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Lower L*-Bounds for Scattering Solutions
of the Schrodinger Equations

By

Tohru OzawA*

Abstract

In cthis article, the asymptotic behavior in time of scattering solutions to the
Schrédinger equation
i0,u=Hu, (¢, x) ERXR"™, H=—A+V,
u(0, x)=¢(x), xR,

is investigated.
Under rather natural assumptions, LP(R")-lower bound estimates of the form

lim inf |¢[*/2-0/2]|"4H g 12 g >0 (1S p<-o0)

t—>1ico

for ¢ & Jleont (H) with ¢+0 are established, where Heon: (H) denotes the continuous spectral
subspace of H.
This shows that the estimates obtained by the author in [10] are optimal.

Intreduction

We study the asymptotic behavior in time of scattering LP”-solutions to the
Cauchy problem for the equation

i0,u=Hu, (, x)ERXR" (nzl),
u(0, x)=¢(x), x€R",
where H is a self-adjoint operator in the Hilbert space L*R"). A scattering
solution means a solution of the form e~**#¢ with ¢ in the continuous spectral
subspace Heont=Hcont(H) of H. Our main attention is on the case where H

takes the form
H=H0+V, H():_A

with a potential ¥V which should satisfy some conditions specified later. Roughly
speaking, for a short-range potential V satisfying the conditions

V) =CA+ixi)™ and V(x)+(1/2)x-VV(x)=C(1+[x])"
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for almost every x=R", where a>max(2,4—n) and C>0, it is known that
every scattering solution e~**#¢ with a nice initial datum ¢ decays in the L?-
norm if p>2. In fact, the following estimate holds:

(0.1) le 7@l prn, = Clt| 2>, [t] 21,

where 6,(p)=n/2—n/p. For 1<p<2, we also have the same estimate as (0.1)
with more general potentials. But they do not imply the decay of solutions.
The above results have been obtained by the author in [10].
We shall show that these estimates are really optimal. To be more precise,
under certain hypotheses it is shown that for any ¢&Hcon: {0},

li?anf]tian“’>lle‘“”¢]lm(m,>0 (1=p=o0)
holds. We deduce from this lower bound estimate the result that any scattering
solution with its L?-norm decaying faster than O(|t] %) (2<p=< o) or growing

slower than O(|t]|~%2¢?)(1<p<2) vanishes. We shall prove these facts by mainly
using Strauss’ argument in [137.

§1. Preliminaries

We use the following notations. For an open subset 2CR™ and p<[1, o],
we denote by L?(2) the usual Lebesgue space of p-th integrable functions on Q.
The associated norm is denoted by | -|lzpce;. We abbreviate LZ?(R"™) by L2
L2. denotes the space of locally p-th integrable functions on R™. For x=

(xs, - , )R, We write lx}=<;§x§>”2: o(x)=(1+1x|%"2% For m, s€R, the
weighted Sobolev spaces H™* and H™*® are defined respectively by

H™ =¢85 [Pllm, =[(1—D)™2P]lo+ |0l < oo}

Ams={¢e8’; [|gllm. =l (1—A)™"2p]l,< oo} .

and

For an operator T in L%, we denote by D(T)its domain. A denotes the genera-
tor of dilations: A=(1/2/)x-V+V-x). Strauss’ lemma will be used in the fol-
lowing form:

Lemma (Strauss [13]). For any ¢<=L*\{0}, there exist k, k'>0, t,>0, and
Co>0 such that
S [(e~5H0g)(x)|*dx=Cy  for all t>to.
Rt<izI<k't
Proof. Although the lemma in [13] is stated in a rather restrictive form,

we see that the proof in [13] with some modifications shows the lemma above.
So we omit the details. Q.E.D.
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§2. The Case 2<p=<x

We consider the following hypotheses on a self-adjoint operator H in LZ?:
(H0) H has no singular continuous spectrum.

(H1)y The wave operator
W ,o=s-lime*t#e-tHo
t

400

exists and is complete.

For sufficient conditions of (HO) and (H1)., see, e.g., [1], [2], [3], [8], [9],
[11] and [12].
In this section we prove:

Theorem 2.1. Suppose that (HO) and (H1). hold. Let 2<p<co and ¢=
Heont N0},  Assume that there exists t,>0 such that

2.1 et lge LE, for all t>t,.
Then, there exist k>0 and k'>Fk such that

(2.2) 1i1;1:1+inf {on (P> He—nHSﬁ”Lp((zER‘ﬂ; re<izice 1y >0,

Proof. Let 2<p=<co and let ¢=Hon satisfy (2.1). Assume ¢=+0. It
suffices to prove that there exist #,>0, £’>%>0 and C,>0 such that

2.3) le ™ | 1ocizern; hi<izi<a ey Cit~0nP for all t>t;.

From the assumptions on H, we conclude that

(2.4) Range(W )= Hcoat

and that

(2.5) s;—lim e tHog=itHp  —W*
—+o0

where P.on. is the orthogonal projection on 4., and W¥ is the adjoint of W ..
Consequently,

(2.6) Wié+0.
By virtue of Strauss’ lemma, there exist £,>0, £’>%>0 and C,>0 such that

(2.7) [(e" "V W ) x)|2dx=C,  for all (>4,.

Skt<|11<k’t

By Hélder’s inequality, we see that

(2.8) (GO SR

=<:((0n(13’""kn)tn)llz—llz’ile—imﬁf’”Lp(c:cekn; Ri<iz 1<k L))
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for any t>0, where w,=="?/I"(n/2+1) and I' denotes the gamma function.
We estimate the L.H.S. of (2.8) from below as follows:

@9 (Skz<1z|<,,.t!(e—“HSﬁ)(x)lzdx)”z
z(g kz<,z.<k,cl<e“'”’°Wf¢>(x>|2dx)”2

~([,es e e g X 0) )
= CyP— e g—e W],
=C}?—|ettHog - tHG_Wid|, for any t>t,.
Hence, there exist #,>>0 and C;>0 such that
2.10) (I, e g0 %dx) “2C, for any >,
<lzi<k't
(2.8) and (2.10) give
2.1D) le " @l Locizcrn: ri<izicrren
=(Cawn (k' " —E™)/P-12).4=02®  for any t>1,,

as required. Q.E.D.

Corollary 2.1. Suppose that (HO0) and (H1), hold. Let 2<p<oo and ¢<
Heont N0}, Assume that there exists t,>0 such that

(2.12) e i LY(R™) for all t>t,.
Then we have

litm inf 19n(® ||g=HH G| ,>0.
—40o0
Remark 2.1 For sufficient conditions of (2.12), see [10].

Corollary 2.2. Suppose that (HO) and (H1). hold. Let 2<p=<oo and let p<
Heont. Assume that for each k'>Fk>0,

liLrn+inf tan(p)“e_“H¢”Lp(lIER"; ri<izi<er ey =0.
Then we have ¢=0.

Remark 2.2 (HO) and (H1)_:

(HI)- W_=s-lim e**He~**"0 gxists and is complele,

t—>—oc0

imply that the above statements for ¢<0 analogous to the case ¢>0 also hold.
For example, for every ¢< Hconc\{0} satifying (2.12), we have
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lim inf |¢]%2P ||~ H ]| ,>0.
t——o0

Remark 2.3. The asymptotic behavior as t—+oo of the L.H.S. of (2.10)

has been studied in numerous articles by different approaches (see, e.g., [3],
[41, [9] and [11]).

Remark 2.4, When H=H, and p=co, some classes of initial data actually
give tlir*n instead of liminf in (2.2). Such examples can be found in [11].

t—+oo

§3. The Case 1< p<2

In the case 1<p<2, we need some more additional assumptions:

Theorem 3.1. Suppose that (HO) and (H1); hold. Let 1<p<2 and let ¢<
Heont\{0}. Assume that there exist t,>0 such that

3.1 et ge L (R™)  for all t>t,.

Assume in addition that there exists an increasing function a: R—[0, o) such
that for each k'>k>0,

(3.2) ?;lcp aO)]e ™ Pl rocizern; ri<izi<rr 1y < O
0
and a(ty)>0. Then, there exist h'>h>0 such that

3.3) libm+inf a(t)l“2/p||9_“H¢”LP((.reRn; nt<izi<n ey >0

Proof. Put
Crw :;S;lzp a(t)”e'“H¢||L°°c(xeRn; Rtz I<ETL))
1]

Since

(3.4) (SkK!IKk,t](e—it11¢)(x>I2dx)1/2

= He_imils“i_wpu/ief:n; Ri<IzI<E L))" ”e_im¢”%2<<xem; EE<iTI<E LD

SCEEMalt) P le™ Gl Locizern; ri<izi<sr )%,

a slight modification of the preceding proof works. We omit the details.
Q.E.D.

In view of (2.10) and (3.4), we easily obtain:

Corollary 3.1. Suppose that (HO) and (H1). hold. Let 1<p<2, and lel ¢p<=
Heont. Assume that there exists t,>0 satisfying (3.1). Then, we have ¢=0 if
either (A) or (B) holds:

(A) There exists an increasing function a: R—[0, o) such that a(t,)>0 and
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that for each k'>k>0,
sup a(t)lle‘“”sﬁllmuzgen; pt<iz 1<k’ £1) < OO
t>t

and '
htm+1nf at) 2 ?|le " G|l 1o zarn; ri<izi<e 1y=0.

(B) There exists an increasing function a: R—[0, o) such that a(t,)>0 and
that for each k'>k>0,
?iﬂp a(t) ' ?|le " G| Locizern; pe<izi<ar i1y <O
0

and .
litm+inf a®le™ || rocizern; ri<izi<erey=0.

§4. Lower Bounds of Growth Order in Time
for Scattering L?-Solutions (1< p<2)

We consider the following class of potentials ¥V, which is identical to that
of [10; Theorem 6.1].

(H2) The form i[A, V] on D(AYND(H), dejined by
GLA, V1, )=i(Ve, Ad)—i(Ad, V), ¢, ¢=D(AND(H),

extends to a bounded operator Vi L(H®®; H?"),
(H3) There exist a>max(2, 4—n) and C>0 such that w*V & L* and V+(1/2)V*#

<Cw™* as forms on H*°.

In order to describe lower bounds for growth order of scattering LP*-solu-
tions for 1<p<2, we put

B@)=t|He-e for n=1,
B)=1t|*"**(log|¢]|)12-1* for n=2,
B@)=¢|*-%? for n=3.

Theorem 4.1. Suppose that (H2) and (H3) hold. Let max(2,4—n)<p<a.
When n<4, suppose in addition that the gemeralized eigenspace for zero (see [10;
Theorem A]) equals {0}. Let 1<p<2 and let @& Hcon:\{0} satisfy the following
regularity assumptions:

(1) gsH" e for n=1.
(2) psHEe2 for n=2.
(3) gefm-vrer  for p>3,

Then there exists k'>k>0 such that
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P —itH
llftn}nf ,B(t)“e ¢||LP((xeRn; riti<izi<er 101y >0,
Stee

Proof. All we have to do is to determine the L>-decay rate a(t) in (3.1)
of Theorem 3.1. See [10] for details. Q.E.D.

§5. Remarks on the Non-Linear Schriédinger Equations

In this section, we shall give some comments on lower bounds for solutions
to the non-linear Schrédinger equations. We restrict our attention to the follow-
ing non-linear Schrédinger equation with a single power interaction:

.1) i u=—Autiu|?'u, (t x)eRXR",
u(0, x)=¢(x), rER™,

where 14+2/n<p<a(n) with a(n)=o for n<2 and a(n)=(n+2)/(n—2) for n=3.
We recall the following theorem of Y. Tsutsumi & K. Yajima [14]:

For any ¢ H"?, there exist u.<L*? such that
(5.2) Jim [le=* 0w, —u(®)],=0
where ueC(R; H"') is the unique solution of the integral equation
(5.3) u(t):e"i””ﬂqﬁ—iS:e'i““”HO lu| P u(e)de .

We note that for any g=H*"?, the solution u in the theorem satisfies u(t)e
LYR™) for any t€R provided 2<¢g<a(n)+1.
Now we have:

Theorem 5.1. Let 2<gq<a(n)+1 and let g=H"'\{0}. Then, the unique
solution of (56.3) has the following estimate:

Iitri]ionfit{a”(q)“u(t)HLq Czern; kit1<iz 1<k 1213 >0
for some k'>k>0.

Proof. We note that ¢=0 implies u#.=0 in (5.2). By virtue of the theorem
above, almost the same argument as in the proof of Theorem 2.1 yields Theorem
5.1. Q.E.D.

Remark 5.1. For the decay estimates (from above) of the solutions of (5.3),
see [5] and [6]. Theorem 5.1 tells that their results are best possible with
respect to the decay order in time. See also [7] for detailed analysis of L=(R")-
decay for the classical solutions of (5.1).
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