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Orbital Stability of the Periodic Solutions of
Autonomous Systems with Impulse Effect

By

Pavel S. StMeoNov* and Drumi D. BAlNOV*

Abstract

In the present paper the orbital asymptotic stability of the periodic solutions of autonomous
systems with impulse effect is investigated. An analogue of the theorem of Andronov-Vitt is proved.

§1. Introduction

In the recent years still more works have been published dedicated to
systems with impulse effect [1]-[9].

These systems describe evolution processes which in certain moments
change rapidly their state. In the mathematical simulation of such processes it
is convenient to neglect the duration of this rapid change and to assume that the
system changes its state by jumps.

Processes with such a character are studied in numerous fields of science
and techniques such as control theory, impulse techniques, populational
dynamics, mass service, control of the reserves, etc.

Systems with impulse effect are defined by a system of ordinary differential
equations % = f(t, x) and conditions which determine the moments and the
magnitude of the impulse effect. The determination of the moments of impulse
effect can be realized in various ways.

For instance, the moments of impulse effect for the system

dx
d_t =f(ta x):' t# 1'-k(x)a
(a)

Ax|t=rk(x) = Ik(x)

occur when the mapping point (¢, x(t)) of the extended phase space meets some
of the hypersurfaces g, defined by the equations t = 1,(x), k=1, 2,....
The moments of impulse effect of the system
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dx
d_t =f{t, x), t # Theo

(b)
Axli_y = L(x), k=1, 2,...

are t =1, k=1, 2,... and are fixed.
The moments of impulse effect of the system
dx

E = g(x)s XEM,

©
Axlst = I(x)

occur when the point x(t) of the phase space X meets the set M < X.

The solutions x(t) of systems (a, b, c) are piecewise continuous
functions. At the moment ¢t =1, of impulse effect the solution x(¢) has a
discontinuity of first type and we assume that the following equalities hold

x(t, — 0) = x(ty), x(7 + 0) = x(t}) + Ax(7y)-

Between two consecutive moments of impulse effect (te(r,, 7,4,]) the
solution x(t) of system (a) coincides with the solution &(t) of the initial value
problem

d
= — [0, &) = wla + 0).

The solutions of systems (b) and (c) for te(ty, 74+ 1] are defined analogously.

We shall note that the moments of impulse effect of the different solutions of
systems (a) and (c) are different. That is why in the investigation of such
systems there are some additional difficulties which do not occur when we study
system (b).

Up to the present moment systems of type (a) and (b) have been profoundly
studied [1]-[9] while systems of type (c) have been almost not studied.

Note that in the case when f{(t, x) does not depend on ¢ (i.e. f(t, x) = g(x)),
systems (a) and (b) do not possess the property of autonomy. System (c) has
this property. On the other hand, in practice the most frequently one meets
autonomous systems with impulse effect. That is why the investigation of
systems of type (c) represents an undoubted interest.

In the present paper the orbital asymptotical stability of a periodic solution
of system (c) is investigated and an analogue of the theorem of Andronov-Vitt is
proved [10], [11].

§2. Preliminary Notes

Consider the autonomous system with impulse effect
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dx _
s g(x), xe M,

0]
Ax'xeM = I(X),

where teR; g, I. Q >R" Q is a domain contained in the n-dimensional
Euclidean space R" with elements x = col(x;,..., x,), scalar product (x, y) = x,y,
+ -+ + x,y, and norm |x| = (x, x)%; M is an (n — 1)-dimensional manifold
contained in Q.

Further on we shall use the following notations: |4| = sup |Ax|—norm of
|x|=1
the

(n x n)-matrix A; diag(A4,, 4,)— a block-diagonal matrix with blocks A; and
A,; E,—the unit (m x m)-matrix; 0,—the zero (m x m)-matrix; B,(x,) =
{xeR"™ |x — xo| < e}—e-neighbourhood of the point x,eR"; G—the closure of

the set G = R* p(x, L) = inf|x — y|—the distance from the point xeR" to

yeL

afi\ .
the set L< R% g—f = (3—:2) —the Jacobian matrix of the function f: R" — R";
X j 1

[a; b]—the interval [a, b] if a < b or the interval [b, a] if b < a; x(t; to, xo)—the
solution of system (1) satisfying the initial condition x(t, + 0; to, xo) = x, and
J *(tg, xo)—the maximal interval of the form (ty, w) in which the solution
x(t; to, Xo) is continuable to the right.

Let ¢(t) (teR, =[0, c0)) be a solution of system (1) with moments of
impulse effect {7,}:

O<t,<1,< -, lim7, = 0 and
k— o

L= {xeR™ x = ¢(t), teR,}.
Definition 1. The solution ¢(t) of system (1) is called:
1.1. orbitally stable if
(Ve>0)(Vn>0)(ViteRy, [to— 7| >#) (36> 0)
(Vx0€Q, p(xo, L) <6, xo€B,(@(t))U B(o(t, + )V re(to, xo))
p(x(t; to, Xo), L) <
1.2. orbitally attractive if
(Vp>0)(VtoeR,, [ty — 7| >1n) (34> 0)
(Vxo€8, p(xo, L) < 4, x0€B,(p(1))U B,(o(t, + 0)))(Ve>0) (3o > 0)
to + o€ (ty, xo)(VE =10 + 0, teJ (Lo, Xo))

p(x(t; tO’ x0)5 L) < 8;
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1.3. orbitally asymptotically stable if it is orbitally stable and orbitally
attractive.

Definition 2. We shall say that the solution ¢(t) of system (1) has the
property asymptotic phase if

(V> 0)(VitoeRy, [t — Tl >n)(3A>0)

(Vxo€e®, |xo — 0(to)l < A)(FceR)(Ve>0)(Io > |c|)

to + 0€J T (tg, Xo)(VE =1ty + 0, teJ (tg, Xo), |t — Tkl > 1)

[x(t + c; to, Xo) — Q)] < e

Remark 1. Let the functions g(x) and I(x) be differentiable, the manifold M

be smooth and the normal vectors n, to M at the points ¢(t,) be such that (n,
glo(z))) #0, k=1,2,.... Then a straightforward verification shows that the

. d . . . s
function £&(t) = d—(f(t) satisfies the following linear system with impulse effect at
fixed moments of time

du dg
i 5;(<p(t))u, t# Ty

2
Au|t=rk = Nkua k = 15 25---9

where

Vo= 2L ot -+ | atote, + 0) = atot) — L ottt oo

System (2) is called system in variations (of system (1) with respect to the
solution o(t)).

We shall say that conditions (A) hold if the following conditions are
satisfied:

Al. System (1) has a T-periodic solution p(t) with moments of impulse
effect 7, (7, < T4+, k=0, £ 1, £2,... ) and the positive integer g be such that

<0<t < <1, <T<71441,

Tk+q=rk+7: k=0, :tl, :‘:2,

d
A2, d—’t’(t) #£0 for t # 1,
A3. There exists a constant H > 0 such that:
q
A3.1. The function g: @ — R" is differentiable in the set D = | ) D,(H) = 2
k=1

and is continuous in D where
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D(H)={xeR™ |x —y| < H, yeIl},
Iy ={xeR™ x =p(t), te(ty—1, ul}U {p(r—1 +0)}.

q
A3.2. The function I: @ - R" is differentiable in the set | ) By(p(t,)) = 2.
k=1

A3.3. The set M n By(p(ty)), k = 1,...,q coincides with the set of solutions
of the equation ¢(x) = 0 where the function ¢: Bg(p(r,)) — R is differentiable in

By(p(ty))-
A4. The following relations hold

¢(p(rk)) = 03 k = 19---: q,

0
%2 pe)gp(ed) %0, k=1,.... @ o)

AS5. For any he(0, H) there exists y > O such that p(x, M) > yfork=1,...,q9
and xe I\ B,(p(zy)).

A6. p;=1 and |pl <1, k=2,...,n where p,, k=1,...,n are the
multiplicators of the T-periodic linear system with fixed moments of impulse
effect

dy 0g
n é;(P(t))y, t#1,
4
Al =Ny, k=0, £1, £2,..
and
0
Ny = %(P(Tk))y
0
. 2 oty
+ [g(p(r;c +0)) — g(p(ry)) — a—x(p(fk))g(p(rk))] N

g(p(rk))g(p(rk)) 5)

Remark 2. Let conditions A1-A4 hold. Then, by Remark 1, the function
d
y=d—lt) is a T-periodic solution of system (4). In view of condition A2 we

conclude that the linear T-periodic system (4) has a multiplicator equal to one.
System (4) coincides with the system in variations of system (1) with respect
to the solution p(t).

Remark 3. Condition (3) means that the trajectories of system (1) are not
tangent to the manifold M in some neighbourhood of the point p(z).
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§3. Main Resuits

Before we go to the proof of the main theorem we shall prove some
auxiliary assertions.
Denote by z(t ; ty, zo) the solution of the initial value problem

dz
7o g(2), z(to) = zo€R"

Lemma 1. Iet conditions A1-A4 hold.
Then there exists a number he (0, H) such that for any k = 1,..., q there exists
a unique differentiable function T,: B,(p(t,)) = R, w— T(w) so that

() = T
HATw); 7 W) =0,

0 0 0
20 ST v | AT 7 WITIEO + ST )| 20

Jor we By(p(t))-

Proof. Lemma 1 follows immediately from the implicit function theorem
applied to the function

or (te — H, 7, + H) X By(p(ty)) = R, (t, w) = @(t, w)
= @(z(t; 74, w)) and the system ¢, (t, w) = 0.
Corollary 1. There exists a constant t > 0 such that
| Ti(w) — T,(w)| < 7|lw —u| for k=1,...,9 and w, ue B,(p(t))).

Let n > 0 and m > 0 be integers and D = R. Denote by PC(D, R"™™) the
space of (n X m)-matrix-valued functions which are defined for te D, continuous
in teD, t # 1, at the points 7, they have discontinuities of first type and are left
continuous.

The following two lemmas are related to the system

% = P(t)y, t # T
(6)
Ayl=, =Py, k=0, £1, £2,...,
where P(t) and P, (teR, k=0, £ 1, +£2,...) are (n x n)-matrices.

Introduce the following conditions (C):

C1. P()e PC(R, R™") and P(t + T) = P(t) for teR.

C2. There exists an integer g > 0 such that
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Trg =T+ T, Pyog=P, k=0, £1, £2,....
Clh pi=L|pl <, k=2,..., n,
where p,, k =1,..., n are the multiplicators of system (6).

Lemma 2. Let conditions (C) hold.
Then system (6) has a fundamental matrix of the form

Y(t) = y(r) diag(E,, ), ()

where the matrix Y(-)e PC(R, R"™*") is non-singular and 2T-periodic and C is a real
(n — 1) x (n — 1)-matrix with eigenvalues which have negative real parts:

Reii(C)<0,j=1,..., n—1. ®)

Proof. Let Y(t) be the fundamental matrix of system (6) for which Y(0)
= E,. From the T-periodicity of system (6) it follows that

Y(t + T) = Y(®) Y(T) for teR. ©
From condition C3 it follows that the monodromy matrix Y(7T) has eigenvalues
pr=1and |p| <1, k=2,..., n
Hence there exists a non-singular matrix S such that
S™1Y(T)S = diag(E,, B,) = B, (10)

where B; is a real (n — 1) x (n — 1)-matrix with eigenvalues which are in
modulus less than one:

4Bl <1, j=1,.,n—1 (11)
Set
1
C=?ln Bl’ (12)

1
A= T In B = diag(0,, C),

Y(t) = Y()S. (13)
Since from (13), (9) and (10) it follows that
Y+ T)= Y+ T)S = Y1) Y(T)S = Y(1)SS~ 1 ¥(T)S = Y(1)B
then by the representation of Floquet the fundamental matrix Y(¢) has the form
Y(t) = Y(t)e™ = y(r)diag(E,, ),
where the matrix Y(-)e PC(R, R™") is non-singular and 27T-periodic.
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From (11) and (12) there follows (8) which proves Lemma 2.

Lemma 3. Let conditions (C) hold, the fundamental matrix Y(t) of system (6)
have the form (7) and

6, 3 Y(t)diag(0y, E,- )Y '(s), t>s 14
,8) =
— Y(¢)diag(E,, 0,_ )Y 1(s), t <s.

Then:
1) The matrix G(t, s) satisfies the relations
Gt,t—0)—G(t, t+0)=E, teR, (15)
0G
ﬁ(t’ s) = P()G(t, s), t# Ty (16)
Gt + 0, s) = (E, + P)G(1p, 3), T # 5, (17)
G(t, + 0, t) =(E, + P)G(ty, ) + E,, k=0, 1,£2,..., (18)
Ke 24=9 >
1G(t, s)| < ’ (19)
, <5,
where o > 0 and K > 1 are constants.
2) If byeR", fePCR,, R™), aeR", e; = col(l, 0,..., 0) and
J If(®lde + Y. 1by] < oo,
0 k=1
(a, e,)=0 (20)
then the function
W, a) = Y(t)a +J G(t, 5)f(s)ds + Y, G(t, T)b, (teRy) (1)
4] k=1
is a solution of the system
dy
Y_p
dt (t)y + f(t)a t 7& Tk (22)
Ay|t=tk =Pky+bk’ k=1a 2’
and
lim y(t, a) = 0.
v @ 23)

3) If, moreover,

If@)] < re”™™, |b] <re”™™, teR,, 1,eR,, (24)
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then the function

u(t) =J G(t, 5)f(s)ds + ), G(t, T)by
0 k=1
satisfies the estimate
lu()] < Qre™™, teR,, (25)
where the constant Q > 0 is independent of r, f(t) and b,.

Proof. Equalities (15)—(18) follows immediately from formula (14).
From representation (7) and formula (14) it follows that

Y(t)diag(0y, e Yy, t>s
G(t, s) = (26)
— Y(t)diag(E,, 0,- ¥ '(s), t <ss.
By Lemma 2 there exists a number o > 0 such that

ReA(C)< —2a<0,j=1,.,n—1 @7

and the matrices ¥(t) and  ~(¢) are bounded on R (since they are periodic and
belong to PC(R, R™")). Then (26) and (27) imply estimate (19).
2) Since |G(t, s)| < K for t, s >0, then

fla(t, f6)ds + 316, byl < K r f©)lds + K 3 bi] < o,

hence the improper integral and the series in (21) are absolutely convergent.
Write (21) in the form

y(t, a) = Y(t)a + ft G(t, s)f(s)ds + fm G(t, s)f(s)ds
0 t

+ Y G(t, tbe
k=1

After a differentiation with respect to t # 7, in view of (15) and (16), we
obtain

Vit 9= a + 166, 10— Gt £+ 01

j Sl 9f(s)ds + i (e, b

= P()y(t, a) +/(1).

The differentiation is possible since the improper integral and the sum
obtained as a result of the formal differentiation are convergent uniformly with
respect to ¢ belonging to any finite subinterval of R,.
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Applying (17) and (18), we find that

y(t;+0, g = Y(r; + 0, a) + J G(z; + 0, s)f(s)ds

0

+ Y G(1; + 0, )by + G(t; + 0, 1)b;
KE1
kEi

= (En + Pi)y(rb a) + bi'

Hence y(t, a) is a solution of (22).
In view of the structure of Y(t) and of (20), we obtain that for teR,

| Y(t)a) < K|ale™ 2. (28)

Moreover,

0<

on G(t, s)f(s)ds + i G(t, t,)by
0 K=1

t/2 )
Sf 1G(z, S)Hf(s)lds+f2!G(t, IS (s)lds
t/

(]

+ ) 16 Wb + ZZIG(t, i) | by

0<tc<t/2 T2t/
t/2 0
< f Ke 249 f(s)|ds + J K|f(s)|ds
0 t/2
+ Y Ke 2 wp 4+ T K|by|
0<t<t/2 R2t/2
SKe'“‘f |f(s)|ds+KJ 1f(s)|ds
0 t/2
+Ke ™ Y |b|+K Y |b]—>0 ast— 0. (29)
k=1 T =t/2

Hence from (21), (28) and (29) it follows that relation (23) is fulfilled.
3) Let f(¢) and b, satisfy estimates (24),

min(t, — T,-,) = 0 and 7, <t < T,4q-
k

Then the estimates

t ©
lu(t)| < f Ke 220~ Sre = *5ds + f Kre *ds
t

0

n 0
+ z Ke—Za(l—tk)re—ark+ Z Kre—zzrk;
k=1

k=n+1
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t [e0] 2
e” 2| e*ds + e ds < —e ™
0 t o

n [[1n-1
e—Zat Z eark S e—Zat 5 z (rk+1 _ _Ek)eaztk + earn:l
k=1 k=1

—2at l rne“ds—}—e“'"
_9 13

< e—Zat i(earn _ ean) + e%tn
od

IA
®

L

1 1+ ab
— 2at ATn —at.
<e <~oc6 + 1>e < 0 e

o0

& 1
Z e—-ark < e—mr"+1 + = Z (Tk_rk—l)e_uk
k=n+1 k=n+2

1 [e o]
To<e ¥t 4 e %ds
0 ).

n+1

1+ ab 1+ af

— e_atn+1 <

T ab o0

e—at

. . . 2K
imply estimate (25) with Q = E(a@ +0+1).
This completes the proof of Lemma 3.

Theorem 1. Let conditions (A) hold.

Then the T-periodic solution p(t) of system (1) is orbitally asymptotically
stable and has the property asymptotic phase.

Proof. Let in system (1) the change of the variables be realized
x = Sz + p(0),

where the non-singular matrix S is chosen so that
d
s—id—‘t’(O) —e, =col(l, 0,..., 0).

As a result of this change we obtain a new system which has a T-periodic
solution n(t) = S~ !(p(t) — p(0)). An immediate verification shows that the new
system and the solution m(t) satisfy conditions (A). Moreover, 7n(0) =0,

d
d—f(O) = e,. That is why, without loss of generality, we assume that the solution

p(t) of system (1) satisfies the conditions

d—p(O) =e,.

PO =0 2 (30)
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For the system in variations (4) the conditions of Lemma 2 hold with P(z)
= 2—z(p(t)) and B, = N,. Hence system (4) has a fundamental matrix of the form
Y(r) = y(t)diag(E,, ), (31)

where the matrix y()e PC(R, R"™") is 2T-periodic non-singular and Re 1(C) <0,
j=1,..., n—1

From (31) we obtain that the first column of Y(¢) is a 2 T-periodic solution of
system (4). But from conditions A2 and A6 it follows that this solution is

dp

proportional to the T-periodic solution i

(t) of system (4). Hence we can

assume that

d
Y() = [d—’t’(t), mn],
where Y;(t) is an n x (n — 1)-matrix. Moreover, (30) implies
Y(0) = [e,, Y1(0)]. (32)
Let
Y(t) diag(0,, E,_,) Y X(s), t>s
G(t, s) = (33)
— Y(t) diag(E;, 0,_) Y (s), t <.

By Lemma 3 G(t, s) satisfies estimate (19) and Y(¢) satisfies estimate (28) if
acR" (a, ;) =0.

Choose successively he(0, H) by Lemma 1 and y > 0 by condition AS.

First we shall prove that there exist constants #, > 0 and B > 0 such that
for any aeD(n,) = {aeR™ (a, e;) = 0,]a| < ny} system (1) has a solution x(z)
= x(t, a) which is defined for teR,, has points of discontinuity ¢, = t,(a) and
satisfies the estimates

[ty — Tl < Blale™ ™ = §,, (34)

|x(¢) — p(t)| < Blale™™® for |t — 1| > Oy (35)
For this purpose we construct the sequences

w,(t) = wy(t, a) and t} = ti(a), n=0, 1, 2,...

setting for teR and k=1, 2,...

Wo(t) = p(t), &7 = 1,

after which we successively define

W, +1(t) = p(t) + Y(t)a + Jw G(t, s)fu(s)ds + i G(t, T)bk, (36)
0 k=1
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where
Jo#) = F(w,(t), 1) = g(wa(t)) — g(p(t)) — Z—i(v(t))(wn(t) — p(1), (37
by = Buwi(t)) = I(z(tz; 1 waT))) — I(p(ti))
+ ftk Lg(z(s; T Walte + 0))) — g(2(s; oo WalTi))) 1ds (38)

— Niwi(te) — p(70);
t»*1we determine as the unique solution with respect to ¢ of the system
Het; T Was1(t)) = O (39)
ie Gt = TiWasi(n)-
Let |a] <%min(h, y). Then for n=0 from (37), (38), (36) and (28) it
follows that
[wi(t) — p(t)] < Klale 2", t = 0. (40)

Moreover, since |w,(t,) — p(t,)| < Kla| < h, then by Lemma 1 and Corollary 1
there exists a unique solution t} = T(w,(z,)) of the system @(z(t; 74, wi(1y))) =0
and the following estimate holds

lte — 81 = [tx — wl = | Tw1(r) — Tlp(z))
< tlwi(td) — p(r)] < tK|ale™ >, (41)

Let pue(0, h). The analysis shows that the functions F(w, t) and f,(w)
satisfy the inequalities

|[F(w, 1) — F(u, t)] < L(w)|w —u| for |w—p@)I<u [u—p@)l<p (42)

and

|Biw) — Biuw)| < L()|w — u| 43)
for [w —p(tdl <, |u — p(rd| < p where lim L) = 0.

h
Choose ue(0, E) and 7, > 0 so that

2K 1
L(wQ = L(w) 0 (@0 + 6+ 1)< 5 2Kno <p. (44)

Then by induction with respect to n we prove that the members of the

sequences w,(t), t; can be determined successively and the following estimates
hold
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[Wall) — Wy—1(0)] < Kla|2'7"e™, (45)
Iwy(t) — p(t)| < 2Klale™™, (46)
|t — ti ' < tK|al2! T"em ™, (47)
[tk — 7| < 2TKe™ ** (48)

for n=1, 2,..., m.

In fact, from (40) and (41) it follows that estimates (45){48) hold for n
=1. Let these estimates hold for n=1,..., m. Then |wy(t)—p@) <pu k
=1,..., m and from (42), (43) and (45) we find

fonl) = frn— 1)) = [F(Wyi(2), 1) — F (W, —1(2), 1)
< L)1) — wp—1(8)] < L()K|a|2' ""e™
and
by — b~ < L(wK|a|2! ~me ™.

After this, by assertion 3 of Lemma 3, in view of (36) and (44), we obtain

f Gt IUS) — fu- 1015 + 3, GO, )BF — B

0

'Wm+ l(t) - Wm(t)| =

< QL(wK|a|]2! " ™me™ ™ < K|a|2 ™e ™. (49)

From (49) it follows immediately that
m+1
[ Wt 1(8) — wi(B)] < '21 |Wj(t) - Wj—l(t)|
i=
<Kla|(1 +27'+272+ --)e”*=2K]ale™ ™.
In particular, |w,,. (1) — p(ti)] < 2K|a| < h and by Lemma 1 equation (39)
has a unique solution f'*! = T(w,,+(t,)) for which by corollary 1 we have

|tkm+1 — 1 = | TiWp+1(t0) — TiWn(T))| < T Wpt1(T) — Win(Th)|
< ‘L'Klalz_me_m:k'

Then

m+1
et — gl < Y |t — 71 < 2tK|ale™ ™.
=1
Thus estimates (45)(48) hold for n =m + 1, hence for each n=1,2,....
From (45) and (47) it follows that the sequences w,(t) and t; are convergent
uniformly on teR and k=1, 2,.... Let w(t) =w(t, a) and t, = t,(a) be their
limits. Then
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[w(t) — p(t)| < 2K|ale™™, (50)
[ty — 1| < 2tK|ale™ *™* (51)

and
w(t) = p(t) + Y(t)a + J‘w G(t, s)f(s, a)ds + kil G(t, T)b(a), (52)

o -
where
5,

St a) = gw(r)) — g(p(t)) — %(p(t))(W(t) — p(1)) (53)

and

bi(a) = I(z(ts © w(t)) — I(p(zy))

+ _f: Lg(z(s; T4 W(Ty + 0))) — g(z(s; T4 W(Ty)))]1ds (54)

— Niw() — p(m).

In view of assertion 2 of Lemma 3 we obtain that w(t) is a solution of the
system with impulse effect in fixed moments of time

dw
E = g(W), t # Ths
AWy =, =1(2(t; 1 W(Ti))) (55)

+ r‘ L9(z(s; T Wtk + 0))) — glz(s; 0o W(Ti)))]ds.

Define the function x(t) = x(t, a) by the formula

w(t) if telt, 6],
x(t) =1 z(t; 1, wit, + 0)) if<t<t, (56)
z(t; T, W(TY)) ifr,<t<t,

x(ty) = x(t — 0). (57)

From (55)+57) it follows that the function x(t) is differentiable for ¢ # 1, and
satisfies the system

X
o g(x), t # T

Moreover,
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2ty T W+ 0)) —w(ty)  if 4 <714
Ax(t,) = < wty) — 2zt T, W(Tg)) if 4 > 1, (58)
Aw(ty) if t, = 1
Let t, < 7. Then
Ax(ty) = z(ty T, W(Te + 0)) — w(ty)

= Aw(ty) + z(ty T Wt + 0)) — w(t, + 0) + w(Ty) — w(ty)

= I(z(ty; T W(Ti))) + r{ [g(z(s; T Wt + 0))) — glz(s; T, Wlti)))1ds

123

+ fk g(z(s; T W(ty + 0)))ds — f g(z(s; T, w(ty)))ds

Tk Tk

= I(W(tk)) = I(x(tk))

By analogous calculations it is proved that in the cases t, > 7, and t, = 7,
the following equality holds as well:

Ax(t) = I(x(t,))-

Taking into account z(t,: t,, w(ty)) = x(t,) and passing to the limit in the
equality @ (z(th; T Wi(t))) =0, we get ¢(x(t,)) =0, i.e. t, are moments of
impulse effect for x(tf). Moreover, in view of condition A5, from (50) and (56) it
follows that x(t) has no other moments of impulse effect.

Hence the function x(t) is a solution of system (1) with moments of impulse
effect t,. By (56), (50) and (51) the solution x(t) and the moments ¢, satisfy (34)
and (35).

We shall find a relation between the initial values x° = col(x?,..., x2) = x(0,
a) of the solutions x(¢, a) and the parameter ae D(n,). Put t =0 into (56) and,
in view of (52) and (30), obtain

x° = Y(O)a +J G(0, 5)f(s, a)ds + Y. G(O, t,)by(a), (59)
(o] k=1
where f(t, a) and b,(a) are given by formulae (53) and (54).
From equality (32) it follows that
Y(O) diag(Els On—l) = diag(Ela On—l)' (60)

Let ¢;; and Cj; (i, j = 1,..., n) be respectively the elements of the matrix Y(0)
and their cofactors.
Taking into account (60) and (33), we conclude that equation (59) has the

form

x9 = ,chljaj + &(ay,..., a,), ©D
=
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=Y (=2, (©

j=2

where

&a,,..., a,) = [ f °°G(O, s)f(s, a)yds + ki G(0, T,‘)bk(a)]
JO =1

1

(Here [x]; denotes the first coordinate of the vector x).
Since the determinant 4 of system (62) is equal to

4=Cyy =detY(0) #0

then system (62) is solvable with respect to a,..., a,, i.e.
a; = kzzdjkx?, G=2..., n), (63)

where dj are constants.
Substitute the result obtained into (61) and obtain

x(l? = kZthx'? + g(x(l),--w xr?)a (64)

where h, are constants and &(x%,..., x°) = &ay, ..., a).

In view of (53), (54) and estimates (50), (51) we conclude that the function
&(ay, ..., a,) is differentiable in some neighbourhood of the point 0eD(,) and
8ay,..., a,) = o(la]) as |a| — 0.

Then, in virtue of (63), the function E(x‘z’,..., x?) is differentiable in some
neighbourhood (x9)? + -+ + (x2)* < r? and

&x9,..., x0)=0(|x])  as |x| 0. (65)

This enables us to formulate the following assertions:
I. The graph of the function

x} = i Bex? + E(x2,..., x0) ((X3)% + -+ + (x9)? <7?)
K=2

defines in R" a smooth hypersurface S and O€S.
II. The function

o(x) = x; — Zzhkxk - E(XZ:---, X,)
k=
is differentiable in the neighbourhood |x| < r and by (64), (65) and (30) we have
¢(0) =0,

% 0) = col(l, — hyy...y —hy) #0,
0x
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2 09000 = LOL0) = 1 20
III. For any pe(0, r) there exists p, €(0, p) such that if weR", |w| < p,,
then the equation
o(z(t; 0, w)) =0
has a unique solution { = f(w)e[ —r, r] and
lz(t; 0, w)| < p for te[0; £].

Note that in the proof of Assertion III the arguments are as in the proof of

Lemma 1.
Now let ¢ >0 and # > 0 be given and t,eR ., |tg — 7| > 7.
Choose successively the numbers:

11 €(0, no) so that 2tKn, < 7

p€(0, min(r, &) so that if (x9)* + -+ + (x9)? < p?, then for the numbers a;
defined by (63), we should have

G+ @ <

p1€(0, p) so that Assertion III should hold.
Let iT— T<ty<il. Then 0< Ty =iT—ty< T and

pto + To) = p(iT) = p(0) = 0. (66)

From Remark 3 and the continuous dependence of the solution of system
(1) on the initial data it follows that there exists A > 0 such that for any x,€R",
[xo — p(ty)| < 4 we have

p(x(t; to, xo), L) <& for te[ty, to + Tyl (67)
and
|x(5; to, xo) — p(B)l <py <& for te[to, to + Tol, [t — wl>n. (68)

In particular, for w = x(ty + Ty; g, Xo), in view of (68) and (66), we have |w|
< p;. Then by Assertion III there exists a unique fe[ —r, ] such that

z(f; 0, w)eS
and
iz(t; 0, w)| < p for te[0; £]. (69)
Since system (1) is autonomous, then
xy = x(to + To + £ to, Xo) = x(to + To + £ to + To, x(to + To; to, Xo))

=x(to + Ty + §; to + Ty, w) = x(f; 0, w) = z(f; 0, w).
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Hence x; €S and |x,| < p and to x; by (63) corresponds a*eD(n;). Then the
solution x(t; 0, x;) = x(t, a*) of system (1) and its moments of impulse effect ¢}
satisfy the estimates

[ty — i) < 9, = 21K|a*|e™** < 21Kn, <1,
|x(t; 0, x{) — p(t)| < 2K|a*|e™™ for t >0, |t — 74| > 64
Having taken into account p(t) = p(t + to + Tp),
x(t; 0, x4) =x(t +to + To + £ to, Xo), T +to+ To = Tysiy
and setting s =t + t, + T, we obtain
|x(s + & to, Xo) — P(s)| < 2K|a*|e™ 7t~ TO (70)
for s >to + To, |s — Tp1 9l > 21K |a*|e™ %
For se [T,y — O Tu+i + O] there holds either the estimate
IX(s + 5 to,  Xo) — P(Thsig — O)| < 2K|a*|((1 + d)e*™ + tde™)e™ %"t~ T0  (71)
or the estimate

|xX(s + B to, to) — P(Tisig + 6 < 2K|a*|(1 + td + tde™e 20T (72)
where d = sup|g(x)|.
xeD

Then from (70) it follows that the solution p(¢) has the property asymptotic
phase, from (70){72) it follows that p(t) is orbitally attractive and (69)+72) and
(67) imply that p(t) is orbitally stable, i.e. it is orbitally asymptotically stable.

Remark 4. Let the manifold M divide the domain 2 into g disjoint parts:
Q=0,U---UQUM,
QN =, nNM=@F,i,j=1,...,q i#]j
and
icQuUuM, k=1,..., q.

Let the function g, @ >R", k=1,..., q be differentiable in D,(H) and
continuous in D, (H).
Then Theorem 1 holds if

g(x) = gu(x) for xeQ,n Dy(H)

or if condition AS is replaced by the following condition A5. For any he(0, H)
there exists y > 0 such that:

p(x, M) =y for k=1,..., q and xe I} \(By(p(t)) U By(p(ti-1 + 0))).
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x + I(x)e 2, UM for xe M n By(p(t,,-1))-

0
% bty + 0 Pla + )£, k=1, ¢
Consider the case n = 2. Assume that system (1) has a T-periodic solution

p(t)(fi—p7é0> and in the interval (0, T] the solution p(f) has g moments of

impulse effect. Let Y(t) be the normalized for ¢t = 0 fundamental matrix of the

system in variations (4).
Then the multiplicators p,, p, of system (4) satisfy the equation

det(Y(T) — pE,) =0

or
p? — pTrY(T) + det Y(T) = 0. (73)

Since system (4) has a non-trivial T-periodic solution d_lt)’ then one of its

multiplicators is p; = 1. From (73) and Viéte’s formulae it follows that

py = detY(T),

or, in detail,
T oy
q Tr— )dt
m:ﬂ@@meL%W (74)
k=1

Let system (1), in scalar notation, have the form

dx
E_ P(X, y)

d -
D=0y i (s EM,
73)

Ax = a(x,y)
4y =b(x, y)  if (x, y)eM,

the set M is defined by the equation
Plx, y) =0

# 0.

dn

and.p(0) = ol 70 (50

Then system (4) assumes the form
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du oOP oP
Et- = E;(é(t)’ n(t))u + E(i(t))va t# Tk

(76)
du o0 oQ

7= 2 C0), n(®)u +—(é‘(t) n(®), n(®)v, t # T,

Adul,—, = Au+ Bw, k=1,2,..,

A=, =Cu+Dw, k=1,2,..,

where the constants 4,, B,, C, and D, have been calculated according to formula
(3.
Then from (74) and (76) we obtain

j [~—(§(t), rl(t))+—(§(t) rl(t))}dt

Py = H Ae (77)
where 4, = det(E, + N) =1+ A, + D, + A.D, — B,C,.
After detailed calculations we find that
ob 0 ob 0 0 da 0 da 0 0

P+ __¢___ ¢+ ¢ +Q+ _a_¢__gﬁ+ ¢

dy 0x 0x dy = 0x Ox dy 0Oy dx Oy
4, a¢ 3% ) (78)

+ Q—-

da 0 6b ob 0¢p 0
where P, Q, —ci _a — — —¢ ¢ have been calculated at the point (&(ty), n(ty))

and P, = P(é(fk + 0), n(, + 0)),
Q. = 0ty + 0), n(z, + 0)).
Thus for n =2 the following corollary holds.

Corollary 2 (Analogue of Poincaré’s criterion).

The solution p(t) = col(&(t), n(t)) of system (75) is orbitally asymptotically
stable and has the property asymptotic phase if the multiplicator p, calculated by
Sformula (77) satisfies the condition |p,| < 1.

Example 1. Consider the second order equation
X+2hx+0*x=0 (0<h<ow). (79)
Let the solution x(t) be subject to impulse effect at the moment ¢ = 7
x(t, + 0) = x(1), X(t; + 0) = x(t}) + b(x(ty), X(14))s (80)
where 1, is a moment of impulse effect if
x(t,) = 0, X(t) = 0. (81)

The equation with impulse effect (79)(81) represents the simplest
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mathematical model of a clock-work [12].

Set x = y and write down equations (79)«81) in the form of a system:

X =y
y=—w?x —2hy if (x, yeM
(82)
4x =0
4y = b(x, y) if (x, y)eM,

where M is defined by the conditions

o(x, )=x=0,y>0. (83)
System (82)83) has a non-trivial T-periodic solution x = &(¢), y = n(t) which
coincides with the T-periodic continuation of the solution
_JYo

x e MsinBt,

y = yoe ™(cospt — %sinﬂt)
of (82) for te(0, T], where y, is chosen so that

yoe T + b(x(T), y(T)) = y,
T=2nB"1, B=./w*— h2.

Inourcase g=1, 1, =T, x(T)=0, x(T+ 0) =0,

and

y(T) = yoe_hTa J’(T+ 0) = yoe_hT + b(x(T)a y(T)) = Yo,
ba _da 0¢ _ 0 0P 00
ax—ay_ay_o’ 6x_1’ ox 6y__2h’

Trop 20
L [—ajx‘(é(t)), n(t)) + 5(6(0, n(t))]dt — _WT

i) Let b(x, y)=p > 0.

Then ?ﬁ = ob

ox oy

A _P_+_y(T+O)_ Yo _ehT
1= - - = - >
P WT)  yoe T

p, = e'Te™ 21T — =hT

ii) Let b(x, y) =~/y>+e—y (e>0).
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I hen
(3b (317 y
_ I

—hT /1,2,— 2hT _ —hT _ =0 ==
Yoe + </ Vo€ + & — yoe Yos ax 5 3y yz p

and

P
4= "\ 0y _NT+0)  wT) Y, _
! P WT) YD) +e Jyée T +e

Hence p, = e 2T,

In the case (i) and (ii) p,€(0, 1).
= &(t), y = y(t) of the system (82) is orbitally asymptotically stable.

solution that the normal work of the clock corresponds.

Hence, by Corollary 2, the solution x
It is to this

Example 2. The linear system with impulse effect

dx (  kry . v,
ax _y My £ U
i~ ms—r TI=3
V,
—k i > _5
rYs if x| = =
dy _ = ry £ v,
i) i TLes—1p  TIXI<3 (84)
b ry . V,
krLC L’ ifxl =5
4

Ax = — 2Skrx, Ay = —g?x, if |x| = X

models the work of the electronic scheme given on (Fig. 1) ([13], ch. V. § 17).

|

b=

|

Fig.1
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Here k is the amplification factor which depends on the parameters of the

tube T, and on the anode resistance R, x = e, = kri is the lattice tension of the

dl I . .. . L
tube Ty; y = Et—; S = 7’ is the obliquity of the lattice characteristic of the tube T;;

N

I, and V, are respectively the current intensity and tension of satiation of the
tube Ti; krS — 1> 0.

. . . Cr? .
In [13] it is proved that in the cases when Lis small (L« —‘:—) or Lis large
2

(L> T) system (84) has a unique non-zero periodic solution p(t) and the period

T of this solution is estimated:

2
T~ S (for L>» 91—)
1 r? 4

IC "7
L cr?
T~ 2 In(2Skr — 1) <for L« —41)

C 2
The phase trajectory of p(z) is given on Fig. 2 <for L>» —:—) and on Fig. 3

Cr?
<for L« e )

The motion of the mapping point (x(t), y(¢)) is realized in the set defined by

the inequality |x| > ?s This motion is continuous from point A, to point A,

and from point A, to point 4; and by jumps from point 4, into point 4, and
from point 45 into point A4, (Fig.-2, Fig. 3).

y l U
Aj(x1,Y1) As
- /A
Az(xzy.\’z)/ el
- /|4
_k _k /
2 2 /
A x 1T |n x
2 / 2
At/
—
L A7 Au(X 4:Y4) /
~
As(x 3,3) %P
Fig.2

Fig.3
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Using the above notations we obtain

P(x, y)= —kry, Q(x, y) = al 4

krLC L’
28

alx, 3) = = 28kr, blx, 3) = — 2% ¢x, 3) = x| o
oP

“=0,6_P=_kr,99_= 1 ,a_Q=_f,
0x dy 0x krLC’ oy L
Oa da ob 28r 0b

0x " dy 0 0x L’oy ~
0V, 0 v, 09
A | A =1’_______S, = — 1, —=Vu
ax(z y) ax( 2 y) Ly =0
Then

T/op +6 it = rT

o\dx Oy -

4Py _Ppy) P LT T LT
! P P(xy, y1) Y1 yio
A=P_+=P(x4,J’4)= ! L 1=A

2 P P(x3, y3) Y1 v

r
(yl_i15>2 T
pr=|—-" e 2,
g Y1
2 2

C C ..
In the cases when L>>—Zr— or L« —4L, the condition

345

O<p, <1 is

satisfied. Then the periodic solution of system (84) is orbitally asymptotically
stable.
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