operators.

We gratefully acknowledge discussions with J.-P. Antoine, G.
Epifanio, K.-D. Kiirsten, K. Schmiidgen, W. Timmermann, and A.
Uhlmann. One of the authors, G. Lassner, thanks Professors S.
Albeverio, Ph. Blanchard, L. Streit and the ZiF in Bielefeld for the
warm hospitality.

§2. Quasi-Uniform Topologies

The rigged Hilbert space ¥ CL,C&’ is a special case of such
spaces generated by a Hilbert scale #*=92 (T*), —co<s<{+ oo, where
T>1I is a unbounded selfadjoint operator in a Hilbert space # =4#°.
The scalar product in #=2 (1) is <&, >, =<T*¢, T°¢>, where
{, > is the scalar product in #. Let us put 2[t]1=2=(T)=
lim;proj #° and 2'[i']=92"(T"~) =lim,ind #*. ¢ resp. ¢’ are the
projective resp. inductive limits of the topologies of s#°. Thus we
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get a rigged Hilbert space
9ilcHc2'[t']. 2.1
For ¢€#° and ¢e# 5, s&€[—oo, co] the scalar products {¢, ¢>=

{¢, ¢> are well-defined and the elements FE 2’ define by <F, ¢>
all linear continuous functionals on 2’. Therefore, 2’ is the dual
space of & (equipped with the dual linear structure) and ¢’ is the
strong topology of the dual pair (27, 2). The sesquilinear form
(F, ¢> FE9D’' ¢ 9D is antilinear in the first factor. Without loss of
generality we can suppose 7T to have only integer eigenvalues ¢; in
the spectrum, 1<#,<t,<t;<<..., t;—>oo. Let # =3 @D#; be the

corresponding decomposition of the Hilbert space, {I"¢=Z',ti¢,- for
6=3 ¢, €D, then we get [22]

9 ={¢: X t#|¢:|f<o0, k=0, 1,2...} (2.2)
and the topology ¢ is defined by the seminorms, £=0,1,2,...,
ol =IT*oll= (X #ll:l ). (2.3)

Let I'y be the set of all decreasing sequences (a;) of positive
numbers, a,>a,>...>0, that Y a%%<{oo for every £k=0,1,2,....
The elements F={¢,,¢,,...} €9’, ¢,€#;, are determined by the
conditions

1@y =2 lIgilla;<oo 2.4

for all (a)€l'y. The seminorms ||+ [luy, (a)=Ir, define the
topology ¢’ on 2.

Let &# be the set of all positive, monotone and continuous functions
f(x) on RY, which are decreasing faster than any inverse power, i.e.
sgg) x* f (x)<oo for all k=0,1,2,.... Now we can characterize the

bounded sets of 2[¢] [8,22,23]:

Lemma 2.1,

i) For (a) EIr we put M,={p=3a,8,: $.EH,, [|$,l<1} and
My ={[(T)¢; peH#,IGI<1} for fEF. The two systems (M, ; (@) €T'r)
and {M; ; fEF} of bounded sets coincide and form a fundamental system
of bounded sets in D [t].

i) The sets {T*¢: ||9l|<1}, £=0,1,2,..., are the unit spheres in
H_, and therefore they form a total system of bonded sets in D'[t'].
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Now we recall some fundamental facts about the unbounded
operators on a rigged Hilbert space [21, 22] which lead to the concept
of quasi *-algebras.

Let 2 be a unitary space (incomplete Hilbert space) with the
scalar product <{.,.», 4 its completion. By #*(2) we denote the
set of all endomorphisms A€End2 for which an 4*€End2 exists
with {¢, A¢>=<A"¢, ¢> for all ¢, y=€2. L*(2) is a *-algebra
with the usual algebraic operation with operators and the involution
A—A*. If @ =, then *(2) =% (#) the C*-algebra of all bounded
operators on #. We call a *-subalgebra & of #*(Z2) containing
the identity Op*-algebra [21].

On 2 we define a locally convex topology ¢ by the following
system of seminorms

i Iglla=114¢ll, AL (2). (2.5)

A domain in # is called a closed domain, if 2[t] is a complete space.

Then 2= N 2 (4), where 2 (A4) is the domain of the closure 4
A (D)

of the operator A.

The dual space of 2[¢t] we denote by 2'[t], where ¢’ is the
strong topology on 2’. The Hilbert space 4 is canonical imbedded
into 2[t’]. Hence, any dense domain &9 C s defines in a canonical
way a rigged Hilbert space

9[t]->H#—->2'[t"]

where the scalar product <F, ¢)> is defined for 92, Fe2’. In
what follows we regard only such 2 for which 2[t¢] is a reflexive
space. Let £ (9, 2’) be the linear space of all continuous maps of
2[t] into 2'[t"]. Further we write (2)=%(2,2) and £(2’)
=%(2’, 2’) which are algebras with respect to the usual operations
with maps. Then we get ([22, Lemma 2.1]):

Lemma 2.2. Let 2[t] be a reflexive space. Then

i) if AL (2D,2), so the adjoint operator A*€ L (2,D’) is
uniquely defined by <A¢, >=<A ¢, ¢>. A—A* is an involution on
z(2, 9.

i)y 2(92), L(2)CL(D, D) and L (D) =L (D)
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i) &L*(2) is a subspace of L (D) and it is LT (D)=L (2)N
L(D").

If E, F are two locally convex spaces, then the topology 7 of
uniformly bounded convergence on & (E,F) is defined by all seminorms
qa,j(A)=su2 po(A¢) where p, runs over the seminorms defining the
topology g; F and A runs over all bounded sets in E.

The topologies of uniformly bounded convergences on the spaces
L(2,92"), £(2) and £L(2') we denote by t4, 2 and 2. Let

us describe the seminorms determining these topologies more explicitly
[8, 22].

Tg: ||A|!j=su1v)¢ [<A¢, ¢>|, # bounded in D [t]
¢.ge
72 I]AII“"E’:suB llBA¢|l, BEL* (D), # bounded in 2 [t]
ge

20 ||A|¥'#=sup |{A¢, ¢>|, # bounded in D [t]
s
geN’
A" bounded in 2°[t]. (2.6)

This definition of the topologies makes sense also for non-reflexive
21t].

Lemma 2,3[8,22]. Let 2[t] be reflexive. Then
1) the topology ™2’ is given by the seminorms ||A||[#42=||A%|[#® where
B runs over all operators of £* (D) and M over all bounded sets of D [t].
i) L(2)[?], L(2)[t?'] are topological algebras of operators.
ill) A—A* is one—to—one between L (D) [t?] and L(2")[z?].
iv) £ (9D)[ry] is a locally convex *-algebra.

Let us still introduce 7Z2=max (¢Z,7?’) on £*(2). Then £*(2)
becomes a locally convex *-algebra with respect to the topology z2.
The relations between the different linear spaces of operators and
their topologies are expressed by the following scheme.

L[] >~
£ (D) [{] Z(2, 2" [ra] 2.7)
~Z@"["]_~

where —— denotes a continuous injection. If 2= then all four
spaces coincide with & (#) and all topologies with the operator norm
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topology. Among the four topologies 75 plays an exceptional role
[21,22]. Therefore, we call it the uniform topology on #*(2). The
other topologies are called quasi-uniform topologies.

Now we go back to rigged Hilbert spaces (2.1), associated to
2[t1=2=(T). Then the quasi-uniform topologies (2. 6) are defined

by the following systems of seminorms [23] :

gt |l All;=Ilf (D Af (D]

o A= (T A S (D]

|| AlLE=]) f (D AT

o2 2 AV P =max {IT*Af (DI, 11f (T) AT}, 2.8)

where f runs over F, £k=0,1,2,..., and the norm on the right-hand
side is the usual operator norm.

Another explicitly given system of seminorms for the quasi-uniform
topologies we get by using the decomposition # =3 @#; in eigen-
spaces #; of T (see (2.2)). Let P; be the projection of # to #;.
Then every operator Ac€Z(2,2’) gives a matrix A=(4;;), i.e.
A=3% A;; with

A;;=P,AP;, PH=H,C2D (2.9)

and the quasi-uniform topologies are defined by the following
seminorms [22], where (g;) runs over all (¢;) €l'7 and £=0,1,2,...

79 | Alley=2 |l4slla;a;
t.J

@)k
2 1 Al k =2 |14 [tka;
1.7

(@))%

2 AT =2 14t
.7

(a@)).k

=2 : |4l =2, 14,1 (Fha; +aith). (2.10)

The linear spaces (resp. algebras) of operators (2.7) are formed
exactly by all operator-matrices 4= (4;;), Ai;: #,—#;, for which the
corresponding seminorms in (2.10) are finite. Furthermore, one can
see immediately from (2.10) that with respect to each of the four
topologies every 4 can be approximated by finite matrices Ay=(4,)),
A;;=0 for i, j>N. Therefore we have ([22, Lemma 2.6]):

Lemma 2.4,
i) £*(9) is dense in the three other locally convex spaces of
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operators Z(2)[?], Z(2")[t?'], and L (2D, 2")[t4].
i1)  All these four locally convex spaces of operators are complete.

All the above results about (£ (2, 27)[t5], £ (2)[tZ]), especially
the fundamental Lemmas 2.1 and 2. 4, can be generalized to a wide
class of rigged Hilbert spaces 2 cs#C 2’ [19,33]. But there exist
also remarkable counterexamples, where 2[¢] is not separable and
L*(2) not dense in (9, 2")[z4] [18].

We conclude this Section with a third characterization of the
topologies on the operators. They are defined by the following
systems of seminorms, where (a¢;) runs over all I'z, £=0,1,2,...

T9 ¢ Qup (4) =sup ||4;,lla:a;
2 1 ¢“P*(4) =sup |14,Itka

: q{7M(4) =sup [|4,lla.t}

21 g (A) =sup 14,1l (e, +ath). @2.11)
Since we supposed ¢;,1=1,2,..., to be integers, we have } {72=x<oo.
Therefore, we get e.g. for the seminorms of the topology 74 in
(2.10) and (2.11) the estimation ¢, (4) <||4lley<qe2,(4) + &~ In
the same way one can prove the equivalence of the corresponding
seminorms in (2.10) and (2.11).

§3. Qu*-Algebras

One of the fundamental ingredients of the C*- and W¥*-theories
is the relation & (#) =G, i.e. the space ©, of all nuclear operators
is the predual of the C*-algebra % (o) of all bounded operators on
#. This property can be generalized to £ (2, 2’). For that first
we describe the set ©,(2) of the nuclear operators associated to a
rigged Hilbert space [28]:

©,(2)=1{p: pEL* (D), ApBES, for A, BEL*(D)}. G.1)

Let ||p|l;=¢r (o p)¥? be the trace-norm on the nuclear operators, then
by p* we denote a locally convex topology on ©,(2) defined by all
seminorms ||[4pB||;, 4, BEZ*(2). In the case 2=2~(T) every
operator A= £ *(2) can be estimated by a power of T, and therefore
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the topology fB* is defined by the following denumerable system of
seminorms (see also [25]):

g*: llollw=IT*eT"l,, £=0,1,... . (8.2)

In correspondence with (2.10-2.11) the g*-topology can also be given
by the seminorms:

(o) = ’Zl: sl ¢4t
B*: | (3.3)
94 (0) =sup |loy,|itit}.
This follows from the estimations
HT”PT”IIlSi_Zj P, T*oT*P,|l,=p.(0)
£:(0) =L 10:lhE15 < g2 (0) #°
2: (o) <IIT*oT*l,=lloll e 3.4
where k=3 §;2

Furthermore, in correspondence with Lemma 2.1 we have

Lemma 3.1. For cvery fEF we set
B;={f(T)Df(T); D, ||D|;<1} (3.5

is bounded in ©(2). The system of bounded sets {By; fEF} is total
in &,(2)[6*].

In fact, let B be a bounded set in &,(2)[B*] and «;;= su];()g)l]pi,-lll,
PEP
then by (3.3) sup a;;thti<loo for every £=0,1,2,... . Therefore, it

exists a fEF with a,<f(t)f(). Thus BCB,. If p€6,(2),
Ae£*(2), then

tTpA= Z trp,-kAk,-. (3' 6)
i,J.k

As a consequence of (3.3) and the characterization of the A&
L(2,2’) by the finiteness of the first seminorm in (2.10), we see
that the right-hand side of (3.6) is also defined for p=®,(2) and
AeZ(2,2’). We choose the notation irpd also for this general
case, but pA4 is in general not a nuclear operator (also not bounded).
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Lemma 3.2,
1) (&,(2), £(2,2")) is a dual pair with respect to the binilinear
Sform (p, A) =trpA defined by (3.6).
ii) The uniform topology t9 on L (2, 2’) and the topology B* on
©,(2) are the strong topologies of the dual pair.
i) £(2,2")[rg] is the strong dual of &,(2)[f*]1=2R.2, i.e.

Z(2, 2 [ra] =€, (2)[8*]". (3.7

This lemma (see [24,26]) is essentially a consequence of the
characterization of £ (2, 27)[t5], €, (2)[p*] by the seminorms
(2.10), (8.3). The duality (2, 2) [to]=(2®.2)’ is a special
case of the unsolved “Grothendieck-Problem”, whether % (E, F')=
B(EXF) [r,,,,]z(E@,,F)’ (for arbitrary metric spaces E, F ([17, p.
1985]). For Frechet spaces E=F=2[t] which are closed domains
(see (2.5)) the duality 3(9,9’)2(9@,;9)’ has been proved
recently [20].

The duality £ (2, 2")[r5]1=©,(2)[B*]’ is a consequence of
(2.8) and Lemma 3.1, since

IS (M)A f(M)||=sup |tr D f(M)Af (M) |= sup ltrpA|.  (3.8)
PEB £

1D, <1

By Lemma 3. 2, iii), (2, 2')[t5] is the natural generalization of
the W*-algebra % (#) to unbounded operators. But £ (2, 2") is
not a *-algebra. It is a quasi *-algebra in the sense of the following
definition [24]:

Definition 3.3. A locally convex quasi *-algebra, shortly Qu*-
algebra, (&[€], &,) is defined by the following conditions:

(1) «Z[£] is a locally convex space with a distinguished dense
subspace ;.

(2) Partial multiplications A—A4B and A—BA are defined on & for
every B/, They are continuous linear operators on &/[£] and &
is an &/,-module with respect to these multiplications.

(3) A continuous involution 4—A"* is defined on &/[£], which
leaves &, invariant. (AB)*=B*A*, (BA)*=A*B* for Be«/,, Ac«.
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Qu*-algebras are special cases of the more general class of partial
*-algebras [1, 2, 3], which have importance in mathematical physics.
A simple consequence of the definition is the following

Lemma 3. 4.

1) Let (A[€], ) be a Qu*-algebra and .5%\[.51] the completion.
Then the multiplication A, B—>AB, BA can be extended by continuity for
Y~~~ Y~~~
AeA[€E], Bed, (A[E], L) is a Qu*-algebra, the compleiion of
(L [£], ).
ii) The completion of a topological *-algebra /[&] is a Qu*-algebra
~~
(Z[£], ).

The completion functions leads beyond the category of topological
*-algebras. The category of Qu*-algebras is the smallest extension
with completion. Since the completeness of the observable *-algebras
in statistical physics is important for the existence of limits (e.g.
thermodynamical limit), the fundamental results on general *-algebras
in physics (see [4, 7,14, 37, 38, 39,40]) must be generalized to Qu*-
algebras.

Let us call a dense domain Z[t]CH# a basic space, if it is reflexive
and Lemma 2.4 and Lemma 3.2 hold true.

In this paper, all basic spaces are of the form 2=92(T).

Theorem 3. 5.

1) Let D be a basic space. For the topologies of (2.7) we choose
the abbreviation =14, tx=12. (L(2,2")[c], L*(2)) is a Qu*-
algebra.

ii) For AL (2, 2') the multiplications B—AB, BA are continuous
linear maps from L*(D)[r4] to L (2, 2")[<].

Proof: i) By Lemma 2.4 we have only to show the continuity
of the multiplication. But by (2.6) we get for A€¥ (2, 2'),
Bext(2)
|| BAll.e <||4ll.eus*.e
[[4Bl|.« <|Allp.av.4- (3.9

ii) Let BEL*(2) and A% (D, 2"), then || f(M)BA f(M)|=
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3up||f(M)B¢||, where /' ={Af(M)¢: ¢=#, ||¢||<1}. But by Lemma
4
2.1, ii) A is contained in a set const. {T%¢: ||¢||<1}. Therefore

||BA||s<const. || f (M)BT*|=const. ||B||* (see (2.8)). The estimation
for ||AB]||; is analogous.

Definition 3.6. (Z[£], #,) is called a Qu*-subalgebra of a Qu*-
algebra (L[£], &), if #[£] is a topological subspace of L[], %,
a *-subalgebra of &/ N# dense in Z[E] and if # is a HBy
submodul of #,. (#[£], %A, is called a closed Qu*-subalgebra of
(H[€], &) if # is a closed subspace of Z[€] and Z, =, N Z.

The maximal Qu*-algebra of operators (¥ (2, 2) [r], L7(2))
(Theorem 3.5) on a rigged Hilbert space is the generalization of the
C*- and WH*-algebra # (#). Therefore, we propose the following
definition

Definition 3.7. Let 2 be a basic space. A closed Qu*-subalgebra
(L], L) of (£T(92,2)[], £ (2)) is called a CQ*-algebra of
operators. It is called WQ*-algebra of operators if &[] is the
strong dual of & =&, (2)[p*]/L°, L°={pES, (D) : trpA=0 for all
Aes/} is the polar of & in the dual pair (£(2,2")[7], ©,(2)
[8*1). An arbitrary Qu*-algebra (&[£],&7,) we call CQ*-algebra
resp. WQ *-algebra if it is isomorphic to a CQ *-algebra resp. WQ *-
algebra of operators.

In the CQ*-algebra (¥ (2,2")[r], £*(2)) the *-algebra £L*(2)
is maximal in the sense of the following lemma. 2 is assumed to be
a basic space.

Lemma 3.8.

1) If for AcX(D,2") the products AB, BA are in £+(2D) for
every Be L1 (9D), then A= ¥ (2).

i) If for AL (D, D’) the products AB, BA are in ©,(2) for all
BE©,(2), then Ac £+ (D). Consequently, ¥*(2)={A€L(2,92"):
AB, BA€®,(2) for all BEG,(2)]}.
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Proof: From the assumptions i) or ii) it follows 4: 2—2 and
also A*: 2—>92. By the closed graph theorem we have 4, 4t
L (2) and therefore A€ 2% (2) (Lemma 2.2,ii1)).

In ii) we chose the fact that ©,(2) is an ideal in £*(2) ([28],
see also [36,37]). The maximality of £*(2) in £L(2,9") is
connected with completeness of #*(92)[z«], as we shall explain now.

Definition 3.9. Let (&/[£],.%,) be a Qu*-algebra. By & we
denote the weakest locally convex topology on &, such that for every
bounded set McC/[£] the set of maps {B—>BA, B—>AB; A=}
from 7,[§,] into &/[&] is equicontinuous ([16, §15. 13]).

Let # be a system of seminorms p( ) on & defining the topology
§. We call # a &,-system of seminorms, if for every p=Z and
Be/, also the seminorms (Bp) (), (pB) (), p*(-)EF

(Bp) (4) =p(BA), (pB)(4)=p(4B), p*(4)=p(4*).  (3.10)

Lemma 3. 10.
i) &) is a locally convex *-algebra
i) If &F is an L y-system of seminorms of L[], then &, is defined
by the following system of seminorms on £,

pa(B) =sup p(BA), wp(B)=sup p(4B) (3.11)

where p=F and M runs over all bounded sets of L[£].

Progf: 1ii) is an immediate consequence of the definition of &,
1) follows from ii) and the following relations for B, Ce«,, pEF,
M bounded in L[£]:
P (BC) =pc_ (B) = (Bp) (C)

2 (BC) =5 (pC) (B) =xp (C)
b (AF) = _p(4), ap (A7) =p" . (4). (3.12)

Lemma 3.11. Let 9 be a basic space and (£ (2,2")[<], £+
(2)) the maximal Qu*-algebra. Then t,=t4 on LT (D).

Proof: The system ||A||,,,,J,,———¢ ;up [<4¢, ¢>|, A, & bounded
el N
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in 92[¢t],is a £*(2)-system of seminorms for the topology 7 (see
(2.6)). For example we have |[A%||¢. 4 =||4lly. - [|BAll4s=\14ll4.5* 4,
etc.

Let = {4 % (), ||A||<1} the unit sphere of Z (#)CF(2,2").
£ is bounded in £ (2, 2')[r]. Since & contains all projections
[6>X¢ 1, |lgll=]l¢||=1, there is a 2>>0 for every bounded set 4 C 2[¢]
such that 2« & - DA ={pcH#; ||¢|]|<1}. Now we put M=aT* .
£ for one Te£*(2). For the seminorm p( ) =|| * |[|«=| llv.e we
estimate pg(+) (3.11) from below and get

p=(B) =sup ||BAlle= _sup_ [<BAg, $)|
= _sup 1[<Cg, TB*))|

Ces, g, g M

= sup K@, TB*¢)|=||B*|“". (3.13)

Qexiye M
Thus we have estimated a seminorm ||B|j#'7 of 7, (see Lemma 2.3)
by a seminorm py(B) of 7., On the same way every seminorm of
74 can be estimated. Therefore, 7, is stronger than 7,. But since
ZL*(2)[r] is a barrelled space, 7, cannot be stronger than 74 by
Theorem 3.5,ii). Therefore r,=1, and the proof is complete.

Let («[€], %/,) be a Qu*-algebra with complete #Z[§]. Then
the bilinear maps A, B»>A+B, B+ A from &,X& to & can be
extended to J;g\[-éo]xﬂ by continuity. In that sense Z*(2) is
maximal in £ (2, 2’) [r] by the last Lemma, since &~ (D)[r4] is
complete.

§4. Weyl Quantization and Twisted Product

The Weyl quantization f—W (f) leads to operators on the rigged
Hilbert space ¥CL,c¥’. It is of the type (2.1) L=2=(1),
F' =2 =(T) where for T we can take the operator T=P*+Q?%+1
=Pi+... +P5+0%+... +03+1 (number operator). Therefore, all
definitions and statements of §§2, 3 are applicable. For the topologies
of the Qu*-algebra (L (¥, &) [tel, L1 (¥) [*L]) we choose the
abbreviations t=1y, 74=17 (see Theorem 3.5).

The differential operator T generates the Hilbert scale

H =2 (T°) =T L, (R, —oos<o0 4.1
of Sobolev spaces, & =limg projs#’s, & =limg ind#s. Since T°# is a
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nuclear operator, besides Z (¥, #’) =©,(&¥)’ we have also &, (¥)
=L (P[] =2L (&, )] [28] (see also [29]). &£ is a Montel
space [16]. Therefore, the last duality relation is a special case of
the more general results in [34].

Since L (¥, #")[r] is a dual space with all good properties for

an integration theory, the Weyl integral (l.1) (W(f)=Se"(q°+“’)f
(g, p)dg dp is well-defined in £ (&, &) for any feF; [26,27].

Theorem 4.1 [13,30,32]. The Weyl quantization f—W(f) is a
linear continuous isomorphism between the locally convex spaces &; and
L&, F)r] and also between &, and S,(F), i.e.

symbol I #, D L, D %,
! ! (4.2)
operator W(f) : (&, %") 06,06, (&).

From the classical Banach space only the symbols fEL, are in
correspondence to a well-known class of operators, namely to the
Hilbert-Schmidt-operators W (f) €©, [32], and for f, g6,

tr W) W@ =—(§§r—>;§f<q, D p)dg dp.

If fe#,, then W(f)€6,(¥), but the symbols of all nuclear opera-
tors do not form a classical Banach space. In [6] it has been shown
that there are nonsummable functions leading to nuclear operators but
also bounded functions corresponding to unbounded operators (see
also [9, 10, 157).

If fe&,; and ge¥,, then the twisted products (1.2) fog, gof
are well-defined (in the sense of distribution) and elements of &;.
Furthermore, foge¥, if f, g&&,. All these multiplications are
(separately) continuous in the corresponding topologies. More precise-
ly, we have the following theorem [26, 27].

Theorem 4. 2.

i) (&5, F,) is a Qu*-algebra with respect to the twisted product
(1.2) and the involution f— f+=f. It is also called the Qu*-algebra of
symbols.

ii) The Weyl quantization f—W (f) is an isomorphism of the Qu*-
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algebra (£, &,) of symbols onto the Qu*-algebra (¥ (¥, F’) [r1,6, (&)
[s*D).

(L (&, &), ©(&)) is a Qu*-algebra of operators but not yet a
CQ*-algebra since & (¥) L+ (&). Its smallest CQ *-extension on
& is the CQ*-algebra (Z (&, %), LT (¥)), i. e. the maximal one on
&. Since fEW(f) is an isomorphism we can define an extension
(&3, &%) of the Qu*-algebra (¥;, ¥,) by

FrefeW(f)est (#). (4.3)

In this way the twisted product fog of two elements f, ge&" is
defined by W(fog) =W (f)W(g), where on the right-hand side we
have the multiplication in the Op*-algebra #*(&). Thus the integral
(1.2) is (formally) extended to a certain class of distributions, but
we have not an explicit characterization of the symbols f&%*. But
an important *-subalgebra SC#* is well-known from the theory of
pseudodifferential operators [5, 12], studied in detail in [41], where
they are called GLS-symbols (see [12]).

Definition 4.3. We use the abbreviation x= (g, p) ER?, x*=¢’+
P, f=0... 3%, lal=ay+... +ay. A function feC~(R¥) is

called GLS-symbol of order <m, arbitrary real number, if for every
k=0

Pua(f) = sup, 3 () | (1+a) " le0 oo, (4.4)

The space of symbols of order <m we denote by §,. It is a
Frechet space with respect to the seminorms p, (- ), £=0,1,2,... .
Furthermore

§=uUs§, (4.5)

and we equip with the locally convex topology &, defined by §=
lim, ind §,,. The following facts are proved in [4l, Theorems 2. 3.1,
2.4.1 and Proposition 2.7.3].

Lemma 4. 4.

1) The Weyl quantization f—W(f) maps S into F*(&). We
denote S=W (S) and S,=W(S,).
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ii) S is an Op*-algebra. More precisely, A - BES,,, for AES,,
BES,. Therefore S is a *-algebra with respect to the twisted multipli-
cation, and fogeS,,,, for fES,, gES5,.

iii) If A€8, and nz%,
Hyn for all k. Therefore, A is an operator of order 3—73— for the
Hilbert scale {#s, —o0<S< 400} (4.1).

then A is a continuous map from ) to

S is a subspace of the space 0, =0, (R*?) ([35,11, 5]) of multiplications
for the distributions. O, contains all functions f €C~(R*), such that
for every a there exists a £ with sup|0®f (x) | (1 +x2) *<oo.

Let us describe the structure Sf Oy in more detail: For two
integers k, m we define

1Al s = sup. 102 f 1 (1 +%) *<oo. (4.6)

Let OF be the Banach space with the norm || |l,.,. From these
spaces one gets Oy in the following way:
Ow=no0", 0"=U O 4.7)
m=1 k=1
We equip O, with the natural locally convex topology & given by
Oy=lim proj 0", O™=lim ind O7.
m k

Theorem 4. 5.

1) (04[], 8) is a Qu*-algebra with respect to the twisted multiplica-
tion, i.e. fog, gof €0y for fE€0y, g8 and the multiplications are
continuous.

ii) For every pair m,n of integers there exists an integer r such that

058, S§,00CO™ (4.8)

iii) Let n,m, k>0 be three given integers. Put r=m+2n+2d and
I=k+n. Then

0;08,, S,00;COr. (4.9)

Furthermore, the bilinear maps
0; x S, ZEE2, op (4.10)

fE0;, gES8, are continuous, i.e. there exists a seminorm P,s( <) (4.4)
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such that
”fo-g”m.l, Hg Of“m.lSCHf”r.kPn.s(g)’ (4' 11)

¢ is a constant. One can choose s=m-+2k-+2d.

Proof: We shall prove the estimation (4.11). ii) follows from
iii), since the & in iii) can be chosen independently of . Furthermore,
the integers m,n in ii) can be arbitrary, and therefore i) is a conse-
quence of ii).

Now we prove for f, g&€S,, r=m+2n+2d, [=k+n,
”fog”m.lSc”f“r.kPn.s(g)9 (4' 12)

with a certain s. The second estimation of (4.11) can be proved in
the same way. Since S, is dense in all spaces in (4.9), iii) is
completely shown.

We use the following abbreviations: ¢ (x;, x,) = g, —qop1,
d
4,=2 (9, +3), dx=I1dgdp,
i=1 ¢ 4 i
(feg) (x) =$Sf (x4x) g (x+x) e 12 dx,dx,. (4.13)

Now we have to estimate 0[(fog) for |r|<m. If we carry out the
differentiation in (4.13), we get in the integral terms of the form
0°f(x+x)0%¢(x+x,), |al, |B1<m. Now we use the relation

(1423 —t(l _%sz tezia(zl.x2> :eZiv(zl.xz)
¢ { .
(1 +x§) _t<1 _-tl}_d’ﬁ) 62"7("1"‘2) =e2w(xl.z2) (4. 14)

where ¢ is an integer. Then we get

Sa“f (x - x)) g (x + x,) €™V 2 dxdx,

(4. 15)
1 A n+d zz
(1_7 xl) 0 f (x +1,) e
"S I+ 2y < T ’z)
0Pg(x+x,) 2iot; zp
Tl e dx,dx,.

We estimate the first factor by using (14 (x+x)%)* <28 (1 +x2)*(1 +x2)*
and get
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1 n+d "
(1-g4) oS em) A+t (416
(1+x%)k+d ’_<_C0ﬂ5t- ”fllr,k (1+x%)d .

The second factor we have to estimate by P, (g). We get

{(1 _LA,2>”" 3°g (x+x,)

1+x)”
%) AT (e O

< const. “g”s.n_(l—_l_xg)_d

where s=m+2k+2d. Since the integral S A+ "2 (1 + x8) ~Ydx,dx, is
finite, we get from (4.15)-(4.17) the estimation

”fog”m.n+k SconSt' ”f’|m+2n+2r1.kl|g”m-‘-2k+2d.n' (4' 18)

But since [|gll, ,< . .(g) we have proved || f o gll,,<const. [|fll,.4fns(2)-
Therefore, the proof of the theorem is complete.

Let us discuss the estimations above a little more. (4.12) means
that the multiplication f, g— fog is continuous from Op*#+% x Qnt2+2

into 0,':‘4.]” i. €.
O;n+2n4-2d ° 0;}!+2k+24c0;ﬂ+k. (4. 19)

But from this last inclusion we cannot conclude Oy o O,,C Oy, as one
could suppose. Let f, g be two elements of Oy, then for arbitrary
m,n we can indeed choose k so large that feO0p***#, but then it is
not clear that ge0r+#+%  If one takes n once more larger, then £
has to be larger, and so on.

The indices in (4.19) mutually influence each other in such a way
that one cannot conclude Oy 00, C0O,. But this was stated in [3],
Lemma 3.18,i)]. One cannot absolutely exclude such an extension
of the twisted product that 0, becomes an algebra, but this is impossi-
ble in the sense of distributions and the proof in [31] is incorrect.
This can be seen by the following counterexample.

Example 4.6. f(q) =¢, g(p) =¢', (g, p) ER?, are elements of Oy,

but (fog) (g,p) =va/2 (1+i)e?6(p—q) €0, (in the sense of distri-
butions).

In fact, by using the relations Se“z""‘ dx di=m, Seixzdx=dm(l +1) =¢,

S f (n) e"dn=ce~" we get
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(fo2) (g, p) =%& ei(4+ql)zei(P+P2)zeziﬁqudq1dp2
=%S e“q“’z*"l’ze"%"—e‘z"”zqe"(”“’z)quldpz
:%eu’za(p—q).

All topological spaces S,, S, 0z, 0%, Oy of Theorem 4.5 contain
S, as a dense subspace. Therefore, this spaces are admissible spaces
in the sense of [27, Definition 3. 4], i.e., the twisted product f, g—
fogas a bilinear map of (S,,S,) in §; can be extended by continuity
to the following pairs of spaces

($., 0D, (04,8
(S,, 0%, 04,8,
(S, 01, (O, S)
(037", 03+%), et. (4. 20)

We conclude the paper with a remark. In [10] it has been introduced
the set 4 CS; of such distributions f, for which the twisted products
fog gofES, for every g&8§,. Then it was proved ([10, Proposition
7.8]) that W( ) =L (2)NL (D)=L (D), i.e. £/=8" (see (4.3)).
This statement is a consequence of Theorem 4.2, ii), and Lemma
3.8.
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