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Local Existence Theorems and Blow-up of
Solutions for Quasi-linear Hyperbolic Cauchy

Problems in a Domain with Characteristic
Boundary Generated by Initial Data

By

Reiko SAKAMOTO*

Introduction

Non-degenerate quasi-linear hyperbolic equations are fairly well studied
locally or globally under various boundary conditions. In degenerate case,
recently, Y. Ebihara ([!]) showed a local existence theorem on one-dimensional
elastic problem:

d?u = dx{(dxu)m} in {0 < t < T, 0 < x < 1},

dxu = Q on {0 < t < T, x = 0}(jO < t < T, x = 1},

u = (/)(x), dtu = \l/(x) on {t = 0, 0 < x < 1},

under some assumptions on {(f)(x), \l/(x)} in case of m ^ 5, which was extended in
case of m ^ 3 by Y. Nonaka ([2]). On the other hand, concerning to linear
problem, fully degenerate hyperbolic Cauchy problems are studied by the author
([3]). A "fully degenerate" operator in a domain means an operator
degenerating only on the boundary which is a characteristic whose order of
multiplicity is equal to the order of the operator.

The aim of this paper is to prove a local existence theorem for a quasi-linear
hyperbolic Cauchy problem:

r A(t, x; $m~lu; 8)u

(P) <

= f ( t , x; ^m~1u) in (0, T) x Q,

d{u = (f)j(x) (j = 0, I , - - - , m - 1) on {t = 0} x Q,
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where we use simple notations:

$ku = {dj
td

v
xu\j + \v\£k}=(u,du9-9 dku),

when there are no confusions.
The difficulty comes out of non-linearity, because degeneracy of coefficients

depends on unknown solutions. This paper maintains that there is a unique
classical solution in a short time for Cauchy problems in (0, T) x Q if initial
data are "degenerate-structure generating". Under these situations, the analysis
becomes very easy because the boundary values of solutions are determined only
by the boundary values of initial data. The existence theorem is proved by the
standard Iterative method, using the existence theorems for iterative linearized
problems ([3]). This paper also gives some examples of equations whose
solutions blow-up on the boundary.

Similar results for special systems of equations are known in the fields of
fluid dynamics, based on the theories of symmetric hyperbolic systems of first
order or second order ([4], [5], [6]).

§10 Linear Caiieliy Problems for Felly Degenerate Hyperbolic Equations

Let us consider a linear hyperbolic equation In I x Q:

Au^ X ajv(t,x)d{dv
xu=f(t, x),

j + |v|gm

where am0 = 1 and ajve$™(l x Q), where

/ - (0, T), Q = R"+ = {x = (xl9 jc')l*i > 0, x'eJT"1},

dx = (dl9 — 9 aj, dj = dXj (j = 1, 2 , - - - , n).

Let us introduce a function p(x1)E^°°(R+) satisfying

x1 if xl < 1/2,

1 if X! > 1,

and 0 < P(X!) < 1 If 1/2 < x1 < 1.
Let us say that A is a hyperbolic equation with degenerate order a( ^ 1) In /

x Q, which we denote AeRHa(I x O; S) (d > 0), if

i) a/v(t, x) = p(xl)~
al^ajv(t, x) is bounded in / x Q,

II) A£ (f, x; T, 0 = I a£(t, x)^ = ft (T - ^ (t, x; Q)
j + | v | = m f c = l

is a regularly hyperbolic polynomial in / x Q, that is, {rfc
A(t, x; 0} are real for

(t, x)e/ x Q and C^S"1"1, and moreover
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inf \t£(t, x; 0-r£(t, x; Q\^d.
(t,x)elxf2

CeS"-1,***/

We denote AeRHa(I x dQ\ 6), if AERHa(I x Z\ 6), where Z = Qn{0<x1

<3s}. Moreover, we denote AeRH°(I x Q; 5\ s, X) (s ̂  s0, X > 0) if
AeRHff(I x Q\ S) and ajv are represented as ajv = a'jv + a'-v with the estimate

where

s

III u\\\s = sup III u(t) III s = sup £ || dj
tu(t) || H*-J(n},

and s0 = <mcr> + \n/2~] + 1, where </c> means the least integer not less than
k. Let us denote

Then we have

Our problem in this section is the Cauchy problem:

I A(t, x; 8)u =f(t, x) in 1 x Q,
(P)lin\ .

I dj
tu = </>j{x) (j = 03 ! , - • - , m - 1) on {* = 0} x Q.

and basic energy estimates have been obtained in [3]:

1.1. There exists a positive constant C such that

o

/or a^ AeRHa (I x Q; d; s, K) and any ueHm(I x Q), where \\ || = || \\L2(n).

Here we remark a variation of Sobolev's lemma, which is familiar in the
context of non-linear calculations.

Leranw 1.2. There exists a positive constant C such that

|ai| + ... + |ag|§s

for any VjeHs(Q) (j = I , - - - , 4), where s ^ [n/2] + 1.

Let us denote
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I "(D IIL2 = I \\d{diu(t)\\\
J + Mss

and

then we have

Lemma 1.3. There exists a positive constant C such that

X I I S M i i - A d»u\^C\\\u(t)\\\(s+m^}
M^is

/t?r any AeRHa(I x jQ; 5; 5, K) and any ueHs + m(I x O) (5 ̂  50).

Proof. Let us assume that \jj,\ ^ s and j + |v| ^ m. Let us denote

and

For | fj,' | g <cr | v | >, we have

^) III ̂ u III ,„,_!) g C K III « III „ + „,-„.

For \n'\ ^ < f f | v | > + l( = b), we have

and we have

/;, ^c|||£Xv|L-fc III^Min,- , ,
^ C HI fl^ HI , HI 5/« HI . . jgCK HI M|| | „+.,_!„

owing to Lemma. 1.2. D

Here we have
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Proposition 1.4. There exists a positive number C such that

l l | t < « I I I J + m - i )
ff

^ C{ III w(0) HI £+„,_!) + HI Au(tf) \\\2
sdt'} (0<t<T)

J o

for any AeRHa(I x Q; 6; s, K) and any ueHs + m(I x Q) (s ^ s0).

Proof. Since

we have from Lemma. 1.1 and Lemma. 1.3

III "(0 l l l ( 2
S + m- l ) ^ C I M(0) |||(2

s + m - i ) + C

Hence we have

dtU(t)^C U(t) + C F ( t ) ,

where

r r
17(0= HI u(t) \\\(S+m-i)dt and F(t)= III w(0) |||(

2
s+m_1) + ||| Au(t) ||| 2dt,

J o J o

therefore we have

17(0 ^ect F(t).

Hence we have

Now, let /i be a real number, then we have

p~hA(t, x; dt, dx)u = A(t, x; dt,d^+ hp'/p, d2,-",dn}(p~hu],

and we have

Lemma 1.5. There exists K' > 0 such that

A(t, x; dt, dl + hp'/p, d2,--,dn)ERH°(I x Q- 6; s,Kf),

if A(t, xi d)ERH°(I x Q; 6; s, K).

Here we have from Proposition. 1.4 and Lemma. 1.5

Proposition 1.4'. For any real number h and any integer s( ^ s0), there exists
a positive number C such that
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g c{ || p-yo) \&+m-l} + P III p-Mi<o n i f d f } (o < t < r)
J 0

for any AERHa(I x Q; 6; s, K) and any u£Hs + m'h(I x Q), where ueHs'h means
that

\\U\\H** = | |p~*u| |H S< + 00.

Let us say that (P)Un is solvable in H00'*1 if there exists a unique solution in
H00'^/ x Q) for every data {/eJf°°'*(/ x Q), ^eH00 '*(&)}. Then (P)lin is solvable
in H°°'ft if A<=RHa(I x O; 5)([3]).

Now, denoting

we have

f, x- d) - df = X ajv(t, x)d*dl
j+\v\£m
J = m ~ 1

Z
j -H |v |^ P=\v\

- (p!)-^?^, x'; af, 3,,; x^J.
p = 0

Here we remark that

B0(t, x'; dt, dx,- XldJ

^')^i3i - (* - 1)) (x^ -(k-

which is independent of dx,. Let u(t,x)E&co(I x Q) and let ufo, x) = (d{u)
(t,0,x')9 then we have

00 00

{X - d?}u(t, x) ~ Z I (p!*!)

r=0

Proposition 1.6. Ler us assume that

f(t, x)eH*>(I x Q), (jj
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For any positive integer h, there exist

$n (t \-'\\ e— H°°(T v rlO\ — JJ^fT v Kn~^\\& j\*"> •*' / j O ^ / s h — 1 — •*•* V-* U&G) — n \JL A I\. j,

satisfying

(r\

for 0 ̂  r ̂  fc - 1,

where

fp = (5f/)(t, 0, x'), 4P = (3?0j)(t, 0, x').

We say that #(£, x)e^°°(/ x jQ) is an approximate function of order h
corresponding to the data {/(r, x)e J*°°(/ x D), 0J<x)e^00(i2)}, if

\Q) (j = 0, I , - - - , m - 1).

Let {^-}o^^*-i satisfy (6fc)zin» and set

g(t9 x)^)-1^ 9j(t, x'),
j=o

where p(x1)ECo>(R) and p(xx) = xx near xx = 0. Then g(t, x) is an approximate
function of order h corresponding to {f(t, x ) e H ™ ( I x Q\ ^{x) e HCO(Q)}.
When g(t, x) is an approximate function of order h corresponding to {/(t,
x)eH™(I x Q), ^)j(x)eHco(Q)}, set

' (t, x) =f(t, x) - (Ag)(t,

4>j(x) = 0/x) - 3/0(0, x)6H°°^),

then (P)Hn is reduced to

v4(t, x; df, 3X)M' =/'(tj ^) in / x Q,
(P')lin

d{u = (/)j(x) (j = 0, I , - - - , m - 1) on {t = 0} x Q,
where u' = u — g.

§2. Local Existence Theorems for Quasi-linear Cauchy Problems with
Sufficiently Degenerate Data

Let us consider a quasi-linear Cauchy problem:
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1!*; d)u= V aJt, x; ^m~
j+\v\=m

=f(t, x; $™-lu) in I xQ,

d{u = 0/x) (j = 0, 1,..., m - 1) on {t = 0} x O,

where we assume (4), (<7-S) and (h-D) as follows. We denote

m- 1 /£• i y, _ 1
and N= V (m- +

(l x Q x RN\

ii) A(Q, x; <P(x); d)ERH°(I x QE) for any e > 0, where QE = Qn{x1> e}5

iii) f(t, x; l7)eC°°(/ x O x ^)5

iv) 0J<x)eH°°(/ x O).

(a-*): i) 4(t, x; 0; ^e^H47 (1 x 8Q; d\

") fuk(t>
 x> 0) p(xi)"fe<r is bounded in / x Q.

(*-D): I) /(t, x; 0)6H°°-*(/ x Q) (h^ h0),
ii) (t)j(x)eH™>h(Q) (h ^ fc0), where fc0 = 2 <md>.

Theorem 1. Under the assumptions (A\ (a-S) and (h-D), there exists a unique
solution of(P) in Hs>h (10 x Q) (s ^ s0), where I0 = (0, ro), if T0 = T0(s, h)( > 0) is
chosen small enough.

m-l

Taking v = u — £ O/-)"1^/*) for u, the Cauchy problem (P) can be
j=o

reduced to the Cauchy problem with zero initial data:

(P-0)
A(t, x; $m~V d)u =f(t, x; l"1'1^ in / x O,

$?-lu = 0 on {t = 0} x Q,

where (A\ (a-S\ (h-D) are satisfied with # = 0. Therefore, Theorem 1 will be
shown for (P-0) by using the method of successive approximation. Namely, we
shall find t/(fe)eH°°'h(/0 x Q) satisfying

A(t, x; $m~lu(k~l\ d)u(k} =f(t, x; ^m-1u(k~1)) in I x Q,

^""^^O on {t = 0} x O,

if n^-^eH^/o x Q), and then we shall see that u(k)-*u in Hs~^h(I0 x Q).
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Lemma 2.1. There exists C > 0 such that

/or anj; a(x,u)e^s(£2 x R*) andany u(x),v(x)eHs(Q), satisfying ueB, = {u \ \u(x)\

g r} (s ̂  [n/2] + 1, r > 0).

Proof. We only see the case when N = 1. Let |v| ^ s. We remark that

x (5«i;1

where T is taken over

where |j8j| ̂  1. Owing to Lemma. 1.2, we have

7 ,
*=o j=i U

Let us denote

H^M)(I x O) = {ueH00^/ x 0)| HI p-"u |||So ^ e, ||| p-AM |||(s) ^ M},

then we have a fundamental lemma to get an iterative scheme.

Lemma 2.2. Let s g: s0 and h g: /z0, //z^w there exist positive constants s and
K0, independent of K, such that

i)' A(t, x; $m~lu; d)eRH° (I x Q; (5/2; s, 2K),

ii)' |||p-*/fcx; r-^JIH ^2^,

i) yl(r, x; 0; d)eRHcr(I x D; 5; s, K),

ii) |||p-*/fe*; o)|||sgx,

iii) ueH^*m_ l iMjc)(/ x O),

for K > K0.

Proof of i)'. Let us denote
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ajJit, x; U) = ajjt, x; 0) + £ Pa^t, x; 9U)d6 Uk

= ajv(t, x; 0) + £Xjvk(t, x; U) Uk,

where XjvkeCx(I x Q x RN), that is, \Xjvk\m,(IxSlxBr) ^ Cs<r.

We remark that

1(p""")l ^ C' III p-"u |||m + [n/2] ^ C HI p-hu |||so,

that is, we have

\U(t, x)\ ^ Cph-(m~» HI p~hu |||so ^ C s ph'^-v.

Hence we have

\ajv(t, x; U) - ajv(t, x; 0)| g C 8 p f t-^-D g C e p f f 'v ' (h ̂  fc0),

because /z0 ^ m — 1 + <rm. Since A(t, x; 0; d)ERHff(I x Q; d), we have >4(t, x; U;
d)eRHa(I x Q\ 6/2), taking s small enough. Moreover, we may assume that
\U(t9 x)\ ^ 1, taking e small enough.

Next, let s ^ 50 and |v| g s. Owing to Lemma. 2.1, we have

HI Xjvk(t, x; 17) Uk HI S ^C(1 + HI w| | | s+m_!)s HI w i l l , + „_!-

We remark that

INI IUm- l = IIIP*(P"*w)IL + m-l

because h0 ^ (m — l)cr. Hence we have

III a,.v(t, x; 17) - a>(t, x; 0) |||. g

for K > K0, K0 ^ Ct. Here we have

ajv(t, x; 17) = a'jv(t, x; 0) + {a'jv(t, x; 0) + [ajv(t, x; C7) - ajv(t, x; 0)]},

where
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a'}v(t, x; 0)| ,. + £ ||| a]v(t, x; 0) + \_ajv(t, x; U)- ajv(t, x; 0)] |||,
j,v

^ HI a"jv(t, x- 0)|||,

+ £ HI ajv(t, x; 17) - a,.v(t, x; 0) ||| s ^ 2K.
J.v

Hence we have A(t, x; 17; d)ERH*(I x r2; 5/2; s, 2X).

Proof of ii)'. In the same way as in the above, we have

f ( t , x; U) =f(t, x; 0) + "^ ^t, x; U)Uk

where ^eC°°(J x Q x RN) and

|{fc(r,x; 0) |^Cp< f e*>

Moreover, we have

^r, x; U) = tjf, x; 0) + %r,ki(t, x; U)Ut,
i

where

p~<kff^k(t, x; 0)e ®™(l x JQ), rj^eC^I x Q x RN).

Since

p-A^(t, x;

we have, owing to Lemma. 2.1,

|||p-"^(t,x; U)Uk\\\,

^ C{ III p-< to>Wt, x; 0) I, HI p-*+<**>l/JL

+ ( i + II I i / I I I / II I /r<JI<T>[/ I I I , I I I p-h+<ka>uk I ,}
^ C'{ III P-"+<k^uk in, + (i + III i / IUS III P-h+<ka>uk |||s

2}
(fc ^ h0), because /z0 ̂  2<(w — l)<r>. Hence we have

III p-'tjt, x; IT) t/j HI, g C2(l + HI p- f cw III <,+.,- u)**2 ^ C2(l + MK)S + 2 g X,

therefore
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for K > K0 if K0 ^ C2. Here we have only to set K0 = max(C1? C2). D

Hereafter, we fix K and M = MK so that K satisfies (i), (ii) and K > K0 in
Lemma. 2.2.

Proposition 2,3o There exists Jx = (05 T1)(T1 > 0) such that there exists a
solution uGH^+m_ltM)(Il x Q) of the linearized problem:

( A(t, x; $m~1w, d)u = f ( t , x; $m~1u) in 1^ x O,
(J5~0)

Proof. Applying Lemma. 2.2, we have

A(t, x; $"-lu9 d)ERH"(I x Q; 6/2; s, 2K).

Hence, applying Proposition. 1.4', we can find a unique solution ii of (JP-0)

for any ueH™>h
+m_1M(I x Q), and

0

Taking

r1.= min(e2,M2)/C1,

we have ueH^h
+m_liM)(I x Q). D

Following to Proposition.2.3, %EH;js'+m_1)M)(/1 x Q) can be defined as a
solution of (P(fc)-0) successively, taking u0 = 0. Let us denote

A(t9x; ^»-i||(*-i); SXuW-ii*-1))

= -{4(t, x; lm"1w(fc"1); 3)->l(f, x; $I"-1M(k"2);3)} u(k~l)

+ {/(t, x; r-1^-^) -f(t, x; l1"-1!!*-^)}

= ^i + ̂  = ̂  (* = 2,3,-).

Then we have

Lemma 2.4.

Ill P"*flfk IL-i ^ C III p-Vk-1} - ^(fc-2)) l l l ( s + m -2) (k = 2, 3,.-.),

Using Lemma. 2.1, we have
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I p-"g'k HI,.! f£ c(i + in i/*-1' | | |s+m_2 + in M<"-2> |||s+m_2r '
X HI p-««- !>•>(„»- « - W<*- 2 >) III J + m_2 III p-fc + am

because hQ ^ 2 <(m — 1) cr>. In the same way, we have

x |||p-*(ii*-1)-M('-2))|||(I+lll-2). D

Let us denote

Then we have

Proposition 2.5. There exists I' = (0, T) (0 < T'^ TJ ^wc/z

u(k) —>u in JT™-2'^/' x D),

MG Jf^111"1^/' x ^2) a«^ satisfies (P - 0).

Proof. Since

we have from Proposition. 1.4' and Lemma. 2. 4

I I M(fc) _ W(*-D i i 2
|| M W II jf* + m-2,h(j,X i n)

<• r'T' ii iX*"1) 7 / ( f e ~ 2 ) i i 2
SCi || WV — WV l|^S + m-2,h (j,x/2).

Taking T' small enough to satisfy 0 < T < 7i and CT < 1, {w(fc)} is a Cauchy
sequence in ^s + m"2'h(/' x Q). Moreover we have

II M II jr-^-^^/'xn) ^ lim|| w(fc) || ̂ ---i.^xn) ^ M. D
/c

§ 3. Local Existence Theorems for Quasi-linear Cauchy Problems with
Degenerate-Structure-Generating Initial Data

3.1. Condition (/c-*). Let us denote

where tftk is a J^-column vector and ^ is a ^-column vector, where Jfk = mNk
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(£ _j_ n — l\ m-i
| and Jf = Y, ̂ k- Then we have

Lemma 3.1. Let p be a positive integer. Then

t, x; V(t, x))}

t9 x; flf(t, x)),

yp(r,fcl,...,jks) w a Np x (NrJ^kl--'J^k)-matrix with homogeneous polynomial
entries of degree s with respect to {^0, • • • , ^p+m_1}. Moreover, Fp is represented
as F + F, where

' _ y /-' /-" _ y
P ~ Z^ * PV 2 P ~~ Z^î

q=0

m = Z y W, ..... *
r + s = q

max kt < q

;q= I /W, .....

Proof. For simplicity, we consider the case when n = 1, where ^fe is a
scalar valued function. By the differentiation of composite functions, we have

, x; W(t, x))}

where cr/il...^sfcl...fcs is independent of {t, x, <8f, J^}. We have only to remark that

^i + l*>i ^ max fcf + p — r — (s — 1) ̂  p if max kt < r + s. D

Let /c be a non-negative integer and let us say that Jf boundary functions
^(t, x') satisfies (/c-*) wft/z respect to ^(t, x; ^r) if

, 0, x'; «(t, x')) = 0
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if r + s ^ max(/c - 1, /c l5..., /cs). Let us denote ^(t, x') = ^(t, 0, x'). Then we
have

Lemma 3.2. Assume that <%(t, x') satisfies (/c-*) with respect to 3F . Then

dp
x{^(t, x; #(t, x))}L1 = 0

= Z {^W*ofe *V",#pfc *'); ^5 S%)jr}fc 0, x'; #(t, x')).

Proof. Since

t, x; #(t, x))}

t, x;
q=0 r+s=q 1

maxfcj <q

the second part in the right hand side vanishes on {xx = 0}. Moreover, the
summations of right hand side over {0 ̂  q ^ k — 1} also vanish on {x^ = 0}.

D

3.2. Fully degenerate condition (B). Now let us consider

( A(t, x; l"1-1^; d)u =f(t, x; $m~lu) in I x Q,
(P)\ .

\ dj
tu = 0/x) (j = 0,-», m - 1) on {t = 0} x O,

where we assume (A) stated in §2. Denoting

r, x; <2f; 5) = X(r, x; U; d\ ocjv(t, x; ^) = ajv(t, x; L7)

f, x; ^T)=/(t, x; U),

let us say that Jf boundary functions &(t, x') satisfy (B)—fully degenerate
condition —if
i) & satisfies (|v|-*) with respect to otjv,
ii) & satisfies (0-*) with respect to J^.

Let us denote

Wp(t, x) = (d*u)(t, x), oLJVtp(t, x) = (d*<*jv)(t, x),

where ocjv(t9 x) = ocjv(t, x; <%(t, x)). Then we have

P

Let us consider
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/; = (/;),„_„
where r = (r l3..., rj, then we have

, jc; *(f, x); d)w(r? x) - 3?Xt, x)}

= E I rKpiqir1 d>d*x
+'u(t, x) «^(t,

Z { Z ^T!^!)-1 d{8>,+'u(t, x)
j + | v | = m p + » = r

=
j+ |v |=m
jsm-1

Let us denote

for 7 + |v| ^ m, where

Moreover, we denote

where

r;(JjV) = r;(J.)V)(^05---5 ^r+m; ^ ^)

o-.v) = /^.»)(*o,-, ^r+m; s« a.)

t, x;
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Let us denote

/W*o,-, ^ r+m; t, x; *)

J + | v | = m
jSm-1

and ^j., )8", jS/ are defined analogously, then we have

Lemma 3.3. Let us assume that 38(t, x') satisfies (B). Then

i) Pr(^0,---,^r+m; t, 0, x'; 0fc x'))

= ft+(*o,-,*» », 0, x'; ^(t, x')).

ii) {r,(*o,-, *r+»-i; ^ 5«)^}(t, 0, x'; <%(t, x'))

= {Wo,-,*,; 3,, 5.)^}(t, 0, x'; «(t, x')).

Let us denote

, x;

= -j8;-(*0,-, -rr+m; t, x; TT) - j8r"(*0,-, ®r+ml t, x; TT),

+ {r;(*0,-, ^r; 3W 5r)^}(f, x; ^),

then we have

Corollary, Let us assume <%(t, x') satisfies (B), then

tftfU*-* ®r+ml ^ 0, x'; &(t, x'}) = 0.

Hence we have

Proposition 3.4. Assume that u(t, x) is a solution of (P) and that

<%(t, X/) = $ f
m" 1^~ 1M(t, 0, X')

satisfies (B), then {Uj(t, x') = (d*xu) (t, 0, x') (j = 0, 1, 2,-)} satisfy (Q):
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n / x

#ur = <j)j,r(x') (} = 0,..., m - 1) on {£ = 0} x K""1 (r = 0, 1, 2,...),

where

Let us denote

^tfr1^"-, ft"1"* *,0,*'; flrX-, ft1'1"-.-!) in / x U"-1,

ir = 0^x0 (j = 0,--? m - 1) on [t = 0} x J^"-1 (r = 03 1, 2,-, h - 1).

Then (Qh) is a Cauchy problem for a system of ordinary differential equations
with respect to t with unknown functions {ur (r = 0, I , - - - , h - 1)}. Therefore, it
is uniquely solvable in locale for any h( ^ m).

303o cr-structure-generating initial data.

Proposition 3050 Let {gfi, xf) (j = 0, I , - - - ) } be a solution of (Q). Assume
that p(t, x') = $™~1te0fe * ' ) » • • • » dm-ifa xl) satisfies (B). Let u be a solution of
(P), then we have

uj = 9j O' = 0, 1,2,...).

Since u satisfies (P), we have

On the other hand, since ^ satisfies (5), we have

JTXtf1" X-", ^"'ftr+m; ^ 0, x'; ^) = 0,

therefore,

8?g, = PWlg0,-, ^r"1^; t, o, x'; #)

+ jr^r1^.-, #"~ X^; f, o, x'; #).
Hence we have

m~^n &m~^n- t A v'- \\
t 9o>'"-> Vf ^r, t, U, X , ^jj-

r 'fio,-, r"1"^,; *, o, x'; «')
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Let us define a system of ordinary differential equations with respect to v

r+m, , ,

where {wj? ^-} are considered as given functions, then

satisfies (2m). On the other hand, it is obvious that v = 0 is the unique solution
of (Qm). Hence we have [ur = 0r}r=0,i.....«- 1- The fact that {"r = 9r}nm follows
from Proposition. 3. 4. D

Set

and

where [gr = (^r)|r|=r(r = 0, I , - - - , h — 1)}, is a solution of (Qh), then we have
#w(t, 0, x') = <?(t, x'). Let us assume that ^ satisfies (5), then (P) is reduced to

A(t, x- $m~lv'9 d)v =f(t, x; I1"'1?;) in / x £2,

s/u = $.(x) (j = 0,-», m-1) on -{t = 0} x Q,

where

I(t, x; V\ d) = A(t, x; G(h\t, x) + F; 5),

/(t, x;V)=- A(t, x; Gw(t, x) + F; %(ft) +/(t, x; G(h\t, x) + F),

0/x) = 0/x) - (^^(O, x).

Moreover, from the definition of (Qh)9 we have

Lemma 3.6. Let {gr(r = 0, I , - - - , h — 1)} &e a solution of (Qh), where ^
satisfies (B), then (P)gw satisfies (h — D) (defined in §2).

Let us say that initial data {^/}j = o,i , - • • ,m-i satisfy (cr — S — G) — a-structure-
generating condition — , if
i) ^ = ^J""1 (00s" ' ' 0m- 1) satisfies (B), where {0r(r = 0, I , - - - , m — 1)} is a solution
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Of (6m),

ii) (F)gw satisfies (a - S) (defined in §2).
Here we have from Theorem 1

Theorem 2, Let us assume (A) and assume that {0j}_/=o,i,—,m-i satisfy (a
— S — G), then there exists an interval Is = (0, Ts) for any s( ^ s0) such that there
exists a unique solution of (P) in HS(IS x Q). Moreover the boundary functions
{iir = dr

xu(t, 0, x')} of the solution u satisfy (Q).

§4 Blow-up of Solutions

Let us consider

dfu - a(u, ux, uy)
2{d* + d2

y}u = f(u, ux, uy) in {t > 0, x > 0, yeR},
(P)

' d{u = 4>j{x, y) (j = 0, 1) on {t = 0, x > 0, yeR},

where a(u, v, w) and f(u, v, w) are homogeneous polynomials of degree p( ^ 1)
and q(*z2), then the fully degenerate condition is

(B)

and (QJ is

a(u, v, w) = 0,

fv(u, v, w) = 0,

/ Ju, t>, w) = 0,

d,2w =f(u, v, w),

^ = /„(", V, W)V,

B?w=fu(u> v> w)w
?

in {0 < t < T, yeR} with initial conditions on {t = 0, yeR}:

Let us define

(J3-1): {u ^ 0, v = aw, w = flu}, where a and ft are constants satisfying

{a(l a, fl - 0, /,(!, a, ]8) = 0? /w(l, a, /J) = 0}?

(B-2): {u = 0, i; ̂  0, w = yv}9 where y is a constant satisfying

{a(0, 1, y) = 0, f j p , 1, y) = 0, /JO, 1, y) = 0}.

Then (B) is satisfied if (5-1) or (5-2) is satisfied.
Let a solution of (Qi) satisfy (5-1), then (#) is reduced to
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a{52u -/„(!, a, 0)w«} = 0,
2H -/„(!, a, )8)u«} = 0,

because qf(l, a, ft) = /„(!, a, /?)• Therefore we have a contradiction, if
/„(!, a, )3) ^ 0, (a, j8) ^ (0, 0) and « ^ 0. If a = 0 = 0, ( #) is reduced to

(#) ' d?u = q-1fu(l, 0, 0) ««.

Let a solution of (gj satisfy (5-2). Then ( i t ) is reduced to

Hereafter, we consider (P) on the assumption

(A-l): ad, 0, 0) =/„(!, 0, 0) =/w(l, 0, 0) = 0, /„(!, 0, 0) > 0,

or

(A-2): a(0, 1, 0) =fjp, 1, 0) =/w(0, 1, 0) = 0, /u(0, 1, 0) > 0.

Let us consider

T" = ^T« in (t >0),

T = a, T' = P at t = 0,

where 1 is a positive constant. (T) is solvable by direct integration:

*= ±

where

First, we consider the case when q is odd. Then let us define

l / (q+l ) if R ^ (\
II jJ •*». \Jj

then the above solution blows up in finite time if a ^ a(/?). More precisely, let
us define

if P ^ 0,
J a

t* = J*(a, /J) =

if jS < 0,
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when a > a(£), and t*( - a, - /?) = f*(a, /Q when a < a(/f), where T(OC, £) is a
positive root of Q(x) = 0. Then we have

Lemma 4.1. Le£ g 6
i) /« cme when ft > /?(a), £/zere exiyte a solution of(t) in (0, t*) ««rf r(t) -> + oo as

ii) In case when f) < /?(a), //zere exw/j a solution of (T) in (0, t*) a«J r(t) -> — oo
£W t ~> t*.

Next, we consider the case when q is even. Let us define

Then the above solution blows up in finite time if a =^a(j8). More precisely, let
us define

t* = t*(a, )8) = -

°° if )8 < 0,

where r(a, )8) is a real root of <2(r) = 0.

Lemma 4,2, Let q be even and let a =^a(/?), //z^« ̂ /zere ^xw^ a solution of(t)
in (0, t*)

t(0 -> 4- oo as t-»t*.

Hence we have

Theorem 3,
i) Set A. = q~lfu(l, 0, 0) under the assumption (A. 1). Let us assume that

(C) 00(0, y) ^0(0^0, y)).

Then there exists no C2((0, oo) x Q)-solution of(P). More precisely, let y0 satisfy

, y0) % «(

ii) Set A = /M(0, 1, 0) under the assumption (A. 2). Let us assume that

Then there exists no C2((0, oo) x Q)-solution of(P). More precisely, let y0 satisfy
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Then

\ux(t, 05j;0)| -.00 ast-> t*(00*(0, y0),

In the following let us consider an example:

utt - u2uxx = Kuul (K > 0) in {t > 0, 0 < x < 1},

w(0, x) = 00(x), wt(0, x) = 0!(x),

where

</>0(0) = 00(1) = 0. #>(0) * 0, 0'0(1) * 0, 00(x) \ 0, (0 < x < 1),

0i(0) = 0i(l) = 0.

Then we have

(B): {u(t, 0) = u(t, 1) = 0},

Mn(t, 0) = 0, ujtt, O) = K Mx(t, O)3,

M(((t, 1) = 0, uxtt(t, \) = K ux(t, I)3,
(#)

and {</>0, c^j} satisfies (1 — S — G). Hence there exists a smooth local solution,
which blows-up in finite time.

We remark that this equation has a periodical solution in time, belonging to
C°(R x [0, l])nC°°(# x(0, 1)):

Proposition 4.3. Let The any positive number. Then there exists a solution
u of the equation:

un — u2uxx = KUUX (K > 0) in {teR, 0 < x < 1},

satisfying

u(t + T, x) = u(t, x), u(t, 1 - x) = u(t, x), u(t, 0) = u(t, 1) = 0.

Proof. Set u(t, x) = t(t)^(x) and

where a is an arbitrary positive constant.

First we integrate i" = — or3, and then we have

where a is an arbitrary positive constant. It defines a periodic function
T(f)eC°°CR) with period
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= ~ V/2)~1/2

o

Next, we consider ££" + K%'2 = — a. Then we have

and hence,

that is,

77' = -a(2K)-1(<Pc)'e~2'?

where rj = log\£K£'\. Therefore integrating

(e2*/2)' = -oaKr'K2")'

we have

e2ri = (a/K)(b2K - £2K),

where b is an arbitrary positive constant, that is,

ceo2 = (a/K)(b2* - e*)
Hence we have

where

0

Moreover, we have £(;*;) eC°°(0, 1) and

t(x)K + l/{x(l - X)}->(K + l)(a/Kb2K)1'2

as x -» 0 or x -*• 1. D
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