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Proofs and Programs:
A Naive Approach to Program Extraction

By

Hayao NAKAHARA*

Abstract

In this paper, we examine a naive but precise relation between verification proofs of iterative
programs with recursions and proofs in a predicate logic. For that purpose, a logic of total
correctness of programs is introduced, which is an extension of a predicate logic and a variant of
Pratt’s dynamic logic equipped with program variables. Then it is shown that correctnes proofs of
programs are regarded as proofs in a predicate logic. Conversely we show how programs and their
correctness proofs can be obtained from proofs of their specifications.

These methods provide means to examine how difference among algorithms refiects difference
among proofs and vice verse. Using them, we can replace processes of programming by processes of
proving specifications. Our method does not depend on specific concrete theories, so we can use
our method to problem solving on abstract domain.

§1. Introduction

1.1 Programming by proving specifications

In order to obtain reliability of programs, programming is roughly summed up
as the following process:

(i) Describing a problem to be solved;
(i1) Constructing a program to solve the problem;
(iii) Demonstrating that the program solves the problem.

The third step is essential to guarantee the reliability of the program. For
the sake of simplicity, we only consider problems to find results satisfying given
properties under some conditions. In order to demonstrate that a program
solves a problem rigorously, we need follow the above process in a formal
way. The above process is reformulated as follows:

(1) Describing a formal specification for an informal problem;
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(ii) Constructing a program for the specification;
(i) Verifying formally that the program satisfies the specification.

To conduct this process, we must specify a formal system to describe
specifications and specify a logic to describe how the specification language and
programs are interrelated. We call the former the underlying logic and the latter
the program analysis logic. Using the predicate logic as the underlying logic, a
typical specification can be described as follows:

VX.(o[X] = IyY[x, y]).
This expresses that:

For each input X satisfying the condition ¢ [x], find a result j satisfying the
property Y[X, y].

In general, we cannot construct any program without understanding a
problem. We usually analyze what properties are derived from the specification
before constructing a program. However this analysis is closely related to a
proof of correctness of the program obtained as a result of the analysis.

On the other hand, it is well-known that there is a close relation between a
program and a constructive proof of its specification. If we can obtain a
program from a proof of its specification, the above process is again
reformulated as follows:

(i) Translating an informal problem to a formal specification;
(ii) Proving the specification;
(iii) Extracting a program from the proof.

In this approach, the correctness of the program with respect to its
specification is guaranteed in the second step, and we need no separated
verification proof. Moreover the third step may be easily mechanizable.

It seems unrealistic that we need a proof before constructing a
program. However intensive analysis of a specification seems to be unavoid-
able, and if we need rigorous reliability of a program, a correctness proof is
required in any case. Thereby this approach seems to be a shortcut to
construct a flawless program, and it is important to establish the method for
constructing a proof of a specification as easily as constructing a program.

1.2. Program analysis logic

It is desirable to treat specifications not only on specific concrete domains, but
also on any abstract domains (or theories). Moreover it will ease a task of
describing specification to utilize ordinary mathematics such as set theory,
inductive definition and so forth. So the restriction on the underlying theory
should be as small as possible. Hence we choose a usual first-order many
sorted classical logic for our underlying logic.
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In order to verify correctness of programs with respect to their specification,
we must utilize some formal system. Our program analysis logic is a kind of
logic of programs. We formulate it as an extension of our underlying logic. It
has its root in Igarashi [11], Pratt’s dynamic logic [16] and several variants of
them [7], which originate in Hoare’s system [10].

We shall describe some features of our logic.

For each program, we explicitly designate variables on which the program
execution depends, and divide them into two classes, left variables and right
variables. The pair of these two classes of variables is called the p-type of the
program. Left variables of a program are the variables whose values may be
changed during execution of the program. Right variables of a program are the
variables whose values may be referred by the program. Using our program
analysis logic, a specification for a swap program can be described as follows:

X=Xo Ay=Yyo2Kswap: (X, y; X, P)X(X=yo A Y=X,)

where swap: (x, y; x, y) means swap has x and y as both left and right variables.

We have a new kind of formulas: for a program « and a formula ¢, {a>@ is
a formula which express that o always terminates and ¢ always holds after the
execution of o terminates. Thus our logic is a logic of total correctness.

Semantically, {a>@ implies the existence of a state which satisfies ¢. Thus
{a) acts like an existential quantifier. Actually if ¢ <o)y can be proved in a
suitable subsystem of our program analysis logic, called a construction part, we
can obtain a proof of ¢ >3y.¢ in the underlying logic where y are the left
variables of o.

Moreover our logic permits use of variables ranging over programs (called
program variables). These program variables enable us to treat recursive
programs and they play the essential role in program extraction as described in
the next section.

1.3. Program extraction

It is a well-known fact that mathematical proofs which are regarded as
constructive in a certain sense relate to programs. In particular, existential
quantifiers correspond to programs. For example, when a formula 3x.¢ is
proved by introducing 3 quantifier, that is,

(*) qox[‘[] - 3x.(p,

we know 7 is a value of x which satisfies ¢. Thus we can extract a program
fragment x :=1, and ¢ holds after the execution of x :=7. This fact is expressed
by {x :=1)¢ in our language. That is, from a proof of (*) we can extract a
proof of the following:

o [t] = {x:i=1)0.

In this point of view, it is sufficient to proving this specification in



418 HAYAO NAKAHARA

constructive way in order to obtain a program from a specification ¢ >3x..

However if we will correspond a program to every constructive proof, we
should handle Aigher-order programs, in which functions and procedures are
regarded as first class objects. Among previous works, Takasu [18] and Sato
[17] use Gddel’s functionals of finite types, 7, and dialectica interpretation [6],
Beeson [1], Hayashi [9] and Tatsuta [21] use Feferman’s type free system and
g-realizability interpretation [2, 4], Cornell [3] and Goteborg [8] groups use
Martin-L6f’s type theory [14].

These systems are based on the constructive logic, and not only existential
quantifiers but also all of the other logical connectives, including disjunctions
and implications, have a computational meaning. This is too complicated and
hard to understand for novice programmers. It is desirable to treat proofs in a
usual (non-constructive) theory and to give a computational meaning to only
existential gquantifiers.

However not all of the existential quantifiers are regarded as computable.
Usual specifications have a lot of existential quantifiers not corresponding to
programs. So we need to specify whether an existential quantifier correspond to
a program or not. Lifschitz [12] proposes a logic which has both constructive
and non-comnstructive existential quantifiers, but we take another approach.

All the systems listed above treat only functional programs, which have
mathematically good properties. On the other hand, iterative programs play an
important part in realistic programs. Hence it is also important to take usual
iterative programs into consideration. So, in this paper, we establish a naive
but precise relationship between proofs and iterative programs. We only focus
on first-order iterative programs with recursion. First-order means there is no
facility to pass a program to another program through a parameter in execution
time. As a result, the class of proofs which can be handled by our method is
restricted. However most of realistic programs lie in this category, and the
relation between proofs and programs becomes straightforward and easily
understandable. So we can establish naive method to extract a program from a
proof of its specification.

Qur extraction process of a program is as follows:

(1) We mark existential quantifiers corresponding to programs, denoted by
3%
(i) From a proof of
Ixy — Jj.o,

we find a program « using a program variable ¢ and construct a proof
of

Y - Kade

in our program analysis logic.
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Thus we not only extract a program but also construct a correctness proof of the
program from the original proof.

Manna and Waldinger [13] also extract first-order programs in a classical
logic framework. They however consider only functional programs and do not
have non-constructive existential quantifiers. QOur approach can handle a wider
class of proofs than their approach and provide clearer insight into relationaship
between proofs and programs.

Takasu [19, 20] extracts iterative programs from constructive
proofs. However they can only handle well-behaved proofs which are built up
from several templates of inference each of which is specific to a program
construct.

1.4. Qutline of this paper

In Section 2, we introduce a logical system UILOQ for describing specifications and
conducting mathematical proofs. ULO is a usual first-order many sorted
classical logic. We use a natural deduction style formulation, and ULQ is
essentially same as NK of Gentzen [5, 15]. However ULOQ treats partial terms
as Beeson’s EON [2]. Next, we modify ULO and obtain UL1 so that we can
easily extend it to a logic of programs.

In Section 3, we introduce a logic of programs PLi, the program analysis
logic for iterative programs. PLi is presented as an extension of ULI. In this
paper, we only describe a formal system of PLi, and formal semantics of PLi is
not described. We also discuss that some class of proofs in PLi can be regarded
as proofs in an underlying logic.

In Section 4, we show Hoare Logic can be simulated in PLi naturally.
Hence PLi has sufficient power to verify correctness of programs.

In Section 5, we state our main result, the program extraction theorem.
Since not all the existential quantifiers are necessarily translated into programs,
we introduce an auxiliary formal system 3-ULI1 as an extension of ULL. 3-ULI
has a marked existential quantifier, 3, to indicate which existential quantifier is
to be translated into a program. In order to use ULO as the underlying logic,
we also give a formal system J-UL® and show how proofs in 3-ULQ can be
transformed into proofs in PLi.

In Section 6, we extend our main theorem in order to naturally produce
while programs. Then we discuss how while programs can be extracted and
what programs can be extracted from proofs using ordinary mathematical
induction.

In Section 7, We discuss some possible extensions of our method and give
concluding remarks.

Notation. We write & for the sequence of expressions &,..., &,. We also
write & for the finite set of expressions &,,..., &, In the context where a
sequence notation & appears, &; denotes an element of & We shall freely use
overline notation to denote sequences and finite sets. For example, f(7) stands
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for f(zy,..., 1,); for 2n-ary infix predicate symbol <, & < 7 stands for (g4,..., 7,)
< (T15..., T,); (%) stands for (ty 1r..cr Tim)serrs Tu(Tp1seres Tum,); XEJ means

x occurs in a sequence or a finite set y; the phrase “variables x do not occur in &”
means no variable in a sequence or a finite set of variables X occurs in &.

We use = for the syntactic equality and write X — Y for the set difference of
two sets X and Y.

§2. Underlying Logic

In this section, we introduce two underlying logic ULQ and ULL, both of which
are many sorted first-order classical predicate logic with partial terms.

2.1. Underlying logic ULQ
ULD is essentially same as Gentzen’s NK [5, 15].

Defimition. Given a set of sorts . An arity in & is a pair of sequences of
sorts § and § in &, denoted by (5—7), such that length(s) < 1.

We call § (resp. §') the domain (resp. the range) of an arity of (§—5). An
arity (§— ) is said to be an object arity, a function arity or a predicate arity if
the domain § is empty, if both the domain § and range § are not empty or if the
range § is empty, respectively.

Definition. A language ¥ of ULQ consists of a nonempty set of sorts &,
and a set of nonlogical symbols with each of which an arity in &, is associated.

A nonlogical symbol with an object arity is called an object constant, a
nonlogical symbol with a function arity is called a function constant and a
nonlogical symbol with a predicate arity is called a predicate constant of . ¥
(resp. # 4, #4) denotes the set of object constants (resp. function constants,
predicate constants) of ¥ . We assume that for each sort se ¥y, a predicate
constant = with arity (s, s —) belongs to #,. We use = as an infix operator
and = represents the equality relation.

ULO is designed to describe specifications of programs. For that purpose,
we divide sorts (resp. nonlogical symbols) into two classes, executable and
nonexecutable sorts (resp. symbols). Moreover, an executable part of a language
& must form another language e , the executable part of ¥ . This implies the
arity of each executable symbol lies in &, namely executable sorts. Only the
executable symbols are allowed to appear in programs.

From now on, we fix a language ¥ and we shall often omit a subscript .%.

We assume a countable set of variable symbols is given. We divide variable
symbols into two classes: marked and wummarked variable symbols. Our
intention of marked and unmarked variables is that marked variables may occur
in programs but unmarked variables may not.
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Defimition. A wvariable (or object variable) with arity (—s) is a pair of a
variable symbol x and arity (— s), denoted by x:(— s) such that x is marked if
and only if s is an executable sort. A variable with a marked (resp. unmarked)
symbol is called marked (resp. unmarked) variable.

Later we simply write x or x:s for x:(— s) unless it is necessary to indicate
the sort of x explicitly. If we use a sequence notation x for variables, we assume
all the variable symbol occurring in X are distinct. From now on, we assume all
the variables having the same variable symbol have the same arity in terms,
formulas, proofs and so on.

Definition. 7Terms of ¥ and their associated sort in &, are inductively
defined as follows:

O a variable or a constant symbol with arity (—s) is a term of sort s;
© if fis a function constant with arity (s,..., s, —So) and t,,..., T, are
terms of sort sy,..., s, respectively, then f(z,,..., 7,) is a term of sort s,,.

Definition. Sequences of terms T and & are compatible if length(t)
= length(6) and for each i, t; and o; have the same sort.

Definition. Formulas of ¥ are inductively defined as follows:

© 1 is an (atomic) formula;
© for each term 7, At is an (atomic) formula;

© if p is a predicate constant with arity (si,..., s, —) and 7,..., 7, are
terms of sort si,..., s, respectively, then p(t,,..., t,) is an (atomic)
formula;

© if < is a predicate constant with arity (Sy,..., Sus Stseees Su—>)> X1seens Xy

are distinct variables of sort si,..., s,, respectively, and yx is a formula
then TI(<, 4x4,..., X, ) i an (atomic) formula;

o if ¢,..., @, are formulas, then ¢, > @,, ¢; A ... A @, and @, V... v @,
are formulas;

© if ¢ is a formula and x is a sequence of distinct variables, then Vx.¢ and
dx.¢ are formulas.

An atomic formula At means that t is defined or the computation of
terminates. TI( <, AX.x) means that the relation < admits transfinite induction
or is a well-founded relation on {x | x}.

We introduce several abbreviations: A ;p; stands for ¢, A...A @, V,0;
stands for ¢@; A ... A @,; T=6 stands for A;1;=0; @ D <y stands for (¢
> Y) A (Y > @); 1 ¢ stands for ¢ > L ; T # o stands for —1 (t = g); T stands for
1 o 1; TI( <) stands for TI( <, A%. T ); for a set of formulas I" = {¢,..., ¢,},
A I stands for A,p,.

Free and bound occurrences of variables in a formula are defined as
usual. All the occurrences of variables occurring in a term are free in the
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term. For a term or a formula & FV& denotes the set of free variables
occurring in &.

Definition. An executable term is a term such that all the sorts and
nonlogical symbols occurring in it are executable. A boolean expression is a
quantifier free formula such that all the sorts and nonlogical symbols in it are
executable.

Definition. Terms T are said to be substitutible for x in ¢ if the following
conditions hold:

(i) 7 and X are compatible;

(ii) each variable y occurring in 7 is not bound at each free occurrence of
x; in @;

(iii) if x; is marked then t; is executable.

In this case, we write @[] for the expression obtained from ¢ by replacing
each free occurrence of x; by t; simultaneously.

Definition. Let & be a term or a formula, x and # be sequences of
variables. We say that X are renamable to u in & if the following hold:

(i) x and u are compatible;

(il) wu; is substitutible for x; in &;

(iii) if u;e FV& then u;ex;

(iv) x; is marked if and only if u; is marked.

If X and # are compatible variables, we write &% to designate the expression
obtained from a term or a formula & by replacing each free occurrence of x; by
u; simultaneously. When we write &%, we assume X are renamable to # in &.

We define FVo, o:[7] and ¢% for a term ¢ in the same way as formulas.

Now we describe the logical axioms and the inference rules in UL0. We
adopt Gentzen’s natural deduction style to describe our formal system
[5, 15]. ULO is a classical logic and contains the law of excluded middle as an

axiom scheme.

Axioms and Rules 2.1. Axioms of ULQ: Law of excluded middle, equality
and definedness.

EM ov—o

Eq x=x
X=yDy=Xx
x=yAy=zox=z



PROOFs AND PROGRAMS 423

x=y=>fx)=1(y) (Fes)

x=yApX)=p(y) (pe?)
A Ac (ce®)

Ax

Af(T)> AT fez)
p(T) > AT (pe2)
c=1D A1

Axioms and Rules 2.2. Inference rules of ULQ are:

L 4
7
A P On AE DN vaeh )
N, o
[e1] [@a]
V-I P for each k) V-E 0V ¥
\&x v
[e]
v ¢ 9>y
o-1 _r SE ? ooy
lo3=1V} v
% AT VX.@
V-1 ’s ¢a E At Vg,
oo o]
Lo%]
A g d _.
31 Lredd p 0 Y
dx.0 "

[xZ Vx.(x A X<a> )]

TI(<, Axy)  oF

Vx.(x 2 ) @

Ind(<, 1x.y)

(*): for V-E and 3-I, T must be substitutible for x in o.

{ay: denotes that the eigen variables a must satisfy the usual eigen variable
condition. That is, a must not occur free in the conclusion and in the
assumptions (above the minor premise in the case of elimination rules) except
explicitly mentioned formulas such as @Z 1In this case, we say that a; is the
eigen variable for x; or a; is the eigen variable corresponding to x;. Note that we
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do not exclude the case an eigen variable g; corresponding to x; is just x;.

A bracketed formula occurring in a inference rule such as [¢] in o-I is
discharged from assumptions when the rule is applied. A discharged formula is
also designated by a label attached on it. The attached label indicates which
rule discharge the formula.

We remark the following points:

(i) In V-E and 3-1, if x; is marked then t; is_executable;
(ii) In V-I, 3-E and Ind (<, AX.x), ¢% and x% are subject to the tacit

condition: X are renamable to a in ¢ and y;
(iii) In particular, in V-I, 3-E and Ind( <, Ax.%), x; is marked if and only if
a; is marked.

We also remark that bracketed formulas need not be discharged. For
example, in >-I, ¢ oy can be inferred from  without discharging any ¢ from
assumptions. In such a case we say that the discharged formula ¢ is not
used. On the other hand, in the case where some occurrences of ¢ are actually
discharged, we say that the discharged formula ¢ is actually used.

For each elimination rule, the premise which contains the logical symbol
which is eliminated is called a major premise of the inference and the other
premises are called minor premises of the inference.

Definition. A sequent is a pair of a set of formulas I” and a formula o,
denoted by I"— ¢. When X is a proof of ¢ from assumptions /" in UL0 then
we write 2 I —¢. In this case, we say I — ¢ is the sequent for X. A
constituent sequent of a proof X is the sequent of a subproof of 2.

If  has a proof from assumptions I', then we write -, I"— ¢, and we
simply write b, @ when I"is empty. When ¢ —¢ and ~_, ¥ — ¢ hold,
we write @<y, We also write

wl,--wwn
2,

Z
for 2" b, I'—> @, where {y,..., Y} S I

Equality axioms have somewhat restricted form in ULQ, but a usual
substitution property holds:

Proposition 2.3. (Substitution Lemma)

(i) Suppose T are substitutible for X in ¢, and a are fresh variables, then
Fow G=TA Q% & a=TA@d7]
(i) Suppose T and T are substitutible for X in ¢. Then

’_ULO f=f” q’f[f] - (Pf[f/]'
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Definition. Contexts are formula-like expressions, which are built up from
atomic formulas and special symbols *,,..., *, (n may be 0) and each *; has at
most one occurrence.

We use an expression like &/[*,,..., *,] to denote a context. For a context
A[*4,..., *,] and formulas ¢i,..., @, Z[@,,..., ¢,] denotes the formula
obtained from Z[*,,..., *,] by replacing each *; by ¢, We also use a context
to specify occurrences in a formula. We say that a variable x is bound at *; in a
context o/[*] if #; lies in a scope of V or 3 which binds x. A variable x is bound
in a context o/[*] if x is bound at some *; in &/[*]. A term t is substitutible at
*; in a context o/[¥] if the variables occurring free in 7 are not bound at *; in
2[*], and is substitutible in a context o/[*¥] if t is substitutible at some #*; in
[*]. We shall often write &/ simply for &/[*,..., *,]. We adopt our
substitution and renaming notations to contexts as those of formulas.

We give an example of a proof in ULQ. In this example and all the
examples described later, we assume that definedness of all terms holds and we
do not explicitly express such a formula as A(a — 1).

To exhibit formal proofs, we use the following notations:

Q- @,
Y

means ¥ is derived from ¢,,..., ¢, using several steps of inferences, and

kid
W

means @ = .
Example 1. Let FACT be a set of axioms:
F(0, 1), Vn, m.(F(n, m)> F(n+ 1,(n+ 1)xm)).

Executable symbols are {0, 1, +, —,-, =}. We assume all the variables
occurring in this example are marked variables. We shall exhibit a proof of
FACT — Vx.3z.F(x, z) in Peano arithmetic with TI( <) as an axiom (also
denoted by PA).

First we construct several subproofs.

FACT
T a=0 F(0, 1)
Substitution Lemma
F(a, 1)

3z.F(a, z) o
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a#0 Vx(x<a>3z.F(x,2)
2t a—1<a " a—l<a>3z.Fla—1,2) .
HZ.F(a‘Is Z)
a;éO F(a_ 1: b)

——————— PA FACT

a—1+1=a Fla—1+1,(a—1+1)b)
z Substitution Lemma

2 F(a, a'b)

St S
Jz.F(a, 2)

Z a#0, Vx.(x<a>3z.F(x, z)) a#0, F(a (—}El), b)
2 22
— 3z.F(a, z
e ;)Z.F(a, z). s e
Now let
IH & Vx.(x<a>3z F(x, z)).
Then a desired proof is the following:
(v-E) (v-E) (IND)
a=0 a#0, IH

L I1 )
oA a=0Va#0 3z.F(a, 2) 3z.F(a, 2) e
TI(<) 3z.F (a, z)
Vx.3z.F(x, z).

(a),IND

2.2. Underlying logic UL1

The concept of substitution is used to describe ULO. However defining
substitution for programs is slightly difficult. For example, consider the
following program fragment;

(if z>0 then x:=y else y:=x);z: =x.

It is easily seen that substitution for the first occurrence of x is impossible and
substitution for the second occurrence of x is possible, but we can not decide
whether substitution for the third occurrence of x is possible or not. Thus it is
hard to define the concept of substitution for programs.

In order to avoid this difficulty, we introduce a new quantifier let to ULO,
and we obtain a formal system UL1. Inference rules which are described using
substitution in ULQ, that is V-E and 3-1 rules, are redefined using let quantifiers
in ULIL.
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Difimition. Formulas of ULL1 are inductively defined as those of UL® with
the following new clause:

O if ¢ is a formula, x are variables, 7 are terms compatible with X, and t; is
executable when x; is marked, then let X« 7 imn ¢ is a formula.

The meaning of let X< 7 in ¢ is the meaning of ¢ under the condition that
the values of x are set to the values of 7. In let X7 in @, we let X become
bound but the variables occurring in 7 be free.

Axioms and Rules 2.4. Inference rules for let quantifiers are:

[a=7] [a=1,0%]
AT z let X7
el 2T %% gy jep  SXCTIRe Vo
let XTin @ Vi
V-E and 3-I become:
V-E A_‘r V_x..qo 11 Eetxejtm ®
let X< 7in ¢ Ix.¢

Proposition 2.5. (Renaming Variables) Let ¢ be a UL formula, a and b be
sequences of distinct variables. If a are renamable to b in @, then

A b
|_UL1 a=b, o - @z

Proposition 2.6. (Substitution Lemma for UL1) Substitution Lemma for
UL® (Proposition 2.3) also holds for ULL.
In particular, if T are substitutible for x in ¢, then

Fo, letx—Ting — ATA@T].

Proposition 2.7. UL1 is conservative over ULO. That is, for a set of ULQ
formulas I and a ULQ formula o,

Fow I = @ ifand only if = T — o.

By this proposition, in ULI, we can use ULQ specific inference rules as
derived rules. In order to avoid confusion, V-E (resp. 3-I) of the form in UL is
called V-E, (resp. 3-I;).

We can extend the notion of renaming and substitution to proofs. We
write ) = to denote the proof like figure obtained from X by replacing all the free
occurrences of X by a and write ) ¢[7] to denote the proof like figure obtained
from X by substituting 7 for x.

Propesition 2.8. If X is a proof and a are variables not occurring in X, then
Y2 is also a proof.
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Proposition 2.9. If X is a proof, each variable in X does not occur as an eigen
variable in X, and T are terms substitutible for all the free occurrences of x in X,
then Y [7] is also a proof.

Definition. We say that ¢’ is a variant of ¢ if ¢’ can be obtained from ¢ by
a sequence of replacements of the following type: replace a part letX—7iny
(resp. VX. , 3%. ) by let j7in YL (resp. Vy. yZ, 3. Y%), where j are variables not
free in Yy and X are renamable to y in ¢.

Proposition 2.10. (Variant Lemma) If ¢" is a variant of ¢, then
l_ULI (p Ad (p,'
Definition. A formula satisfies the condition for variables (CV) if

O No variables occur both free and bound;
O Any bound variable in a subformula must not be bound again.

A context /[#] satisfies CV if o/[L ] satisfies CV.

A sequent or a proof satisfies the condition for variables (CV) if
O No variables occur both free and bound;

O All the formulas occurring in it satisfy CV;

O For a proof, all the eigen variables are distinct.

If only marked variables are considered, they are said to satisfy CV for marked
variables.

For example, Vx.(¢ > 3x.y) does not enjoy CV.
From Variant Lemma, there is no loss of generality by restricting proofs to
those satisfying CV ([15]).

Proposition 2.11.
(1) For any formula ¢ there exists a formula y satisfying CV and

Fow @ < ¥
() 1
Yhw I = o

then there exist variants I (resp. ¢) of I(resp. ¢) and a proof Y’
satisfying CV such that

Yok I > 0.

§3. Program Analysis Logic PL

We introduce a logic called a program analysis logic PL, to analyze programs’
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behavior. We construct PL as an extension of an underlying logic UL or
UL1L. In particular, we introduce a logic for iterative programs (or Algol-like
programs). We call this logic program analysis logic for iterative programs with
recursion PLIL.

We do not pursue expressibility and completeness issues of our formal
system, but we pay attention to the following points:

O straightforward relationship between programs and proofs;
O easiness of verifying programs.

In this paper, we do not present the formal semantics of our programming
language and our logic PLi. The intuitive meaning of programs and formulas
of PLi is considerably obvious. We only mention that our axioms and rules are
sound to an intuitive semantics of our system.

3.1. Program analysis logic PLi

Definition. Let x and y be finite sets of marked variables of executable
sorts. A program type, simply called a p-type, is a pair of X and j, (X; y).

For a p-type (X; y), each element of X (resp. y) is called a left variable
(resp. a right variable). Later we shall define a p-type for each program
o« Then we let LV (resp. RVa) denote the set of left variables
(resp. right variables) of the p-type of a. A right variable of a program « is a
variable whose value may affect an execution of «, and a left variable of « is a
variable whose value may be affected by the execution of o.

A left variable which is not a rigth variable is called a pure left variable, and
pLVa denotes the set of the pure left variables of a.

Definition. Two p-types (X; y) and (i; v) are said to be compatible if the
(@; ) is obtained by renaming of variable symbols from (x; y).

We assume a countable set of program variable symbols is given.

Definition. A program variable consists of a program variable symbol ¢
and a p-type (x; y), denoted by &: (X; y).

Defimition. Two program variables with the same program variable
symbol, & (%; y) and &:(u; 0), are said to be compatible if (x; y) and (@; 0) are
compatible.

Definition. Programs and their associated p-type are defined as follows:

O a program variable &:(X; y) is an (atomic) program with p-type (X; y);

O if x < y then null:(X; y) is an (atomic) program with p-type (X; y);

O if x are marked variables and 7 are executable terms compatible with X,
then X:= 7 is an (atomic) program with p-type (xy,..., X, U; FVt,);
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@ if @ and B are programs, then «;f is a program with p-type (LVaU
LVp; RVaU (RVf — LVa));

o if ny,..., &, are boolean expressions and a,,..., ®, are programs, then
(my > oy|-+|m, > a,) is a program with p-type (U; LVa;J; FVr;U U;
RVe,U U; (U LVary) — LVat));

o if &(x; y) is a program variable and a is a program with p-type (X; y) in
which all the occurrences of program variables with the program
variable symbol ¢ are compatible with &:(X; y), then ué&:(x; y).o is a
program with p-type (X; y);

O if x are marked variables, T are executable terms compatible with x and
o is a program, then let X« 7 im « is a program with p-type (LVa
— (Xpsees Xa}; Us FYT,0 RV — {x1,.., %,}));

O if x are marked variables and « is a program, then local x in a is a
program with p-type (LVe — {xy,..., X,}; RVo — {xy,..., X,});

O if x are marked variables and « is a program, then var x in « is a
program with p-type (LVaU {x,,..., x,}; RVa — {x(,...x,}).

A program variable symbol ¢ is bound in ué:(x; y).o. Free and bound
occurrences of program variables are defined as usual. We shall often omit the
p-type (x; y) of &(x; y) and write simply ¢&.

We briefly explain the meanings of each program construct:

(1) mnull:(x; y) is a program which has no effects;

(i) x:=17 is an assignment statement;

(iii) o B is a sequential composition of a and f;

(iv) (my—>oy]-+|m, =, is a nondeterministic choice statement;

(v) wé(x; p).a introduces a recursion;

(vi) let X« T in o makes x local in « and initial values of X is set to the
values of T;

(vii) local x im o« makes X local in «, but initial values of X are not
specified;

(viii) var X in o initializes X before the execution of «, but the values of x
are not specified.

For let X « 7 in o and local x in o, variables x (said to be local variables) are
invisible after execution of these statements, but x are visible after execution of
var X in o, hence X are bound in let and local programs. We however consider x
in var X in o are not bound in the program. A var construct is not essential but
is included by a technical reason.

We write o:(x; y) if « has p-type (X; y).

Example 2. The following fact is a factorial program which computes the
factorial of x and return its value in z.

factLpé:(z; x).(x=0-z:=1 | x#0—(let x—x— 1in&:(z; x));2: = z-x).
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The p-types of subprograms of fact are:

o z:=1:(z)

O (let x«x—11in &(z; x)) : (25 x)

O z:=z-x:(zx,2)

O ((let x—x—11im &(z; x));z:=2-%) : (25 x)

O (x=0-z:=1]| x#0->(etx—x— lin&(z; x));z:=2z-x) : (z; x).

Hence the p-type of fact is (z; x).
We need to substitute programs for program variables to describe PLI.

Definition. A program o with p-type (#; D) is substitutible for a program
variable &:(x; y) f u < x and < y.

Defimition. Let o be a program with p-type (X; y), # be compatible with X,
and © be compatible with y. Moreover we assume that x; is identical to y; if
and only if the corresponding u; is identical to v;, Then we write ag ;[ 0] for
the program obtained from « by renaming X and y to u and o, respectively.

Definition. Let a program a be substitutible for a program variable
E:(x; y). We can extend the p-type of a to (X; y) by composing null program
with appropriate p-type to o, and let «’ be such a program, mull; «. Then f,[a]
is the program obtained from a program f by replacing each free occurrence of
¢:(; 0) by o' g5l v].

We are now in the position to state formulas, axioms and inference rules for
PLi.
First we assume that our language has a constant symbol z; for each sort s.

Definition. Formulas of PLi are inductively defined as those of UL1 with
the following new clauses:

O if m is a boolean expression, then Az is a formula;
O if a is a program and ¢ is a formula, then <{a)¢p is a formula.

Our intention of {«)¢ differs from one of Pratt’s [16]. We interpret this
formula as follows: a always terminates and ¢ always holds after the execution of
o terminates. That is, PLi is a logic of total correctness.

A formula is said to be program-free if no subformulas of the form {o)ys
occur in it. For program variables we impose the following condition: all the
program variables having the same program variable symbol must be compatible
in every formula.

In programs, we consider that an (object) variable is bound only by let and
local quantifiers. Hence FV{a)p = FVpU LVaU RVa. We also define FVa
= LVaU RVa.
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We now describe axioms and inference rules of PLi. The axioms and
inference rules of ULI1 are also those of PLi. The axioms and inference rules
specific to PLi are listed below. An asterisk (*) which is attached to names of
some rules indicates the rule is not included in the construction part which is
defined in the Section 3.2.

Axioms and Rules 3.1. Renaming rule and axioms for boolean expressions:
a=
®
Boolean A Am;oc AAm,
A Vo, oac AN A,
Afnon)oc An A AT
AL

@

Rename if 4 is renamable to b in @

]Sy S

Axioms anmd Rules 3.2, General rules for programs:

[o%]

e Y2
(Y

In <{a)-rule, the premise {a)¢ is called the major premise and yZ is called the
minor premise just like the case for elimination rules. The eigen variable
condition for {a)-rule is slightly different from one for other rules: the eigen
variables @ may occur in the assumptions above the major premise and also in .

{ay-rule (&) where X =LV«

{a)-E <—°‘(§ip~ if LVan FVep = ¢

V(o \7;%%% if % < pLVa

o <a>(<0<z>!llfll) {ayep

Cap-A* <“>‘Z;>'xi;f‘>¢" (oD %(i ¢LVaU RVy)
Exch % if LYanRVB= ¢, LVBn RVa =

If we have no program variables, then these rules are derived from other
axioms and rules for each program construct (described below). However if
program variables are presented, these rules are essential.

Axioms and Rules 3.3. Axioms and rules for each program construct:
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[a@=7] [@=1, <ad>o]
AT (aé)qo _ letx—Tina)p lp _
(let)-I m <ay (let)-E " a
(et X« 7in a)e AT (local x in o)
(local)-1 {local x in o) Clocal)-E et X « 7in a)@
fet X — 7in ()o@ " {var X in o)
an-l % in w0 van- B e R e Tin <o
@ . <nullyo
<nuli)-I (g {null>-E —qo_
L et X < 7 in @ N {X:=T)¢
¢=>1 (X=T)@ ¢=>E let x — T in @
GO Lwpro= =ladlpre
<y {plorp > o fuc.alde
[m,] [7.]
Choice-I Vit NjAm aype - {an)@
<Tc1 - all""nn - an>(p
Choice-E* T STy = 9[- = %) (for each k)

o
<T51 _’all'"lnn -’(Xn)(D
AN Ay AV m;

where 7 are executable terms and =;’s are boolean expressions.

Just like formulas, we also impose the following condition for program

variables: all the program variables having the same program variable symbol
must be compatible in each proof. We can substitute programs to program
variables through a proof:

Proposition 3.4. If & are substitutible for & and

*_PLiF -9

Fol zla] = oglal.
According to V-<a) rule, pure left variables satisfy the following property:

Proposition 3.5. Let X be pure left variables of o, then
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Fplode > Vx.Lode.
Substitution Lemma for PLi can be stated as follows:

Proposition 3.6. (Substitution Lemma for PLi) Suppose ¢ is program-free, T
are substitutible for X in ¢ and a are fresh variables compatible with X, then

(1) if x are unmarked, then
Foulet X < Tim (ado — AT A adpg[T],
(il) if x are marked, then
Foad=TA K@)z & a=7A et X« Tin adoz[7]
and
Foolet X < Tin (adp & AT A (et X « T im a)poz[T],
(iii) if X are marked but xn (LVaU RVa) = ¢, then
Fpid =1, D)z © a =1, >es[T]
and
Folet X< Tin (adp « AT A {adeg[T].

3.2. Construction part PLi.

In {o>¢, {(a) indicates how to obtain a state (of variables) satisfying ¢. So <{a)
plays like an existential quantifier. Hence, given a program o together with a
verification proof X' {a)>¢p, we may construct a proof of Ix.¢ in the underlying
logic from X. This is not always the case, but we can construct such a proof for
every proof in a subsystem of PLi described below.

Now we describe a formal systems PLic which is a subsystem of PLi. PLi¢
is called a construction part of PLi.

Axioms and Rules 3.7. Choice-E rule is similar to Choice-E except all the
left variables of «;’s are equal.

Definition. PLic is a formal system obtained from PLi by omitting
inference rules indicated by (x), that is, {a)-2%*, a)-A*, {a)-V*, (var)-E¥*,
(nufl>-E*, (:=>-E* and Choice-E* and adding Choice-E.

Definition. We associate each formula ¢ with a formula ¢+ as follows:

(i) if ¢ is an atomic formula, then ¢t is ¢;
(i) (At is A (e));

(i) (V@) is Vel

(iv) (@ =2y) is (o) 2 (Y);

(v) (let x <« 7in @) is let x « T in (¢);
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(vi) (Vx.@) is VX.(¢%);
(vil) (@x.@)t is Ax.(¢@1);
(viii) if LVa is x then (o))t is IX.(¢1).

If I'is ¢y,..., @, 't denotes ¢1,..., @}.

The following theorem shows that we can construct a proof in the
underlying logic from every PLi. proof.

Theorem 3.8. If
'_PLicr - 0,
then

I—UU]_'W‘ - o

§4. Relation to Hoare Logic

PLi is not complete but have practically sufficient power to demonstrate
verification proofs. In particular, we can simulate Hoare style verification in
PLi. We first define a while statement in our framework.

4.1. While programs

Definition. We define a while program construct as the following
abbreviation:

while 7 do o & p&i(%; y).(n - o & | 71w — null)
where x = LVa, y = RVaU FVxz.
Proposition 4.1. For a while program while n do a, the following holds:
o< while 7 do a)p > ={(n — o; while 7 do « | —1 7 — null)o.
Corollary 4.2. For while, the following derived rules hold:

n An {ay<{while n do a)¢ I AT @

{while) {while 7 do a)¢ {while = do «)¢p

Thus we can treat while programs in PLi. On the other hand, we can build
a program analysis logic for while programs, PLw, by regarding while as a
primitive program construct and {while) rules as its logical inference rules.
4.2. Total Hoare logic

Definition. Let ¢ and y be UL1 formulas and o be a program. The
following expression is called an H-formula:

{o}af{y}.
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We now define the total Hoare Logic (tHL).
Definition. Formulas of tHL are formulas of UL1 or H-formulas.

Axioms and Rules 4.3. Axioms and inference rules of tHIL are those of
UL1 and the following:

{mull} {o} null {@}
{i=}  {&7 A g:[l}x:=7{o}

where T are executable.

{ {p}a{6} {0}B{Y}
’ {o}usp{y}

where LVa do not occur in the assumptions of {0}p{y}.

Vi AiAm {ng A oo {y) - {m, A o)o{Y}

Choice

{ } {¢}7T1 '*061]"‘|7'L'n—)06n{¢}
T <, A%.%)
let X — Tim x

{while} Amn

{a=tAbnAanA@la{letx—Tiny) AT<an Arm @}
{¢} while = do a{p A 17}
where LVa do not occur in the assumptions above the H-formula
{a=tADnAanA@la{letx—Tiny) AT<aA Am A @}
=0 {¢}u{y’} ¥’y
{@}oy}

where LVa do not occur in the assumptions above Y’ oy.

Conseq

Definition. We associate each tHIL formula ® with a PLi formula ®$ as
follows:

o if ® is a UL1 formula ¢, then ®* is ¢;
® if ® is a H-formula {@}a{y}, then @ is ¢ >{ady.

If I'is ®@,,..., ®,, I'* denotes @},..., ®.
The following theorem shows that tHL is contained in PLi..

Theorem 4.4. If
Fa I — @,
then

b, T8 > @8
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Theorem 4.4 together with Theorem 3.8 yields:
Corollary 4.5. If I' is a set of ULl formulas and
Fa I = {0}o{y},

then
Foa I = @2 3xy

where x = LVa.

§5. Program Extraction

In this section, we shall state a method to extract a program from a proof of its
specification.

For the simplicity, we shall restrict occurrences of existential quantifiers
which bind marked variables, that is, occurrences of existential quantifiers which
are supposed to correspond to programs.

5.1. Underlying logic 3-UL1
We now define an auxiliary formal system 3-UL1. In 3-ULI, occurrences of
variables bound by existential quantifiers are restricted. In 3x.p, all the

variables in X are entirely marked or all are entirely unmarked. We write 3%.¢
when X are marked variables.

Definition. Formulas of 3-UL1 are inductively defined as those of UL1 but
the following exceptions:

@ if 7 is a boolean expression, A7 is a fgrmula;

® if ¢ is a formula and x are distinct unmarked variables, then 3x.¢ is a
formula;

® if ¢ is a formula and x are distinct marked variables, then 3%.¢ is a
formula.

Axioms and Rules 5.1. We need axioms for An: that is the Boolean axioms
for PLi. Inference rules for a 3 quantifier are:

[o%]
. let x < Ti Ix. .
11 et x:— T1in ¢ dx.p Y
dx. Y

where T are executable and a4 are marked.

<ay

V-E rule is also modified as follows:

@ If its minor premise Y contains positive occurrences of 3 quantifiers,
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then the major premise must be a boolean expression and the rule is
of the following form:

(7]  [7m]

\/iniAnl ‘p [p
Y

® Otherwise, v-E is the same as in ULI.

5.2. Program Extraction Theorem
Definition. An SP-context and an SN-context are defined as follows:

® If ¢ is a =-free formula, then ¢ is an SP-context and SN-context;

® =« is an SP-context;

e If«/,,..., o, are SP-context (SN-context), then so are A .o7; and V ,of;;

® If o/ is an SP-context (SN-context), then so are let X « 7 im o/, VX..oZ,
3%/ and Jx.of;

® If ¢ is a #-free formula and ./ is an SP-contexts, then ¢ > .o/ is an SP-
context;

@ If o is an SP-context and 4 is an SN-context, then &/ > % is an SN-
context.

An occurrence of subformula expressed by an SP-context is said to be an SP
occurrence or simply a positive occurrence. An SN or negative occurrence is
similarly defined.

Definition. An SP-context (SN-context) .o/[*] is said to be an SSP-context
(resp. SSN-context) if each *; does not occur in any scope of v or 3. An
occurrence represented by an SP (resp. SN, SSP, SSN)-context is said to be SP
(resp. SN, SSP, SSN). An SNP-context (resp. SSNP-context) is a context in
which each occurrence of #;s is SP or SN (resp. SSP or SSN).

Definition. An occurrence of subformula expressed by an SP-context is
said to be an SP occurrence or simply a positive occurrence. An SN or negative
occurrence is similarly defined.

An SP-context (SN-context) «/[*] is said to be an SSP-context (resp. SSN-
context) if each #; does not occur in any scope of v or 3. An occurrence
represented by an SP (resp. SN, SSP, SSN)-context is said to be SP (resp. SN,
SSP, SSN). An SNP-context (resp. SSNP-context) is a context in which each
occurrence of *;s is SP or SN (resp. SSP or SSN).

Definition. A J-formula is a formula which contains 3 quantifiers.
Especially for a I-free formula ¢, 3%, ... 3%,.¢ is said to be I-prefixed formula and
3%, ...3x, is called the J-prefix of the formula.
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A 3-SP formula is a formula obtained from a I-free SP-context 2/[¥] by
substituting J-prefixed formulas to #’s. A 3-SN, I-SSP or 3-SNP formula is
similarly defined.

A J-SNP sequent is a sequent I" — ¢ such that all the formula in I" are 3-SP
and ¢ is 3-SNP. A J-SNP proof X is a proof such that all the sequents for the
subproofs of X are 3-SNP.

We weaken CV for 3-SNP formulas, sequents and proofs.

Definition. A J-SNP formula satisfies 3-condition for variables (3-CV) if

® No marked variables occur both free and bound.
® For every J-prefix 3x,...3%, occurring in it, X’s are mutually disjoint.
® It is obtained from an SNP context «/[*] enjoying (strong) CV for

marked variables and none of the variables occurring in the 3-prefixes
are bound in &/[*].

A 3-SNP sequent or proof satisfies 3-condition for variables (3-CV) if

® No marked variables occur both free and bound.
® All the formulas occurring in it satisfy 3-CV.
® In a proof, all the marked eigen variables are distinct.

For example, Vy.(F (y) > Ix.(G(x, y) A Vy.H(x, y))) enjoys 3-CV even if y is a
marked variable, but Vx.(F (x, y) o (3x.G(x, y))) does not.

If a proof X~ of I' - ¢ does not satisfy I-CV, then by Proposition 2.11 we
can construct a proof 2’ of a variant of I"— ¢ such that 2" satisfies CV (hence
satisfies 3-CV because a proof satisfying CV also satisfies 3-CV). We can
therefore consider only the proofs satisfying 3-CV without loss of generality.

Definition. For each occurrence of 3-formula in a JF-SNP formula, we
define the p-type of the occurrence.

® Let o/[*] be an SNP-context expressing the occurrence of I-prefixed
formula 3%, ...9%,.¢, y be all the marked variables which are bound in
the context, z be all the marked variables which occur free in ¢ but do
not belong to X. Then the p-type of the occurrence is (X;,..., X,; yU 2).

We next define the p-type of each occurrence of 3-formula in a 3-SNP sequent I

© For an SP occurrence of I-formula in the conclusion ¢, the p-type is

that of the corresponding occurrence in the universal closure of AL

® For an SN occurrence of I-formula in the conclusion ¢, the p-type is
that in the formula ¢.

® For an SP occurrence of 3-formula in a formula ¥ in I, the p-type is
that in the formula
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Example 3. Consider the following sequents.

(i) — Vndm.F(n, m) (n, m: marked);

(ii) a#0, Vx.(x<a>3z.F(x,z)) - JzF(a—1,2) (a, n, z marked);
(i) Vx.(x<a>3zF(x,z)) - Vx.(x<a>3zF(x,z) (a,n,z marked)
(iv) a#0, F(a—1,z) - 3z.F(a, z) (a, z marked);

(v) — 3z(Vx(o[x]>Ty.¥[x, y, z])) (z:unmarked, x, y: marked);

(vi) — Vf(formula(f)>(3q.proof(q, f)=3p.proof (p, f)))
(g: unmarked, f; p, g: marked).

The p-types of J-prefixed formulas in these sequences are:

(i) the p-type of Im.F (n, m) is (m; n);

(ii) the p-type of 3z.F (x, z) is (z; x) and the p-type of 3z.F (a—1, z) is (z; a);

(iii) the p-type of Jz.F(x, z) in the left hand side is (z; x) and the p-type of
J2.F (x, z) in the right hand side is (z; x, a);

(iv) the p-type of Jz.F(x, z) is (z; a, z);

(v) the p-type of Iy.w[x, y, z] is (y; x);

(vi) the p-type of Ip: proof(p, f) is (p; f).

Now we are in the position to state our main theorem.

Theorem 5.2. (Program Extraction Theorem) Let I'[%] be a set of 3-SP
contexts and /[%] be a I-SP context. Suppose

(M Zl_a'-um It ?I'_)El“_j'_"_q) 1 - [ 3~)71§)7m¢ 15

and X satisfies the following conditions:

(i) 3-CV holds for X;

(ii) Every formula occurring in % is 3-SP;

(iiiy Every minor premise in v -E or I-E is 3-SSP.
Then for distinct program variables & corresponding to the occurrences of I-
prefixed formulas in I'[ 3%,...3%,¢ ], there exist a proof X' and programs &
such that

ZI'_PU F[m] - d[W],

where each of & and & has the p-type of its corresponding 3-prefixed formula in the
sequent, and all the program variables occurring in each o; belong to E.
Moreover, this theorem holds even if we augment the right variables of &/'s as
Sfollows:
Let B[3x,...3%,.9] be the formula corresponding to &, then we may add
arbitrary number of free marked variables occurring in & to the right variables of

¢
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Condition (ii) of the theorem implies that each instance of Axiom EM,
® v 1 ¢, has no 3 quantifiers. Hence X is considered as a constructive proof
with respect to 3. We can omit the condition (iii) of this theorem and shall
discuss it in Section 5.4.

In the rest of this paper, every context is assumed to be an SNP-context,
unless we explicitly mention otherwise.

5.3. Proof of the Program Extraction Theorem

We prove the theorem by induction on the length of proofs. We only
demonstrate typical cases. Other cases are similar or straightforward. In this
section, y stands for j,,..., j,, and z stands for Z,,..., Z,.

In what follows, we shall construct a proof 2" from (1) such that it satisfies
the following additional property:

(A) if a is a free variable occurring in X2 which is not an eigen variable in X,
then a does not occur as a bound variable nor an eigen variable in 2"

Since we replace the part of the form Jx.¢ by <(a)¢ for some program o, X
in the latter become free though they are bound in the former. But 3-CV
guarantees that x are pure left variables. By Proposition 3.5 they can be bound
after transformation. Hence the eigen variable condition of the obtained proof
is guaranteed and renaming variables (occurring in V-I rule and so forth) causes
no problem.

Lemma 5.3. We can add any new right variables to a program without
changing its meaning. That is, for programs & and given marked variables a, we
can find programs & whose right variables are a and RVa, such that

Few M[W] « ,52{[@(—’>1—//]

Proof. Let (u;7) be the p-type of a and a be the added right
variables. Take null:(%; 7, a);a as o'.

Lemma 5.4. Suppose

Yo T 0] — A[{apy]

and a are marked variables which do not occur as left variables, bound variables
nor as eigen variables in X. Let & be program variables which is obtained by
adding right variables a to &, o (resp. 2') be a program (resp. a proof) obtained
from a (resp. X) by adding a as right variables to each & occurring in it. Then

Z’I—PLi F[m] - M[W],

Lemma 5.5. Suppose that /[+] is an SSP context and
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o I = A[ade].

Then we can reduce superfluous right variables from the p-type of a. That is, if
xeRVa, x does not occur free in I, ¢ nor o/[*], and x does not bound at A[*],
then x can be omitted from the right variables of o as follows:

(1) If x¢ LVa, then
Fou L = [ local x in o]
(i) If xeLVa, then
Foud — [ local x in o) @]
In this case x can occur free in var .
5.3.1. Base case If the proof solely consists of an assumption, the assumption

and the conclusion are the same formula, say /[ 37,...39,.¢ ] We must find
«;’s such that

Fead[ {0 ] - AL ado ]

For the p-types of & and w;, the following must hold:
LV¢ =LVe and RVE < RVa,

Obviously,

Fa [ Do ] = AL ]

If the right variables of «; are the same as those of the £, then we can take &; as
o;. If there are right variables of «; which are not those of &, then we can apply
Lemma 5.3 to obtain «;.

Now we consider each inference rule. If either a formula appearing as the
conclusion or all the discharged formulas have no 3-quantifier, this case is
straightforward from its induction hypothesis. Therefore we only consider the
cases that the conclusion or at least one of discharged formulas contains some 3-
quantifiers.

532, v-I Consider the following simple case:

2
AT T ]

A[3p,.. 0] v B[ I2,.. 32,4 ].

From the induction hypothesis, we have
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A aye ]
Then we obtain the following proof:
EARCHN!

AL e 1 v A[<(null)y]

v

where null’s have appropriate p-types.

53.3. v-E Consider the following proof:
[m,]
l—lo 1_[1 Zl

Vi, Any... Z[35,..35.0]...

AL I5,.. 390 1.

From the induction hypothesis we have the following proofs:
Ty
[l IT 2
Vi, Am... and A[<a;>p]....

Lemma 5.6. If o/[%] is an SSP context, none of the free variables occurring
in m;s is bound in the context S/[*], then the following derived rule holds:

[7'51]

Vi, Am... A[ae]...

Ay = ay]... 7, — o) @]

3-CV guarantees the conditions of this lemma. Since 7; is discharged, the
p-type of each 3-formula in the conclusion may have less right variables of the
corresponding p-type in the premise. In this case we can decrease the right
variables of «; by Lemma 5.5. Thus this lemma establishes the v-E case.

534. let-E We only consider the case where all the variables bound by the let
quantifier are marked. Moreover we assume that both the major and the minor
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premises are 3 formulas. Now the proof to be considered is of the following
form:

[a=7% #[3j;...35m0 15
I )

let x—7in [ 3p,.. 3501  B[3z,..32,.¥ ]

— a
Bl 3z,..3z,.4 1.

From the induction hypothesis, we have
a=1, Ao 15
let X7 in L[ <adp] and LB[{LH>Y ]

Here o’s and the corresponding &’s may have different p-types. But this
discrepancy comes from the discrepancy of free variables occurring assumptions
above the major premise. In view of (A) and by Lemma 5.4, we can however
regard «;’s and &;s have the same p-type.

Since @ are marked variables, eigen variables @ may occur in f, in the right
hand side proof 2. Hence we must bind a in f§ before applying let-E rule to
these two subproofs. The following lemma shows how & can be bound in f.

Lemma 5.7. If X are marked and not bound in /%), and T are substitutible
in a context /[*], then the following derived rule holds:

[a=1]

AT L[> o]

Alet X 1T in a)@].

(@

From this lemma and by paying attention to names of variables, we have
the following proof:
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a=t b=1 «B)
a=»b L[ > 13
(1) — Rename
a=r, A <a>1]i

> ela]
o ZRCECA N
I 2z BBHIEY]
(@) (1) Lemma5.7(**)
let x7in L[ {app] B[ et a7 in(BD:[al>y ]

AL et a7 i (FLal>V ]

*)

(b)let-E

where b are fresh variables; u; is as follows:

a; if x;ez
u; = .
x; otherwise.

(*): We take u such that # do not conflict with z. Hence these two formulas are

identical.

(#%): From 3-CV, 7 is substitutible in #[¥]. Hence Lemma 5.7 can be applied.
Just like v -E rule, some extra right variables may occur in j, because @ = 7

is discharged. These extra right variables are deleted from the p-types of the

finally obtained program by Lemma 5.5.

5.3.5. 3-E The proof to be considered is of the following form:

EETNETS
I1 2

%[ T7,.. el B[ Iz,..32,94 ]
(a)

Al 3z,...3z,9 1.

From the induction hypothesis, we have

(2) Hr ZI
Ix.A[{app] and  BLLHHY].
Using Lemma 5.4, we can assume both & and £ have the same p-types. Since a

are unmarked, they do not occur in f8;’s, hence also in Z[{f>y¥]. So we can
simply apply 3-E to (2) and obtain:
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RO
IT D eld]
IxA[<ayp]  BIBLIDY]
BLLBelal>y 1.

{a)yE

5.3.6. 3-I In general, the proof to be considered is of the following form:
let x < TinJy,...35,.0
%35, ... 390

where T are executable. From the induction hypothesis, we have
let X « T in {a)o.
In o, X occur as right variables.
Lemma 5.8. The following derived rule holds:

let x « T in (o>
=1; a)o.

We note that even if X may appear as right variables in «, X are (pure) left
variables in x:=T1; a.
From this lemma, this case is established.

5.3.7. 3-E This case is slightly complicated. We assume that both the major
and the minor premises are 3-prefixed formulas. Other cases are easily
established. Now the proof to be considered is of the following form:

[§f1 .. gfm.(ﬂf;]

3 I1 >

3%35, .. 3Pme  H[3z,.. 32,4 ]
(ay

AL T T 1.
From the induction hypothesis, we have
(&)
@ T >
Cadp  and  A[BOY].

By Lemma 5.4, we can augment RV¢ in X by fresh variables b compatible
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with .
We now state several lemmas used in transformation of 3-E rule.

Lemma 5.9. If X are marked,
oy 05 - (i=0)o.

left variables in programs: if A[*] is a

Lemma 5.10. We can rename
context, X < LVo, X' < pLVa, XN X' = ¢ and X, X' are renamable to u, i’ in {a)o,

then
'—PLi"d[<“>(p] «> &{[<ﬁi-‘=f; ot‘,%,',‘;’, >¢

{ay-rule is generalized as follows:
Lemma 5.11. If o/[*] is an SSP context and x = LVa, then the following
derived rule holds:

providing that

@ RVua are not bound in oA[*];
a satisfy the condition like the eigen variable condition for {a)-rule; that

©
is, @ do not occur in [*¥] nor the assumptions of [ Y% ] except ¢Z

Lemma 5.12. We can hide left variables of a program which are not referred
after iis execution. That is, if /[+] is a context, X = LVa, y = pLVa and (xU
N FVe = ¢, then

Fo [ @] > L[{let X « X in local j in a)¢].
Let y be null:(;); 7:=b, where ©# = RVE. Then y has the same p-type as

. We also define # such that

a; if x;ez
u; = .
x; otherwise.

13

Then # are renamable to a in f; so

Belv] = (BDLY DR

By the above lemmas and (4), we can construct the following proof:
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————————— Lemma 5.9 and{null)

K>o)z

H' 2’.5[)’]
{adep CARGEINA

Lemma5.10

) CEE> % ALUBDLDEDY]
[ AEE(BDLYIY ]
A EESBDLDY ]

(@,by(1)Lemma5.11

5>

Lemma5.12

[ lecal 4, b in (225 (BDLYI>V 1.

The extra right variables may occur in the finally obtained program due to
the discharged assumption, but they can be deleted by Lemma 5.5.

5.3.8. IND(<, Ax.y) Consider the following proof:
D% Ve A £ <d > [ 3y ...F5mo D]

I 2

TI(<, A%.) [ T5,.. 350 ] =

HR

V(> L[, ... T D)

Here we may assume the p-type of each I-formula in the premise agrees
with the corresponding p-type in the induction hypothesis except x and a which
are renamed each other. The reason is as follows: If there is discrepancy
between them, it comes from marked free variables, say b, occurring in the
assumptions; b occur as extra right variables in the premise. In this case, it is

sufficient replacing /[ 37, ...39,.¢0 1 by #[39,...39,.(¢ A b =Db)].
From the induction hypothesis, we can obtain

15 VX AX<a> L[ (e ])

IT )

TI( <, Ax.%) and A {adop 1L

From {(u) rule, the following holds:

Lemma 5.13.
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F o [ [1lalde] o ALusa)e .

Using this lemma, we have the following proof:

(IND) (IND)
15 Vx.( A x<a> [ {usade 1)

Sl uEal
H, A Lpsal>e Iz
TI(<,A%.%) A {pEayp 1% -
Vx.(y 2o [{péa)e ).

Lemma5.13

5.4. Deterministic programs

If we consider only deterministic programs, <{a) and Vv (ordx) becomes
commutable, and Choice-I and Choice-E should be replaced by DChoice-I and
DChoice-E described below, respectively. In this section, we describe a formal
system for deterministic programs, PLi,, but only the difference from PLi is
presented.

We need to express disjointness of boolean expressions in order to describe
DChoice-I and DChoice-E rules.

Disj(my,...,m,) A Nig; 71 (5 A ).
Then new inference rules are:

Axioms and Rules 5.14.

Det-V <o) Vg

Viade;

Ix.
Ix.{ade
[m,] [7,.]
DChoice.] 2W(m Vit A& w <a1d¢ ... )@
{my = oy |... | > AP

D' j(7) “ee

DChoice-E* 2B M (>l o 0
@
Disj(n) {my = ay...|m, > o, @
NiAm AV,

The premise Disj(m) in DChoice-I and DChoice-E does not impose extra
constraints, because every boolean expression Vm; can be transformed into an
equivalent boolean expression for which disjointness holds:
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Proposition 5.15. Given quantifier free formulas m,,...,m,, there exist
quantifier free formulas 7\,...,n, such that

o Pisi(@),

/
Mo Vil — Vi,

Fow® = T (for each k).

For PLiy, Program Extraction Theorem 5.2 can be strengthened as follows:

Theorem 5.16. (Program Extraction Theorem — deterministic program

version)
If we use PLiy, instead of PLi, then we can omit the condition (iii) of Program
Extraction Theorem 5.2.

Here we make several remarks for the proof of this theorem. In the proof
in the previous section, the condition (iii) is actually used only in Lemma 5.5,
Lemma 5.6 and Lemma 5.11. Lemma 5.5 and Lemma 5.11 also hold for SP
contexts in PLi,. Moreover Lemma 5.6 holds in the following form:

Lemma 5.17. If o/[*] is an SP context, none of the free variables occurring
in ;s is bound in the context s/[¥] and FVn, Ny = @, the following derived rule
holds in PLipy:

[7f1]

Disj(r) Vm; Amy... M[(rx.p(p]---

Ay = oy, = a4, 0].
Hence the proof described in Section 5.3 can similarly be applied for
deterministic programs.
5.5. Underlying logic 3-ULO

We often use ULO as underlying logic. So it is convenient to define 3-UL® just
like 3-ULL. In 3-ULO, 3-1 is of the following form:

Axioms and Rules 5.18.

31 AT gg7]

Ix.¢

where T are executable and substitutible for x in ¢.

Since 3-UL1 is an extension of 3-UL®, every proof in 3-UL® can be
transformed into a proof in 3-UL1, and then we can apply Program Extraction
Theorem to them. Hence Theorem 5.2 also holds for 3-ULO. In this section,



PROOFS AND PROGRAMS 451

we examine how proofs in 3-ULO can be translated into PLA.
3-ULG is different from 3-UL1 in V-E, 3-1 and 3-1. First we consider V-E,
rule.

55.1. V-E, Consider the following proof in 3-ULG:

II >
AT Vi Ty 35,0 ]
(6) V-Eo
A7, ... 3P 01 [T].

From the induction hypothesis, we have

IT Y

At and Vx. [ (Do ].
We note that, instead of (6), we can construct the following proof in I-ULI:

ﬂ Tl.\,—— (let-E) (let-E)
AT VAL I, T e ] .
vE a=1 [ 3y;...39m0 1%

let x7in.[ 35,... 39,0 ] L[ 35,.. 390 1:[7]

— Substitution Lemma

{(@)letE
[ 351... 35w 1:L7]

where a are fresh variables.
Since X do not occur in any 3-prefix 3y, 3y, in view of 3-CV,

LIy .. TP 1:[T] = L [F1[TF; ... T 0 [F1].
We extend Substitution Lemma for PLi:

Lemma 5.19. Suppose that X are marked variables and that a are fresh
variables compatible with X, then the following hold:
(1) If x are not bound in </[*] and T are substitutible for x in /[*] and @,
then

Foud=TA A[oDp 12 & AT A A[T][ letx — Timad @[] ].

(i) If X are bound at each *; in A[*] and T are substitutible for X in [*],
then
|_PLi é

Hence, we have

i

TAA (e 15 o AT A LT[ Do ]
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Z (et E) (let-E)

AT Vxs[{ade ] a=t A[{aye1:

VE Lemma 5.19 (%)
letx—7ine/[ {ade ] oA [T][ (letxtinaypz[7] ]
A [T]L letx —tina)e:[7] 1.

(*): X are not bound in .«/[¥] by 3-CV and 7 are substitutible for x in «/[¥] and
¢ by the condition of V-I rule.

(@)letE

5.5.2. 3-1, For 3-1, rule, consider the following proof in 3-ULO:

I1 )

AT G5 Tmo)eld
%39, ...39m 0.

™

Since

351 I ) 7] = Ti1 .. I (0 7]),
we have, from the induction hypothesis,
AT and {ad>oe[T]
We note that (7) can be transformed into 3-UL1 as follows:
(let-I) Z
I1 a=7 (3y;...37m@)z[7]
AT (CAZPE )

Substitution Lemma

(aykt]

letx7in3y,... 3.0 .

3%35,... 350

where a are fresh variables. Hence we have

Substitution Lemma for PLi(x)

S
R
%
S
R

(LK
fetx—Tin<ade B
G= e

{X=T00) 0. ’

>
Ll

(@t

(*): Since x are not left variables of a from 3-CV, Proposition 3.6(iii) can be
applied.
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The proof of Program Extraction Theorem for 3-ULO is now completed.

55.3. V-EV We can extract a simpler program from V-E, if some additional
condition is satisfied.
Consider the following simpler form of V-Erule which is often used:

Vx. L[5, .. T ]

ATy T 12
According to the above discussion for V-E, the following is obtained:
VX.A[{a>o]

A etz aina)pi].

But the following lemma shows a sufficient condition for replacing let X < a in a
simply with «Z. However the following lemma holds:

Lemma 5.20. If x are not bound in [%], then

Fos VX A[{D9] — AL 05]

So it is convenient to separate the following special case from general V-E
and to add this to 3-ULO and 3-ULI1.

Axioms and Rules 5.21.

V-EV ‘v’x._(p

a
x

For V-EV, by 3-CV, x are not bound in &/[¥], X n j = ¢, and
A7y T 12 = AL Tjy ... 3P0 1.
So we can use Lemma 5.20 and obtain the desired program oZ.

Example 4.(Factorial) We consider the proof given in Example 1. In the
proof we consider all the variable are marked, hence all the existential quantifiers
occurring in it are marked. Thus it is a proof in 3-UL0O. In the sequel, we omit
to present null programs explicitly.

First we construct subproofs corresponding to 77, 2, and X

FACT
a=0 F(0, 1)
1__[, ————————————SubstitutionLemma

_fab
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a#0 Vx.(x<a><{&(z; x))F(x, 2))
PA

3 a—l<a a—l<a>lletxca—lm{)Fla—1,2) _
(letx—a—1iné)F(a—1, z)

%PA F(a — 1, b) FACT
Z,Z a— 1 + 1 =a F(a_ 1 + 1’ (a_ 1 + I)Ob) Substitution Lemma
F(a, a'b)

{z:=ab)F(a, z).

Then the proof 2’ corresponding to X becomes:

a#0,Vx.(x<a>{EXF(x, z)) (<od-rule)
Z,l a#0,F(a—1, b)
etx—a—1lin&(z; x)>F(a—1, z) Lemma 5.10 22
(lotrea—Linéb: M>F@—L b) (zz=ab)F(a, 2) (b Cadnie

detx—a—1iné(b; x)){z:=ab)F(a, z)
(localbin((letx—a— lin&:(b; x)); zz=ab)>F(a, z).

;>,Lemma5.12

Now we let:

R
>

z=1

B & local b in (let x — x — 1 in &(b; x)); z:=x-b

~<
1>

péi(z; x).(x =0-a | x #0- f)

ie. u& (z; x).
(x=0->z=1|x#0-1local b in ((let x—x — 1 in &(b; x)); z:= x-b))
IH & ¥x.(x <a> () F(x, 2)).
Then we obtain the following proof:

(v-E) (vE)  (IND)

a=0 a#0 IH
. I 2
a=0Va#0  (a®YF(a,z) <(BL[yI>F(a, 2)
{a=0-05la#0->(B)[yI>F(a, 2)
N a=0-ula#0-f0lyDF(a 2)
TI(<) (pEia=0—atla~0- P F(a, 2)
Vx.{pé(x=0-uax#0->p)>F(x, z).

V-

{a),IND
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5.6. Simplifying extracted programs

In the above example, undersirable renaming of variables occurs in the obtained
program. In fact, it is desirable to obtain

B) uéi(z; x).(x=0-z=1|x#0->(let x—x —1 in &(z; x)); z2=x"2)
instead of
uéi(z; x).(x=0->z2=1| x #0—local u in (let x — x — 1 in & (u; x)); z:= x " u).

This redundancy arises from our treatment of 3-E rule.
We now consider a special case of (3) in Section 5.3.7. Suppose that z = X,

y=¢ in (3) and [ {fPY¥ ] in (4) is:

) i=a+ 1)y

Then we obtain the following program by the second method described in that
section.

local u in (o x :=u + 1).
But what we really desire is:
(10) o x:=x+ L
To obtain this program, we first rename x to a in (9) and get
{a:=a+ 1)y5,
and then we use {a)-rule to obtain
oy x:=x+ 1Dy

This is just (10). However x is not renamable to a as in (9) in general. We
must find the condition that such renaming is possible.

Definition. If z and w are compatible and z < X U y, we simply write o] w]
instead of agg{#; v] where @ and v are such that:

(1) wu; (resp. v;) is w; if the corresponding x; (resp. y;) is z;
(ii) u; (resp. v;) is x; (resp. y;) if x; (resp. y;) does not occur in Z.

Definition. Let x and a be compatible variables and « be a program. We
say x is identifiable to a in o if x¢RVa, a¢LVa and one of the following holds:

(i) x or a does not occur in o;

(i) ais y:=1;

(i) o is null(y; 2);

(iv) o is &(J; 2) and either x¢y or a¢z

(v) ais f; B, x is identifiable to a in both B and B, and either x¢LVp or



456 HAYAO NAKAHARA

a¢RVf’

(vi) ais m; = B4l...|m, > B, x does not occur in any m;, and x is
identifiable to a in any f;

(vii) o is p&(y; 2). B and x is identifiable to a in f;

(viii) if o is let & in B or local y in B, one of the following holds:
(@) xey
(b) x is identifiable to a in S;

(ix) if o is vary in S, the following hold:
(a) if xey then a¢RVf;
(b) x is identifiable to a in S.

Lemma 5.22. Suppose each x; is identifiable to a; in o and a are substitutible
to x in . Then the following derived rule holds:

(aye
Cagla]doslal.
Now we consider the case where programs occurring in (4) in Section 5.3.7
satisfy the following conditions:

(i) Z are identical to X, j;
(ii) for each i, x; is identifiable to a in B [y:= b];
(iii) for each j, y; is identifiable to a in B.[y:= b].

Then we can extract a desired program as follows:

[

Yy
A

_ P
2ely:=5]
A[LBeL7: =Y ]
T A By=hDesla BV 1
0P A ((Baol% PDelF:=IDEV] ey
A Bzl % T [F:=F1¥]
AL <(Basl% TN Ly:=51>% ]
A [{o(Basl%: 7De [oull:(; 7)1DY]

Lemma5.9

Lemma5.22

GO

()

where & are &4 y].
(*): This is easily derived from {null}-rule.

Example 5. (Factorial revisited) We consider the proof given in Example 1
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again. Let [, Y and ), be the same as Example 4. In ), z is identifiable
to a in zz=a-b. So Lemma 5.22 is applicable.

Now let )’ be
(Kayrule)
a#0, F(a—1, b)
a#0, Vx.(x<a>{&HF(x, z)) le
2’1 {(z:=ab)F(a, z)

Identify ztob

detx—a—1inéd>F(a—1, z) <b:=ab)F(a, b)
{(letx—a—1iné)zz=az)F(a, 2

{b),{a)rule,(;>

Now we let:

ald z:=1
BL(et xx—1in &z X)) z2=x"z
YL uEz x).(x=0-a | x#£0- p)
ie.pus:(z; x).(x =0—>z=1| x #0—> (let x « x — 1 in &(z; x)); z := x - 2)
IH & Vx.(x < a> (p>F(x, 2)).

Then we obtain the following proof:

(v-E) (v-E) (IND)
a= O a ?é 0 IH
— __PA I—I’ Z’
a=0Va£0"  (aF(a2) (BDDF@ )
(a=0-ula#0-(B:[vI>F(a, 2) _
on @a=0-0uila#0-B)[y]1>F(a, 2)
Ti(<) {uila=0—agla#0-B3))F(a, 2)
Vx.{ué.(x =0—-alx#0-B)>F(x, z).

<a),IND

Thus we obtain the program (8).

§6. Extension of Program Extraction Theorem

6.1. Extending the Program Extraction Theorem

We extracted two factorial programs from the same proof: programs in
Examples 4 and 5. But the program obtained in Section 5.6 does not
correspond to the original proof straightforwardly. So we consider what kind
of proof directly corresponds to the program (8).

In (8), z occurs as both a left variable and a right variable in the portion of
zi=x-z. If we keep the requirement of 3-CV, this cannot happen. Hence it is
necessary to extend Program Extraction Theorem by allowing formulas and
sequents such that
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(11) Vx.(p o Ix.y) and I[x]—Ix.y.

However, this causes another problem. As a result of this modification, left
variables occurring in the extracted programs may occur as right variables. In
(11), the p-types corresponding to 3x.y have x as left and right variables; hence x
are not pure left variables any longer.

In the proof described in Section 5, we use the fact X corresponding Jx.y
are pure left variables in the following points:

® Since pure left variables can be considered as bound variables by)
Lemma 3.5, the eigen variable conditions for the original proof inherits
to the transformed one.

® If renaming or substitution is used to describe the original proof, the
same renaming or substitution can be applied to the transformed
one. For example, if ##%[{a)¢] corresponds to #[Ix.¢]Z (= L2
[3x.¢]), #[{aD>p] can be considered to correspond to Z[3x.¢].

® For the rules in which 3-formulas may be discharged (let-E, 3-E and
Ind(<, Ax.y)rules), we adjust the p-types of the programs in the
discharged formulas by Lemma 5.4.

Therefore special conditions are required for the rules to which the eigen
variable conditions for marked variables are associated, for the rules in which
renaming of marked variables occurs and for the rules in which some 3-formulas
may be discharged. The extended version of Program Extraction Theorem is as
follows:

Theorem 6.1. (Program Extraction Theorem—Revised) Program Extraction
Theorem 5.2 also holds for the following changes:

Delete the condition (i).

Add the following conditions for marked variables: (in the following,
variables x; and a; range over only marked variables)

(iv) For each rule with which the eigen variable condition is associated: If a are
the eigen variables corresponding to X, and a; is in X, then a; must be just the
corresponding x;.

(v) For v-E: If 3-formulas occur in the minor premise, \ ;m; is the major

premise and /[ 3y, ...39,. @] is the conclusion, then
(@) all the variables occurring free in V m; must not be bound in </[%].

(vi) For let-I: If let x « 7 in [ 37,...37,. @1 is the conclusion and /[¥] has
at least one *, then

(@) if there is *; such that x; is not bound at %; in A[*], then x; does not

occur free in any assumption (including the discharged one),
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(b) if there is *; such that x; is bound at *; in /[*], then the eigen variable
a; corresponding to x; must be just x;

(c) if the eigen variable a; corresponding to x; is bound at some *; in o/[*]
and a; #x;, then x;¢FV (A[*]).

(vii) For let-E: If let X « 7 in /[3y,...37,.0] is the major premise,

Al 3z,...32,.W ] is the minor premise, and A[*] has at least one *, then

(a) for each variable u occurring free in T or in the assumptions above the
major premise, if u is not bound at x; in let X < T in A[*], then
ueFV (L[¥]) or for I-prefix formula 37,...3y,.¢ corresponding *,
ueFvQay,...35,. o);

(b) if x; is not bound at ; in /[¥], then xieF~V(d[f]) or for J-prefix
Sformula 3y, ...39,.¢ corresponding *, ueFV(3y,...39,. o)

(c) if an eigen variable a; is not bound at *; in B[*], then the corresponding
T; must be substitutible at *; in RB[*].

(viii) For V-I: If Vx.. [ 37, ...39,. @ ] is the conclusion and /[*] has at least one
*, then

(@) if there is *; such that x; is not bound at *; in /[*], then x; does not
occur free in any assumption,

(b) if there is *; such that x; is bound at *; in S/[¥], then the eigen variable
a; corresponding to x; must be just x;;

(c) if the eigen variable a; corresponding to x; is bound at some *; in of[*]
and a; £x;, then x;¢FV(L[*]).
(ix) For V-EV: If V%.o/[39,...39,. @] is the premise, a are the variables
substituted for X and [*] has at least one *, then

(@ if x;€p,U ...U y, or x; occurs free in the assumptions, then a; = Xx;.

(x) For 3-E and 3-E: If 3x.35,---Ij. @ (or 3%.37,...35,.¢) is the major
premise, /[ 3z,...3z,. ] is the minor premise and </[%] has at least one
*, then

(@) all the free variables occurring in the assumptions above the major
premise must occur free in 3y, ...35,. .

(xi) For Ind(<, A%.y): If #[39,...39,.. @] is the premise other than TI(<,
2x.%), T is the set of assumptions above the o3y, ...3y,.0], and o/[¥]
has at least one *, then

(@) for each variable u occurring free in I, if u is not bound at *; in o/[*],

then ue ¥V (L[*]) or for I-prefix formula 3y, ...35,. ¢ corresponding * »
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ueFv@Ey,...35. 0);
(b) for each x;, x; does not occur free in I;
(c) for each x;, x; and the corresponding eigen variable a; are not bound in
A[*].
We note that this theorem includes Theorem 5.2, because the conditions (iv),
(vi), (vii), (viii), (x) and (xi) are derived from the condition 3-CV and we can
obtain the equivalent formula of ¢ with additional free variables # as # = u# A @.
The conditions for let-I and let-E are slightly strong. For example, the
proof in 3-UL1 corresponding to

plx+z+1,y]
_———— 3o
Ix.@[x, y]

(which uses let-I) may satisfy the condition (vi), but the proof in 3-ULI1
corresponding to

3~y.<p[x +z+1, y] .
~ F
Ix.3y.o[x, y]

(12)

0

need not satisfy the condition, because it uses the following instance of let-I:

[a=x+z+1]

13 ~ -
13) dy.ela, y]

{a) el

letx—x+z+ 1inEI~y.<p[x, vl

which violates the condition (vi-a). Hence if we need the derivation
corresponding to (12), we must include 3-I, in the primitive rules of 3-UL1. By
the same reason, we include V-E, in our consideration.

Now we consider the following condition 3-wCV:

Definitien. A J-SNP formula satisfies weak 3-CV (denoted by I-wCV) if

© it is obtained from an SNP-context /[*] which satisfies (strong) CV for
marked variables, and
© for every J-prefix 3x,...3%, occurring in it, X;s are mutually disjoint.

A 3-SNP sequent satisfies 3-wCV if the universal closure of A" = ¢ satisfies 3-
wCV. A 3-SNP proof satisfies I-wCV if all the constituent sequents of it satisfy
J-wCV.

For example, Vx, y.(F(x, y) © (Ax. G(x, y))) satisfies I-wCV.
It is obvious that 3-wCV admits formulas and sequents of the form
(11). On the other hand, the proof of the form (13) does not satisfy 3-wCV, but



PrOOFs AND PROGRAMS 461

we already know that it is excluded from our consideration. So the class of 3-
wCV proofs is not so restrictive in our purpose. If we restrict proofs to 3-wCV,
then the conditions (vi-c) and (viii-c) are automatically satisfied. The condition
(v-a) is also satisfied if the discharged assumptions 7;’s are actually used.

6.2. Proof of Extended Theorem
Suppose

(14) Yo 3%, 3501 » #[35,... 35,0 1.

In what follows, we shall construct a proof 2’ of PLi from (14) such that it
satisfies the following additional property:

(B) if /[ 3%,...3%,.¢ ] occurs as an assumption in X and is transformed

into o[ {£>¢ ]in X', and x in 3%,...3X, occurs as a right variable of

some ¢;’s, then x occurs free in o/[*].

So if x is an eigen variable of some inference which has /[ 3x,...3%,.¢ ] as an
assumption, then x is not free in .o/[ 3%, ...3x,. ¢ ]; hence x is a pure left variable

in o[ (£)p ]. Thus x can be regarded as a bound variable. So our
transformation does not violate eigen variable conditions as far as assumptions

are concerned.

We prove the theorem by induction on the length of proofs in the same way
as in Section 5.3. Base case is proved in the same way as 5.3.1.

We here consider only the typical rules for which an eigen variable
condition is associated, substitution occurs (for ULQ specific rules), or renaming
occurs. Moreover we only consider the case where marked variables are
essential. The other case are easily established. For the simplicity, we shall
omit to mention that we use Lemma 5.5 to reduce right variables of the obtained
program when it has extra right variables. We shall also omit to mention that
we use Lemma 5.4 in order to adjust the p-type of the obtained program.

6.2.1. let-I Assume that the proof is of the following form:
[a = 1]
At A[35.91%
letx « in Z[37. 0].

From I part, using the induction hypothesis, we have

H/

AT,
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First we consider the simple case where a = x: Since [37.¢]% = L[I7. @], we
have, from the induction hypothesis,

XS T
[ @]
Hence we have the following proof:
[x=1]
[T el _
r AUk
letx—tins/[{a)>@].

If xeRVa, then o has the desired p-type. If x¢RV a, then x is added as a right
variable at follows:

letx —tino/[{adp]
letx —zin.of [ {mull:(;x);0> ],

<noull)

where null: (; x); « has the desired p-type.
Next we assume a #x. We consider the following five cases:

(I) x is bound in /[*];

(II) x is not bound in &/[*], and a is bound in /[*];

(III) x is not bound in Z[*], a is not bound in «[*], x¢FV («[37.¢]),

and
the discharged assumption a = t is not used;

(IV) x is not bound in /[*], a is not bound in &[], either
xeFV(«£[35. ¢]) or the discharged assumption a = t is actually used,
and x¢j;

(V) x is not bound in &[], a is not bound in o/[*], either
xe€FV(«/[3. ¢]) or the discharged assumption a = t is actually used,
and xej.

Ad. (I): From the condition (vi-b), the eigen variable a must be just x;

hence this case does not occur.

Ad. (II): By the condition (vi-c), x¢FV(«/[%¥]). Moreover, from the

condition for renaming, x ¢FV(3y. 0); so #[37. 012 = #[3j.¢]. Hence from the
induction hypothesis, we have

a=r1
’

L[ (y; u)>e].
By (vi-a), x¢u; so if xey, x is a pure left variables, hence x is regarded as a
bound variable. Hence
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A[L(y; w)pe] < L[ (1) )>els
and
A [ayols « [ {null( x); a)ols.

So we have,

[a=1]

Y

, L [{a>p]

v A[nulk(x)ad>e]%
fetx —tin.o/ [ <null:(;x);0>¢].

adlet1

Ad.(I11): Clearly «/[35. 1% = #[37. ¢]; so from the induction hypothesis we

have
Z/

A o) @]
We also have a¢FV ([ {adp]), especially a¢RVa. By (vi-a), x¢RVa, hence
A els < L[]
and
A [<null(; x); ) @15 < L[5

So we have,

2/
T A[{a)¢p]

T A [null(x)d @5
let x —tin .o/ [ (null:(;x);x > @]

<aletl

Ad. (IV): In this case, [37,¢]% = «%[37.0%]; so from the induction
hypothesis, we have

a="1
’

Lo (35 a, 1) > 9%
By (vi-a), x¢i; so

5[ (35 a, W) 05] = L[z (75 %, 8)D @5

Thus we have
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[a=1]
2/
A0
T AKeDel
letx—tin[{aX>p]. <adlet

Ad. (V). In this case, #[37.¢]% = #%[37.¢]. Let j = x, ¥, then from the
induction hypothesis, we have

a=rT

’

[ (x, V5 a, 1)) ]
where x¢u by the condition (vi-a). Since both x and a occur in a, we cannot
rewrite o as (of)%; so we cannot apply let-I straightforwardly. Here it suffices to
consider the case where a #x.
In this case, x is a pure left variable in the program o: (x, j'; a, @); so we can
rename x in o That is, let w be a variable not occurring in {a)>¢@, then

(15) AL (x, §'5 a, 1)) @] — 5[ oy W, §5 a, 1)) @]
Here we remark the following lemma:
Lemma 6.2. If w¢FV({a) @), then
P > (o wi=x)¢y.
By this lemma,
(16) AL [ (W, V5 a,0) ) oX] — ALL[Kox: (W, V5 a,w);a:= wH(@3)]-

Now let B be «; a:= w, then wepLV B, and w¢FV ((0¥)%) = FV (¢%). So by
Lemma 5.12,

(17) AULLBY %] > [ local w in S5 3]

Thus we have

[a=1]
EHRCHA
using(15),(16)and(17)
r A localwinB)p?] _
T o [(localwin B3> pl%
letx—tin A[ (local win B*>¢].

{a)letl

We note that the p-types of local w in B is (x, y; x, #) as desired.

6.2.2. let-E Assume that the proof is of the following form:
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(let-E) (let-E)
a=rt .,ol[gixp]i
19 Il )
letxtine/[3y.0]  B[I2Y]
B[AzY]
Let I be the assumptions of IT and (J; x, @) be the p-type of 3. ¢ in the

conclusion let x < 7 in #[3.¢] of II.
For each u;e,

DletE

® if u; = g, then a #x and, from the condition (vii-a), a is bound in /[*];
hence a is bound in /[*]%

® if uy; #£a and u; is bound in &[], the u; is bound in /[*]%

@ if u; #a and u; is not bound in «/[*], then y;e FVI U FV1; hence from
the condition (vii-a), u;e FV(«[3y. ¢]); so u;e FV(L[37.0]%);

® if u;eFVe and u; ¢y, then u;e#[35.0]%

From this consideration, we know that, for the assumption «/[3y.¢]% of Z, we
can choose a program variable ¢ corresponding to 3j.¢ such that i < RV .
Now from the induction hypothesis, we have

let x « 7 in [ <o (7;x,7)>p].
First we assume that we could obtain the following proof:

a=1 M[@:gi; x, ) ¢ls

(19)
BLLB: (V) > ¥].
Let b be a fresh variable, and w be follows:
_fa ifxez uv
“ |x otherwise,

then B.[a] = ((B7):[«])s- Hence if a is not bound in #[+], we have

1) (let-E)
a=1 b=t (let-E)
o a=b__ Aelt
a=rt A[adpll
(let-E) zé[“]
bec ALV
[T A BHEDLDW]

(a) (1) Lemma5.7(x)

letx—tina[{a)@] B letwtin(By) [a]>¥]
B detwecin(B),L1]

b)letE
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(*): since a is the eigen variable in the original proof, a¢FV ¢ U FV((Y).[«]), and
T is substitutible by the condition (vii-c); hence Lemma 5.7 can be applied.

When a is bound in #[+*], a appears as a right variable of the extracted
program. So the following simple proof is sufficient:

(let-E)
a=t A[{Del%
IT 24l
letx—tine/[{adp] BL{BLal>V¥]
BB La]>Y].

(b>letE

Thus we obtain the proof corresponding to (18).
To complete the proof for the let-E case, it still remains to construct a proof
2" and a program f satisfying (19). We consider the following five cases:

(I) x is bound in &/[*];

(IT) x is not bound in #/[+], and a is bound in [x];

(II) x is not bound in &/[*], a is not bound in /[+], and x¢FV
([37.0]) .

(IV) x is not bound in [*], a is not bound in /[*], xe FV([3j.¢]),
and x¢7y;

(V) x is not bound in &[], a is not bound in #[+], xeFV(«[3}.¢]),
and x€j.

Ad. (I):  Since #[3y.¢]° = #°[3j.¢], from the induction hypothesis, we
have
a=rt M?‘K”i,(y_; X, %)) @]

BLLB (V)¢ ]
We also have
AL (35 x, 1)) o] = L[ (35 (x, #)) @]
Hence we let g = §,[£] and 2" be

ALEPT: _
a=t APl
YaLel
APV

Ad. (I} By the condition for renaming, x¢FV (37.¢). So #/[Ij.0]2 =
[49.¢]. The rest can be handled in the same way as the case (I).

Ad. (III): By the condition (vii-b), this case cannot happen.

Ad. (IV): 1In this case, &/[3y.¢l; = L3[3I).¢%]; so, from the induction
hypothesis, we have
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a=1 ALn:(y;a,u)) 5]

BB (ZV)O¥]
We also have
AL (55 a, W) o%] = L[ng: (35 x, 1)) @ls.
Hence we let f' = B,[¢3] and X" be

ALEL:
a=t  AUKEDQS]
S
BB V]

Ad. (V): In this case, #[37.0]% = #%[3j.¢]. Let j = x, 7, then from the
induction hypothesis, we have
a=1t AL n:(x, V0,95 ¢]

BLLB (V)]
We proceed by separating cases depending on whether ¢ = x or not.
When a = x,

A7 x,w)) @15 = L[ (7 x,0)) @)% = LA x,4)) 0] = L[n:(3;a,u)) @]

Hence we can simply let = B,[¢] and 2" be Y .[£].
When a #x,

(20) AE (%, 75 x, w)>pls « LU (a, V5 a, 1)) o%].

Here we need the following lemma.
Lemma 6.3. If u¢FV({a) ), then
app o {ui= x;05) @5
From this lemma,
A& (@, V5 a, )50%] — Li[{xi=a; & (x, V' x, #)) ).
Using (20),
LG (6 V5 x, W ely o L[ = a; ¢ (% V5 x, 8)) 0]

Since the p-type of x:= a; £ is (x, J'; a, u) that is the p-type of #, we can let § be
Bilx:=a; £] and X" be

A%
a=t1  AYxi=a;¢)e]
z:"[x:=a;f]
BLLBOIV]
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6.2.3. V-I This case is quite similar to let-I, so we omit the detailed proof.

6.2.4. V-EV Consider the following proof:

Vx.2/[37.0]
A[3y.0]%
From the induction hypothesis, we have

’

Vx. o [{a)p].
Now we consider the following three cases:

(I) x is bound in /[*];
(II) x is not bound in «/[*], and x¢&y;
(III) x is not bound in «/[«], and xej.

Ad. (I): Since
A[37.01% = L 3F7.0] and AL[{a)@l; = L[],
We have
ZI
Vx. ol [{a>p] VBV

A [{adel;
A ede].

Ad. (II):: Since
A[3p.01s = 4[37.¢%] and L[{a) @l = AL a2 9],
we have
Z/
Vx.Z[{adp] ey
AUDels
LR
Ad. (IIT): By the condition (ix-a), a = x; so
A[I7.¢012 = #[37.¢] and A[{a)eli= L[{a>o].

Hence we have
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zr
Vx.d[Kpel
d[{pels

AL [{a>e].
6.25. 3-1 Consider the following proof:
let X —7in 3y,...35,.0
3x37,...39m 0

The argument in Section 5.3.6 is completely applicable in this case. We
however treat the case where 7 = X separately, because this case produces
simpler programs. From the induction hypothesis, we have

let X « x in {a)> 0.
Then we have

let x <« x in {a) @.

(oull)and(;)

<(null: (X; X); o) @.
6.2.6. 3-E Assume that the proof is of the following form:
[Ero)]
Ix3je  #[Izy]
A[3z.4]

Let X’ be the sequence of x;’s not occurring in j but occurring free in the
assumptions above the major premise, and x” be the sequence of x;s not
occurring in y and not occurring free in the assumptions above the major
premise. By the condition (x-a), X' < FV(3j.@). So, from the induction
hypothesis, we have

&G a, ) oew s
IT X
oz (%', X", y; X', v)>@  and  A[L: (2 W))¥]

where a’ (resp. a”) are ajs corresponding to X' (resp. X”). By Lemma 5.4 we can
augment the right vazriables of £ in 2’ by fresh variables b compatibie to y. Let
y be null: (; ¥');5: = b, where v = RV¢. Then y has the same p-typeas £&. We
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also define u as follows:

a; if x;€z,
or x; occurs free in the assumptions above the minor premise,
or x; is bound in /[*]

x; otherwise,

and let @@ (resp. u”) be u;’s corresponding to x' (resp. x”). Then if x;e LVfU
RVp, u; = a; so u are renamable to a in f; hence

Bv] = ((BZE)[y))a 5k
Thus we have

({a)-rule)

i i b \ar,an b
((pfr xn,y)ar,un,b

ar,an,b
(Pf/ J?/r ,y

K o)E%,
IT 247
% EARCEAVAN
— — lemma 5.10(x) —
U =X 08 5505 A [LBEEN LT 5 ]
A =X 05 T BT LDV ]
A [ = %5085 (B ) [y 1¥]

A[ localw' i bin(u': = %052 L (B2 [y])>Y 1.

lemma 5.9 and {oull)

it

~
|
8

Jan,b>1 5.11

G

Lemma 5.12(x)

(*): When @ = x/,

it it b

U= X5 055050 P

i, :7' b
%1, 51,5
can be replaced by

<o) 9505
and

local @, @', b in (= X; a;%,5; (B52D.[7])

X!, X1,y a,a, b

can be replaced by

local @', b in («Z,5 (BZ).[7]).

X1,y ar.
6.2.7. Ind This case is easily established just like 5.3.8 using the subcases used
in let-I, so we omit the detailed proof. Here we only remark that if the
conclusion of the inference is of the form Vx. (x © [ 37,...37,.¢ 1), then X do
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not occur free in the assumptions by the condition (xi-b).

6.2.8. V-E, Consider the following proof:

AT vx.y[ﬁy.q;]v_E
A[35.01 7).

From the induction hypothesis, we have

AT and Vx.Z[{a)¢p].

21

0

Note that xe RVa whether x is bound in /[*] or not.
Now we consider the following three cases:

(I) x is bound in /[x];

(II) x is not bound in /[*], and x¢j;
(III) x is not bound in /[*], and xey.
Ad. (I): We have

L[3y.¢1[1] = [t [TF5.0].
Then by Lemma 5.19,

a=1AA[apoli = A [t][ D]

Hence

’ !

(letE) (let-E)
At Vx.A[{aDp] . a=1 A a)pl; Lemmas 16
letx—tin Aty GO
o [ >0]

Ad. (II): We have

A[35.1.[1] = A [1[37- ¢[]].
Then by Lemma 5.19,

a=1 A Al » L [t][let x — 7 in &)@, [r]].

Hence
H, Z, (tletE) (letE)
At Vx.A[a)p] . a=1 A[{a)>p]ls
letxtin A[{2)¢] S Ietx —tinayg i) e

{a)letE

A [t][(etx—tinadp, [1]].
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Ad. (ITI): In this case,
A[3y.01[7] = o [71[F}.0].
From Proposition 3.6, the following lemma holds:

Lemma 6.4. If X are marked variables which are not bound in L[], T are
substitutible for x in /[*], and a are fresh variables compatible with X, then

I_PLia_ =TA d[(@("]? o AT A A[T][{X=T; a) @]

Using this lemma, we have

’ ’
H Z (tet — E) (let—E)

At Vx.A[{aDe] i A[ayoly
letx—tind[(adp] o [t][{x:=T:000]
o [t][{x:=T;0)0].

Lemma 6.4

{a)letE

We note here that xe RVa but x¢RV(x:= t; «) unless xe FVz. If x occurs free
in the assumption of I7 or X, then x must occur as a right variable of the finally
obtained program. Hence, if the p-type of x := 7; a is not the desirable one, we
must augment x as a right variable as follows:

o [t][{x:=10)¢]
& [t][mull:(;x);x: = 1500].

oull)

6.29. 3-I, Consider the following proof:

AT (379
Ix35.0

¥lo

We note that X and y may be overlapped. Let x’ be x;’s not in y and 7' be t;’s
corresponding to X', then

35.0):7] = 37 (9= [7]):
So, from the induction hypothesis, we have
At and o (35 @) og[T]

Hence we have
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7
1_1 (let-T) ({a)-rule)

AT a=17 ez[7]

Substitution Lemma

AT F
, _1___#@7)1&1
Y letx'7ing
ocy; 1)z [T] (X:=7 o
(y )>(P_ [T ]_ <x T >(D {I><adrule
(X =7>¢p

where @ be fresh variables compatible with x'.
In case 7= x, we can use null: (X’; x') instead of x: = 7"

Example 6. In Example 1, we can use z for the eigen variable b in ). This
change does not violate the condition of Theorem 6.1. For subproofs

corresponding to [ [, }; and ) ,, [[ and }; are the same as Example 4, but ),
becomes as follows:

a#0 Fla—1, z)
PA FACT

Z, a—1+1=a Fla—1+1,(a—1+1)z2)

2 Substitution Lemma

F(a, a'z)
(z:=az)F(a, 2).

Then the proof 2’ corresponding to X becomes:

({a)-rule)
a#0,Vx.(x<a><EYF(x, 2)) a#0,F(a—1,2)
I >
etx—a—1iné&(z; x))F(a—1,z2) <(z=az)F(a, z)

etx—a—1liné(z; x);zz=az)F(a, z).

{z).{a)rule,(5)

From this ). and [T, we can extract the desired program
ué(z;x).(x=0-z=1 ]| x #0-> (letx « x — lin&:(z;x)); z2= x"2)
just like Example 5.

6.3. Extracting while programs

Takasu [19, 20] showed that a while program can be extracted from a proof
using templates of inference. Using PLi, his result can be applied to our
framework. For example, a while statement can be extracted from the following
form of inference.

Proposition 6.5. Suppose

[Isud> a=1% An, w0 > Fp(let £—Tin ) AT<aA AT A Q)
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where a are fresh variables and a and x are unmarked, then

=

FUL1

That is, the following derived rule holds:

I, T(<, A%, ), letx « Tin 3, Am, @ - 3j.(¢ A 1 7).

[a=1 Amr, m,e]
(22) :
Ti(<,1%.y) letx—Tiny A7 @ Jj.(letx—Tiny) NT<anr An A @)
I5.(p A 1)

<ay
Proof. By renaming variables, we may assume that xn (FV7Iu FVrnUu
FVep)= ¢. Let

OLyAX<aDVj.R=TAdn A @>23j(p A1)
IH L V. ®.

Then we have Y, and ), such that

Y letx—Tiny, 1<a,b=1 Am, 2 - 9> 3j(p A7)
Yol letX e finyg An VRG> (WX =TA AnA@> Ij.(@ A 1)) —

@ > 3j.(p A 1 7).

EV

Now let 2 be
IH
GE) GE)  (eE) (56 VX.® v
letx—7tiny, 7<a, b=1, A7®, @
IH . - 21
VEQ® . o p=23ylpAm)
letx <7 in @ 3y.(@ A—im) (FlecE

a=1t,Amn,mT,Q |

I

Ty ((letx—ziny) At<aA AnA @) I5(@An) <
y

y>3E

Iyl Am).

Then (22) is derived as follows:
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=0 (> (v-B) (=1) (IND) 1 Vv.E
a=1t, An, n, ¢, IH ® —n
A
VT An 3y.(p A—m) A7) g
(e AT lz) (=1
a=tA AnAe>3y(e Am) &> v
TI(<, i%.y) Vi@=iAdnAe>3y(pATm)
letx7iny, Anm, VX.(x>(Vi(X=TA A A>3 e A1)
Yo
® >3y (e Am) »
e Am) "

This proof satisfies 3-wCV and the conditions of Theorem 6.1. So we can
apply the theorem to this proof, then (22) becomes the following derived rule in
PLi:

[a=1, A, @, @]

TIH(<,i%.y) letx — Tiny An ¢ o) ((letX—Tiny) AT<aA AT A @) _
ay
pé(m—-a | n-nul))(p A 1 71)

where « is the program obtained from []. Thus we obtained the desired while
program:

while 7 do o.

This derived rule just corresponds to {while} rule in tHL.

We usually use Proposition 6.5 in the following form:

Corollary 6.6. (While Rule) Suppose

() [TFsud = Fi(let x—7inx) A An A o),

(i) Y, Lha=1%Anme —» Jj(letx—Fing) A T<d A AT A @)
where a are fresh variables and a and X are unmarked, then

Fown L T T, A X ) = 35.(e A —1 7).

3-UL1

That is, the following derived rule holds:

[a=1 An, n, @]
(23) :

TI(<, A%.%) 3. ((etx « Tiny) A AT A @) Fy.(letx —Tiny) A T<an A A (p)<_
a

I9.(@ A 1 7).
Proof.
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a=rt, @

Am, T,
)

TI(<, A%.x) (etXTing) A An Ao Fj(letx—Tiny) AT<aA AnA )

ayProp.6.5

|
I o

35.((etx i eI
7.((le x<—rmy)£\ A A @) vl A—im) r3E
Ay(p A—im) L

From this proof, if « and f are programs obtained from [] and ', respectively,
then, by Theorem 6.1, we have the following program:

o; while = do .

Example 7. (Integer square root program) The specification for a square
root program on integers is described as follows:

Goal & Vx.(0 < x > Jy. Sqrt(x, y))

where Sgrt(x, y) is a predicate expressing y is the square root of x, that is y is the
largest number satisfying y? < x, as follows:

Sqrt(x, ) 20<yAy*<x AVz(z22<x>z<Yy)
First we let P and Q be as follows:
PAY <xAO0<y<:z
QLAPAXx<Z2
Suppose we are given
ZQll—OSx - 3y,z0<z—y A Q)
Zgzl—a=z—y/\y+1;é2/\Q - 3y,z0<z—y<anAQ)
Yesty+1=2n0 - Sare(x, y),
then we can construct a proof for Goal as follows:

¢y} (CS TGV
0<x a=z—y,y+1#z0Q

ZQl ZQZ
3y,20<z—yAQ) 3Iyz(0<z—y<aAQ)
Iz +1#£2)AQ)
§y,z.(y +1=zAQ)
2o

iy.Sqrt(x, y)

a)(1)While rule
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where Y5 is

(FE)

y+1=zAQ

Yos

Sqrt(x, y) -

3~y,z.(y +1=zAQ) iy.Sqrt(X, y) (vzYFE
3y.Sqre(x, y).

Hence, when we obtain programs o and f from ) 4, and ) ,,, respectively, we
have the following program satisfying the specification Goal:

local z in
(o; while y + 1 # z do f).

Now we establish Y 51, Y02 and Y g
Ad. Y o, Since

0<x - (0<2-x+1)—zAP),[0 1],
we have
YpF0<x - 3y, 20<2(x+1)—zAP)
Since
a=2x+1)—zArz<xAP - (0<2:x+1)—z<anP),ly 2-Z],
we have
Ypba=2-(x+1)—zAaz<xAP - Iy, 20<2-(x+1)—z<anAP).
Hence by While rule with ) ,, and Y ,,,
0<x — 3y, z(P A1 (z < X))
Moreover we have
FuPA1(iz<x) > 0<z—-yAQ.
Thus )¢, is obtained. The program corresponding to ) o, is
y, z2=0, 1; while z < x do zz=2"-z.
Ad. ZQZ: We use an auxiliary predicate R:
RlAa=z—yAy+1#zAQAry<w<cz
We have

ZRli—a=z—yAy+1;éZ/\Q — RW[Y‘FTZ].
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Assume R and consider separate cases according to w? < x A x < w?, then we
have

w<x—->0<z—y<anQ)[w]
x<w?>(0<z—y<an Q),[w]

Hence we have
ZRZ FYw.(R>3y,20<z—y<an Q)

Then ) ,, can be constructed as follows:

a=z—yANy+1#zAQ 2112
ZRI Vw_(R:)ETy,Z.(OSZ——y<a/\ 0)) vEo
Rw[yzﬁj RW[V_;_Z] 53y,2(0<z—y<aAQ)
>E

§y,z.(0$z—y< alQ).

Since V-E, and V-E are used, the corresponding program is

let w« y;z in

W2<x-y=w|x<woz=w).

Ad. Y g5 This case is straightforward.
So we finally obtained the following program:

local z im (
y, z2=0, 1; while z < x do z:=2"z;
while y + 1 #z do
let w<—£2f_z in

W<x-y=w]|x<w?oz=w)

6.4. Mathematical induction

Our system is not based on the usual mathematical induction but on the
transfinite induction. We think the mathematical induction does not specify the
algorithm explicitly. To a proof using the mathematical induction, we may
associate two types of programs

(i) a program using counting down recursion;
(i) a program using counting up loop.

Since we often use the mathematical induction rather than the transfinite
induction, it is useful to examine how a program is extracted from a proof using
the mathematical induction.

We now consider the following proof using the mathematical induction.
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[ [37.0][a]]

Il )2

#[35.91,[0] #[37.¢1La+1]
Vx.[37.0].

(24)

{a) mathematical induction

6.4.1. Counting down program From (24), we can obtain the following proof
using the transfinite induction,

(v-E) (IND)
a#0 Vx.(x <a>[3y.¢]) VEq
a—l<a a—l<a>s/[3j.¢lla—1]
>-E
(v-E)
B Y [a—1] a#0
(v-E)

a=0 #[37.910] #[Fyella—1+1] a—l+l=a

a=0Va#0 d[g}?.(p]x[a] A[35.¢).[a]
vx./[3y.¢]

Now we transform this proof into a proof in PLi. From [] part, we have

(26) o [0][<a 9, [0]]
for some program o, and from ) ,[a — 1], we have

o [a— 11[<n)(@.La — 1])]
27) Y

A [al[{B)o.lall
for some program pB[n]. Let y be

(x=0-a|x#0->pf,[letx —x — 1in &])

and the induction hypothesis be
Vx.(x < a> L[ 7> 0]).
From V-E, and >-E parts in (25),
A [a—1][letx —a— 1lin ué.ypd>ep.[a—1]].

Then from (27),

A [a][<{B,[letx —a — 1 in p.y]>@.[a]l]
From this, (26) and Vv-E,
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A [a][{a=0—0a]|a#0-p,[letx—a—1inuly])>e.lall
By <(u) axiom,
A La][{(uéz-vD)> o.lal].
Hence by induction
Vx. A[u. v @l
6.4.2. Counting up program If «/[3j.¢] in (25) is simply of the form ¥ > 3.9
such that x and j do not occur free in Y, we can extract a while program, which
computes values of j satisfying ¢,[i] from i =0 to x successively.

We use Corollary 6.6 (While rule) to extract a while program. Let 7 be x
—i,mbei<x, <be < and y be T. We now check the condition (i) and (ii).

Ad. (i) We show
I,y -3, j.o,[i

This is obtained as follows:

H (5E)

v y=>Ted0l o ed0l
37.0.[0] 3i,y.¢,[i]
3i,y.9.L1].

(IHFE

From this, we obtain a program
a;i:=0

where a is a program extracted from IT7.
Ad. (ii): it is sufficient to show the following:

I'' y,a=x—1ii<x, (px[i]—>§i, y(x —i<an @ li]).

This is obtained as follows:

exLi]
- Flo
Tl
Y o3y.0.[i]
Ea[i] a=x—i i<x -
Y yodye.li+1] . x—(@{+1)<a o, [i+1]
Iy.oli+1] Ji,y(x—i<aNo,[i]) iE

Jig(x—i<aA@.[i]).

From this we can obtain

Be[mull: (3; y)];i:=1i+1
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where B[] is a program extracted from ) [i].
Then, by While rule, we obtain

(28) Ly —3i, j.(p i A i = x)
and a program
o; i 1= 0; while i < x do (B[mull(y; y)];i:=i+ 1)

Hence we have

(¥E) (FE)
(=1 o [i] i=x
Y
— using(28) _ i1,
Ji,y(o[i] AN i=x) 3y. .
= (i,y>3E
_Ye
_¥=>de
Vx.(¥ > 33.0)

and finally we obtain

local i in (o; i : = O;
while i < x do (B.[null:(; y)]; i :=i + 1)).

6.5. Or elimination

In our method, main drawback is found on the restriction of v-E rule. We can
only use boolean expressions as major premises if the minor premise has J
quantifiers. If we prove a specification using a case analysis by
prime(x) v —1 prime(x) but prime is not executable predicate symbol, we must
transform this proof into another one in which the major premise of the Vv -E is
a boolean expression.

In this section, we briefly sketch how to convert such a proof. Now
consider the following:

[¥4]
> L
vV, E3xe] ...
(29) =
H[3x.¢]

where each y; is I-free.

It is already well-known that v connective can be deleted using other
logical connective if, for example, natural numbers are defined. We here assume
the boolean sort which consists of two elements, true and false. Then we can
replace V ; in ). by

(30) 3b.((V (b; = true)) A A (b; = true > ;)
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because the following proposition holds.
Proposition 6.7.
F Vo Jb.((Vb; = true)) A Afb; = true > ).
The following corollary corresponds to v-I and V-E;
Corollary 6.8. The following derived rules hold:

Vi
Jb.((V (b; = true)) A A(b; = true > V,))

and

2

Jb.((V{b; = true)) A A(b; = true > ;) go
®

Let ® & (V(b; = true)) A A(b; = true > ;). If Vs, does not occur as a
subformula in any assumption of ) nor any instance of the axiom EM used in
Y, then we replace all the occurrences of V; by @ in " with suitable renaming
of variables using the above corollary. Let ) be the proof of @ obtained by
this replacement. Then we can construct the foilowing proof from (29), in which
V., does not occur as the major premise of Vv -E.

GE)
o
A (b;=true >y,
(v-E) v-E
b,=true b, =true; D>y,
>-E
; L2
GE)
¢ A-E ﬂl
' Vib=true)  A,A(b;=true) A[3%.¢] :
~_ = (v-E)
3b.¢ _ L[IA%.¢] P
H[3x.¢].

If we intfoduce a sort for n-element sets, say S, then we can use only one
variable for b in (30):

3bS,.. A b =¢; > )
where ¢; is the i-th element of S,. In particular, when n = 2, (30) is simplified:

Ib:boolean. ((b = true > ¥,) A (b = false o ¥,)).

Example 8. (Prime predicate) We shall demonstrate how a proof of
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31) 2 < x — prime(x) \ 71 prime(x)
is transformed when we replace
prime(x) A\ — prime(x)

by

3b. ((b = true > prime(x)) A (b = false > — prime(x))).

Suppose prime is defined as follows:
P(u, v) & Vz.(2 < z < v > 1 div(z, u))
prime(u) 2 P(u, u)

where div(z,u) is the predicate representing u is divisible by z. Then the
following hold:

Pl FP(x, 2)

P2 F—idiv(a, x), P(x,a— 1) > P(x, a)
P3. kdiv(a, x) - —1 P(x, a)

P4 F—1P(x,a) > 1 P(x,a+ 1)

Let IH be
IHAVy.2<yAy<a>P(xy v P, y)).

Now we consider the following proof of (31)

(v-E) (v-E) (IND)
a=2 2<a, IH
(IND) P1
2<a P(x, a) Z
a=v22<a P(x,a)v 1P, a) P(x, a)v —1P(x, a)
TI(<,Aw.2<w)) P(x, a)v —1P(x, a) S IND
<a>,
Vy(2<y>P(x, y) v1P(x, y))
2<x 2<x>P(x, x) v P(x, x) _E'°
P(x, x) v 1 P(x, x)
prime(x) v —prime(x)
where Y is
(vE) (v-E)
2<a, IH 2<a, P(x,a—1) 2<a,—1P(xa—1)

) 2o 2 2
P(x,a—1)Vv 1 P(x,a—1) P(x, a) V1 P(x, a) P(x, a) V1 P(x, a)
P(x, a)v 1 P(x, a)

v-E
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and Y, Y, and ), are
Do

IH
2<a Vy.2<yAy<a>P(x, y)v1P(x, y) .
Lo 2<a—1Aa—1<a 2<a—1Aa—1<a>P(x,a—1)v—1P(x,a—1)
P(x,a—1)v—P(x,a—1)

(v-E) (v-E)
div(a, x) 2<a —div(a, x) P(x, a—1)
P2 P3
21 H —1P(x, a) , P(x, a) o
div(a, x) v —1div(a, x) P(x, a)v—1P(x, a) P(x, a)v—1P(x, a) vE
P(x, a) V™1 P(x, a)

2<a T1P(x,a—1)
P4
X —1P(x, a)
2

P(x, a)v 1 P(x, a). v
Next we transform these proofs.

T(b) 2 b = true

F(b) & b = false

Q(b, u, v) & (T(b) > P(u, v)) A (F(b) > —1 P(u, v))
where b is a variable of sort boolean. Then the following hold:
Q1 +T®), Qb, x,a—1) - P(x,a—1)
Q2 HF(b), b, x,a—1) » 1 P(x,a—1).

We introduce several abbreviations:

The sequents corresponding to Corollary 6.8 are:

Rl FP(x,a) — 3b. Qb, x, a)

R2 -1 P(x,a) - Jb.Qb, x, a).

R1 and R2 correspond to A-I rules and these produce the following program:

R1: b := true

R2: b := false.
Let IH' be

IH AVy.2 <y Ay <a>Ib.Qb, x, y)),

then the proof for (31) is transformed as follows:
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(v-E) (v-E) (IND)
a=2 2<a, IH'
(IND) — P1
2<a ~P(x, D, ) >
a=2V2<a 3b.0(b,x,a) 300, x,a)
(32) TI(<,Aw.(2<w)) _ 3b.0(b, x, a) CaND
Vy2<y>3h0b, %)) .
2<x 2<x>3b.0(b, x, x) e
3b.0(b, x, x) ]
§b.(( 1(b) = prime(x)) A (F (b) = 1 prime(x)))
where 27 is
(v-E) (FE) (Vv-E) (FE)
T(b) Q(b, x, a—1) o F(b) Q(b, x, a—1)
2<a, P(x,a—1) 2<a, —P(x,a—1) QZ
2<a, IH z'l Z'z
) hy: T()v F(b)  3b.00, x, a) .90, x, a)
3b.0(b, x, a—1) 3b.00b, x, a) ;.
3b.0(b, x, a)
where Yo, Y7 and Y, are:
IH
Zfo 2<a Vy.2<yAny<a>3b.Q(b, x, y)) v

2<a—1ra—1<a 2$a—1/\a——1<a3§b.Q(b, x, a—1)
3b.0(b, x, a—1)

’ (v-E) T(b) Q(b, x, a—1) o
Z ' div(a, x) 2<a div(a, x) P(x, a—1)
P2 = P3
H T1P(x, a) P(x, a)
———=R2 T—:.Rl
div(a, x)V —1div(a, x) 3b.Q(b, x, a) 3b.0(b, x, a) -
3b.0(b, x, a)

F(b) Q(b, x,a—1)
Q

/ 2
25 2<a —P(x,a—1)

P4

—1P(x, a)

3b.0(b, x, a).

R2
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Now we extract programs from these proof fragments. First we use a program
variable &(b; x, y) for 3b. in IH'. Then we can extract the following programs

from Y%, 3 and %
let ye—a—1 in ¢,
(div(a, x) > b := false | —1 div(a, x) » b : = true)

and b := false.

Moreover we can optimize ) 5 as follows:

F() Qb, x,a—1) o2
2<a —1P(x,a—1)
F(b) —1P(x, a) "
Q(b, x, a) .
3b.Q(b, x, a).

From this, we obtain the following simple program:
null :(b; b).
Then from 2’, we have
let ye—a—1in¢
(b = true — (div(a, x) » b := false | —1 div(a, x) - b := true)|
b = false — null: (b; b))
and from (32), we finally obtain the following program which has the p-type
(b;x):
let y « x in u&: (b; x, y).(
y =2-b := true|
2<y-oletye—y—1lin¢
(b = true — (div(y, x) » b := false | =1 div(y, x) > b := true) |
b = false — null: (b; b))).

If div is not executable, then we continue convert the proof /7 in order to
replace div(a, x) v —1div(a, x) by another 3 formula.

§7. Concluding Remarks

In the present section, we shall give several remarks on our approach.
Our approach is strongly motivated by the following points:

(A) If an extracted program can be reduced to a simpler program, there
should be a proof corresponding to the latter.
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So we carefully pay attention to names of variables (in fact, variable names used
in a proof and those in an extracted program do in most cases coincide). We
also adopt transfinite induction as an induction scheme, because we think it
reflects the structure of recursion. As explained in 6.4, we consider that usual
mathematical induction and structural induction are not suitable for representing
loop or recursion structures.

(B) We can specify variables which we do not want to appear in
extracted programs.

We have two kinds of variables, marked and unmarked ones. If some variables
are not desirable to appear in the extracted program, it is sufficient to use
unmarked variables for them.

Due to (A) and (B), it may be possible to transform

a proof which is easily understandable but produces an inefficient
program

into

a proof which is hard to understand but uses less variables and produces
an efficient program.

So it is important to study such a transformation technique.
(C) Programming (or problem solving) in abstract domains is important.

Programming in an abstract domain and then realizing it in another (low
level) abstract domain or some concrete domain is an important methodology to
develop reliable programs. Specifications and proofs in abstract theories
correspond to programming in abstract domain. In our approach, requirements
for base theories are almost nothing except that the induction principle to affect
program execution must be the transfinite induction. So, for example, we can
use a set theory as an underlying logic providing that some executable set
operation are specified.

Next we state some possibilities of extensions of our approach.
In Program Extraction Theorem, the condition (i) is not so
restrictive. From normalization theorem, the following proposition holds.

Proposition 7.1. For every proof in 3-ULO, if all the formulas in the
assumptions, induction formulas and instances of axioms are 3-SP, then we can
find a proof which has the same assumptions and conclusion but all the formulas
occurring in it are 3-SP.

However it is convenient if we can use formulas of the form Jx.¢ > 3.y as
lemmas. So we extend Program Extraction Theorem to SSNP (or SNP) proofs
by allowing SSNP (or SNP) formulas as conclusions. Since formulas in
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assumptions remain to be SSP (or SP), in the rules which have the same formula
as an assumption and a premise, such as let-E and Ind(<, Ax.y), only the SSP
(or SP) formula can occur as the major premise (in let-E) or the conclusion (in
Ind). As a result, we can not use V-E for SNP formulas essentially. However
V-EV can be used. By the similar reason considered for Theorem 6.1, we add V-
E, and 3-I, with some restrictions to 3-UL1 in SNP cases. Restrictions are
roughly as follows: if a term is substituted for a variable occurring in 3-formula
in a negative position, then the term must be a variable.

As a program language, PLi only has fundamental constructs, which is
necessary to extract programs from proofs. In order to use PLi to analyze
various kinds of programs, we need to extend PLi for function and procedure
constructs.

For example, a Pascal like procedure fact can be defined as follows:

fact(x, var z) & u&:(z;x).(x =0—>z=1| (letx « x — 1in&:(z;x)); z:= x - 2).

Here let x < x — 1 im &:(z; x) corresponds to a procedure call fact(x — 1, z) in
Pascal.

ULQ is an ordinary first-order predicate logic and our approach does not
much depend on a specific logic and can be applied to most of usual
logic. Moreover we can easily extend our approach to handle programs which
accept functions as arguments. Note that this does not mean programs can be
passed through parameters. We now discuss several possibilities of extensions.

In actual proofs of specifications, we need to prove various relations satisfy
the well-foundedness. That is, we need to prove TH(<, Ax.y), when we use
Ind(<, Ax.y) rule unless it is an axiom. To do this, we extend the underlying
logic UL to a second-order logic UL2. In UL2?, TI(<, AX.x) can be expressed as
follows:

TH<, A%.0) 2 Vp.(VX.(x A V5.(E A 7 < X 2 p(7)) D p(F)) 2 VX.(x 2 p(%)))

For example, transfinite induction for natural numbers is proved in the second-
order Peano arithmetic.

We may also want to use a w-logic to formalize data structures
completely. If we restrict w rules only for 3-free formulas, our approach can be
straightforwardly applied to UL®, UL with w rules, too.
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