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Local Existence Theorems and Blow-up of
Solutions for Quasi-linear Hyperbolic Cauchy
Problems in a Domain with Characteristic
Boundary Generated by Initial Data

By

Reiko SAkAMOTO*

Introduction

Non-degenerate quasi-linear hyperbolic equations are fairly well studied
locally or globally under various boundary conditions. In degenerate case,
recently, Y. Ebihara ([1]) showed a local existence theorem on one-dimensional
elastic problem:

0tu = 0,{(0,u)"} in{0<t<T 0<x<1},
ou=0 on{0<i<T, x=0U0<t<T x=1},
u= ¢(x), du=yx) on {t=0,0<x<1},

under some assumptions on {@(x), Y(x)} in case of m = 5, which was extended in
case of m = 3 by Y. Nonaka ([2]). On the other hand, concerning to linear
problem, fully degenerate hyperbolic Cauchy problems are studied by the author
([31). A “fully degenerate” operator in a domain means an operator
degenerating only on the boundary which is a characteristic whose order of
multiplicity is equal to the order of the operator.

The aim of this paper is to prove a local existence theorem for a quasi-linear
hyperbolic Cauchy problem:

AL, x; d™ ‘u; Ou
=0fu+ Y ayt x; 0™ 'u) 0idLu

itlvism

(P) jsm—1
=ft,x; " 'u) in (0, T) x Q,
a{u=¢1(x)(]:05 1"", m_l) on {t=0} XQ,

Communicated by S. Matsuura, August 31, 1988. Revised January 26, 1989.
* Department of Mathematics, Nara Women’s University, Nara 630, Japan.



382 REIKO SAKAMOTO

where we use simple notations:
O u = {0}0yulj + |v| = k},
aku = {6{6;“'] + |V| é k} = (ua aua"'; aku):

when there are no confusions.

The difficulty comes out of non-linearity, because degeneracy of coefficients
depends on unknown solutions. This paper maintains that there is a unique
classical solution in a short time for Cauchy problems in (0, T) x @ if initial
data are “degenerate-structure generating”. Under these situations, the analysis
becomes very easy because the boundary values of solutions are determined only
by the boundary values of initial data. The existence theorem is proved by the
standard iterative method, using the existence theorems for iterative linearized
problems ([3]). This paper also gives some examples of equations whose
solutions blow-up on the boundary.

Similar results for special systems of equations are known in the fields of
fluid dynamics, based on the theories of symmetric hyperbolic systems of first
order or second order ([4], [5], [6]).

§1. Linear Cauchy Problems for Fully Degenerate Hyperbolic Equations

Let us consider a linear hyperbolic equation in I x Q:
Au= Y a(t, x)0id%u =f(t, x),
j+lvlzsm
where a,,0 =1 and a;, e #°(I x ), where
I=(0,T), 2=R" ={x=(x,, X)|x; >0, xXeR""*},
ax = (al""’ 6")’ aj = axj (] = 17 2,"'9 n)'
Let us introduce a function p(x;)e Z*(R.) satisfying

Xy if x; <1/2,
p(xy) = .
if x;, >1,
and 0 < p(x)<1if 12<x; <1
Let us say that A is a hyperbolic equation with degenerate order o( = 1) in I

x Q, which we denote Ae RH°(I x Q2; 6) (6 > 0), if

i) aj(t, x) = p(x;)”"Ma; [z, x) is bounded in I x £,

i) A3t x 0= ) apl )Pl =T]6E—1x 0)

j+l=m k=1

is a regularly hyperbolic polynomial in I x Q, that is, {t (¢, x; {)} are real for
(t, x)elI x Q and {eS" !, and moreover
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inf |70 (@t x5 0) — o (6 x5 O] 2 0.
(t,x)elx Q
LeSn~ L kxks

We denote AeRH(I x 02; 9), if AeRH’(I x X; §), where 2 =0Qn{0 < x,
<%}. Moreover, we denote AeRH(I x Q; 5; s,K) (s=s0, K>0) if
AeRH’(I x Q; ) and aj, are represented as a;, = aj, + aj, with the estimate

Z|a;'v|.%s(1xﬂ) + z Il a}’v Ils = K,
Jsv Jsv

where

tel j=

llwllls = sup [l u(®) Il = sup ZO I 67u(®) Il =~
te.

and s, = {mo) + [n/2] + 1, where <k)> means the least integer not less than
k. Let us denote

At %) = plxy) ™M (t, ).
Then we have
1| gs-soux o) = Claj|gs-tn-14x 9 = C'K.
Our problem in this section is the Cauchy problem:
A(t, x; O)u = f(t, x) in I x Q,
Pl du=x) (j=0,1,, m—1) on {t=0}x Q.

and basic energy estimates have been obtained in [3]:

Lemma 1.1. There exists a positive constant C such that

2 lloipra ) u))?

Jjtlvlsm—1

gc{'"f Y a2 + f @l Zdt}

j=0v|sm—1-j

Jor any AeRH’ (I x &; 6; s, K) and any ue H"(I x Q), where | || = llp2q-

Here we remark a variation of Sobolev’s lemma, which is familiar in the
context of non-linear calculations.

Lemma 1.2. There exists a positive constant C such that

]
0% vy -0 v, | < CT llvylls
j=1

|a,|+...+lae|§s

for any v;e H(Q) (j = 1,---, £), where s = [n/2] + 1.

Let us denote
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Il u(e) 12 = _+|le I 67 0%u() 112,

lu G-ty = ¥ lllaf(P”ax)”u(t)llz,

Jjtlvlsm—
and
Il u@ g = ' IZ ) Il 60%u(®) llfn- 1) (s Z m),
jtlvlss—m+

then we have

Lemma 1.3. There exists a positive constant C such that

z ” 6"A u—A 6"“ H é C |“ u(t) m(s+m—1)

lulss

Sfor any AeRH (I x 2; 8; s, K) and any ue H**™(I x Q) (s = s,).

Proof. Let us assume that |u| <s and j+ |v| £ m. Let us denote
|| 0*a;,0i0%u — a;,0]0%0"u|

| . |

<C (@ ap)@idv* *u)ll=C » I

wT=1 wl=1

=

ur

and

1, < (¥ ,)(@{0x 0" u) |
+ l(@¥a" ) @ieser Fwy | =T, + 1",
For || < <a|v|), we have
I, < Clajl gy | o0 W10]6 04 u |
< Clajy| gomoy | @l -1y £ C Kl 0l s m—1)-
For |u'| = <a|v]> + 1(=b), we have
Iy = 1dlg 1161020 ul|
Slalg 1 0full =1 S Kl ulll sem-1y>
and we have
Iy, £ CI8%aG, Il s—p I 010%u Il 5—s
<Clla il éiulle-1 = CK Il ulll sm-1y>

owing to Lemma.l1.2.

Here we have
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Proposition 1.4. There exists a positive number C such that

@) &+ m-1)
t
< C{uO0) N+ m—1) + j Il Au(t) I2d} (0<t<T)
(0]
for any Ae RH(I x Q; 8; s, K) and any ue H**™(I x Q) (s = s,).
Proof. Since

Ad"u = 0" Au — (0"Au — Ao*u)  (lu| < s),

we have from Lemma.1.1 and Lemma.1.3
t
Il @) &+ m-1) = Cll ) | §sm—1y + CJ { I Aue) 112 + 1l w(@) | G m—1y} dt.
0
Hence we have
U =C U@®)+ C F(1),
where
T t
u(r) =f Il (@) N1+ m—1ydt and F(£) = [| u(0) I &+ -1 +J (Il Auz) || *dt,
0 (4]
therefore we have

U(t) £ e F().

Hence we have

Il ) &4 m—1y < C(1 + eX)F (8). O

Now, let h be a real number, then we have

p_hA(ta X5 ata ax)u = A(t! X3 an a1 + hp’/p, 629"'aan)(p—hu)’

and we have

Lemma 1.5. There exists K' > 0 such that

Alt, x; 0,, 0, + hp'/p, 35,-+-,0,)€ RH’(I x 2; 6; s5,K'),
if A(t, x; )e RH’(I x Q; 6; s, K).

Here we have from Proposition.1.4 and Lemma.1.5

Proposition 1.4'. For any real number h and any integer s( = s,), there exists
a positive number C such that
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Il o~ "u(t) |”(2s+m—1)
T
S C{llp7"u0) 1§ 4m-1) + j i p~"Au(r) (| 2dt’} O<t<T)
0

for any Ae RH°(I x Q; &; s, K) and any ue H*™"(I x Q), where ue H** means

that
[ ullgsn = [l p~"ull gs < + o0.

Let us say that (P),, is solvable in H®™" if there exists a unique solution in
H>MI x Q) for every data {fe H*"(I x Q), ¢;e H*"*(Q)}. Then (P), is solvable
in H®" if Ae RH°(I x 2; 8)([3]).

Now, denoting

djVsP(t’ xl) = (61{ ajv)(ta 05 xl)s

we have
AL, x; 0) — o™ = a(t, x)oioy
J
itlv Ié
js=m—
~ _Z ()~ X a, (¢, x')6i0y
JxfTsm o=
sl — p— . : ’
~ O X P ) g ¥) 0L X007
p=0 §VI=
lvlé

( DTIXEB(t, x5 8, Oy x104).

l
7[\48

Here we remark that

BO(ta x,; at, ax’; xlal)

= Z (k!)—ldjko,k(t7 x’)a{(x1a1 — (k= 1)) (x,0; — (k — 2))---x,0y,

m
1

1A

k
m

A +

}
J
which is independent of d,. Let u(t, x)e#>(I x 2) and let uft, x) = (3{u)
(¢,0,x"), then we have

(A —orju, )~ Y 3 (0la) T B X5 0, Ou; @it X)
p=04q=

) r r
~ Zo(r!)_IX'l{ Zo(p) By(t, X5 0y, Oy v — P)it,— p(t, X)}.
r= p=

Proposition 1.6. Let us assume that

ft, x)e H®(I x Q), ¢j(x)e H*(L).
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For any positive integer h, there exist

{9/t X)}osjsn-1 = H(I x 0Q) = H*(I x R*™"),

satisfying
{6:‘1‘ + BO(t5 x,; ata r)}gr + <:)Bl(t7 x,; at: ax’; r— l)gr—l
(Qh)lin +...+ Br(t5 x’; an ax’; O)gO =fr(t, x’),
a-tigr|t=0 = (isj,r(x’) (] = 0: 1!"'5 m — 1)
for0=rzh—1,
where

Jo=(@NE 0, X)), &, = (% ) 0, x).

We say that g(t, x)e (I x Q) is an approximate function of order h
corresponding to the data {f(t, x)e Z* (I x Q), ¢p{x)e B°(Q)}, if

(Ag)(t, x) — f(t, x)e H*MI x Q),
(@/9)(0, x) — ¢x)e H*HQ) (j =0, 1,--, m —1).

Let {g;}o<j<n—1 satisfy (Qy);, and set
h=1 _
g(ta X) = 'ZO (j!)—lﬁ(xl)j gj(ta xl)’
=

where p(x;)e CF(R) and p(x,) = x,; near x; = 0. Then ¢(t, x) is an approximate
function of order h corresponding to {f(t, x)e H(I x Q), ¢{x)e H*(Q)}.
When g¢g(¢, x) is an approximate function of order h corresponding to {f(t,
x)eH® (I x Q), ¢p{(x)e H*(Q)}, set

I %) =1t x) — (49)(t, x)e HM(I x Q),
$;(x) = @(x) — /g0, x)e H*HQ),

then (P),, is reduced to
A, x; 0, 0w =f'(t, x) in I x £,

(P/)lin . ,
ou' = ¢fx) (j=0, 1,---, m—1) on {t =0} x Q,
where ' =u — g.

§2. Local Existence Theorems for Quasi-linear Cauchy Problems with
Sufficiently Degenerate Data

Let us consider a quasi-linear Cauchy problem:
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Alt, x; 0" 'u; Oy = a(t, x; O™ 'u)d]o%u
j+fT=m

(P) =f@t x; ™ 'u) in I x Q,
dlu=¢(x) (j=0,1,...,m—1) on {t=0} x &,
where we assume (A), (6—-S) and (h—D) as follows. We denote
U,=d""17%0u=0@u, o,u,---, ™ 17%u), U= Uy, Uy, Up_1),

@k=6§(¢0, ¢la"'7 ¢m—1—k)s ¢=(¢0a Dy, ¢m—1)’

and N = tg:(m - k)(k o 1).

(A): 1) ault, x; U)eC=(I x @ x RY),
i) A0, x; @(x); d)e RH(I x Q,) for any ¢ > 0, where 2, = Q2n {x; > ¢},
i) f(t, x; U)eC™(I x 2 x RY),
iv) ¢ x)e H(I x Q).

(0-S): 1) A(t, x; 0; d)e RH? (I x 0Q2; 9),

il) fy,. @ x 0) p(x;)~* is bounded in I x .

(8-D): 1) f(t, x; 0)e H*"(I x Q) (h Z ho),
ii) ¢(x)e H*MQ) (h = ho), where hy =2 (mo).

Theorem 1. Under the assumptions (A), (6-S) and (h-D), there exists a unique
solution of (P) in H*" (I, x Q) (s = so), where Iy = (0, To), if Ty = To(s, h)( > 0) is
chosen small enough.

m—1
Taking v=u— ) (j1)"'¢/¢{(x) for u, the Cauchy problem (P) can be
=0
reduced to the Cauchy problem with zero initial data:
AL, x; 0™ tu, Ou=f(@t, x; ™ 'u) in I x Q,
I lu=0 on {t=0} x Q,

where (A), (0-S), (h-D) are satisfied with & = 0. Therefore, Theorem 1 will be
shown for (P-0) by using the method of successive approximation. Namely, we
shall find u®e H®"(I, x Q) satisfying

(P-0) ‘

Alt, x; o™ tu* D, u® = £z, x; " u* V) in I x Q,
(P(k)_o) ’
tu® =0 on {t=0} x Q,

if u¥"YeH>*(I, x Q), and then we shall see that u® —u in H* %I, x Q).
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Lemma 2.1. There exists C > 0 such that

[

Il a(x, u(x))v1(x)+v,(x) | s £ Clalgsaxpy (1 + lullf [T I1v;lls

i=1
Sor any a(x,u) € B2 x RY) and any u(x), v(x) € H(RQ), satisfying ue B, = {u | |u(x)|
sri(sz[n/2]1+1, r>0).
Proof. We only see the case when N = 1. Let |[v|<s. We remark that
d*{alx, u(x))vy(x)---v,(x)}
=Y. C, {0771 T T a(x, u(x)) }(8"10,)(x) -+ (8410, )(x)
= Y Cap0%050) (x, w(x)) (0" w)(x)...(6"u)(x)
X (0*101)(X)...(0" v, )(x),
where ) is taken over
lal + 1Bl + - 4 1Bl + lpal 4+ - + {p I S VL,
where |B;| = 1. Owing to Lemma.1.2, we have

16*{ats, wos()-v, (9} |
< Clalaraxsy X, 1414 10,1,

Let us denote
HZAnI x Q)= {ueHMI x Q)| [ p7"ull, =& llp7"ully < M},

then we have a fundamental lemma to get an iterative scheme.

Lemma 2.2. Let s = s, and h = hy, then there exist positive constants ¢ and
K, independent of K, such that

iy  A(t, x; 0™ 'u; 0)eRH® (I x 2; §/2; s, 2K),
iy (7" ft x 0" tu) || < 2K,

if
1) At x; 0; 0)e RH(I x Q; §; s, K),
i) le7"ft x )l =K,
i) ueHEh my o x 2), where My = (K/Kg)*¢*? — 1
for K > K,

Proof of 1. Let us denote
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1
ap(t, x; U) = a1, x; 0) + Zf a4, (L, x; OU)A6 U,
kJo
= jv(ta X; O) + Zvak(ta X U) Uk,
k

where X, eC*(I x Q x R"), that is, | X ;| gsaxaxs,) < Csr

We remark that
o™ = [T oMo T )}
SCIm eI S Cllp ™ U llmapyz = C llp ™"l 5
that is, we have

U x)| < Co*~ ™Vl p~hull, < Ce ph™ ™7 b

Hence we have
lajft, x; U)—apft, x; 0)| S Ceph ™D < Cep™ (h2hy),

because ho = m — 1 + om. Since A(t, x; 0; )e RH’(I x ; J), we have A(t, x; U;
0)e RH(I x ; 6/2), taking ¢ small enough. Moreover, we may assume that
|U(t, x)| £ 1, taking & small enough.

Next, let s = s, and |v| <s. Owing to Lemma.2.1, we have

Il X judt, x5 U) Upllls  CA A+ st llssm—1)* M2t 5m—1-
We remark that
i llsem—1 =Wl p"0 ™"l s4-m-1
< C{p" o )l + 1" 1T 2o M) +
+ "0 )| + o~ ull -1}
SClp™"ulll grm-1y (h = ho),

because hy = (m — 1)o. Hence we have

Y llapt, x; U) = apt, x Ol < Co(1 + o™ ull grm—n))™*
JsV
S C 1+ Mt <K
for K > Ky, Ky = C,. Here we have

ajv(ta X; U) = a,jv(t: X3 O) + {a;',v(tv X3 0) + [ajv(t5 X5 U) - ajv(t’ X5 O)]}y

where
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Ylai(t x5 0)lgs + 3l aj (& x; 0) + [aj(t, x; U)— aplt, x; 0)1 I
IV JsV
< 215 x5 0)lgs + 3 Ml a5(t, x5 0) Il
Jsv J:v
+ Z ”l ajv(t: X5 U) - ajv(t: X; 0) l”s é 2K
Jsv

Hence we have A(t, x; U; 0)e RH(I x ; 6/2; s, 2K).

Proof of ii). In the same way as in the above, we have

At x U) =16 % 0+ 3 & x; U)U,
k=0

where £,eC®(I x Q x R") and

|1&ie, x; 0)] < Cp¢?

Moreover, we have

ék(n X; U) = ék(t: x; O) + Zr’ki(ts x; U)Uia

where

p kL, x; 0)eB™(I x Q), M€ C*(I x Q x RY).

Since
p e, x; U)U,
= {p~* (L, x; O} {p " EOU}

+ St x; U)p~ DU (0T,

we have, owing to Lemma.2.1,
Il o™t x; DU
< C{llp~ 28, x; O) I ll p~" <2 UL I
+ @A+ NUNP N~ Ul p™ " Ul o}
SC{llp™" ¥ U+ A+ U NP p~ " U 12}
(h = hy), because hy = 2{(m — 1)o). Hence we have

e~ e, x; U) Uplls  Col + ll p ™"t lll s4m-1)""2 £ Co(1 + M) " ? < K,

therefore
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llo~"ft, x; U)lls < 2K
for K > K, if K, = C,. Here we have only to set K, = max(C,, C,). [J

Hereafter, we fix K and M = My so that K satisfies (i), (ii) and K > K, in
Lemma. 2.2.

Proposition 2.3, There exists I, = (0, T,)(T; > 0) such that there exists a
solution de Hh ,.— 1wy x Q) of the linearized problem:

N A, x; O™ tu, O)ii = f(t, x; §™ ‘u) in I, x Q,
(P-0)
™ ta=0 on {t=0} x Q,
if ue Hh 1 a0y x Q).
Proof. Applying Lemma.2.2, we have
A(t, x; §" 'u, d)e RH(I x ; §/2; s, 2K).
Hence, applying Proposition.1.4’, we can find a unique solution @ of (P-0)

for any ue H3h .- 1 4 x ), and

Il o~ ") N1+ m—1y
=C ft o™ f(t, x; 6" w)lI2de < Cyt.
0

Taking
T, -= min(e?, M?)/C,,
we have de HYh ,,— 1 1(I x Q). O

Following to Proposition.2.3, u,e H3" | (I, x ©) can be defined as a
solution of (P®-0) successively, taking u, = 0. Let us denote

A, x; 0™ u® D, g)u® — V)
= — {A(t, x; §" Y5 9) — At, x; §™u*D50)} ukT Y
x5 D) — f(e, x; b))
=gi+gi=g k=23,

Then we have

Lemma 2.4.
o7 g llams < Cllp ™ ™) = u D) | gapmsy k=2, 3,),

Proof. Using Lemma.2.1, we have
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o™ "gills—1 = CA+ N ™ lgumer + * 2 g™
x | p= T DO@ETD — &Y | p TR T DGy
=sCa+ P_hu(k—l) I (s+m—-1) T Il P—hu(k_z) Il (s+m—1))s
x o7 w*™ D —u*" D) [ 4 m-2)
because hy =2 {(m — 1) ¢). In the same way, we have
Il o~ gk lls- 1
SC A+ Np™ " M grmzy + 27U 2 M sm— )™
x| p—h(u(k_l) - “(k—z)) Il (s+m—2) U
Let us denote
A % Q)= {ul || p™"u || < + 0}
Then we have
Proposition 2.5. There exists I' =(0, T') (0 < T'< T;) such that
u® —y in ST x Q),
where ue #S™ V(I x Q) and satisfies (P — 0).
Proof. Since
A, x; 9" o) w® — uTY) = g,
we have from Proposition.1.4’ and Lemma.2.4
I u® — y®= D I .§?s+'"‘2'“(11xﬂ)
SCT [ u* D —u* D | % 2nix
Taking T’ small enough to satisfy 0 < 7' < T; and CT' < 1, {u®} is a Cauchy

sequence in J#°T™ 2’ x ). Moreover we have

|l sps+m-traixey < lim|| u® I o5 tm Loy S M. O
k

§ 3. Local Existence Theorems for Quasi-linear Cauchy Problems with
Degenerate-Structure-Generating Initial Data

3.1. Condition (k-¥). Let us denote
Uo
U, = 10u (k=0,1,---), U= s
%m -1
where %, is a A}-column vector and % is a A -column vector, where A}, = mN,
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_1 m—1
= m<k +Z > and /" = ) N, Then we have
k=0

Lemma 3.1. Let p be a positive integer. Then
2{F(t, x; U, X))}
= {rp(%o,"', %p+m—1; ax: aﬂﬂ)y}(ta X5 %(ts X)),

where

D
L= Zorpq(%o,”"%wm—l; Ox> Oa)s
=

Z yp(r,k1,-~-.ks)(%09"', %p—fm—l)a;ca‘?lkl “'a%ksa

rvs=gq
where Ype i, g 18 @ Ny X (N, Ny, - Ny )-matrix with homogeneous polynomial
entries of degree s with respect 10 {WUo, -+, U p+m—1}. Moreover, I, is represented

as I', + I'y, where

I

pq =

p P
o ! " o__ "
FP - ZO FP‘I’ rp ZO FPQ’
q= =

q

o ! r
Iy = Z Y bt #os s U p) axaﬂllkl O
r+s=gq
maxk, <gq

r;:lq = Z 7”p(r,k1 ----- ks)(%O’ ) %p+m— 1) a;aoukl o a%ks-

rt+s=gq
maxk,=q

Proof. For simplicity, we consider the case when n =1, where %, is a

scalar valued function. By the differentiation of composite functions, we have

XLF(, x; UL, %))
—@F) % UG D)+ S Y T o,

s=1 r+pur1+...+pus=p Osk,=sm—
rz0,m,z1

X (a;aoukl"'aay LN x5 UL, X)) Uy, 4, Uty

k.

where ¢, ,,.....x,...k, 15 independent of {t, x, %, #}. We have only to remark that
ki+p; <maxk;+p—r—(s—1)<p if maxk;, <r +s. O

Let k be a non-negative integer and let us say that 4" boundary functions
A(t, x') satisfies (k-*) with respect to F(t, x; ¥) if

(6;6%1 - Oq, ), 0, X'; A(t, X)) =0
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if r + s <max(k — 1, ky,..., k). Let us denote %(t, x') = %(t, 0, x’). Then we
have
Lemma 3.2. Assume that 9U(t, X') satisfies (k-*) with respect to %. Then
ag{y(t’ X, %(t’ x))}|x1=0
p . . .
= Zk{rlpq(%o(ta x’)a»"',%p(t: xl); axa a”ll)g;}(ts 05 x’; %(ta X’)).
=
Proof.  Since
o2{F(t, x; U(t, X))}
p

YL Y Viekkd@or s Up)0ela, -0, F)E X; )

q=0 r+s=gq
maxk,<gq

+ Z y/’p(r,kl,-",k,)(%o,"': %p-*-m—l)(a;a”?lkl"'a%ks'g'—)(ta X5 %)’

r+s=gq
maxk,=q

the second part in the right hand side vanishes on {x; =0}. Moreover, the
summations of right hand side over {0 < g < k — 1} also vanish on {x, = 0}.

O

3.2. Fully degenerate condition (B). Now let us consider
A(t, x; 0™ tu; Oyu=f(@t, x; ™ 'u) in I x Q,
®) Olu=¢fx) (j=0,--, m—1) on {=0} x Q,
where we assume (A) stated in §2. Denoting
A, x; U; 0) = A(t, x; U; 0), a;ft, x; %)= at, x; U)
Ft, x; %) =f(t x U),

let us say that A" boundary functions %(t, x') satisfy (B)—fully degenerate
condition —if
i) 2 satisfies (|v|-+) with respect to a;,
il) 4 satisfies (0-*) with respect to &.
Let us denote

%p(ta X) = (agu)(ts x)s (xjv,p(t: X) = (agajv)(n x)7
where o;,(t, x) = «;,(t, x; %(t, x)). Then we have

O(jv,p(t: x) = {rp(%of", %p+m—1; 8x= a%)ajv}(ts X5 %)

D
= k;o{rpk(%o’”.’ %p+m—1; ax5 aﬂl{)ajv}(t, X5 %)

Let us consider
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Fr = (rr)|r|=r7
where » = (ry,..., r,), then we have
o { St x; U, x); O)ult, x) — O ult, x)}

=0.{ Y ot x UL x))oidu(t, x)}
j+=m
js=m—1

> Il(plg)™" dlartrult, x) a6 %)

jtlvl=m p+e=r
Jsm—1

{ Y I'(plg)~ ! diavtu(t, x)

jtlvl=m p+a=r
Jjsm—1

X rp(%O’”" J”lpl-‘}-m-—l; ax’ a%)}ajv(t’ X, %)

Fr(i,v)(%o""a %|r|+m; ax’ aﬂ?l)} Oij(t, X5 %)'

Let us denote
Fr(j,v) = (rr(j,v))|r|=,-,

Loy = ogi=rs i = T7Gm)iei =
for j + |v| < m, where

rr(j,v) = Fr(j,v)(%m'": Uy Oxs Oy)

= Z r!(p!q!)—la{a;+qu rp(%oa"': %|p|+m-1; ax’ a%)’

p+g=r
F;(j,v) = Fr/-(j,v)(%Oa"'a %r+m; axa a%)
= Z r!(p!q!)—la,{a;-i-nu F;(%Oa"U %ll’l; ax’ 6%)!
pra=r

F:(i;") = F:(.I',V)(%O’n'ﬂ %r+m; axa 6%)

= ) riplg) 1ol u IV (Wo, s Hip+m—15 O Oa)-

pta=r

Moreover, we denote

] ’
o = r(J',VJ)Il‘I="’

where
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r.. I (u U,; Oy O
Pl = r(jsv)( 07> r Uxs %)

I|
= Z r'(qu|) 1aJav+'I —ZI F!‘k %0, %IPI; 6x’ aoy),
0

pa=r
F,,.(_j,v) ,(} v)(%Oa ) r+m DII)
— i + iz
= Z r'(p'q') 16{6; q Z l’k (%03 %lﬂ; ax, a911)5
ptg=r k=0

Let us denote

ﬂr(%of": %r+m; ta X5 JZl)

= ,+|Z| {r, i Zos s Ursms Oxs 61/)“jv}(t, x; V)
jt|vl=m
Jjsm—1

and B,, B, B.° are defined analogously, then we have
Lemma 3.3. Let us assume that B(t, x') satisfies (B). Then
i) B o, Upims t, 0, x5 B(t, X))
=B o+, Uy t, 0, X5 B, X)).
i) {I@Wo> Urim-1; Ox Oa)F}(t, 0, X5 B(t, X))
={LWo -, Uy 05 0)F}(t, O, X; A(t, X)).
Let us denote
F Uy, Us t, x5 Y)
= =B @oy ", U t, X; V) + {1 Uy, Uy; Oy 0)F}(t, x; ¥,
H Uy Uiy 1, X5 V)
= =B o, Vv 65 V)= B Uoss Uyiws 1, X3 V),
AL WUy, Uy 0 0T} x5 V),
then we have
Corollary. Let us assume %(t, x') satisfies (B), then
AU, Uy b, 0, X5 B(t, X)) =0.
Hence we have
Proposition 3.4. Assume that u(t, x) is a solution of (P) and that
U, )=t om L uft, 0, x)
satisfies (B), then {ujt, x')=@Lu) (t, 0, x)(j =0, 1, 2,---)} satisfy (Q):
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i, = FAOT Vg, O Vit 6,0,X5 O g,y O Vi,_y) in I x RM1,
dli, = ¢, (x) (j=0,....,m—1) on {t=0xR"™" (r=0,1,2.),
where
¢ ;. (x) = (8.9)(0, x).
Let us denote

a;"ﬂr=9-r(@:n—1ito,'”a ‘P:n_litr; taoax’; ‘ﬁ:n—lilof"a ﬁzn—.lum—l) in I X Rn_l’
@wy _. .
"1, = ) (=0, m—1) on {t=0} x " =0, 1, 2, h—1).

Then (Q,) is a Cauchy problem for a system of ordinary differential equations
with respect to t with unknown functions {&, (r =0, 1,--, h — 1)}. Therefore, it
is uniquely solvable in locale for any h( = m).

3.3. o-structure-generating initial data.

Proposition 3.5. Let {gft, x')(j=0, 1,---)} be a solution of (Q). Assume
that (t, x') = 8" (golt, X'),**, gm-1(t, X)) satisfies (B). Let u be a solution of
(P), then we have

u;=g; (G=01,2,...).
Proof. Since u satisfies (P), we have
ofi, = F O Moo, 07 g 1, 0, X5 U)
+ HOT i, O Mty 1, 0, X5 W),
On the other hand, since 4 satisfies (B), we have
AT g, o, O iy 1,0, X5 g) =0,
therefore,
0rg, = F 0" go., 019 1,0, X5 g)
+ A0 Mg, O Yy 1,0, X5 ).
Hence we have
or(m, — g,)
={Zr tig, -, 077 M0y 1,0, x5 X)
—Z0  go e, 09 1,0, X5 )}
+ {07 Mg, O iy 1,0, X W)
— 07 Mg, O iy 1,0, X5 )}
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Let us define a system of ordinary differential equations with respect to v

=(Uo,...’ Um—l):

v, = {F 08 (vo + go)s+-> 07 (v, + 9,5 1 0, X5 7o + 9)
— F0" gy 0719 1,0, X5 g)}

(@ + (O Mg, BT M 1,0, X5 07T 0+ p)
— AL gy, O M 1,0, X5 9)}

@ 'v)0,x)=0  (r=0,--, m—1),

where {i1;, g;} are considered as given functions, then

v= (uO — 9o > am—l - gm—l)

satisfies (0,). On the other hand, it is obvious that v = 0 is the unique solution
of (J,). Hence we have {it, = g,},=0.1...m—1- The fact that {i, = g,},.,, follows
from Proposition.3.4. [

Set

g™z, x) = Zo (r!)'15(x1)'g(,’0,.,.,0)(t, x")
and
G, x) = §™ g™t x), 4P, x) = P OT T g™Me, ),

where {g, = (g,)y=-(r =0, 1,---, h — 1)}, is a solution of (Q,), then we have
#%(t, 0, x') = 4(t, x). Let us assume that 4 satisfies (B), then (P) is reduced to

A, x; 0™ oy dw =f(t, x; ")  in I x Q,
dv=¢;(x) j=0,---, m—1) on {t =0} x Q,

A, x; V; 0) = A(t, x; G®(t, x) + V; ),
ft. x; V)= — A(t, x; GW(t, x) + V; g™ + (¢, x; GM(t, x) + V),
$(x) = ¢;(0) — (8g™)(0, x).

Moreover, from the definition of (Q,), we have

Lemma 3.6. Let {g,(r =0, 1,---, h — 1)} be a solution of (Q,), where g
satisfies (B), then (P),m satisfies (h — D) (defined in §2).

Let us say that initial data {¢;};-¢.1,... m—5atisfy (6 — S — G) — a-structure-
generating condition—, if
) g=00""1(go» "> gm-1) satisfies (B), where {g,(r =0, 1,---, m — 1)} is a solution
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of (@)
ii) (P)ym satisfies (o — S)(defined in §2).
Here we have from Theorem 1

Theorem 2. Let us assume (A) and assume that {@;};—o.1,...m-1 Satisfy (o
— S — G), then there exists an interval I, = (0, T;) for any s( = so) such that there
exists a unigue solution of (P) in H(I, x 2). Moreover the boundary functions
{n, = d%ult, 0, x)} of the solution u satisfy (Q).

§4. Blow-up of Solutions

Let us consider
?u — a(u, uy, u,)?{0? + 0} }u = f(u, uy, u,) in {t>0,x>0,yeR},
(P) .
dlu=¢ix,y) (=01 on {t=0,x>0,yeR},

where a(u, v, w) and f(u, v, w) are homogeneous polynomials of degree p( = 1)
and g( = 2), then the fully degenerate condition is

a(u, v, w) = 0,
(B) Sou, v, w) =0,
S wlu, v, w) =0,
and (Q,) is
2u = flu, v, w),
(%) 2v = f(u, v, wy,
02w = fu(u, v, Ww,
in {0 <t < T, ye R} with initial conditions on {t =0, yeR}:
olu = ¢40, y), 8jv = ¢,,(0, y), olw = ¢,(0,y) (j=0,1).
Let us define
(B-1): {4 %0, v=ou, w= Pu}, where « and f are constants satisfying
{a(1, o, B) =0, fi(l, &, B) =0, fu(l, &, B) = O},
(B-2): {u=0, vx0, w=1yv}, where y is a constant satisfying
{a(0, 1,7) =0, £,(0, 1, 9) =0, £,(0, 1, y) = 0}.

Then (B) is satisfied if (B-1) or (B-2) is satisfied.
Let a solution of (Q,) satisfy (B-1), then (#) is reduced to
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atzu - q_lfu(la o, ﬁ)uq = 05
a{0?u — f(1, a, Bu?} =0,
B{atzu '-fu(l'l o, B)uq} = 05

because qf(1, a, B) =f, 1, o, f). Therefore we have a contradiction,
ful, 0, B) %0, (o, f) > (0, 0) and u x 0. Ifa=p=0, (#) is reduced to

(%) 0tu=q"'f1,0,0) ut.
Let a solution of (Q,) satisfy (B-2). Then (#) is reduced to
(%) 0v =140, 1, y) v

Hereafter, we consider (P) on the assumption

(4-1): a(1,0,0) =1,(1,0,0) = f,(1,0,0) =0, f,(1, 0, 0) > 0,

or
(4-2): a(0, 1, 0) =£,(0, 1, 0) = £,,(0, 1, 0) = 0, £,(0, 1, 0) > 0.
Let us consider
" = At in {t > 0},
(v) {
T=0a 7= at t =0,

where 1 is a positive constant. (1) is solvable by direct integration:

t=+ jr Q(t)~ Y2,
where
O(t) = 2A/(g + 1)t9* ' + B — 22/(qg + Dot ™ .
First, we consider the case when g is odd. Then let us define
—{@+n2yp e if 20,
(g + D@y p2rers if <0,

401

if

then the above solution blows up in finite time if o % «(f). More precisely, let

us define
" ow e it pzo,
* = t%(a, f) =
[ 0w+ f Y 0@ if <0,
J t(a,B) ©(a,B)
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when o > «(f), and t*( —a, — f) = t*(«, f) when « < a(f), where t(a, f) is a
positive root of Q(zr) =0. Then we have

Lemma 4.1. Let q be odd.
i) In case when B > P(a), there exists a solution of () in (0, t*) and 1(t) - + © as
t—t*
ii) In case when B < P(o), there exists a solution of (z) in (0, t*) and ©(t) - — oo
as t—t*

Next, we consider the case when ¢ is even. Let us define
a(f) = {(g + 1)/24) p2}1/a*v,

Then the above solution blows up in finite time if a & o(f). More precisely, let
us define

f“ Q()"'?dr  if 20,

=%, f) =

Ja 0(1)"V2de + r O()"Y2de  if <0,

(a,B) (e, B)

where 1(«, B) is a real root of Q(zr) = 0.

Lemma 4.2. Let q be even and let o % a(p), then there exists a solution of (1)
in (0, t*) such that

T(t) = + oo as t—t*.

Hence we have

Theorem 3.
i) Set L=q 1f,1,0,0) under the assumption (A.1). Let us assume that
(© ®0(0, y) Za(4(0, ).
Then there exists no C((0, o) x Q)-solution of (P). More precisely, let y, satisfy
(Cyo) $0(0, yo) = a(#:1(0, o).
Then

Iu(ta 09.))0)] — 00 as t— t*(¢0(0’ yO)s ¢1(0! YO))

i) Set A =f,0, 1, 0) under the assumption (A.2). Let us assume that

() $0x(0, ) %(,0, ¥)).

Then there exists no C*((0, c0) x Q)-solution of (P). More precisely, let y, satisfy
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(C0) $0x(0, yo) * (610, ¥o))-
Then
luxt, 0.y0)l > 0 as t > t*(¢ox(0, yo), #1(0, yo))-
In the following let us consider an example:
U, — i, = kuui(k >0) in {+>0,0<x<1},
u(0, x) = ¢o(x), ul0, x) = ¢(x),
where
$0(0) = ¢o(1) = 0, ¢5(0) %0, Po(1) %0, ¢o(x) %0, (0 <x < 1),
$:(0) = ¢,(1) = 0.
Then we have
(B): {u(t, 0) = u(t, 1) = 0},
U, 0) = 0, uy,lt, 0) = x ut, 0)°,
) Uy(t, 1) = 0, uglt, 1) = x u,t, 1)3,

and {¢o, ¢} satisfies (1 — S — G). Hence there exists a smooth local solution,
which blows-up in finite time.

We remark that this equation has a periodical solution in time, belonging to
C°%R x [0, 1])n C*(R x (0, 1)):

Proposition 4.3. Let T be any positive number. Then there exists a solution
u of the equation:

U, — utu,, = kuu? (x > 0) in {teR,0<x <1},
satisfying
ult + T, x) = u(t, x), u(t, 1 —x)=u(t, x), u(t, 0) =u(t, 1) =0.
Proof. Set u(t, x) = t(t)¢(x) and

"

T
L= +wt’ =0,
T

where ¢ is an arbitrary positive constant.

First we integrate " = — o173, and then we have

t= =% jr {o/2(a* — %)}~ 2dx,
0

where a is an arbitrary positive constant. It defines a periodic function
7(t)e C*(R) with period
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1
T= 4a_1(a/2)“”2f (1 — %)~ 124,
0

Next, we consider £&” + k&* = — ¢. Then we have

&'+ x&jE = —a/(E8),
and hence,

(log|¢ ']y = — a(&2*71E)(&"¢) 72,

that is,

0= — oK) EHY e,
where n = log|&*¢’|. Therefore integrating

(€2 = — o(2x) (&),
we have

&1 = (o) (b — &),

where b is an arbitrary positive constant, that is,

(E¢)? = (a/)(b** — &%9).

Hence we have

x=+ f &{(a/x)(b>* — £} 7124,
0

where

1
b= (G/K)”Z/2{J &1 — &¥ydey 1
0

Moreover, we have &(x)e C*(0, 1) and
EE T/ {x(1 — x)} = (kc + 1)(o/xcb*)*/?

as x—»>0or x—1. O
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