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Extended Affine Lie Algebras and their
Vertex Representations
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Hirotsugu K. YAMADA¥*

§0. Introduction

The concept of extended affine root systems was introduced by K. Saito [6]
to construct a flat structure for the space of the universal deformation of a simple
elliptic singularity. An extended affine root system is by definition an extension
of an affine root system by one dimensional radical (see Definition 1.2). It is a
natural problem to construct a Lie algebra associated with the root system.

In [7], P. Slodowy constructed a Lie algebra for an arbitray extended affine
root system in such a way that the set of its real roots coincides with the root
system. For instance, in the case of A{», D®P or E{*?, they may be
expressed in the form g®C[Af', 43']. Here g is a finite dimensional simple Lie
algebra of type A;, D, or E, and the commutation relations are defined by the
formula

[x@Ar 2z, yQA4]=[x, y]RQAr-*a3+  for all x, yeg.

Independently, M. Wakimoto also constructed in [8] Lie algebras associated
with the extended affine root systems. In the case of A{*», DV or ELD,
they may be expressed in the form §=g®C[1i*, 13 1QRQCcPHCd,PCd,, whose
commutation relations are defined by the formulae

{[x®l{"22", YRABI=[x, YIQA+* A2 DN+ n)0m+n, 008 +1.0- (x| ¥)C
[ds, xQAT1AT2]=m, xQAT1AF2

where ¢ is the center. Further he constructed their Hermitian representation
such that the center of § acts trivially.

For an application to the deformation theory of simple elliptic singularities,
it should be important to construct vertex representations of the Lie algebras.
In this paper, using vertex operators, we shall construct a Lie algebra which
has the extended affine root system A", DY or E{:Y as the set of real
roots, following the idea of I.B. Frenkel [1], I.B. Frenkel-V.G. Kac [2] and
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P. Goddard-D. Olive [3]. They may be expressed in the form §(R)=g(R.)Q
C[2, A ']PCd,BCd, where g(R,) is the affine Lie algebra of type A, D{®
or E{" (see Theorem 2.5). Furthermore we shall consider the Weyl group Wp
of the Lie algebra §(R) (see Proposition 3.4). The Weyl group W is important
for the theory of simple elliptic singularities since the coordinate ring of the
base space of the deformation is the Wg-invariant functions (f-functions) on an
affine subspace of the Cartan subalgebra of (R).

Let us give a brief view on the contents of this paper. In §1, following
K. Saito, we shall describe the structure of an extended affine root system with
a marking (see Proposition 1.7). In §2, for any extended affine root system
whose elements are all of length 2, we shall construct a Lie algebra using a
vertex operator (see Theorem 2.5). In §3, we shall consider the Weyl group
of the Lie algebra (see Proposition 3.4).

The author would like to express his appreciation to Professor K. Saito for
useful advices and Professor T. Morimoto for encouragement. He would also
like to thank Dr. N. Suzuki for valuable discussions and Dr. Rim-Sug for
beautiful typing.

§1. Marked Extended Affine Root Systems

In this section, following K. Saito [6], we shall describe the marked extended
affine root systems.

Let us start with the definition of general root systems. Let F be a finite
dimensional vector space over R with a metric (- |) of signature (/4, l,, [-), i.e.,
I+, I, or [_ is the number of positive, zero or negative eigenvalues of (-]|-)
respectively.

Definition 1.1. A subset R of F is called a root system belonging to (-]|-)
if it satisfies the following conditions (R.1)~(R.5):
(R.1) Let Q(R) be the Z-submodule of F generated by R. Then Q(R)isa full
lattice of F, i.e., Q(R)Q,R=F.
(R.2) For any a<R, (ala)+0.
(R.3) We define the reflection r,=GL(F) for any non-isotropic vector a=F by

_2e)
(ala)

ra(): =12 for any A€F.

Then for any a=R, r.(R)=R.
(R.4) For any a, R, 2B 7

(R.5) (Irreducibility) If R=R,\UR, and R, | R, with respect to (-|-), then
either R,=¢ or R,=¢ holds.

Assume that the metric (-|-) is positive semi-definite, i.e., [-=0. If {,=0,
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then R is a finite root system. If /,=1, then R is an affine root system.

Definition 1.2. R is called an extended affine root system if /,=2 and [_.=0.
(In general, R is called a k-extended affine root system if /[,=/k=3 and /_=0.)

From now on, we investigate extended affine root systems only. Namely,
we assume that the metric (-!-) has a signature (/, 2, 0).

Definition 1.3. A linear subspace G of F is said to be defined over @, if
GNQ(R) is a full lattice of G.

We define a subspace of F by
Rad(-|-): ={A=F|(A|7)=0 for any 7=F}.

Then Rad(-{-) is clearly a 2-dimensional subspace of F' defined over @, since
there exists a non-zero constant ¢ R such that ¢(-|-) is an integral bilinear

form on Q(R)XQ(R) and that the equations c¢(4|7)=0 for all y€Q(R) have
rational coefficients.

Definition 1.4. A l-dimensional subspace G of Rad(-|-) defined over @ is
called a marking for an extended affine root system R.

Let G be a marking for R. Then the pair (R, G) is called a marked extended
affine root system belonging to (-|-). Note that there may be (at most) two
different marked extended affine root systems for an extended affine root
system. For example, following K. Saito’s classification of marked extended
affine root systems, G{!* and G{" are isomorphic as extended affine root
systems (see [6]).

We denote by R,(R,) the image set of R in F;=F/Rad(-|-) (resp. F,=
F/G) and by (+]:)s((+]|-)s) the metric on F; (resp. F,) induced by (-]-). Then
Ry(R,) is a finite (resp. affine) root system belonging to (-|-); (resp. (:]+)a)-
In fact, we can easily see that R,(R,) satisfies the axioms of a root system
(R.1)~(R.5) since Rad(-|-) (resp. G) is a subspace defined over Q. Let
{ay, a1, -+, a;} be a fundamental root system of the affine root system R, and

2| ay)a

its generalized Cartan matrix. Following M. Wakimoto [8], let us define
counting weights of {a,, @i, ---, a;} as follows:

Definition 1.5. An ([+1)-tuple (k,, ki, -, k;) of positive integers is called
a set of counting weights of {a,, -+, a;} if the matrix
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ko ko -
ky ky

is again a generalized Cartan matrix and G.C.D. (k,, ---, k))=1.

Let I, be the affine Dynkin diagram of the affine root system R,. Then
assigning a counting weight k,, p=0,1, ---, I, to the I', for each vertex
a,, p=0,1, ---, [, we get a weighted affine Dynkin diagram (I7,, (%,)) (see [6]
and [8]). To get the marked extended affine Dynkin diagram (cf. Saito [6])
from the weighted affine Dynkin diagram (I, (k,)), we do the following
operation: Let I be the set of g (0=<p=!) such that

a; /Ry Say/k, for every 0=v</,

where a”"=(ay, -+, a;) is the set of positive mutually prime integers such that
a”A=0. Then extending the affine Dynkin diagram /', by adding new vertices
{af| g€} under the rule in [6], we obtain a marked extended affine Dynkin
diagram. In this way, the weighted affine Dynkin diagrams (/7,, (k,)) are in
one-to-one correspondence with Saito’s extended affine Dynkin diagrams. The
following definition is necessary to describe the Weyl group of (R, G) (see §3
Lemma 3.1).

Definition 1.6. The set {a,, ai, -, a;}\U{af| g€} is called the generator
system of (R, G).

Now we describe the structure of a marked extended affine root system
(R, G). Since R, is an affine root system, R, is decomposed into a finite

number of orbits of the affine Weyl group W, and each orbit contains some
simple root @, (0=<p</). Hence we can define a mapping £ of R, into the set

of natural numbers NN as follows:
k(w(a,): =k, for any weW, and p¢=0, 1, -+, [.

Then we get the following proposition :

Proposition 1.7. ([6]) Let (R, G) be a marked extended affine root system
and 0, be a Z-basis of G. Then we have

R={a+mk(a)d;|a=R,, mcZ}.

§2. Construction of Lie Algebras Associated with Marked
Extended Affine Root Systems

In this section, following the ideas of I B. Frenkel-V.G. Kac [2], I.B.
Frenkel [1] and P. Goddard-D. Olive [3], we shall associate a Lie algebra with
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a marked extended affine root system such that all the elements are of length
2, by using a vertex operator.

Let £ be an (/+4)-dimensional vector space over R with a metric (1)
whose signature is ({+2, 0, 2). We fix a maximal isotropic subspace L in F:

(i) 4]14")=0 for any A, A’ L.

(ii) dim L=2.
Let F be an orthogonal complement of L in #. Then F is an (/+2)-dimensional
vector space over R with a metric (-|-) whose signature is ([, 2, 0) where (-|-)
is the metric induced by (-|-). Let R be an extended affine root system with
a marking G belonging to (-|-). Let {a,, ai, -+, a;, 0:, A;, 4;} be a basis of
F which satisfies the following conditions:

(i) {4,, 45} is a basis of L.
(ii) {ao, a1, -+, a;} is a fundamental root system of R, and A=
(Z(a',|a,, )> is a generalized Cartan matrix of R,.
(aplay) 7v.p=0.-.1
(iii) 6, is a Z-basis of GNQ(R).
(iv) We set 0,=a,—0, where # is the highest root of R;. Then
(8: A;)=8; for i, j=1, 2.

(2.1)

From now on, we assume that (R, G) is a marked extended affine root
system of the following type:

(2.2) X{"”:{af—i-mﬁl—i—nﬁg]a;ERf, m, nEZ}

where X;=A,, D, or E, and R; is a finite root system of type X;. Note that
all the elements of X{*" are of length 2.

Now we introduce an infinite set of creation and annihilation operators
p#(m), where m is a non-zero integer and p=1,:-,/, and a finite set of
operators x*, p#, xi, xL, pt and pi, p=1, .-+, [, i=1,2. We assume that they
satisfy the following commutation relations:

(i) [p#(m), P (M)]=mbm+n,oayla),
(i) [x#, p1=v—La.la),

(2.3) (i) [x%, pll=+v—1(8:] 4,

(iv) [x%, pil=+—1(d:|4,) and

(v) the others=0.

Note that we do not define operators p»2 and x2.
Define a Z-sublattice Q(R) in F by

QAR): =Q(R)DZA,.
Here we treat A, and A, asymmetrically. Define the subspace Fof F by
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F: ={x=F|(6,] x)=0}

and let (-]-) be the metric on F induced by (-]-). The pair (F , (+]14)) is called
a hyperbolic extension of (F, (-]|-)) in [6]. Note that G is a radical of (-|-)
and that Q(R) is a full lattice in F.

Let C[O(R)] be a group algebra of O(R)and .4_ be the infinite dimensional

vector space over C spanned by p#(m), m<0 and p=1, ---, [:
1
K= 2 2 Cp#m).
p=1 m<<0

We denote by S(4_) the symmetric algebra generated by 4 _.
Now let the above operators act on V=S(%_)RQCLO(R)] as follows:

(i) for m<O0, pH(m)(vQe®): =(p*(MmW)Qe”,
(ii) for m<0, inductively,
pr(m)(1RQe*): =0,
P m)Y(p(—n)Qe*): =mdn, n(a,|a,)1Qe”,
pHm)(P(—np®e®): =(p*(m)p*(—n)vQe”+ p*(—n)(p*(mpv)Qe”
(2.4) (iii) P*Re*): =(a,lapRe*,
PL®e"): =(Ai]ape,
PivQe®): =(0:| e,
(iv) exp{vV—1x#}(vRe): =vQRe*
exp{vV—1xL}(vRe%): =vRe+%,
exp{vV—1x1}wvR®e?): =vRe**+11,

We set for zeC,

= pem),

n

(i) Q#z): =x#—+/—1logzpt++/—1 Ea

(ii) Qii(z): =xi—+/—1logzpt, where x2=p2=0,

z "
n

2.5) ) (i) Q4n(2):=+~—1 2, ),

() Q@) =—v=1 5 Zpr(—n), and

(V) Q#y(2): =x*—+/—1logzp*®.

l
For any a= X a,a,+md,+nd,€R, we define a vertex operator of “momentum”
#=1

a by
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(2.6) X(a, z): =exp{v/—Ka, Q 2D} -exp{v—1a, Qu(2)}
-exp{\/———1<a, Q21

where

(@, Q= 3 auQt(2),

A
{a, Quy(2)>= El a,Q%(2)+mQuw +nQ% .

Generally speaking, X(a, z) maps V into the space V ={ Z‘,z z"v,|lv.€V}. How-
ne.

ever, the homogeneous components of X(a, z) are well-defined operators on V.
We define

1 dz
(27) E(OZ) —m§7X(a, Z) for any a=R

with the integration contour positively encircling z=0. To compute the
commutation relations of the operators E(a) for a= R, we need the following
lemma :
Lemma 2.1. For any a, BER and |z|>|C|, the following holds:
. PR C
(1) [ Qusl@d, B Q@)1= —(al log(1—).

g

(i) [ Qule)s <8, Q) I=(aiP)log 2.
(iii) exp{v—Ia, Qu(2)}-exp{v—1I(B, Q»ED}
=(Z25) " explvTIKB, Q@)) -exp(v/~1<a, Q(eD).
@iv) exp{v—Ia, Qu(2)>} -exp{v—I(B, Quy(@)}
=(5)"" exp{v/ =8, Q@) -exp{v—TKa, Q@)

Proof. Proof of (i). From (2.3) and (2.5), we have
[(a, Q (2, <,3, Q(—)(C»]

= 3 4,b006:(2), QO]

p#ov=1

= Zl} asb, X ancn[ #( v
_,u,u=1 # vm‘n>q m-n p m).' 1'7 (—n)]
= Db S s

_#-V=1 B &GS men m m'"(alllaﬂ)



594 HiroTsucu K. YamaDpA

=153, —(>)"

m>0 M \Z
(@i pog(1-%).

Proof of (ii). By (2.3) and (2.5), we have
Ka, Qu(2)>, <8, Qw()>]

= 2 4@+ ZmQEE, BbwO+ 2 nQH )]
= El.‘: a.b[xt—~/—T1logzp*, x*—~/—1loglp*]

o,v=1
= 31 auba,| BXlogz—logd)

=(alB)log .

Proof of (iii). From the Campbell-Hausdorff formula and (i), we have
exp{v—Ia, Q@) }-exp{v—1B, Q-»x)}
=exp{—[{a, Qu(2), <B, Q@) 1}
-exp{v—I(B, Q@) }-exp{v—Ia, Qu(2)}

:exp{(a 18) log<l~%)} -exp{\/—_l<,3, SN (9)3

-exp{«/———1<a, Q (@)}

=(Z25) 7 exp(vTIB, Q) -expiv =IKa, QeinleD)

z
Proof of (iv). From the Campbell-Hausdorff formula and (ii), we can prove (iv)
similarly to (iii). O
Proposition 2.2. For any a, BER, one has the following :
(i) X(a, 2)X(B, O)=(z—L)*'P(L) 1P X(a, B; 2, ) for |2]>Ll,
where
Xa, B;z, O=exp{v—1(a, Q@)+, Q->EM}

-exp{v—1(a, Qu(@)>+<B, Qu @D}
-exp{v—1a, Q2> +<B, Q@)
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(ii) E(a)E(,@)—(—l)‘“’ﬂ’E(ﬂ)E(a)
(grv=y) §- 2 §-Fe-0mmat o xa, 82,0,

where the z integral on a contour positively encircling C, excluding z—=0 and the
€ integral is then taken positively encircling {=0.

Proof. We can easily check (i) by (2.6) and Lemma 2.1. Here we prove
(ii) only. Let Ih\={{eCI||{|=r}and [={z€C||z|=r,}(i=1, 2) for r,<r,<r..
Then, by (i) and (2.7), we have

(gev=t) § TS e pan o Xa, 85 2,0)

—nen § | L gy X, 7, O)

:(Zﬁ\/_—l)2§ro dg J§ —-——(z Q) By X( g, B;:z0

_§ __(2 C)(avﬂ)(zc) "1”9”2)((01 19 z, C)}

:(”2?«17“:7)2§ n,icc‘f rl-rzd—f““‘@“""’<ZC>““"3’“X<a, 8;20. O

The integrand in (ii) of Proposition 2.2 is non-singular if (a«|B)=0, it has a
simple pole if (¢|B)=—1 and a double pole if (a|B8)=—2. Thus we obtain the
following :

Corollary 2.3. For any a, BER, one has the following :
(i) If (a}B)=0, then

E(@)E(B)—(—1)'» E(B)E(a)=0.
(ii) If (a|B)=—1, then a+B<R and
E(@E(B)—(—1)*'PE(B)E(a)=E(a+p).
(iii) If (a|B)=—2, then a+B=0 mod Rad(-|-) and

E(@)B(@)—(— 1 P E@)B@)= 5 §-Z <, Pe)X(a+8, 2

where P(z)-——«/:Tz—d—Q(z).
dz
Remark 2.4. In Corollary 2.3 (iii), since a+p=0 mod Rad(-;:), we have
a+pB=Fk3;+15, for some k, /=Z. Hence from (2.6) it follows that
X(a+8, Z):exP{‘\/——_l<k51+l52; Qw(@»}
=exp{v—L(kQY (2)+Q% ()}
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This operator commutes with operators X(a, z) for all a€R.
Proof of Corollary 2.3. First of all, we set
F(z; {):=(z—0) @ B(z-0)~ P21 X(a, B; 2, 0).

Proof of (1). If (a]B)=0, F(z; {) is a holomorphic function with respect
to z at z={. Hence we obtain (i) from Proposition 2.2 (ii).
Proof of (ii). If (a|B)=—1, F(z; {) has a simple pole at z={ as a func-
tion of z. Therefore we have
S § dzF(z; O=lim(z—0)F(z; O)
2m/—1 ’ pva ’
=lim(z; )7 X(a, §; 2, 0)

_1
e

Hence by Proposition 2.2 (ii) and (2.7), we obtain

X(a+p8; 0.

_ 1 rde
2/ —1 4
=E(a+p8).

Proof of (iii). If (a|B)=—2, F(z, {) has a double pole at z={ as a function
of z. Hence we have

E(@EB)—(—1)'PE(B)E(a)= X(a+8; 0

?\I/—_:l §azFe; C)zlir&—(%(z—C)zF(Z ;0
=tim{(a, V=T Q)X (@, B; 2,0
e V=T Qu@)X (@, ;5 2,0
+X(a, B 2 O, VT Q@)

= (@ VIE Q)X @t 85 0.

The last equality follows from the fact a+pf=0 mod Rad(-|:). Therefore we
obtain (iii). O

Now we want to modify the equations in Corollary 2.3 so that their left
hand sides become commutators. To this end, following [2], we introduce a
2-cocycle ¢ of the root lattice Q(R,) of R,: there exists a Z-bilinear form e:
Q(R)XQ(Rs)—{x1} such that
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2.8 { (1) ela, BB, a)=(—=1)*'»  for any a, BEQ(R),
(i) ela, a)=—1 for any a<=R;.

Moreover we define &: @(R)X@(R)—%il} by

(2.9 ia, p):=c(ay, B;)  for any a, BEQ(R),

where a, and f, are orthogonal projections of F; of a and S, respectively.

Clearly & satisfies the following equations:

imb;+nd,+ kA, a)=1 for any ac=O(R),
since £(0, @)=1. We define &,: C[Q(R)]—-C[Q(R)] for any a=Q(R) by
(2.10) t.(ef):=2(a, Be?  for any B=Q(R).

Now to modify equations in Corollary 2.3, we introduce the following operators:
. ”r N L 1 rdz .
(i) e(a)—eaf(m, n)'—‘Zn:\/:l §éz X(a; 2)é,
N 1 dz
(i) h@)=hajlm, n)i=g—— § 2y, PEYX(moi+nd, 2)
(2.11) for any a=a,;+md,+nd=R,

(i) 2m):= 5 3/_— § %5"—@1, P(z)5X(md,, z)  for any meZ,

(iV) jz::ﬁ§”dzi</1u P(Z)> for Z:.l, 2.

Let us define an infinite dimensional vector space d(R) over C and its
subspace B(R) as follows:

§(R):= 3, Cola)® émgezcmy(m, N T, Cem@Cd.Cd,,
(2.12) |

B(R):= 3} Cha 0, 0BCLOISCLBCE,

Then we obtain the following:

Theorem 2.5. (1) §(R) has the following Lie algebra structure: For any
a=a;4+m0,-~my0;, B=PS;+n,0,+n,0,=R,

0 if (alB)=0

(i) [ee), &p)1=1 &a, Pe(a+p) if (alp)y=—1
—{ @)+ M8y sny ol (Mat )} if (@] B)=-2,

(i) [h(a), &B)]=(a|B)E(B+mid+n.d,),

(i) [A(a), A(B)I=1m10m en,. ol | BEGNLA 1),
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(iv) [di, &a)]=(4:i|@)e(a)
[dy, A(a)]=(4i|a)h()
[ds, &(m)]=m(4:|8:)¢(m),
(v) the other commutation relations are trivial.

(I) Let g(Ra) be the affine Lie algebra associated with the affine root system
R,, then we have

F(R)=g(RIKQC[A, A 1DCd:DCd,
where d, is the scaling element of g(R,) and d,=A(d/dA).

Proof. We can easily check (II) from (I), and so we here show (I) only.
By (2.4) (iv), (2.6) and (2.10), we have

E§.X(B, 2)=8&(a, B)X(B, 2)é.  for any a, BER.

Thus (i) follows from Corollary 2.3. We can prove (ii), (iii), (iv) and (v) similarly
to Proposition 2.2. Here we prove (iii) only. For any ey, f;=R; and |z]>|],

g, PS5 POY=: as, PENBr, PO +as 1B g

where: *: is the normal ordering defined by
pEm)p*(n): = pH(m)p*(n)—mOmsn. o @p| )y (m),

1 m>0

0 m=0’ Hence, by (2.11) (ii) and Remark 2.4, we have

where y.(m) :={

L), k(B)]
~(gmr=) § S Bk, PO, POOX(mdAmads, 2)
X X (n,0,+n50,, {)
~ § —~<,9f, POXat, P@)X(miditmds, )X (n:di+mad, O

1 2 d d .
(gmvmt) T f o E B Xomatmate, 2
XX(n151+n2y 52) C)

= o l(af;ﬁf)§ Z—X(1n151+m252,z)> X (b, mads, ©)

=@ 80 | - md, POOX (it m)du (s, ).

Therefore (iii) follows from the facts:
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§ ro—dé—@l, P(Q)> X (md+nds, D=8m.oc(n),
(s B)=(a|B). =

By Theorem 2.5, B(R) is a commutative subalgebra of §(R) and is called
Cartan subalgebra. From this theorem and (2.12) it follows that we have the
root space decomposition of §(R) with respect to b(R):

i(R)= @D d.

acQ(R)

where §.={x<§(R)|[h, x]1=<h, adx for all hb(R)}. Note that

§.=Cé(a) for any a<R,
él()haﬂ(m, MBCE(n) it n#0
=

Gmd +nd,— .
S3Chy (m, n) if n=0,
a=1 #

and

@o:E(R)-

Here the set of real roots, i.e., roots with non-zero length, coincides with the
extended affine root system R. Let us call §(R) the extended affine Lie algebra
associated with (R, G).

§3. Weyl Group of an Extended Affine Lie Algebra

In this section, we describe the Weyl group of an extended affine Lie
algebra g§(R).

Let £ be an ({+4)-dimensional vector space over R with a metric (-|-) of
signature ([+2, 0, 2) and we take a basis {ay, -+, ai, 01, 05, 41, A;} as in (2.1).
Let F* be the dual space of . We define a basis {a}, -, ai, ¢i, €3, d1, ds3}
of F* by

( (1) <ag, a,,>::_?z(aa_”!l;% cv=1, -, 1
plly

(ii) <eiy Ap=<ds, 65=0y; 1, j=1, 2,
(iii) the others=0

3.1

where ¢, ) is the pairing of F* and F. Since the metric (-|-) on F and the
pairing <, > are non-degenerate, we obtain an isomorphism ¢ : F*—F defined by

(3.2) (p(h)|@):=<h, @> for any heF* and acF.
We denote by (-|-) the metric on £* defined by
(h|h"):=<h, e(h")> for any h, h'eF*.
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Then the metric (-1-) on F* is a non-degenerate one with sign (/+2,0, 2).
From (3.2), we have

2
=, p=l, e,
(3.3) { pla) (aula) A ¢
L o(e)=0., p(d))=4;, i=1,2.
Let 3(R) be the Lie algebra associated with a marked extended affine root

system (R, G) and R(R) its Cartan subalgebra. Note that 5(R) is identified with
the following subspace of Fi=F*QC:

B(R)={hEF¥|<h, A:)=0}.

From this fact it follows that {aj, -+, ai, ¢1, d1, d} is a basis of B(R) and we
denote by (-|-) the induced metric on B(R), which is degenerate.
For any a=R, we define a”€b(R) by

-2
3.4) a’ = (ala)go (a) mod Cc,.

It is clear from (3.3) and (3.4) that

2m

(ap+m51+n52)v:a;+mcl .

Let e(a) be a basis of §, for any a= R satisfying the following conditions :
{(i) [e(a), e(—a)]=a”,
(it) [a”, e(f)l=<a”, Bre(B).

Now we return to the description of the Weyl group of the extended affine
Lie algebra §(R). Since the adjoint representation of §(R) is integrable (i.e.
for any x, y=§(R), there exists a positive integer N such that (ad(x))Yy=0),
we can define an automorphism 7, of §(R) for any a= R as follows:

(3.5) ra:=exp{ad(e(a))}exp{—ad(e(—a))}exp{ad(e(a))}.

Then we can easily check by (3.5) that

(3.6) ro(h)=h—<h, ada~  for any heh(R).

This is the reflection of 5(R) with respect to «”. Now we define a reflection
group by

3.7 r:=the subgroup of O(b, (- |-)) generated by 7., a=R.

We call this reflection group Weyl group of the extended affine Lie algebra §(R).

Denote by W, the subgroup of Wy generated by 74, **-, #a;. AsS ra#(cl)zcl
and ra#(di):di, i=1, 2, we deduce that W, operates trivially on Cc;Cd,DCd;.
We cenclude that W, operates faithfully on b, which is the subspace of B(R)
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spanned by aj, -+, @, and we can identify W, with the Weyl group of the Lie
algebra g, which is the finite dimensional Lie algebra associated with Rj.

Since we consider marked extended affine root systems of type X{*' (see
(2.2)) where X;=A;, D; or E, exclusively, the generator system = of (R, G)
(Definition 1.6) is as follows:

ﬂ:{ao, Qdy, =, al}u{a;‘:)/‘!e[}

where a,=0,—0 and a}f=0d,+a, for p=I. Here ¢ is the highest root of the
root system Rj;.

Lemma 3.1. Let m={a,, -, a;}\J{ak|usI} be the generator system of
(R, G). Then Wg is generated by ¥ay, =+, ¥ay, Fa¥s pel.

Proof. Let W be the subgroup of Wr generated by r., -, 7., rak for
p<I. Then one can easily check that

R=(J Wian)o( | Wap).

Therefore for any e« R, there exists an element weW such that a=w(a,) or
w(a¥) for p=0, ---, [, vel. Then r,,:rw(aﬂ):w-rdp-w‘l or =w-r.x-w'. From
(3.7), Wg coincides with W. O

Lemma 3.2. (i) Let 6 be the highest root of Ry;. Then

FearPolR)= oty 3307 —((R 167+ 567 10°Kh, 80y
for any heb(R).
(ii) For any af, p=I and h<b(R), rat-raﬂ(h)Zh—I—(h, dpa,. Note that a,=
0,—0 and af=d,ta,.
Proof. By (3.6), for any h=b(R), we have
Yo-0-To(h)=rs-o(h—<h, 6507)
=h—<h, 050" —<h, 6;—6X(0,—0)"—<h, 6X67, 65(0,—6)
=h+<h, 0,067 —((h167)+2/(6]10)Xh, 0:.))c,

which implies (i) from the fact 2/(16)=(6"167)/2. We can prove (ii) similarly
to (i). O

Motivated by these formulae, we introduce the following endomorphism ¢,
and pg of B(R) for any a, B=Q(R,):
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(1) tulh):=h+<h, 8397 a)
(3.8) (kg™ (@) (™ (@] 9~ @Kh, By
(i) palh)=h-t<h, 307 ().

We denote by H2*! the subgroup of GL(b(R)) generated by ¢, and ps for all
a, BEQ(R)).

Lemma 3.3. H?2*! s a Heisenberg group satisfying the following formulae:
For any a, BEQ(Ry),

(i) tatg=tasp, Pa"DPp=Dass,
(ii) (ta-pp)-(Pp-ta)'=—2-(a|B)c
where A(h)=<h, 8, for any hb(R).

Proof. One can easily prove (i) by using (3.8). Here we prove (ii) only.
By (3.8), we obtain

tor pp(R)=h~+<h, 89 Y (B)+<h, di>e  (a)
(k1o @)+ al @), 65+Ch, B>lal B))es,
pa-ta(l)=h+<h, 300 (a)+<h, G097 (B)
~((h1g @)+ 5 ala)h, 8 )er,
which prove (ii). ]

We can also obtain

( i ) tlw(o:)zw’ta'w-1
(3.9) {

(ii) pw(a):w'pa'w-l

for any a=Q(R;) and wEWy. Indeed, for any A<b, we have

wete-w i h)=ww (k) +<w k), 850" a)

(o) g™ (@) (@l @) ), B)ea)

and
w-ps-wh)=wl{w(h)+<w(h), d ¢ ()} .

Hence (i) and (ii) hold since Wg(d;)=46, for 1=1,2, and (-|-) is Wg-invariant.
Now we can prove the following proposition:

Proposition 3.4. Wi=W,x H2*,
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Proof. Since a,=0,—0 and a}=0d,+a,, p=I are contained in R, we have
te, j)a#EWR. Hence 7,4, pwm#)eWR for any w=W_, by (3.9). Now by Lemma
3.3 and (3.9), H?"*! is a normal subgroup of Wg. Since W, is a finite subgroup
and H?"*' is a Heisenberg group, we have W,NH**'=1. Finally, since r,,=
tg-rg! and ratzpaﬂ-r;;, it follows from Lemma 3.1 that Wz coincides with the

subgroup generated by W, and H?*'*'. d

It should be remarked that for any marked extened affine root system, K.
Saito [6] proved Proposition 3.4. This proposition is important for the theory
of simple elliptic singularities since the coordinate ring of the base space of
the deformation is the ring of We-invariant functions (f-functions) on an affine
subspace of the Cartan subalgebra B(R) (see [4], [5] and [6]).
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