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Lower Bounds for Order of Decay or of
Growthin Time for Solutions to Linear
and Non-linear Schrodinger Equations

By

Tohru Ozawa* and Nakao HAYASHI**

Abstract

We study lower bounds of decay (or of growth) order in time for solutions to the Cauchy
problem for the Schridinger equation:

i0u=—Adu+f(u), (¢, x)ERXR" n=1,
u(0)=9, XER",

where fis a linear or non-linear complex-valued function.
Under some conditions on f and ¢, it is shown that every nontrivial solution # has the
estimate

lim inf | £ |#/2- #/9)|u(F)| za¢1s1<rle> >0
t>+oo

for sufficiently large k>0 and for any ¢<[2, o].

In the previous work [12] of the first named author, we imposed on the assumption
that u is asymptotically free. In this article, however, we shall show the assumption is, in
fact, irrelevant to the results.

§1. Introduction

In this paper we consider the asymptotic behavior in time of solutions to
the equation:

i0,u = —dut+f(u), (t. ) ERXR" (=1,

(1.1) )
u0) = ¢+£0, x=R",

where f describes a linear or non-linear perturbation and ¢ is a given initial
data.
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More precisely, we deal with the followir;g three types of equations.

(1) Non-linear Schrodinger equation with power interaction:

i0,u = —du+2|ul?u,
where 2>0 and 1<p<<a(n) with a(n)==c0 (n=1, 2), a(n)=(n+2)/(n—2) (n=3).
(2) Non-linear Schriodinger equation with non-local interaction:

i0,u = —du+(V=|u|®u,
where V=V (x)=2|x|~" with 2>0 and 0<<7 <min (4, n).
(3) Linear Schrodinger equation with long-range perturbation:

i0,u=Hu, H=H+V,

where H, is the self-adjoint realization of —4 in the Hilbert space L?=L*R")
and the long-range perturbation ¥ is assumed to satisfy some conditions specified
later.

Concerning the asymptotic behavior in time of a solution u for (1.1), it is
possible to distinguish between the following two cases (a) and (b) in the cate-
gory of L?-scattering theories.

(a) There exist some (or equivalently, unique) states u, & L* such that

(1.2) lim ||u() —e **Houy||,2 = 0,
t->too

where {e”*Ho; < R} is the free Schrédinger evolution group. In this case, we
call a solution u asymptotically free.

(b) There do not exist any states u, & [? satisfying (1.2).

In the case (a), it has been proved in [1] that every non-trivial solution u
has the estimate

(1.3) 1it11_}tglf [ £ 12709 ()] | youris1 <1 s1<h11y> O

for some 0<<k’<k and for any g&[2, co]. In view of the proof, it is clear that
k and &’ in (1.3) depend on the momentum support of u,, i.e., the support of
the Fourier transform. Therefore, the argument in [I2] only gives rather
implicit relations between the pair (k’, k) and the initial data ¢.

We now state our main purpose in this paper, which is twofold.

One is to obtain similar lower-bound estimates as in (1.3) even when (1.2)
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do not hold. To be more specific, we show that the following estimate slightly
weaker than (1.3)

(1.4) ligliinf [ #2219 [u(t)]| Lo¢i 1 <preny™> O

holds for non-trivial solutions to the equations (1)-(3).

The other is to give explicit lower bounds of k in (1.4) in terms of the
given initial data ¢.

As corollaries to main theorems proved in this paper, we see that L?-decay
or growth estimates obtained by many peoples (see [1], [3], [4], [7], [8], [10]
and [11]) are optimal.

Finally we list some notations which will be used in the sequel.

>3 denotes the Hilbert space

> = e lXRY; 0,u, xucIARY (=1, n)}

with the norm
[lulls = (IIulI%+§ Ila,-uH%Jrjg [l ul|3)% .

[|-1l, denotes the usual L2(R")-norm and (-, -) denotes the L*(R")-scalar
product. H(R") denotes the usual Sobolev space of order one. For an interval
ICR and a Banach space E, C({ ; E) denotes the space consisting of E-valued
continuous functions on 7 and ||-||_rz denotes the operator norm on the space
of all bounded linear maps from E into E. For a self-adjoint operator H in
the Hilbert space L*(R"), H..n:(H) denotes the continuous spectral subspace of
H. —iV and x also denote the momentum operator and the position operator
acting on the Hilbert space LX(R")QC", respectively. Different positive con-
stants might be denoted by the same letter C, if necessary, by C(x, :+-, %) in
order to indicate constants depending only on the quantities appearing in
parentheses.

§ 2. Non-linear Schridinger Equations with Power Interaction
In this section we consider the equation of the form:

@.1) { i0u = —dut-|u|?tu, (t, )ERXR" n=>1),

u(0) = ¢, xER",

where 1<p<a(n). By a mild solution of (2.1), we mean a function ue
C(R; L*) satisfying the integral equation
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2.2) W(t) = eitHog—i g: e (@) [P u(e)de in L

for any r€R. We summarize the results concerning mild solutions of (2.1).

Lemma 1. Let ¢ €3>). Then there exists a unique mild solution u&
C(R; X)) of (2.1) satisfying

2.3) @)l == ll#ll;

and

24) urumuz+ 2ol =il 2 el
p+1
for t&R. Furthermore, u satisfies

(2.5) II(X+21tV)u(t)IIz+ leu(t)llii%

leu(S)Hf?i%

i(’ifi—ﬂp_)g Tnu(r)”g:{df, t SER,

+1
(2.6) ()|, < Clm, p, |l8llz)-A+[2])®, t€R,
and

2.7 |Gx+2i7u,< Cn, p, I8lls)-A+11])®, (=R,

where 0(p)=n(p—1)/2(p+1) and a(p)=1—n(p—1)/4 if 1<p<rmn)=n+2-+
P+ 12n--4)Y2)2n, a(p)=0 if r(n)< p<a(n).

For Lemma 1, see, e.g., [1], [3] and [15].
We now have:

Theorem 1. Let ¢ =>\{0} and let u C(R; >)) be the solution given by
Lemma 1. Then for any

2
28) k=ko =171+ 1lo1521) " ol
p+1
we have
2.9) lim inf S lu(r, )|2%dx>0 .
t-rtoo Izl <kl

Proof. We assume
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2.10) fim inf S lu(t, x)|%dx =0
lxI<kt

t->o

for some k>k, and we deduce a contradiction. From the assumption (2.10),
there exist a sequence {t;; j>1} in R such that 0 <t, <f,<--<t;{ oo as
j—>oo and

@2.11) lim

S lu(t,, x)|dx = 0.
jre JlxI<kt;

(2.7) and (2.11) give

S | Pu(t;, x)|%dx
|x1<ktj

ZS | _x u(t;, x) Za’x—i—Q S <—x——}—7>u(t~, X) 2dx

- le<kfj’ 2itj ’ lzl<ktj |\ 2it; 7

<£2§ lu(t,, %) |2dx+2 (—x_w)u(t.) ‘L0 (o),
=2 Jim<wy 2it; s

from which we get

(2.12) lim

jree Slxl>ki,‘

= lim [[Pu(t;)I[5

| Pu(t;, x)|*dx

. 2 2
l (V 2 p+1 t p+1)
= tim (Il llelBtt — 2wl

2
= |l7¢llé+mll¢||£i% .
Here we have used (2.4) and (2.6). Similarly, by (2.3) and (2.11) we have
2.13) lim S (e, x)|2dx = [|8]3 .
ire JlzI>kt;

A simple calculation leads to
2.14) ( S 71t %) | 2dx)?
IxI1>kt;

2%(5

|x1>kt 5

2 g2 | X .
u(t;, x)|2dx) H(2itj+7>u(t,)

2
We take the limit j—oo in (2.14) and apply (2.12)—(2.13) to (2.14) to conclude

2 2 b+1 vz k
(oi+ 2-iiolit )™= ol
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This contradicts the fact that k> k.
The case 7<<0 can be treated similarly. Q.E.D.

Remark 1. (2.9) gives a propagation property of quantum particles obey-
ing non-linear Schrddinger equations with power interaction. We also have
from (2.6) that for any R>0,

lim § lu(z, x)|2dx = 0.
IxI<R

t-ptoo

Compare (2.9).

Corollary 1. Under the assumptions of Theorem 1, the unique mild solution
ue C(R; X)) has the estimate

(2.15) litlginf |22~ |u(®)]| sorz1<h16y> 0
Sor any k>k, and g<[2, oo].

Proof. (2.15) is an easy consequence of (2.9) and the Holder inequality.
Q.E.D.

Remark 2. Lower-bound estimates for the case 142/n<<p<<a(n) have been
obtained in [12].

§ 3. Non-linear Schridinger Equations with Non-local Interaction
This section deals with the following Hartree type equation:

((i0,u = —du+(V*|u|Hu, (t, )ERXR" n=1),

@1 | w0)=¢, xeR",

where V=V(x)=|x]|~" with 0<<r <min (4, n).

By a mild solution of (3.1), we mean a function ucC(R; L?) satisfying
the integral equation in L? associated with (3.1).

We state the results corresponding to Lemma 1.

Lemma 2. Let ¢&2). Then, there exists a unique mild solution uc
C(R; > of (3.1) satisfying

(3.2) ()]l = I8l
and
(3.3) [17u()]13+Pu(?)) = [P o153+ P(s)

for t ER, where
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(3.4) ro = | M}W dxdy
Furthermore, u satisfies
3.5 [1Ge+2it7u(t)||3+-41°P(u(2))
= [1Ge+2isP)u(s)l I3 +4s*P(u(s))

+42—7) St tP(u(r))dr, t,sER,

(3.6) Pu()<C(n, 1, [|8lls)-A+]2])7", tER,
and
(3.7 (x—+2itP)u(t)]|,< C(n, 7, l|#llz)- (1412 ])2D, tER,

where b(r) =1—7/2, if 0<r<4/3 (n=2) or 0 <r <1 (n=1), and b(r) =0 if
4/3<y <min (4, n) (n>2).

Proof. For the case 4/3<<r<Imin (4,n), see [4], [S] and [8]. For the cases
0<r<4/3 (n=>2) and 0<7r<<1 (n=1), see Appendix in § 5. Q.E.D.

Since we have Lemma 2, in the same way as in the proof of Theorem 1
we obtain:

Theorem 2. Let ¢ =>\{0} and let us C(R; X)) be the solution given by
Lemma 2. Then for any

k>k, = 2|7 8|15+ P(#)"%/|9]l, »

we have

(3.8) lim inf s | u(t, %)|2dx>0.
|zl < El2]

t>to

Remark 3. When n=3 and r=1, Glassey [6] has proved that for any
R>0,
3.9) lim S |u(t, x)|%dx — 0 .
IxI<R

t>»too

Since we easily obtain L?-decay (2<p<a(n)+1) estimates by applying the
Gagliardo-Nirenberg inequality to (3.7), we find that (3.9) holds when n>1
and 0<<r <min( 4, n).

Corollary 2. Under the assumptions of Theorem 2, the unique mild solution
ue C(R; X)) has the estimate
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1igliglf |22 29 [u(e)]| ot 1<h1e> 0

for any k>k, and g <[2, o].
Remark 4. From the Theorem 3.1 in [8] and the same argument as in

[12], we have the following assertion:

Suppose n>2 and 1 <y <min (4, n). Assume ¢=>3\{0}. Let usC(R; )
be the solution given by Lemma 2. Then there exist 0<<k’ <k satisfying

lim inf 5 lu(t, x)|%dx>0
t-rtoo B ItI<lzI<Elt]

and

1igltig_lf [ £ |29 u(t)]| Logwrre1 <11 <p1y™> O

Jfor any gE[2, oo].
Corollary 3. Under the assumptions of Theorem 2, P(u(t)) has the estimate

(3.10) lim inf | #|"P@(£))>0.

Proof. We first prove (3.10) in the case 1<r<min(4, n). Let k>k,.
Then, | x|, | | <k|t| implies |x—y|Y<(2k|¢|)". Consequently,

1

Y Zd 2
2klt|) (qum |uts, )d)

P(u(r))z%(

from which (3.10) follows.
We next assume 0<r<<1. Let k>2k, and k|¢|>1. We estimate P(u(z)}
from below as follows:

P(u(?))

ZijS lu(t7 x)lzlu(t, y)lzdxdy
2 Ji<iz-si<enal [x—y|¥

+_1_§S Ju(, x)]zlu(t,y)lz dxdy
2 lz—yl<1 | x—y|”

<k—llt—l>y SSIx-—kalt] lu(t, x)||u(t, y)|*dxdy

(ﬁ)"( S!xl<kltllz |utt, ) "dx)"

Since k/2>k,;, we obtain (3.10) for 0<r <1. Q.E.D.
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Remark 5. (3.6) and (3.10) completely characterize the large time behavior
of the so-called direct potential energy P(u(t)).

§ 4. Linear Schridinger Equations with Long-range Perturbation

In this section we freely use the operator theoretic language (see, e.g.,
[9] and [14]). We consider the symmetric form

4.1 h = hy+h, (as a form sum) ,
where h, is defined as AJf¢, v]=(F¢, Fy) with form domain O(h)=H'(R")

and A, is assumed to be a closed symmetric form relatively bounded with ;-
bounded less than one.

By the KLMN theorem [14] we see that / is a lower-semibounded closed
symmetric form with domain Q(h)=0(h,) and that 4 has a unique self-adjoint
operator H with domain D(H) satisfying
4.2 D(H)C Q")
and
(4.3) (Hyr, ¢) = hlyr, 6]

=(py, 7d)+hlv, ¢],  for Yy&D(H)and ¢<Q(h).

Moreover, for some j>0,

(4.4) C(h) = D((H+))"?

and

(4.5) iy, 81 = (H+)) "y, (H+)*8)—j (¥, 8), ¥, 6E0(h) .

Thus, we conclude by the closed graph theorem that (H,--j)Y*(H-+j) Y% is a
bounded operator defined on L2
We need the following lemma.

Lemma 3. Let H be as above. Then we have:
(1) e 2 maps H(R") into H(R") continuously and furthermore, there exists a
constant a>>0 such that

lle™ || ppn <alldllgign ,  (t $)ERXHYR").

(2) e ® maps ) into > continuously and furthermore, there exists a constant
b>0 such that

lle”*#glls<b(1+|tDllgllz, & HERXD.
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©) g, 8] = hle™# ¢, e ¢], (1, )ERXH'(R").

Proof. (1) and (2) have been proved by Radin and Simon [13]. We
prove (3). Let = H'(B)=0Q(h)=0Q(h) and fix t=R. We set R, =
iA(H+iA) ™ for 2>0. It follows that

Re g, R, o= D(H)
and that
h[Rhe—itH¢, R}\e_“H(ﬁ] — (HR}\e—ithS, R}‘e-itflqs)
= (He """ Ry¢, e "# R,¢) = (HR\$, R\9)
= h[RA¢’ Rx¢] .
Since 4 is a lower-semibounded closed form, we have the assertion if we prove

that for any v HY(R"), {h[R,v, R\y]; 2> 0} is a Cauchy sequence in R.
From the assumption on #,, it suffices to show

”V(RH["RMb')”z -0 as A, u4— oo,

We now do this. Let j>0 be as in (4.4)-(4.5). Then,
PRy —Rutpr)II
= [{(Hy DRy — Rut)I5 —J | Ry — Rl I3
SNCHoADHAD g2y IEHAD Ry — R[5
= [|[(Ho 1) 2(HAD 1 g2y (R — Ru)(H ) Pl [ — 0
(4, 1 — o0},
which proves our claim. Q.E.D.

We now state the assumption on H.

(H) For any ¢ €3N Hon:(H), we have

4.6) lim (Lw)e-iqu —0.
2it

2

By virtue of Lemma 3, the conditions given by Enss [2] are sufficient for (4.6)
to hold. They cover the case where 4, is obtained by the following perturba-
tion V:

V is decomposable as V'=V,+V,, where ¥ is a short-range potential and
V, is a multiplication operator by a continuously differentiable real-valued
function ¥ satisfying

Vix), x- PV (x)— 0 as |x|— +oo.
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Theorem 3. Let H be as above. Assume that (H) holds. Let ¢ €
(E N Heone HI\{O}.  Then for any

k>ky: = 2(h[g, ¢DY*/l1¢ll2 »

we have

lim inf S |(e=*5 ) (x)|2dx>0 .
lz1<kltl

t->too

If in addition, there exist t,>0 and q=[2, oo] such that

e_“HqSEL;Ioc(Rn) > | t | Zto >
then,

lim inf | # | "% "9)|e”#E $|| yacm<ireny > O .
t->oo

Proof. Proof is immediate since we have Lemma 3-3) and (H). Q.E.D.

§5. Appendix

In this appendix, we prove Lemma 2 in the cases 0<r<4/3 (n>2) and
0<r<l1 (n=1). For T>0, we introduce the following Banach psace B; by

By = C(—T, T1; ) with the norm [Julls; = sup [le*#ou(t)]
H<T
and the closed ball B;(o) (0>0) by

Bi(o) = {uEBy; ||ullz, <0}

Note that ||+||z, is an equivalent norm to the usual norm on C([—T7, T]; 2)).
We are now in a position to complete the proof of Lemma 2.

Proof of Lemma 2 in the cases 0<r<4/3 (n=>2) and 0<r<<1 (n=1).
Let we By(p). We define Sw by

(5.1)  (Sw)() = e *Hogp—i St eTiCDE((Ve | w|Hw(r))d T, |t <T.
0

In the same way as in the proof of Theorem 4.1 in [8] we get

52y le™o((V | w[Hw()lls < C(n, r)g(m)lle ™ ow()ll3 | <T,

where g(z) = [|w(@)||Z+][w(@)]|Zre+W()]|2-, with sufficiently small e>0 and
r=2n/(n—r).
For 0<r <min (2, n), we have by the Gagliardo-Nirenberg inequality
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(5.3) W@, < C, WOl 1Pw)IF*
and

(54)+ W20 < Clon, PIWONE 2P w()]
where

=312l

(5.2)-(5.4),. imply

(5.5 [e™Ho((V | w|2)w())ll5
<C(mn, r)o* sup [l ow(z)|5

<C(n, )o*, te[-T, 11,
from which it follows that

Swel(—-T, T]; 20

and
(56) e Sw)(0)ls
<Nl §, e Azl
<lslls+C Nele],  rel-T, 7).
This gives
(5.7 [1Swllz, <llI8llz+C(n, r)0°T .

We also have for w;, w,& By that
(5'8) ”SWI_SW2”BTSC(n’ T)pzT”Wl'_'WZHBT .
If o and T are chosen to satisfy

0=>2||¢lls and T<1/Q2C(n, r)od),

then (5.7) and (5.8) allows us to conclude that S is a contraction mapping from
B(p) into itself. This implies that there exists a unique mild solution ue
B(p) for sufficiently small 7>0. Furthermore, along the line of the argu-
ment of Ginibre and Velo [4] it is easily verified that u satisfies (3.2), (3.3) and
(3.5) for any t, s&[—T, T]. Then, by virtue of (3.2), (3.3), (3.5) and the

Gagliardo-Nirenberg inequality we have

(5.9) @)Lz, WPl < Cln, 7, 118]]2) 5
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and
(5.10) (et Hou(t)|[,< C(n, 7, [|#lls)- L+ 12])

for any t&[—T, T]. From (5.9) and (5.10) it follows that for any 7>0 there
exists a unique mild solution v& B, of (3.1) satisfying (3.2) and (3.3) for
any t&R and that u satisfies (3.5) for any ¢, s&R. Therefore we have
usC(R; >3)). In the same fashion as in the proof of (5.9) and (5.10) in [8],
we observe that u satisfies (3.6) and (3.7) with b(7) replaced by 1—7/2. This
completes the proof. Q.E.D.

References

[I1 Barab, J.E., Nonexistence of asymptotic free solutions for a nonlinear Schrédinger
equation, J. Math. Phys., 25 (1984), 3270-3273.

[2] Enss, V., Asymptotic observables on scattering states, Comm. Math. Phys., 89
(1983), 245-268.

[3] Ginibre, J. and Velo, G., On a class of nonlinear Schrédinger equations T, II, J.
Funct. Anal., 32 (1979), 1-32, 33-71.

[4] ——, On a class of nonlinear Schrsdinger equations with non local interaction,
Math. Z., 170 (1980), 109-136.
[S] ——, Sur une équation de Schrodinger non lincdire avec interaction non locale,

in “nonlinear Partial Differential Equations and Their Applications,” College de France
Seminar, Vol. II, Pitman, Boston, 1981.

[6] Glassey, R.T., Asymptotic behavior of solutions to certain nonlinear Schrodinger-
Hartree equations., Comm. Math. Phys., 53 (1977), 9-18.

[71 Hayashi, N. and Tsutsumi, M., L>=(R")-decay of classical solutions for nonlinear
Schrodinger equations, Proceedings of the Royal Society of Edinburgh, 104A (1986),
309-327.

[8] Hayashi, N. and Tsutsumi, Y., Scattering theory for Hartree type equations, Amnmn.
Inst. Henri Poincaré, Physique théorigue, 46 (1987), 187-213.

[9]1 Kato, T., ‘“Perturbation Theory for Linear Operators.” Second Edition, Springer-
Verlag, Berlin, Heiderberg, New York, 1976.

[10] Lin, J.E. and Strauss, W.A., Decay and scattering of solutions of a nonlinear
Schrodinger equation, J. Funct. Anal., 30 (1978), 245-263.

[11] Ozawa, T., New L?-estimates for solutions to the Schrédinger equations and time
asymptotic behavior of observables, in Publ. RIMS, Kyoto Univ., 25 (1989), 521-577.

[12] ————, Lower L?-bounds for scattering solutions of the Schrédinger equations,
Publ. RIMS, Kyoto Univ., 25 (1989), 579-586.

[13] Radin, C. and Simon, B., Invariant domains for the time-dependent Schrédinger
equation, J. Differential Equations, 29 (1978), 289-296.

[14] Reed, M. and Simon, B., ‘“Methods of Modern Mathernatical Physics,”” I: Functional
Analysis (1972), II: Fourier Analysis, Self-adjointness (1975), Acadsmic Press, New
York.

[t5] Tsutsumi, Y., “Global existence and asymptotic behavior of nonlinear Schrodinger
equations,” Doctoral Thesis, University of Tokyo.






