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Scattering Theory for the Elastic
Wave Equation

By

Yoshihiro SHIBATA* and Hideo Soca**

§ 0. Introduction
Let us set
Lux) = 33 0,(a;;()9;u(x)), 8; = 0/9x;, u = ‘(uy, -+, ),
i,j=1

where a;j(x) are nxXn martices of real-valued functionse B~(R")(={fe
C>(R")| sup| 0%f(x)| < oo for any multi-index «}). Let £ be an exterior

*ER"
domain in B" whose boundary 82 is a compact and C* hypersurface contained
in {xeR"||x|<r,}. We consider the elastic wave equation:

@} —L)u(t, x) =0 in Rx2 (9,=08/0t), Bu(t, x') =0 on Rx02,

(0.1) . )
u(0, x) = fi(x) in 2, 0,0, x) = f,(x) in 2.

Here the boundary operator B is of the form

(02) Bu - ula_q ) or
0.3) Bu = ,_21 vi(x)a;i(x);u |0 5
i,j=

where v(x) = (v,(x), -+, v,(x)) denotes the unit outer normal to 82 at x&dL.
Lax and Phillips [6, 7] formulated the scattering theory for the scalar-valued
wave equation. The purpose of this paper is to make an analogous formula-
tion for the elastic wave equation (0.1).

Throughout this paper, we assume that the space dimension n=3. Further-
more, it is assumed that

(A1) a;5;,(X) = ay;;0(x) = a;4:5(x) , i, j,p, g = 1, -+, n (hyperelasticity),
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(A2 D a,(0ese, 2 ali§1|eip|z (stability),

i,7,0,9=1

where a;,;, denote the (p, g) components of the nXxn matrix a;;, (¢,,) is any
nxXn Hermitian matrix and 8, is some positive constant independent of ¢;,.
Lax and Phillips [6,7] employed the following energy for the data

f = £
KA ARV AL R R VAR NA)Y

This played an essential role on their formulation. For the elastic equation,
the energy is defined (in physics) by

TR R/ ov A RRTAR 22

2 Jo ijpe=1

where f; = {(fi1, *>=, fin), i=1, 2, and €,,(f}) = _;_(8,-1”11,—{—61,]”1,-) called the stress
tensor. By (A.1) we see that this energy is equal to

o= § (3 auidihidfy+ 1519 ds.

i,0,7,4=1

From (A.2) it follows that
71,028, 33 less Dl HIA o »

and then the energy is non-negative for any f=(/}, f;). However, it does not
mean that |f]z,, is a norm equivalent to |8 fil 2oy +H £l 2oy 0:/s =* (7 o fins ==+,
V.fi.). To prove this equivalence, we need to verify the inequality:

() 3 el Dozl 01 fi o

where J, is some positive constant independent of f;. The estimate (0.4) is
the key to the construction of the scattering theory for the elastic equation.
When the domain £ is bounded and the boundary condition is the displace-
ment one (the case (0.2)), (0.4) is well-known as Korn’s first inequality (cf. § 3
of Duvaut and Lions [1]). We shall give the proof of (0.4) in § 1 below. K.O.
Friedrichs [2] also proved Korn’s first inequality in the exterior domain. But
the function spaces are quite different, and our result cannot follow from his.

We introduce the Hilbert space H of the data f'=(J,. f;) defined as the com-
pletion of {f €C=(2)|Bf,=0 on 82, supp [f] is bounded} in the norm |f|g, .
This space H coincides with H5(2) x LX(£2), where Hx(£) is defined by



SCATTERING THEORY FOR ELASTIC EQUATIONS 863

HY(@) — {uc HL(2)| 0 uc[X(®), lim R~ S lu(x)|%dx = 0,
R>oo

R<Ial<2R

|30 = 0 on 82 only when Bu=u|,,} .

H}(£) is complete in the norm || 8;ul| 2 (cf. Corollary 1.6 and Theorem 1.9
in § 1 below). We define

Hy(®) = {uc H5(2)| 0luc HY(L), Bu=0 on 82} .

Set
ro 1 u(t, *)
0.5 A= | , v() = .
|_L 0 3tu(t, ')
Then the equation (0.1) is transformed into
0.6) P — ), w0 =7

The domain of A is defined by D(A)= H%(2) X (H5(2)NL*2)). Then, 4 is
a closed operator in H; furthermore, 4 is skew self-adjoint in H (cf. Theorem
1.11 in § 1 below). Therefore, by Stone’s theorem (cf. Appendix I in Lax and
Phillips [6]), we see that A generates a group {U(#)};ep of unitary operators on
H, and that for any /' € D(A) v(t)=U(t)f becomes a H-valued C* function and
the solution of (0.6).

Using the Radon transformation: u(x)— #i(s, @), Lax and Phillips [6, 7]
constructed concretely the translation representations for the scalar-valued
wave equation. In §2, we shall construct the analogous representations for
(0.1) in the unperturbed case (i.e., 2=R", and q;;=a}; are constant) and
study their properties under an additional assumption:

L&) = ﬁ al;€;&; has eigenvalues of constant
(A.3) 5

multiplicity for £ R"— {0} .

In the elastic wave equation case, there exist waves of the different modes (i.e.,
L*(&) may have different eigenvalues). We need to notice this phenomenon
when defining the translation representations and studying their properties;
however, in this process we do not encounter a serious difficulty caused by that
phenomenon. The idea of our methods is essentially the same as in Chapter VI
of Lax and Phillips [6], which deals with the scattering for symmetric hyper-
bolic systems of first order.
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In § 3, assuming that the coefficients of L are constant, we shall consider
the scattering for (0.1). Set

D, = {f€H |supp [U®)fxNCA x)| £7i+r=|x|} if >0},

where 7? (7>>0) is the minimum of the eigenvalues of L%(w) (w=S"""). Then
it is seen from the discussion in the unperturbed case (in § 2) that D, (resp. D_)
has the properties of the outgoing (resp. incoming) subspace for U(t), except

0.7) UU@)D; =H.

By this equality we can construct the translation representations for U(t), and
also can derive the completeness of the wave operators in the same way as in
Lax and Phillips [6,7]. Thus, the main task in § 3 is to prove (0.7). The proof
of (0.7) can be reduced to verifying non-existence of the point spectrums of
A (cf. §2 of Chapter V in Lax and Phillips [6]), and therefore we have only to
show that there exist no eigen-functions of 4 in the domain D(A4) (cf. Theorem
3.5 in §3 below). The key to this show is to prove that if & D(4) satisfies
(A—io)f(x) =0 for every large |x|, then f(x) =0 for every large |x|. The
methods in Lax and Phillips [6] are not applicable to this proof in our case.
Multiplying A —iol by its cofactor, we transform it into a diagonal operator and
carry out the proof by means of a uniqueness theorem for single equations of
higher order obtained in Littman [8], H6rmander [4] and Murata [10].

Yamamoto [14] makes a related study. He considers the isotropic equa-
tion in three dimensional space (i.e., @;,;,(X) =#(0,,0;;4+0;,0,,)+20;,0;,, 0;,
being Kronecker’s delta; 2 and # being the Lamé constants, and n = 3) with
the displacement boundary condition (the case (0.2)). which is contained in
our case. And then, he obtains the same results as ours. But it seems difficult
to apply his methods to the traction boundary condition case (the case (0.3)).
For, he does not derive the estimate (0.4), which is essential in the traction
boundary condition case.

We note that Iwashita and Shibata [5] investigate the analyticity of spec-
tral functions of L+0®1 and the rate of the local energy decay of the solutions
to (0.1).

§ 1. Spaces of the Data and Properties of the Generator A

In what follows, the Roman letters u,v,w and the Greek letters ¢, ¥~ are used
to denote n-dimensional row vector and scalar-valued functions, respectively.
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For any domain G in B”", C7(G) denotes the space of all C* functions on R"
whose supports are compact and lie in G. C§(G) denotes the space of all
functions in C*(G) whose supports are compact. In particular, functions in
C%(G) vanish near the boundary of G. By H"(G) we denote the Sobolev space
of order m on G; put H”(G)={s|ve = H"(G) for any v C7(R")}. Set
2,={xe8||x| <R} (R=r,). For any space I" of scalar valued functions we
abbreviate the product space I -+« XI" by also I'. x(x) will always refer to a
real and scalar valued function in C§y(R") such that 0<x=<1, ¥(x)=1 for
| x| =<1 and =0 for |[x|=2.

As is stated in § 0, the purpose of this section is to discuss the skew self-
adjointness of the operator 4 given in (0.5). Set

H™(2) = {uc H"(2)| 05ues LX(R) for any multi-index e with 1= |a|Zm,

(1.1 lim R? S | u(x)| 2dx — O} .

R<|x<2R

Put

W o = 3 31| 02,07, (dx, (4]0 — G s

iielsm j=1
for any u=*(u;, +-, u,) and v="=(y,, -, v,,)EI;V’”(Q) (m being integers =1).
Theorem 1.1. Let m be an integer =1. Then, H () is a Hilbert space
equipped with the innerproduct ( , ),,.o. Furthermore, C7(2) is dense in H "(2).
To prove Theorem 1.1, we need the following three technical lemmas.

Lemma 1.2. For any ucH "(2)(m=1) and R=r,, there exists a sequence
{4 g} 1=1,2,-C C5(2) such that

Nty g—tlm,0—>0 and |uyg—ulr2gp — 0 as k—> oo

Lemma 1.3. For any uc HY®2) and R=r,+ 1,

(1.2) S lu(x)|?] x| 2dx <4 S | 85 u(x) | %dx .

iz|2R |z|=R

Lemma 1.4. There exists a constant C >0 independent of R=r, such that
(1.3) |l 120 < CRIOL 20 for any u€ HY() and Rz r, .
Deferring the proofs of Lemmas 1.2-1.4, we give

Proof of Theorem 1.1. From Lemma 1.4 we see that if (u, u),, =0, then
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u=0. Thus, we can easily check that (u, v), o is an innerproduct. In view of
Lemma 1.2, for any ucH ™(2) we can choose a sequence {u; ,}s=1,,-C C(2)
so that |u, ,,—ul,, o0 as k— oo, from which it follows that C°(&2) is dense in
H "(2). The rest of our task is to prove the completeness.

Let {t3} 4, 5, .. be any Cauchy sequence in H "(£). Since

|y —u “LZ(QR) = CR|0x(uy—uy) | 12y = CR | up—u; | m,Q

as follows from Lemma 1.4, {u,} becomes a Cauchy sequence in H"(2p) for
any R=r,+1. Let uy denote the limits of {u,} in H™(2;) and set u(x)=ug(x)
for x&8,. Then, u(x) is well-defined as a function on £ and & H(2).
It is easily seen that 87u(x)< L%(2) for 1< |a| <m and that

(1.4.a) [ty —U| o —> 0,

(1.4.6) [ty —14] 1200, — O forany R=r,+1

as k—oco. We must prove that u(x) satisfies (1.1). Noting that ukeh’f (2),
by Lemma 1.3 we have

5 AR7 | jueo P

R<[z|<2R

<R [ que - Py raq [ 100 s

R<|x|<2R 1zIZR
é‘R*l“u‘uk”Lz(QzR)_‘_Z"] uk—u1111,9+4{ S ! ailc u(x)|2dx}_1/2 °
151=R
Letting k— oo in (1.5) and using (1.4), we have
(1.6) R S lu(x) |2dx < 16 S | 8Lu(x) | 2dx .

R<|r|<2R |2]=R
Since we already know that |0}u(x)| € LX(2), it follows from (1.6) that u satis-
fies (1.1), which completes the proof of the theorem.

Now, we shall prove Lemmas 1.2-1.4.
Proof of Lemma 1.2. Set X,(x)==%(r 'x). Then, it follows that for some

constant C | X, u-—u|% o< C(I,/(r)+1,(r)) where

W= 3 S 162 (1 —2,(x))9% u(x) | “dx ,
i<le+Bl<m J 0
1BI=1

L) = > Solaﬁl,(x)u(x)lzdx.

1<|@|<m J (
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Since 88u(x) e LA(Q) for | 8| =1, it is seen that I,(r)—0 as r—> co. Noting that

LN< 3 sup|9%x| e S |ux) | 2dx
1I<|@w|<m
r<|xl<Z2r

by (1.1) we have also that ,(r)—0 as r—co. These imply that for any integer
k=1 there exists a v,& H"(£) satisfying

1.7 lu—v | o=1/k and v (x) = u(x) for xe8;.

As is well-known, C§(2) is dense in H™(2). Thus, we can find u, ,E C5(2)
such that
(1.8) 2 [05(ue, z— Vi) 2y =1/k .

aj<m

Combining (1.7) and (1.8), we see easily that the sequence {u, 5} has the desired
properties.

Proof of Lemma 1.3. First, we shall prove that

—a1 2 z 20 o1 —20i-1) 4y
19 { loeopxl < )>}.,SZR’ 7o) |x] %D

for any ¢ =C7(2), R=r, and / <nj2. We use the polar coordinates: r=|x]|
and @=x/r. Since l¢(ra))]2r“”:—g:ea%[]qS(sw)lzs’Z’]ds, we have
(1.10) S | 6(r @) | 2r1-2- 1dr<2S "“1drS 18,6(s)| | d(sw) | s~2ds

vy g:r"’ldrS:o | p(se)| 2541 ds .
By integration by parts we have
.10 2§ rmar [To.60) | 1660 s s =2 {7 @ B0 | 80) -,
(1.12) ZIS:r”‘ldrS | p(sw) |25 72~ 1ds<2lS |p(rw)|2r* 2 1dr .

By Schwarz’s inequality we have

the right-hand side of (1.11)

(1.13) g% {S: | (7 )(r @) | 2" 2+ dr }1/2 {S: | 6(r w) | Zr"‘“’la’r}l/Z

Combining (1.10)-(1.13) implies that
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1/2

a1 a—@pm){[ s a2 1@ o o) ]

Since 1—(2//n)>0, (1.9) follows immediately from (1.14). In particular, if
we take /=1 (note that n=3), from (1.9) we have that (1.2) is valid for any
uesC7(2).

Now, using Lemma 1.2, we shall prove that (1.2) is also valid for any
ueH 42). Let R’ be any number >R. By Lemma 1.2 we know that there
exists a sequence {uy g/} 4=y .5,..C C5(2) such that

(1.15)  |uppr—uly,0—>0 and Huk,R”u“Lz(!JR/) -0 as k—>oo.

On the other hand, we have

(116) { | JuGo) 2 |x] dap

R<|s|<R/
={ | ()~ p(x) | 2 x | “2dx}
R<sl<R/
| 1710 e
R=|s|<E/
éR—IHUk,R"‘““LZ(QR/)+2|uk,1e’—ul1,9+ {4 S | 0zu(x)| *dx} > .

B

Letting £ — oo in (1.16) and using (1.15), we have
lu() |2 x| 2 dx < 4 § |82 u(x) | 2dx
R<|s|<R/ I#I=R

The arbitrariness of the choice of R'> R implies the lemma.

Proof of Lemma 1.4. In view of Lemma 1.3, it suffices to prove that there
exists a constant C >0 such that

(1.17) lulizo, ,p = CHlOw]20, , p+ulze}

for any ue H'(#,,,,) where G={x€R"| r,< |x| =r,+1}. In fact, if (1.17)is
valid, then we have

lulzzcom = luliz,  pHlulizteermrrizizis e

<2CH| Ol + 1o VP 0G0 2151 xR [ (uGo) %] s

ro+1s|#I<R

<QC*+8C*(ry+1)"+4R%) | 03 uli2¢o)



SCATTERING THEORY FOR ELASTIC EQUATIONS 869

for any ue H(@) and RZ=ry+1, from which the lemma follows.

Now, we prove (1.17). Suppose to the contrary that for any integer k=1
there exists a u,& H'(2,.,) such that
(1.18) “ukNLZ(:z,oﬂ) =1,
(1.19) Ha:lz uk“Lz(Q,oﬂ)“’” el 2y <l1/k .
Since {u;} is a bounded sequence in H'(£,,.,) as follows from (1.18) and
(1.19), {u} is weakly compact in H'(%2,.,). Furthermore, since 2, ., is
bounded, by Rellich’s compactness theorem we see that {u,} is strongly compact

in LZ(Q,OH). By passing to a subsequence if necessary, we can conclude that
there exists a v& H'(2,,,) such that

(1.20) U, —> v weakly in HY(2,.,) ,
(1.21) w,—> v strongly in L2, .,) ,
as k—oco. It follows that from (1.19) and (1.20) that

| aalcVHLz(:z,oﬂ)"‘” V“LZ(G) =0,

which implies that v==0. In fact, the fact that 8.v=0 implies that v is a con-
stant vector. Thus, |v|?X(the Lebesgue measure of G)=0, from which we
see that v=0.

On the other hand, (1.18) and (1.21) imply that the L* norm of v on £, ,,
is equal to 1, which contradicts the fact that v=0. Thus, we have seen that
(1.17) is valid, which completes the proof of the lemma.

Now, let us introduce the spaces and bilinear forms connected closely with
the operator L and the boundary condition. We define

C5(Q) = {usC7(2)|BL u = 0 on 82 fcr any k=0} ,
H3(2) = {uc N H™(2)| BL*u = 0 on 82 for any k=0} ,
m=1

{ueﬁl(g)lu = 0 on 82} when Bu = ul,,,
H%(2) =

1:11(9) when Bu = i v;0;;0,u| 40,
i,j=1

H%(@) = {uc HY2)|Bu = 0 on 82} ,

0=, 33 | ()0, (90,7,

i,7,0,9=1 J ¢

<u) v>2,.Q = <u’ v>1,.0+ (Lua LV)LZ(.Q) H
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where u="(,, +--, u,) and v="(v, --+, v,) and ( , )2y is the usual innerproduct
of LA(92).

First, we would like to prove that {u, u>, , is the equivalent norm to
(u, u);,o. To do this, we need

Theorem 1.5 (Korn's first inequality). There exists a constant C >0 such
that

c-1§9|a},u|2dx§ $ § |e,-j(u)|2dx§CS 6L 4| 2dx
iy] 0 kol

i,7=1

Sfor any u="(y,, -, u,,)el%‘(!?), where e,-,-(u):%(a,-uj—{—ajui).

When G is a bounded domain in B", the following estimate is well-known
as Korn’s second inequality (cf. § 3 of Duvaut and Lions [1] or Nitsche [11]):

a2 | st raxscd 33 | eyl ueo i

for any ue HY(G). Friedrichs [2] also derived Korn’s first inequality in the
unbounded domain for the functions 1 in the different classes. But, Theorem
1.5 does not follow directly from [2]. To prove Theorem 1.5 we need other ideas.

Proof of Theorem 1.5. 1t is trivial that the second part of the inequalities
holds. Thus, we prove only the first part. Since C7(&2) is dense in H 82) as
follows from Theorem 1.1, we may assume that u= C7(&2). Since by integra-
tion by parts we have for any ues C5(R")

> Re§ 0,8, uydx = 3) § 8,u;8,udx =0,
=1 JR" ii=1 j R
it follows immediately that
123 = g e ) | dx = % 5 |6luj2dx  forany ueCy(R").
i,j=1JR" ®"
Using (1.22) and (1.23), we can prove that there exists a constant C, >0 such that

(1.24) Bt = C{ 31 | [eiw) Pdr-tultea, o0}

for any ue C7(£2). In fact, if we choose real-valued C*= functions ¢, ¥ on R"
so that ¢(x) =0 for | x| = r,+1, ¥(x)=0 for | x| = ryand ¢%(x)+v¥*(x)=1, then

Pkl <[ 0@ at| jotwwparrc| julax,
Zrgt1 R

Org+1
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where C=sup|V,6|%+sup|V |2 Applying (1.22) and (1.23) and noting that
e () |2+ | e, () |2 = 2(8° 99 | €3, |+ 4(1 7,617+ | 7,90 1%) [u]? we have
(1.24).

In view of (1.24), to complete the proof we have only to prove that there
exists a constant C,>0 such that

125)  [ulze,.n=C il Sgleij(u)lzdx forany ueC3(@).
£y7=

Suppose to the contrary that for any integer k=1 there exists a u,&C5(2)
such that

(1.26) 2,0 = 1
(1.27) 2 891 &3, () |2dx < Uk .

Combining (1.24), (1.26) and (1.27), we see that {u;},—,, .. is a bounded set
in HY(£,,.,). Thus, by Rellich’s compactness theorem we may assume that
{u;} is a Cauchy sequence in Z*(2,,,). Applying (1.24) to u,—u, and using
(1.27), we have

[y —113,0 = G+ D+ wy—us|Z2q,  ,.,)] -

This implies that {u,} is a Cauchy sequence in H (2). By Theorem 1.1 we see
that there exists a w="(w,, ---, w,) € H'(£) such that |u,—w]|, g—0 as k—>oo.
(1.27) implies that

(1.28) 9;wi(x)+0;wi(x) =0 in @ forany i,j=1,--,n.

Since 0;0; w,=—0,;0,w;=0,0;w;=—0,0,;w, as follows from (1.28), we see that
9;0;w,=0. These mean that w; are polynomials of order at most 1. Noting
that 7w, & L*(2), we have that w, are constant. Then, we have

R S | w(x)|%dx = |w]|*R* %, (2"—1),
R<lsl<2R
where ¢, is the Lebesgue measure of the unit ball. Since n=3, by (1.1) we
have that w=0. Namely, we can conclude that ||, —0 as k—>oo.
On the other hand, by (1.26) and Lemma 1.4 we have

1= ]."k“Lz(Q,oﬂ) = Clrot Dl 0,

which leads the contradiction. Thus, we have proved (1.25), which completes
the proof.
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Corollary 1.6. Assume that (A.1) and (A.2) are valid. Then, there exists
a constant C >0 such that

CHullo=<lu, u o= Cluli, for any uEI-'Il(.Q).

Proof. By (A.1) and (A.2) we have

<u, udi g = é S‘pa,-mejq(u)g;(;)dxg 6:":\21 Sg le;(u)|%dx .

i,7,0,4=1

Combining this and Theorem 1.5 implies that the first part of the inequalities
is valid. The second part is trivial. The proof is complete.

When getting fundamental properties of the spaces H3(£2) and H%(£2) and
proving the skew self-adjointness of 4, the existence theorem of the solutions
to the following problem plays an essential role:

(1.29) Lu=vin&, Bu=0 ondl.
To solve (1.29), first we consider the variational equation:
(1.30) u, wi g = —(v, W)z forany weH3(2).

By Theorem 1.1 and Corollary 1.6 we see that H}(2) is a Hilbert space
equipped with the innerproduct  , > o. It follows from Riesz’s representa-
tion theorem that for any v € L%(2)={ve L (£2)|v(x)=0 for | x| >R} (R>r))
there exists a unique ¥ < H 5(2) satisfying (1.30). Since

[, Wz | Sl W“LZ(QR) = CR|v|z) | w10
as follows from Lemma 1.4, putting # =w in (1.30) and using Corollary 1.6,
we have

(1.31) l1] 1,0 =< CR|V||z20) -

Theorem 1.7. Assume that (A.1) and (A.2) are valid. Let R be any
number >r,. If ve L3(2), then (1.29) admits a unique solution uc H%(2). In
addition, we assume that ve H"(2) (m=1). Then, us H™*(9).

Furthermore, there exists a constant C >0 independent of R, u and v such
that

(1.32) 1w12=z 0% ull 20y =< CR[V| 20y -

Gilberg and Trudinger [3] obtain the same results as in this theorem in
the case where Bu =u|,, (cf. Theorems 8.8, 8.12 and 8.13 of [3]), and Shibata
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[12] in the case where Bu=3]v;a;;0;u|sp (cf. Theorem 3.4 of [12]). Since,

in the above discussion about the variational equation (1.30), we have got a

unique u in Hj(L2) satisfying (1.30), the main part of the proof is to show that

0%ucs [*(R) for any a with |e|=2. For detailed proof, see [3] and [12].
Using Corollary 1.6 and Theorem 1.7, we can prove

Lemma 1.8. Assume that (A.1) and (A.2) are valid. Then, there exists a
constant C >0 such that

CHuljo=<u, u,o=Clulig for any us H%(2) .

Proof. The second part of the inequalities is trivial. Our task is to verify
the first part. Choose ¢ = C5(R") so that ¢(x) =1 for |x| =< r,-+2 and =0 for
| x| =ry+3. For us H%(L), put v = —¢Lu, v*=o¢Lu—L(¢u). Then, v, VE
L? +3(2), and by integration by parts we have

<pu, wHy g = (V42 W)z for any we H(2).

The uniqueness of the solution of (1.30) and the estimates (1.31), (1.32) yield
that

(1.33) | pu] 5,0= Ci(ro+3) (W |2 +1V* [ 202)
=G| Luf o+ |ul 1,!2+“u“L2(9,0+3)) .

Next let us estimate v=(1—¢)u. Noting that supp [v]C {x| | x| =r,+2}, by
Corollary 1.6 and integration by parts we have for i=1,2, -+, n,

_21 “ aj aivlliz(!)) =< C5<9;v, 0; V>1,9
7=

= Gy, 0+ | 31 [ @ranu0r, 0000,
= Cd| Lulzo+ 1ulrotule, |, o [EZH 05|20 -
From this it follows that
(1.34) [(A—=d)ulz0 = Cs{| Lu| 120)+ | u] 1,9+I]“|iL2(9,0+3)} .
Combining (1.33), (1.34) and Lemma 1.4, we obtain
|ul2,0 < Coll| Lu| 2+ | 1,0} -

From this and Corollary 1.6 the lemma follows.

Now. we summarize fundamental properties of the spaces H3x(£2) and
H5%(2).
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Theorem 1.9. Assume that (A.1) and (A.2) are valid. Then, Hy(82) and
H%(®) are Hilbert spaces equipped with the innerproducts < , >, o and < , >, 0,

respectively.
Furthermore, H3(82) and C3(8) are dense in Hz(2) for k=1, 2.

Proof. The first assertion immediately follows from Theorem 1.1, Corol-
lary 1.6 and Lemma 1.8. Our task is to prove the seocnd assertion.

At first, we shall prove that H3(£) is dense in Hy(£). Suppose to the
contrary that there exists a non-trivial u& H5(£2) such that

(1.35) <u, v)10=0 forany veH3(2).
By Theorem 1.7, for any weCg(£2) we have a solution ve H3(2) of the
equation: Lv=w in £. By integration by parts we obtain

136 SQ){(:C/R)a,-m(x)ajuq(x)aivp(x)dx

—— B L)~ 31 R 006 Rty (D)0,

for any R>r,. Noting that u satisfies (1.1) and letting R—oco in (1.36), we
get

1.37) U, V1,0 = — (U, Wi -

Combining (1.35) and (1.37) yields that (¥, w),2(p =0 for any we C7(£2), which
leads the contradiction. Thus, H5(£2) is dense in H3(£2).

As is easliy seen, proof of the fact that C5(2) is dense in H}(2) can be
reduced to verifying that for any ve H5(2) |(1—x(-/R))v|, 90— 0 as R—oo.
This follows from the inequality:

(=2 [R)viE o= | [0k Pdvteuplrz R | (vias,
R<lsl RsIsIS2R
since v satisfies the condition (1.1).
Next, let us prove that H3(2) is dense in H%(£2). Suppose to the con-
trary that there exists a non-trivial u€ H%(£2) such that

(1.38) i, vDp0=0 for any ve H3(2) .

Introducing the innerproduct <w, v>; o4-(w, v);2 instead of <w, v}, 4, in the
similar manner to the proof of Theorem 1.7 we can prove that for any
we C7(L2) there exists a ve H5(2) satisfying
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(1.39) —Lv+v=1w in £, By=0 on 02.

In the same way as (1.37), (1.38) and (1.39) yield that 0= —<u, D, o=
(Lu, w) 2, for any we C§(2). This implies that Lu =0 in £. Hence, by the
uniqueness of the solutions stated in Thoerem 1.7 we have u(x) =0 in £,
which leads the contradiction. Hence H3(£) is dense in H%(2).

The fact that C3(2) is dense in H%(2) can be proved in the same way as
in Hp(2). Thus, we obtain the lemma.

When proving that 4 is a skew self-adjoint operator, we need the follow-
ing lemma which follows from Theorems 1.7 and 1.9.

Lemma 1.10. Assume that (A.1) and (A.2) are valid. Let v<L*(2).
If ue H5(2) satisfies

(1.40) Ku, Wiy o = (v, W)12(g for any weC3(2),
then u belongs to H%(2).

Proof. Put Xj(x)=2x(x/R) for R>r,. Then, it is obvious that X u—u
in the disrtibution sense as R—>co. Therefore, if {¥zu} g>,, is a bounded set
in the Hilbert space H%(2), u has to belong to H%(£). For, there exists a
subsequence of {u} converging weakly in H%(£2) and this limit coincides with
the limit in the distribution sense.

Let us prove the boundedness of {¥ u}. By (1.40) and integration by
parts we have

(1.41) {xpu, Wy g = (Xpv+Vk, W2 for any weC3(2),

where vg=—370,(a;/(0; Xp)u)—>] a;;(8;X)d;u. It is easy to see that Xpu&
H}(2) and Zgv+v4 € L3x(2) for any R>r,. Since C5(2) is dense in H3(2)
(cf. Theorem 1.9), (1.41) is valid for any we H3(2). Therefore, from the uni-
queness of the solution of (1.30) and Theorem 1.7 it follows that X zue H%(£2)
and —L(X pu) = X zv-+v% for any R>r,. By Lemma 1.8 we have

[ % gu| %,Qé C1(“x1e"+"§? EI%2(9)+ | % gul %9)

<G+ fulto+R? | lueran,
R<|sl<2R
where the constants C; and C, are independent of R>r,. Hence, by (1.1) we
obtain the boundedness of {¥ju} in HZ(£2). The proof is complete.
From now on, we return to analysis of the operator 4 (defined in (0.5))
and the equation (0.6). Put
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H = HY(@)xL*(2) and (f, g)z.0 = % Kfor 810+ (for €200}

for any f=(f, f;) and g=(g;, g;)€H. As the innerproduct of H, we adopt
(5 )pp Itis easily seen that H is a Hilbert space, We introduce the follow-
ing space as the domain of A4:

D(A) = H5(@)x {Hp(2)N L*(2)} ,

whose innerproduct is defined by
1
(s &py,0= -,)*‘Kfp 82,0+ for 81,0+ (f2r 812}

for f=(f.,f;) and g=(g, g,) €D(4). For the notational convenience, we
define Af by Af=(f,, Lf) for f=(f;, fED(4). It is obvious that Af€H if
feD(A4). D(A) is a Hilbert space, and then, noting that (f, &)pcay.0 =(f, &z.0
+(Af, Ag)r.o, We see that 4 is a closed operator on H. Furthermore, it is
seen from Theorem 1.9 that A4 is densely defined in H.

Under these preparations, we shall prove the main result in this section.

Theorem 1.11. Assume that (A.1) and (A.2) are valid. Then, A is a skew
self-adjoint operator in H with domain D(A).

Proof. Let us recall the definition of the adjoint operator 4* of 4 and
the domain D(4%*):
(1.42) D(4*) = {ge H | there exists an & & H such that
(& Af)5,0 = (h, f)r,o for any fED(A)} ,

and then for g& D(4*) A*g is defined by 4*g=~h. Since integration by parts
yields that (g, Af)z,o=(—A4g, )z, for any f, g €D(A4), we know that D(4) C
D(A%*). Our task is only to prove that D(4*) C D(4).

Let g =(g1, g») and hA=(hy, h,) be the elements in (1.42). Then, choosing
f=(f1, f) so that fie H3(£2) and f, =0, by (1.42) we have

(1.43) <hy 1,0 = (82 LD 12 forany fi€H3(2).

From Theorem 1.7 it is seen that for any v € C5(£2) there exists an f, € H5(2)
such that

(1.44) If,=vy in 2.

Employing the same arguments as for (1.37), we have <h;, />, o= —(, Lf)12(0)
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Combining this, (1.43) and (1.44) implies that
(g2+hy, v)i2¢y =0 for any ve C7(L),

which shows that g, = —h, & H3(2) N L*(2).
Next, choosing /= (f;, f;) so that f;=0 and f,& C3(£), we have

$gvSre = f)ixg  forany fLECH).

Since g€ H}(2) and h,eLXR), by Lemma 1.10 we see that g & H%(f).
Accordingly, we have proved that ge& D(A), which completes the proof.

By Theorem 1.11 and Stone’s theorem (cf. Appendix I in Lax and Phillips
[6]), we have

Theorem 1.12. Assume that (A.1) and (A.2) are valid. Then, there exists
a one parameter group {U(t)},cp generated by A and having the following
properties:
(1) U() is a unitary operator from H to itself for any t ER.
(ii) U@)f is an H-valued continuous function in t ER for any f € H.
(iii) U(t)f is an H-valued C* function in t € R if and only if f € D(A).
@iv) U(t) is a unitary operator also from D(A) to itself for any t ER.

V) When f€D(A), ;{"7 U(t)f = AU(t) = U(t)Af for any t R.

From this theorem we see that for any f=(f, ;) € D(A) u(t, x) = (U () h(x)
(=the first component of U(¢)f) belongs to rZW C(R; HY/(2)) (H%(2) =I1%2))
j=0
and satisfies (0.1).

§2. The Problem in the Free Space

In this section we consider the unperturbed problem under the assump-
tions (A.1), (A.2) and (A.3) stated in § O:

@10 { (02 —L%u(t. x) =0 in RxR",

u(Oa X) :ﬁ(x)9 atu(oz X) :fz(x) in R”
where L'= 2 a;8;8,. Obviously, for this problem we can obtain the same
i,j=1
result as in § 1. We employ the same notations as in § 1, and particularly we

denote the space H and the operators U(t) for (2.1) by H, and Uy(¢), respec-
tively.
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By (A.1) L%¢) is a symmetric matrix. So, all eigenvalues of L%¢) are real.
Let N denote the number of the distinct eigenvalues 4;(6) of L°%(¢). Then, by
(A.3) N is independent of § € R"—{0} and it can be shown that the 2,(§) can
be enumerated so as to form N distinct and analytic branches in the following
way: 2(E) <)< - <Ay(€). Since LUz&) =12L%(¢), t R, with the enumera-
tion used above the eigenvalues 2;(¢) are C* functions homogeneous of order 2

inésR". If we put e,-l,=~é~(&',~77p—|—fj,77,-) for E=(&,,---, &,) and 7=(ny, ***, %,)
S R”, by (A.1) and (A.2) we see that

n n
2L = X3 ﬂ?qu Eig€ip = 0 leip|2 ,
i,8,7,4=1 i,p=1
where a},;, are the (p, g) elements of the matrices af;. Since leip|?=
i,p=1

% |€]%]17]2, we see that there exists a 6 > 0 such that

N GREXIHENIE for any & and 7€ R" .

From this we see that 2,(6)=0|€|? for any £ R". Let P;(¢) be the orthogonal
projection into the eigenspace of each 2;(§), which an n xX» matrix of C* func-
tions on R"— {0} homogeneous of order O.

The Radon transform g(s, @) of g(x)&S8(S is the Schwartz space of
rapidly decreasing functions) is defined by

2(s, ) = g g)dS,, (s, ®)SRxS"",
where S*~! denotes the n—1 dimensional unit sphere. We denote the Fourier
transform of g(x) (x&R") by F[g](€) =£(¢) (= g e~ #tg(x)dx, i=+/—1), and
the one of k(s) (s R) by F[k](o) (=S e"#9k(s)ds). Let their inverse transfor-
mations be denoted by ! and F~!, respectively. Then, it follows that

2.2) g(x) = 271Q2x)" § F(o | Fg)(xe 0, w)do
s~

2.3) g(ow) = Fg(o, ) .

Set
1-—_1'01/2 for =0,
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Then, we see that supp [2,(D,)k] C (—oo, so] (resp. supp [A_ (D) k] C [s,, o0))
provided that supp[k]C(— oo, 5] (resp. C[sp, o0)) and that (A.(D,)y’ = —9,,
where 2.(D,)k = F Y [2.(c)Fk(o)] (cf. Lemma 1.1 of Soga [13]). Setting

J { (.__as)(n—l)IZ fo 1d ,
=+
( 69(71/2) 1'{__+(Ds) for evenn 5

for the data f=(f,, ;)8 in (2.1) we define T3/ by
@4)  TEf(s, ®) = 32 4@ /Py@)(— A (@0, I, it T J)A,(@) %5, @) .

Then, f(x) €& is reconstructed with 7§ f(s, ®) as follows:

Theorem 2.1. For any f=(f,, /) ES we have
23 f@=-2"0"] _ $3,) P @05 I Tof)1(0) ¥x-0, 0)do,
s""1lj=1
(2.6) f(x)=2"1(2z)""" gsn_l ]NEI 2,(@)" P (0)(TE TEL)2 (@) Vox -0, 0)do .

The above formulas are corresponding to Theorem 2.2 in Chapter 1V of
Lax and Phillips [6] (cf. Proposition 1.1 of Soga [13] also). Noting that P;(w)
are the orthogonal projections, we can derive the above theorem from (2.2)
in the same way as in [6] and [13].

For any k(s, )= S(R x §*7') we define

@7) @ik =27 ey [ 314/0) P ()07 THOR, @) x- 0, a)o,

(2.8) 0%k = (—0Otk, 05(8,k)) .

Obviously (Q%k)(x) belong to C=(R"); Theorem 2.1 means that Q*T5f=f
for any f&. Furthermore, we obtain

Lemma 2.2. Set S= {k(s, @)= S(BR X S" )| Fk(o, )=0 in a neighborhood
of 0=0}. Then, for any ke S we have (O*K)(x)ES and TTQ%k=k.

Proof. For k(s, co)EgSD’ set
o N
k(o, @) = X} 2)(@)@ " P (o) F[07 T 2k)(2 (@)%0, o) .
=1

Then l;(a, ®) belongs to S(RxS"™!) and is equal to 0 in a neighborhood of
o=0. Furthermore, it follows that

2.9) (QFk)(x) = 27 F k(| €1, &/ |E1)+h(—|&], —&/1EDFIEI(x),
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which yields that (Q*k)(x)E S.
Combining (2.3), (2.9) and the definitions (2.7), (2.8) and noting that

4
Pj(w) are the orthogonal projections, we have T5Q%k(s, @)=2] @ (s, ) where
i=1

0,(s, ©) = - 33 1@P @F (-, DE0)"s)
K\(o, @) = k(o, ®)|o|* "iaJ (o),

05, 0) = L £ 1,0 P(F K-, @IE,@)7S),
Koo, ©) = 0496, @)|o]""]4(0),

Dy(s, ) = % ]Ng 2,(@)V*P (@) F[Ky( -, @), (@)¥%s)

Ko, @) = k(—0, —@)|o|""iaJu(0),
0s,0) = 33 4(@)"P@F K-, l((@)s)
K, (0, ®) = 0,k%—0, —w)|o | "icJ.(0).
Noting that F[87J*k](0, @)=(io)"'J.(o)[Fk](o, ) and that J.(0)J (o) =|a|""",
by the change of the variable: 2,(@)/?c — o, we have
K, @)l @)%5) = 3 4(0) VP @)k(1(@) " 1(@)s, @)

Using the fact that the P,(w) are the orthogonal projections again, it follows that
O,(s, w) =271k(s, w). In the same way, we also obtain @, =®, and @; = —®,.
These prove that (T3Q*k)(s, @) =k(s, w), which completes the proof of the
lemma.

Lax and Phillips [6] say that a unitary operator T'5 (resp. T5) from H, to
L*(R xS"") is the outgoing (resp. incoming) translation representation if there
exists a closed subspace Dj (resp. Dy) in H, such that

(2.10) T3 map D7 onto LA(R X S*™Y) = {k(s, o) EL* (R XS )| k(s, @) =0
for 45 <0},

@.11) UEt)DicDi  for +1>0,

(2.12) IQB Uyt)Dy = {0} ,

(2.13) '% U(t)D5 = H,,

and T7 satisfy
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(2.14) TsUt) =9, T7,

where (9,k)(s) =k(s—t). And, D§ (resp. Dy) is called the outgoing (resp.
incoming) subspace. The operator T¢ (resp. T'7) defined by (2.4) becomes the
outgoing (resp. incoming) translation representation:

Theorem 2.3. (i) The operators Ts (in (2.4)) can be extended as unitary
operators from Hy to L*(R X S" ™).
(ii) Let us denote these extentions of Ti also by Ty. Set Dy ={feH,|
T7f(s, @) =0 when +s<0}. Then, T§ (resp. Ty) is the outgoing (resp. in-
coming) translation representation, and Di (resp. D7) is the outgoing (resp.
incoming) subspace (i.e., all the conditions (2.10)-(2.14) are satisfied).

Proof. (i) Noting that P;(@) are the orthogonal projections, for any
f=(f1, [)ES we have

N ~
I Tf fresrs = || 33 12°P,0, 0.7 dsdo

Rxsn-l

+ SS é]PjJilezdsdm—2Re SS

RxS""l RXS"‘I

X ~ . =~
E Il}/szasJifl'PJJifzdsdw .

j=1

Therefore, using the facts that Pw)=P,(—w), Fg(o, ) =Fg(—o, —») and
N

that 33 0°2,() P ;(@)=L(cw), we have
ji=1

| 757 22msn-y = 42n) | flz.e»  forany fES.

Let us take 27(2z)"""/2| k| 2(gxsn-1) as the norm of k& L*(R xS*™"). Then,
T7 can be regarded as isometric operators from H, to L*(RxS*™"), because
8 (D C5(R") is dense in H, (cf. Theorem 1.9). Lemma 2.2 yields that 0*§C S
and SCT#S. Hence, the (extended) operators T'§ map H, onto L*(R xS*™")
since & is dense in L*(R xS*"). Thus, (i) of the theorem is proved.
(i) From (i) of the theorem we see easily that the spaces D7 are closed sub-
spaces in H, and mapped onto LA(R x S*™Y) by T7 (i.e., (2.10) is satisfied).
Let us check (2.14). Assume that the data f=(f, f,) in (2.1) belong to
Cy(R"™). Then, from finiteness of the propagation speed (cf. Theorem 3.1 in
§ 3 below), it is seen that the solution u(z, x) is a Cy(R%)-valued C> function
on R,. Therefore, for any fixed ¢ the concrete definition form of the Radon
transform ii(t, s, ) is valid. Noting that é?u(r, s, ®) =w,;0,i(t, s, ») and

L(@) =3 1(@)P,(@) (@€ 5", we have (0%u—Lu)"(s, @) = 3} (8 —1,(w) %)
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Pi(w)i(t, s, »). If we put v;(t, s, @) =(8,—2;(@)? )P (w)i(t, s, @), then
(8,42 (@)"?3,)v(t, s, @) =0 for any (t, s, ®)ERXRBXS"" and j=1, -, N,
which yields that v,(, s, @) — v;(0, s—2;(@)*t, @). Combining this and the
fact that P(@)(T5 Uyt )f) (s, @) = A (@) "(Jv;) (1, 2}(@)/%s, @), we obtain P;(®)
(T5Ut)f)(s, @) =Py@)(T5f)(s—t, @) for any (s, t, ) € R XK X S*~! and
Jj=1, ---, N, which proves (2.14) (note that C5(R") is dense in H,).

Finally we have only to verify (2.11)-(2.13). From what we have proved,
we see that (2.11)~(2.13) mean that G, LL(RxS" HCLL(R X S") (£t>0),
NG LE(RxS" ) =0and U, LL(R xS" 1) = LR xS" "), respectively. These
are obvious. The proof is complete.

Di are characterized in the following theorem. This characterization
plays a fundamental role when defining the translation representations for the
mixed problem (0.1) in § 3 below.

Theorem 2.4. f belongs to D7 if and only if
(2.15) supp [Uy(t)f1C {5 x) | L2t = [ x[},

where 7 =min {2 (@)”* |0 S*™!, j=1,--, N}.

Proof. The idea of the proof is due to Lax and Phillips [6, 7] (cf. Theorem
1.2 in Chapter VI of [6] and Corollary 4.2 of [7]). We shall give only an out-
line of the proof.

Let f=Ds. Then there exists a sequence {ki};_, , .. in C5(& x.S"™") such
that supp[kl] C R.xS" ™" (R.={s €R| +s5> 0}) and |kL —T5f| 2mxs"-1—>0
as i—>oo. In the same way as in Soga [13] (see Corollary 1.1 of [13]), we see
that the formulas (2.5) and (2.6) are valid for f=f" =(T5)"'k%. Therefore,
combining (2.5), (2.6) and (2.14), we have

(WS D0) = @31 [ @) P @)(@L T kA (@) o0 —1, @)

for /=1 and 2. From these formulas and the fact that supp [0} 2J%ki] C
R. x 87, it follows that supp [U,(r)fi] C {(t, x) € R**'|+ 9t < | x|} for
+¢>0. On the other hand, for any fixed ¢ Uy(¢)f’: converge to Uy?)f in
L} (R" as i—>oo. Hence, we obtain (2.15).

Conversely, let (2.15) be satisfied. We can assume without loss of

generality that f & D(47) = N D5(A4%) (the operator 4 is denoted by A, here),
m=1

which means that 8777 f(s, w) & L*(R x $*™') for any m=1. Therefore,
JET5 (s, ) is LA(S™Y)-valued (consequently L'(S*!)-valued) C* functions in
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s&€R. The proof can be reduced to verifying that

o 1 - Cil - o
@16  @UMNO = eI (o) | _ 51, (0) " a)
:2(@) P (@) ETEf)(—1, 0)dw
for any multi-index a (note that Uy#)f(x)eC=, which follows from f&
D(A7)). In fact, since 85U,(¢)f(0)=0 for any +¢>0, by (2.16) we have
[, 2 Q@0 2@ P @ TE ), @) do =0
sH1j

=1

for any @ and +¢>0. Combining this fact and Lemma 1.1 in Chapter VI of
Lax and Phillips [6] yields that P;(@) (JET5f) (s, »)=0 for any 4+5<0, 0 =S*™*
and j=1, --+, N, which proves that /' < Dj.

(2.16) can be verified as follows. Combining (2.6) and (2.14), we can easily
obtain (2.16) if f€S8. For f € D(47), take a sequence {f7};_, , ..CS such that

ﬁ A5/ —f)lz. gr—0 as i—oo (m>|a|+n/2). Then, it is seen that for any
k=0

fixed tUy(2)f*—=Uy(t)f in Hi:(R") as i—oo, and that T51(s, @)—=>T7f(s, @) in
H"(R,; [*(S:™") as i—>oo. These facts imply that (2.16) is valid for any
/ E€D(47).

§3. The Problem in the Exterior Domain

Throughout this section we use the notations in §§ 1 and 2. It is expected
that the problem (0.1) has finite propagation speed: There exists a constant
£(>0) such that u(z,, x,)=0 when u(T, x)=0 for any xe{yef||y—x,| <
u(ty—T)}(T<ty). This is derived from the following local energy estimate.

Theorem 3.1. Let the assumptions (A.1) and (A.2) be satisfied. Then,
there exists a constant u(>0) depending only on n, sup|a;;(x)| and the constant
rEQR
8 in (A.2) such that if u(t, x)& C}(R x2) is a solution of (0.1), for any T>0,
R>0 and ye2U@)f (=2, x, (8, u(t, X)) satisfies
(31) “ U(T)fHE,Q]c(JjgI|f“E,QR+[L1'(y) >
where 2x(y)={xE2| |x—y| <R} and

e =1 4 33 @000 7,00+ | fi(0) | dx

2 2JP,0=

(f:(fh fé) andflzt(fllv "'9fhz)7 I:]= 2)
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Proof. The idea of the proof is the same as in the proof of Theorem 1.1
in Chapter V of Lax and Phillips [6]. Multiply the equation (8?—L)u =0
by d,u and integrate over D={(¢, x)|0<t<T, | x—y| <R+ (T—1)u, x € 2}.
Then, by integration by parts we have

HU(T)fan,QR(_‘V)—_”U(O).flli',()13+ﬁzl(y) + S (0,u-]ﬁ+Nu°mdtd(aQ)

o, mHxX3dDn D
(1 [ ol 31 ay,0u,-Orty)

—2Re 31 ay,;,1:0;u,-8,uydl =0,

iy,057,9=1
where I'={(t, x)|0<t<T, |x—y| =R+ (T—t)a, x € 2}, r; =(x;—y)/ | x—|
and Nu=§"_,‘ v;a;;0;u. Therefore, if u satisfies (0.1), it follows from (A.1) and

- 7=
i,5=1

(A.2) that
(32D NUTY I gr S 11 s wpir— (427 | {10,140 33 (24,017

—n*(, sup_la; )l Syul*+ 35 | esyw)| Ol

Take the # so that u#=(max {n°, n?/0}) sup |a;;|. Then, the integral over I"
in (3.2) is non-negative, and consequently (3.1) is obtained. The proof is
complete.

Hereafter, we assume that the coefficients of L in (0.1) are constant (i.e.,
L=L", and that (A.1), (A.2) and (A.3) in §0 are satisfied. From now on,
using the translation representations 77 in the free space, we make the transla-
tion representations for the perturbed equation (0.1) in the same way as in
§ 2 of Chapter V of Lax and Phillips [6]. Set

D, = Uydryn™)DF .

Then, it follows from Theorem 2.4 that if f&D., Uyt)f(x)=0 in a neighbor-
hood of 82 for any +¢>0. Therefore, D, become closed subspaces in H,
and we have

3.3) U@)f=U@®)f for any 4t>0 if feD,.
Combining this and Theorem 2.3, we obtain easily (i) and (ii) in the follow-

ing theorem.

Theorem 3.2. D, (resp. D) is an outgoing (resp. incoming) subspace for
U@):
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@ U@D.CD, (£1>0),
() 0 U@D. = {0},

(i) U U@)Dy = H.
tER

The (iii) of Theorem 3.2 is a key point, and is closely related to the local
energy decay as was stated in § 2 of Chapter V of Lax and Phillips [6]. We
shall prove (iii) later, and we use this theorem without the proof for a while.
For any f = anJR U(¢)D.. we set

T.f= }_LIE g:F'T:FfoTl_l TFU(2)f .

Then, T, are densely defined in H (from (iii) of Theorem 3.2 and (3.3)), and
can be regarded as isometric operators from H to L*(R xS*™') (by Theorem
2.3). Furthermore, we obtain

Corollary 3.3. T, (resp. T_) is the outgoing (resp. incoming) translation
representation for U(t) with the outgoing (resp. incoming) subspace D, (resp. D7).

In the same way as in Remark 2.2 in Chapter V of Lax and Phillips [6],
we see from (iii) of Theorem 3.2 also that the wave operators:

W = lim U(—1)U(t)
t>too

are well-defined and complete. Namely, we have
Corollary 3.4. W, are unitary operators from H, to H.

Note that the scattering operator S=(T,)"'T_ is well-defined and unitary
from LR xS* 1) to itself.

Now, we shall give a proof of Theorem 3.2. As we mentioned earlier, it
suffices to prove only (iii) of Theorem 3.2. Lax and Phillips in § 2 of Chapter
V of [6] showed that (iii) could be derived from the non-existence of the point
spectrum of A and the local energy estimate stated in Theorem 3.1. Thus, the
proof is complete if the following theorem is verified.

Theorem 3.5. A has no point spectrum. Namely, if f&D(A) and Af=tf
Jfor a t=C (= the field of complex numbers), then f=0.

To prove this theorem, we need the following lemma.

Lemma 3.6. Let c€R—{0}. If usl*(R") satisfies: (L°+oI)u(x)=0
for |x|>R where I is the nXn identity matrix, then u(x) =0 for |x|>R.
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The proof of this lemma will be reduced to the following theorem due to
Hormander [4], Littman [8] and Murata [10].

Theorem 3.7. Let the polynomial P(€) in £ ER" be decomposed into the
l
SJorm: ¢ ] Py(&)Pi (ceC and B; are positive integers), where
j=1
@ Pi&) (j=1, -+, 1) are irreducible and real polynomials,
(i) there exists a €' R" for each P; such that P;(¢') =0 and grad P;(€7)=0.
If L (RYNS' (S’ is the dual space of S) satisfies

(3.4) lim R g | 6(x) | 2dx — 0

RsI7|<2R
and supp [P(D,)¢] is compact (D,,:i_(al, ey 6,,)), then supp [¢] is compact;
i
more precisely, supp [¢] C the convex hull of supp [P(D,)d].

Proof of Lemma 3.6. Let u="%u,, ---,u,) and set P(§)=the determinat
of the matrix o?/—L%€). Multiplying L°+o6?I by its cofactor, we see that
P(D,)uj(x) =0 for |x|>R. Therefore, if we check that P(¢) has all the prop-
erties stated in Theorem 3.7, the lemma follows from this theorem, since ¢ =
u; € L*(R") satisfies (3.4).

Let us check that P(€) satisfies (i) and (ii) of Theorem 3.7. Put é=(¢, ¢,)
€R"'xR. Forj=l, -, N we have 0®—2,(0, £])=0 and (82,/9¢,)(0, &%)+ 0
where £} =10]2,(0, )™ by the Euler identity. Hence, there exist positive-
valued C*= functions 77(¢") defined in a neighborhood @ of £'=0 such that
o —2,(&', 7’(€"))=0 for any é'Ew and 7/(0) =&}. It is seen that P(¢) is of the

form:
N i .
P&, €,) = (detap,) IT (€,—7/ ()% (6,47 ()%,
j=1

where a; are the multiplicities of 2;(¢) and det a3, denotes the determinant of
the matrix a2,. Note that det a3,>0, which follows from (A.1) and (A.2). De-
compose P(¢) into the product of the irreducible polynomials P (), j=1, ---, [,

! .
ie, P¢&)=]I P;(&)Pi. Then, the set {ui(€")|k =1, -, m;, j=1, .-+, I} of the

roots of the equations: P,¢’,£,)=0in &, (j=1,---,/) coincides with the set
{-L9/&")| j=1, ---, N}for any £’ in an open set Cw. From this fact we can
see that every P;(£) satisfies (i) and (ii) in Theorem 3.7, which completes the
proof of the lemma.

Proof of Theorem 3.5. Since 0=(4f, /)g.o+(f, Af)eo=2Re|f|% , for
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any f & D(A) satisfying: Af =</, the theorem is trivial when Rez=0. Let
r=io (c&R). Then, from the equation: Af =io /' (f=(fi, fo)ED(4)) we have

(3.5) (L-+a)fy(x) =0 in £,
(3.6) £, =iof,.

If =0, then f,=0 and L% =0 in £. The uniqueness of the solutions (cf.
Theorem 1.7) implies that f;=0, and then f=0. If ¢==0, it follows from (3.5)
that fi=—0" 2L/, LX(£2). Thus, if we put u(x) =x(x/ry)fi(x) for x&£ and
=0 for x££, then u L*(R") and (L°+c®Du(x)=0 for |x|>2r,. Hence, by
Lemma 3.6 we have u(x)=0 for |x|>2r,, which means that

3.7 fix)y =0 for |x|>2r,.

Note that L°+0¢%[ is strongly elliptic. Thus, the analytic-hypoellipticity im-
plies that fi(x) is analytic in 2. It follows from (3.7) that f(x)=0 for all
x&8£. Consequently, we have f=0, which completes the proof.
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